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ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


DA ENGS 


Introduction 
KEEVE M. SIEGEL 


national Symposium on Electromagnetic Wave 

Theory was held at Ann Arbor, Michigan. It was 
sponsored by Commission VI of URSI (The Interna- 
tional Scientific Radio Union) and the Chrysler Corpora- 
tion, Convair, Ford Motor Company, General Motors 
Corporation, Hughes Aircraft Company, Melpar, Inc., 
Philco Corporation, Republic Aviation Corporation, 
Republic Steel Corporation, Sylvania Electric Products, 
Inc., United States Air Force, United States Army, 
United States Navy, Westinghouse Electric Corpora- 
tion, and The University of Michigan. 


Pe June 20 through June 25, 1955, an Inter- 


The purpose of this symposium was exclusively 
educational. The aim of the University of Michigan 
Organizing Committee was to assemble the leading 
scientists in the field of electromagnetic wave theory, 
in order to provide the opportunity for them to receive 
and present the latest developments. It was our belief 
that the discussions and stimuli furnished by such a 


meeting could shorten by many years the time required 
for major scientific advances in boundary value prob- 
lems of diffraction and scattering theory, forward and 
multiple scattering, antenna theory and microwave 
optics, and propagation in doubly refracting media. 

This volume contains the invited papers and abstracts 
of the contributed papers that were presented at the 
symposium. In addition, the panel discussions which 
followed each of the sessions have been summarized by 
the panel chairmen and are included in the text of the 
proceedings which follows. 

I am taking this opportunity to thank the Professional 
Group on Antennas and Propagation of the Institute of 
Radio Engineers for publishing the proceedings of this 
symposium. I would also like to express my gratitude 
to the large number of scientists without whose help 
and encouragement this Symposium would not have 
been possible. It is my sincere hope that the members of 
the Professional Group will find these proceedings as 
stimulating and interesting as I have. 
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Welcoming Address 
SAMUEL SILVER 


R. CHAIRMAN, President Hatcher, Ladies 

and Gentlemen: Commission’ VI of the 

International Scientific Radio Union enjoys 
here a dual position of being both a guest and a host. 
The concept and plans for the Symposium originated 
in the University of Michigan, and the realization of 
those plans is due almost wholly to the efforts of the 
Organizing Committee of the University. When the 
invitation was extended to the International Commission 
on Radio Waves and Circuits to participate as scientific 
sponsors, we accepted readily and our view was supported 
enthusiastically by the President of the Union, Father 
Lejay, and the executive board. To us this invitation 
presented an opportunity to implement a major phase 
of our program in applied electromagnetic theory. 
I wish at this time, President Hatcher, to express to you 
and the Organizing Committee our appreciation for 
calling on us to join in and partake of this meeting. 

The purposes of U.R.S.I. are to promote international 
exchange of information and collaboration in research, 
and to highlight important developments and currently 
outstanding problems in the various fundamental fields 
underlying the technical aspects of radio and communi- 
cations. It is clear that these purposes are to be served 
well this week. It is my privilege to express on behalf of 
Commission VI its welcome to this distinguished gather- 
ing. I also must express my personal pleasure in seeing 
so many of my colleagues again and in looking forward 
to making so many more. 

As one views the extensive scope of the program, he 
cannot help but be impressed by the renaissance which 
has taken place in the field of classical electromagnetic 
theory. Some fifteen years ago a symposium of this 
magnitude in this field could hardly be visualized. 
Electromagnetic theory in the classical domain seemed 
to have run its course and in many quarters the subject 
resided in closed books and in closed minds. Today we 
witness evidence of a vital and engaging field. ‘“‘Solutions 
in principle’ have shown themselves to be inadequate 
and indeed in a number of instances the principle became 
fuzzy on more critical examination. 

Diffraction and scattering theory has grown almost 
into a field of its own, laying new ground for a diversity 
of special researches in microwave optics, antennas, and 
propagation. The search for a deeper understanding 
of the physical phenomena has led to an amplification 
of fundamental ideas, and has revealed the weakness 
of systems of concepts which we have long considered 
to be well known and obvious. I need only mention in 
this connection geometrical optics and the general 
theory of asymptotic solutions of the field equations. 


Much progress has been made recently and more is to 
be reported at this meeting; much yet remains to be 
done. The questions are not merely pertinent to technical 
applications but are of a fundamental character con- 
cerning the nature of the electromagnetic field. The 
problems that concern us here are significant for all 
phenomena to which the wave equation is to be applied 
in analysis, and the results of the study of the classical 
field problem may yet have ramifications in the atomic 
and nuclear domain. 

The mathematician as well as the physicist has fertile 
ground of fundamental research to till in our area. 
Diffraction theory has presented us with new types of 
integral equations and a variety of generalized variational 
principles. There is progress yet to be made in fusing 
these into a coherent system. Propagation in isotropic 
homogeneous media poses a multitude of difficult 
problems. Inasmuch as mathematical solutions are 
incomplete, the interpretation of the physical phenomena 
remains open to question. The situation is made even 
more complicated when dealing with a medium such 
as the earth’s atsmosphere which, following the normal 
law of the perversity of nature, assumes in relatively 
short periods the whole variety of simple models which 
the scientist conjures up to be the subject of his analysis. 

The ferrites, the outgrowth of a renaissance in yet 
another field—solid state physics—were soon recognized 
to possess great potentialities for technical develop- 
ments. We quickly came to realize how little we actually 
know about propagation in anisotropic homogeneous 
media. More is required than just a discussion of a 
homogeneous plane wave in the infinite medium. There 
is an urgent need for extensive solutions to interior 
boundary value problems, such as deal with propagation 
in waveguides containing ferrites, in order to make 
possible the fullest utilization of the technical poten- 
tialities. The exterior problems are also assuming 
importance, though the medium in this case may be a 
magneto-ionic one rather than a ferrite, but the funda- 
mental nature of the problem is not radically affected 
thereby. 

There is no need to develop the theme that the renewed 
vitality of classical electromagnetic theory stems from 
the technical developments of the past fifteen years. 
The point is to be made, however, in relation to a most 
significant aspect of this symposium; namely, that 
engineers, physicists and mathematicians are meeting 
here together for an intimate exchange of views. The 
excellent program provides grist for the mill and, out of 
this confluence of interests and ideas, there cannot help 
but come fruitful results in solutions to existing problems 
as well as the creation of new ones. 
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On Field Representations in Terms of Leaky Modes 
or Eigenmodes 
N. MARCUVITZt 


Summary—Solutions to source-excited field problems are fre- 
quently represented as superpositions of source-free field solutions. 
The latter are in general of two types: eigenmodes and noneigen- 
modes which are related to the zeros of the total impedance or 
alternatively the poles of the scattering coefficient of a system. 
The eigenmodes are everywhere finite and comprise a complete 
orthogonal set. The noneigenmodes become infinite in the infitely 
remote spatial limits of a region and are not in general members 
of a complete orthogonal set; examples are “radio-active states,” 
“damped resonances,” and “leaky waves.’”’ Despite their physically 
singular behavior, the nonmodal solutions can be employed to 
represent field solutions in certain ranges. 


FAMILIAR procedure in mathematical physics 
for. solving field equations in the presence of 
sources involves the determination of the pos- 

sible source-free field solutions dnd their subsequent 
superposition. In regions of finite extent bounded by 
impermeable walls; i.e., “closed regions,” the source-free 
solutions generally possess orthogonality and complete- 
ness properties that permit an arbitrary function, and 
in particular a desired field solution, to be represented 
by their superposition. Such source-free solutions are 
termed the characteristic (eigen) or normal modes of the 
given region ; they possess a discrete spectrum, are every- 
where finite, and individually satisfy the field equations 
plus appropriate boundary conditions. In regions of 
infinite extent; ie., “open regions,” there may exist a 
corresponding discrete spectrum of modes but for com- 
pleteness these must be supplemented in general by a 
continuous spectrum of characteristic modes to permit 
the representation of an arbitrary function. In contrast 
to the discrete modes, the continuous modes are improper 
in that individually they are not absolute square integrable 
(with finite energy) nor do they satisfy the requisite 
boundary conditions at the singular point, infinity. In 
the presence of a continuous spectrum there may also 
exist a set of nonmodal solutions of the source-free field 
equations which in distinction to the modes become infinite 
in the infinitely remote limits of an open region; in this 
category belong the so-called ‘“radio-active state,” 
“damped resonance,” and “leaky wave” solutions. Despite 
their physically unacceptable behavior in the given region, 
such nonmodal solutions may nevertheless be employed 
for the representation of field solutions in an extended 
region of which the given region is a subspace. 

In the following we shall attempt to delimit the use- 
fulness of the nonmodal solutions, and their relation to 
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the modal solutions as well. Although not in general 
members of a complete set of orthgonal functions, the 
nonmodal solutions may nevertheless be employed to 
obtain rapidly convergent field representations in certain 
ranges. A pragmatic characterization of both the non- 
modal and the discrete modal solutions stems from their 
connection with the zeros of an impedance of a system. 
As is well known, the zeros of the total impedance? 
(admittance) or, alternatively, the poles of the scattering 
coefficient of a system represent “resonant frequencies” 
that distinguish all possible source-free solutions. For 
a conservative (hermitian) system real resonant fre- 
quencies represent eigenmodes whereas complex resonant 
frequencies characterize the nonmodal solutions. In the 
case of nonconservative; i.e., dissipative, systems both 
the modal and nonmodal frequencies are in general com- 
plex and one of the points to be discussed is how they 
are to be distinguished. 

Two types of examples will be treated. In the first we 
consider a spatial volume containing open cavities in the 
electromagnetic and acoustic case, or regions of non- 
vanishing potential in the quantum-mechanical case. Such 
regions will be regarded as three dimensional subspaces 
of a four-dimensional space-time. In a nondissipative 
system the invariance of the field equations of interest 
under a time displacement implies the existence of source- 
free solutions with a time dependence exp (—iwt). The 
determination of the possible values of w (or E/t) and 
the associated spatial field distributions pose a field prob- 
lem the solutions of which may be of the modal or non- 
modal type, admitting, respectively, real or complex values 
of w. The latter correspond to damped oscillations that 
become infinite at the infinitely distant spatial limits. In 
the acoustic and the electromagnetic field these nonmodal 
oscillations are designated as “damped resonances,” in 
the quantum-mechanical field as “radioactive states.” 
Typical nonmodal solutions of this class have the asymp- 
totic form 


ev i7/e twit (1) 
with Im wi < o. 


A second type of example will be concerned with 
steady-state acoustic, electromagnetic, etc., field problems 
associated with the two-dimensional cross sections of 
open cylindrical waveguides. Such a waveguide with 


1A quantity proportional to the logarithmic space derivative of 
a wave function. 
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axis along z possesses translational invariance along the 
axial direction, whence there is implied the existence of 
source-free field solutions with z dependence exp (i8z). 
The determination of the permitted values of @ and of 
the corresponding cross-sectional field distributions poses 
a cross-sectional field problem whose solutions may be 
either of the modal or nonmodal type. For a nondissipa- 
tive medium the moda! solutions correspond to real or 
imaginary values of B (i.e., real values of 6?) and are 
representative of waves either propagating with undimin- 
ished amplitude or evanescent with invariable phase 
variation along the z-axis. On the other hand, the non- 
moda! solutions correspond to complex values of 8 and 
are indicative of “leaky waves” either propagating with 
diminishing amplitude or evanescent with variable phase 
variation along the z direction ; as noted above, the ampli- 
tudes of these waves increase indefinitely in one of the 
infinitely remote reaches of the guide cross section. 
Typical of a nonmodal wave would be a solution of the 
asymptotic form 


eive — By eiBiz me e kr cos (6—®};) 3 (2) 


with Im+/k? — B22 < 0 and Im 8; > 0; the cross-sec- 
tional coordinate is y = r cos ® and B; = & sin &j. 


In the above examples the subspace of interest was 
extended by displacement along either a temporal or 
spatial direction in such a manner as to insure the exist- 
ence of field solutions with exponential dependence of 
“periodicity” w or B along the displacement direction. If, 
consistent with this field periodicity, a point or line source 
with periodicity w or B is inserted into these three or two 
dimensional regions, there will be excited a field whose 
ampltude will be w or B dependent. This field, represented 
by the so-called characteristic Green’s function or resolv- 
ent of the given region, will become singular at those 
values of w or B for which there can exist source-free 
solutions, i.e., resonances. These resonances correspond 
to either modal or nonmodal solutions. The characteristic 
Green’s function provides a well-defined means for 
distinguishing between those singular values of B or w 
that correspond to the modes of a complete orthogonal set 
and those that do not. The singularities of this Green’s 
function take the form of either poles or branch cuts. 
The latter are generally present only in the case of open 
structures, in which event it becomes necessary to dis- 
tinguish between proper and improper 8 or w branches 
of the characteristic Green’s function. The nonmodal 
singularities lie in the improper branch. 

There exists an established formalism for the construc- 
tion of Green’s functions and for the determination of a 
complete spectrum of modes from the characteristic 
Green’s function. Since this formalism will be employed 
in the examples treated below, we shall present a summary 
at this point. In many regions the determination of the 
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source-free fields is reducible to the solution of a one- 
dimensional second-order differential equation. Accord- 
ingly, we consider first that homogeneous equation 


| - + p(x) - + g(x) — Ya wt) | W(x) = 0, (3) 


where p, g, w are piecewise continuous functions and Ag 
and $,(x) are to be determined subject to certain bound- 
ary conditions stated below. There is a corresponding 
inhomogeneous problem for finding the field produced by 
a point source at =’; for arbitrary complex X, this 
serves to define the characteristic Green’s function 


9(4,%’; d) as 
| J ote & + ac) — rw0a) |ate2'sr) = oe — 2), 4) 


where 8(+-%’) is the usual delta function and, as in (3), 
the required boundary conditions will remain temporarily 
unspecified. As mentioned above, g(+,%’;A) possesses 
pole singularities at those values A = Aq for which there 
exist source-free solutions Ya(%) satisfying the required 
boundary conditions. In open (infinite +-regions), 
g(x,x’;A) generally also possesses branch point singulari- 
ties; one is led thereby to choose branch cuts in the 
A-plane so as to obtain a “proper” branch on which 
g(%,2";X) >0 as Xo. The connection between the 
proper mode solutions }a(x) of (3) and g(#,#’;d) is 
then provided by the completeness relation 


1 i 
=f lee ;A) dav 


a 2, W(x) ¥o(x"), 


d(x — x’ = 


(S) 


where the contour integral encloses all singularities of 
g(x,x';A) in the proper branch of the A-plane The sum 
on the right is intended to represent both the residue con- 
tributions from the poles A, and the branch cut contribu- 
tions as well; hence the sum sign denotes both a summa- 
tion over discrete spectral points Aq and an integral over 
the continuous spectral values of A corresponding to the 
branch cuts. 

The explicit evaluation of the Green’s function g(+,2’) 
= g(x,’ ;) presupposes the ability to obtain, for arbi- 
trary A, two independent solutions of the homogeneous 
form of (4). Let c(%,#,) and s(%,%.) be two such solu- 
tions distinguished at + =x, by the conditions 


S(Xo, Xo) = 0 
P(Xo) $’(Xo, Xo) = 


CCXs, Xo) = 


P(Xo) c”( Xo, Xo.) =0 7 (6) 


where the prime denotes differentiation with respect to x. 
In consequence of the A-independent conditions (6), 
c(4#,#o) and s(4#,#,) are integral functions of A and non- 
singular in the finite part of the A-plane. The presence of 
a point source at x’ gives rise to two waves, u+(x) for 
x > x and w—(#) for « < x’, the former satisfying the 
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prescribed boundary conditions at the lower limit + =a 
and the latter at the upper limit = 6. To within an 
amplitude factor these homogeneous wave solutions may 
be represented as 

ut (x) = c(x,xg) + X+(A). s(x.) (7) 

ut (= C xecs) (A) SOX) 
where in view of (6) the logarithmic derivatives X+ = 
P(4o) ut’ (4-) /ut (x) and X— = p(4%o) u—’ (40) /u— (40) 
(which to within a factor of \/-1 play the roles of im- 
pedances (or admittances at x, looking, respectively, in 
the directions of increasing and decreasing x) are deter- 
mined by the required boundary conditions. The charac- 
teristic Green’s function may then be represented discon- 
tinuously by 
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U-(“e) Utes 
gs, 2’) = - ge), (8) 
where x < stands for the smaller and x or x’, and x > the 
larger. 

It is the twofold purpose of this report to emphasize 
through a number of examples: 

1. The distinction between the modal and nonmodal 
source-free solutions of various field problems. 

2. The existence in open systems not only of spectral 
representations of source excited field in terms of 
eigenmodes, but also of nonspectral and frequently 
more rapidly convergent representations in terms of 
the singular nonmodal solutions. 
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The Interpretation of Numerical Results Obtained by 
Rigorous Diffraction Theory for Cylinders and Spheres” 


Deg VAN: DEHULST tT 


Summary—The classical solutions of the scattering problems 
for homogeneous spheres and circular cylinders are taken as the 
starting point for a physical discussion. The limiting cases arising if 
two or three of the parameters x, m, and x(m-1) are very small or 
very large are surveyed and interpreted. The remaining paper deals 
with bodies fairly large compared to the wavelength. It is shown that 
exact transformations and/or approximate theories may help in 
the problem of interpolating between rigorous results. It is also 
shown that the extinction by large bodies is due to a combination 
of the classical effects of diffraction and geometrical optics with the 
less familiar edge effects and surface waves. The sign and magnitude 


of the edge effects for bodies of different refractive index admits of 
a simple explanation. 


(where a = 


INTRODUCTION 


HY DISCUSS again a problem that was 

rigorously and completely solved fifty years 

ago? The answer is: to satisfy the needs of 
the practical physicist, engineer, chemist, or astronomer. 
The diffraction of a plane electromagnetic wave by a 
homogeneous sphere was solved by Mie in 1908. The 
diffraction of a plane electromagnetic wave by a homo- 
geneous circular cylinder of infinite length with its axis 
perpendicular to the direction of propagation of the 
incident wave was solved by Rayleigh in 1881. Since 
then a multitude of numerical results have been com- 
puted from these formulas, partly for mathematical 
curiosity, partly for practical use. The parameters 
entering into these solutions are x = ka = 2za/d 
radius, k = wave number in outer medium, 
X} = wavelength in outer medium) and m = relative 
refractive index of inner medium with respect to outer 


medium. The distant field (scattered radiation) depends 


on one angle 6, which will be measured from the direc- 
tion of propagation of the incident wave. Numerical 


results are now available for spheres with x up to 400 


| 


| 


and many values of m, real and complex. Results for 

cylinders are available; e.g., for m = o, 1.5, 1.25 and 

Vv 21 — i) and upper limits of x ranging from 4 to 10. 
These results, although very useful, do not satisfy the 


practical needs. The following requests go beyond what 


is given by the present tables: 


1. Results for other geometrical forms; e.g. ellipsoids; 

2. Results for intermediate values of x, m, and 6; 

3. Results for a mixture of sizes, for white light, or 
integrated over a range of angles; 

4. Results for bodies that are only roughly spherical 
or roughly homogeneous. 


* Most of the data in this paper are from H. C. van de Hulst, 
“Scattering by Small Particles,” John Wiley & Son, Inc., New 
York, N. Y., in preparation. 

+ Leiden Observatory, Holland. 


Point (1) will be amply discussed at this symposium 
and may be passed here. Point (2) is important mainly 
as a preliminary to (3). The importance of point (3) 
is not obvious. It might seem that this is a practical 
detail to be left to a computer. Yet this is not advisable 
for large sizes. The rigorous results show all minute 
interference effects between rays emerging in the same 
direction on different optical paths through the body. 
The interference fringes shift rapidly with slight varia- 
tions of x and m and instead of integrating these maxima 
and minima it may be simpler in most cases to forget 
about interference and just add intensities. For this 
reason the results meant sub (3) li€¢ on much smoother 
curves than the familiar rigorous results. And for pre- 
cisely that reason they are more useful. Point (4), 
finally, is obvious. A rain-drop is a good approximation 
to a smooth sphere but an interstellar dust grain is not 
thought of as a perfect sphere or ellipsoid. Nevertheless 
we need good estimates of its light scattering. 


In order to meet these requests, a great deal can be 
gained by a careful discussion of the limiting cases and 
asymptotic formulas. All of these lead to expressions 
that make it more practical to cover the range of param- 
eters completely. On the basis of such a discussion it 
may also be possible to develop an intuitive under- 
standing of the problem that makes it possible to 
answer some questions posed sub (4). For instance: How 
is the rainbow affected if the drops are slightly elliptical 
and how if the drop surface is corrugated or rippled? 
The exact answer would be difficult to find but any- 
body who knows Descartes’ theory of the rainbow can 
venture to answer that the first effect would slightly 
displace the rainbow and that the second effect would 
make it vanish almost completely. 


A SuRVEY OF LIMITING CASES 


The combinations of the parameters m and x may be 
displayed as points in a plane. Simple limiting cases 
occur when two of the numbers 


x, m, and x(m — 1) 


have absolute values that are either very small or very 
large compared to 1. They form the sides of the hexagon 
in Fig. 1. Even simpler formulas result in the overlapping 
regions where all three numbers satisfy such an in- 
equality. 

As an example, Table 1 shows the expressions of the 
efficiency factor for extinction, Q, for spheres and for 
very long circular cylinders on perpendicular incidence 
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Fig, 1—A survey of limiting cases. 


of linearly-polarized radiation. The factor Q is defined 
as the ratio of the extinction cross section to the geo- 
metrical cross section. In this table m is supposed real 
and >1 in order to exclude absorption losses. 


Corner 


of Fig. 1 


61 


12 
23 


34 
45 


56 


TABLE I 
Expressions of the Efficiency Factor Q 
Sph Cylinders Cylinders 
vost Case I: E // axis |Case II: H // axis 
oy 1? Z 
97 (m—1)?x4 a (m—1)?x8 & (m—1)*x8 
8 8 
2 (m—1)2x? 3 (m—1)?x? 3 (m—1) 2x? 
2 2 2 
2 2 2 
10 2 DSN2 3m? 
gies ite) cen 
8 2 2 
3 x4 = m4x3 = x3 


s = 0.5771 + In («/2) 


A similar table might be drawn up for radar cross 
sections, and for absorption (in the case of complex m), 
and so on. 

In trying to obtain numerical results for a point inside 
the hexagon it is advisable to look for a way to approach 
it from the nearest side. Mathematically, this means 
that we have to find an asymptotic formula in which the 
result for that side is the main term. Physically, it 
means that different descriptions are adequate in differ- 
ent regions of the m — x domain. The main effects 
may be described as follows. 


side 1: 


side 2: 


side 3: 
side 4: 


side 5: 
side 6: 


Independent dipole scattering by the separate 
volume elements. The interference of the 
scattered waves determines a simple form 
factor. 

The waves pass nearly straight through the 
body and the scattering pattern may be 
derived by Huygens’ principle applied to the 
emerging wave front. 

Geometrical optics. 

Perfect conductors; simplified boundary con- 
ditions. 

Resonance of the body’s modes. 

Dipole scattering. 


The modification of the formulas necessary to derive 
numerical results for values of the parameters that do 
not amply satisfy the inequalities is simplest near side 6. 
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a= 


28,18 -1,96i 


m=8,90-0,69) 


0 0,5 1 15 


Fig. 2—Extinction curves of spheres for two complex values of the 
refractive index m (after Lowan) and for m=, Co-ordinates: Q= 
efficiency factor, x=2 ma/\, where a=radius and \=wavelength 


It is the inclusion of higher multipole scattering, that 
gives the classical solutions. These converge everywhere 
but require for their evaluation few terms for small x 
and many for larger x. They are also quite sufficient for , 
a discussion of the resonance effects. Fig. 2 shows the , 
extinction factors! for spheres with values of 


m=n — tn’. 


The magnetic dipole resonance is clearly seen at 
x = 1/n. The peak is stronger for the smaller value of n’, 
which indicates smaller damping. 
INTERPOLATION PROBLEMS | 

In 1909 Debye? indicated that it is possible to show | 
by means of asymptotical expansions that the solutions! 
just mentioned approach in the limit of very large x 
the result derived from geometrical optics. He also men- 
tioned that the neglected terms are of the order of x~?/%) 
times the main term. A practical method to compute: 
these terms was not given, so it seemed virtually im-) 
possible to enter the hexagon from the opposite side’ 
(side 3). Improving a method first used by van der Pol! 
and Bremmer, Franz has recently found a practical way’ 
to do so but no numerical results are yet available. ! 

As long as this is true, we have to use numerical results: 
obtained by much labor (or by a big machine) from the 
classical solutions. This poses a serious interpolation 
problem. Both the intermediate results (the coefficients: 
of the series) and the final results (the scattered in- 
tensities, the radar and extinction cross sections) show; 
weird fluctuations. Unless the computed points lie 
sufficiently close together to detect the nature of these 
fluctuations empirically, we are very much in need of a’ 
theoretical notion of these fluctuations. Even a rough, 
idea may help to avoid errors in the interpolation. This: 
point will be made clear by two examples. 


1A. N. Lowan, ‘‘Tables of Scattering Functions for Spherical, 
Particles,’ NBS Appl. Math. Ser. 4; 1949, 


2P. Debye, Ann. der Phys. vol. 30, p. 59; 1909. ; 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


4: 
Nee. 
4 

ey 


Fig. 3—Locus of complex coefficients. 


1. It is obviously desirable to have a check on the 
coefficients of the expansions. The efficiency factor for 
extinction by long circular cylinders in Case I (electric 
field // axis) is given by 


(oe) 
Qext — 25 Red, 


X n=— 00 
where 
— MI a (y) Ine) = Inly) In’ (x) 
mJ ny) Hn(x) — Jn(y) H,’(x) 


Here J,(x) represents the Bessel function, H,,(x) the 
second Hankel function, y = mx, primes denote deriva- 
tives, and Re means “‘real part of.’’ The efficiency factor 
for scattering is 


2 


x n=— 0 


CPs = 0.,|2. 

The fact that Q.., has to equal Q,.4 for a nonlossy 
material; i.e. m = real, suggests that \b,|2 = Re D, from 
which follows at once that these coefficients lie on a 
circle in the complex domain (Fig. 3) and that a trans- 
formation to the real angle B, by means of 


a — 218 n 
b, =;(1—e : ) 


would be in order. The same formulas with complex 
coefficients a, and angles a, hold for long circular 
cylinders in Case II (magnetic field // axis). Other 
coefficients a,’ and b,’ that allow of the same trans-, 
formation, appear in the solution for the sphere. The 
original Mie coefficients, that have been used by most 
uthors had additional factors +(2n + 1)7?”+!, that 
te it even more difficult to see any regularity. 


It is obvious that a graphical interpolation, or check, 
is more easily made with the real angles than with the 
complex coefficients. When such a plot was first made, 
nexpected help came from the remarkable properties of 
the curves in the ‘‘nodes,” where a, = B, (Fig. 4). 
he curves of B,-: and 8,+1 pass through the nodes 
indicated by squares and defined by J,(y) = 0. They 
ave a common tangent with the curve of a, in the node, 
hile the curve 8, has a horizontal tangent. These 
Droperties were read from the graphs and later verified 
y some juggling with the Bessel functions. The positions 
f all nodes and the slopes of the curves in the nodes 
‘follow from simple formulas. When these have been 
onstructed, only a few additional points have to be 


Cylinders 


ISOs 


120° 


90° 


30° 


Fig. 4—Phase angles a, and @, for circular cylinders with m=1.50. 
The two kinds of nodes are indicated by circles and squares. 


computed to draw the full curves with reasonable ac- 
curacy. Also computation errors are readily detected. 

‘Lhis figure is presented here in the hope that similar 
transformations may be useful in more complicated 
problems; e.g. in the diffraction by ellipsoids. The 
properties would have been missed if the figure had 
not been drawn. If this can happen with formulas con- 
taining Bessel functions it certainly can happen with 
formulas containing spheroidal functions. 

2. Gumprecht, Sung, Chin and Sliepcevich® have 
given the complex amplitudes of the radiation scattered 
by spheres with m = 1.33 (water drops at visual wave- 
lengths) and values of x ranging with steps of 5 from 
10 to 40. In a different context, an integration over these 
values at the fixed angle 6 = 60 degrees was desired in 
order to find the polarization of the light scattered at 
this angle by a cloud of drops in which various sizes are 
mixed. Fig. 5 shows an auxiliary graph made for this 
purpose. The plotted complex numbers are 


x1 S3(0) = 40a 
and 
Ke SoG) = —1x—145*, 
Here 7,* and 7.* are the values tabulated by Gumprecht 
and the factor x~! has been added in order to make the 


magnitude (except for phase and interference) constant 
iorxi—> ~. 


3R. O. Gumprecht, N. Sung, J. H. Chin, and C. M. Sliepcevich, 
Jour. Opt. Soc. Amer. vol. 42, p. 226; 1952. 
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m=1,33 


4s, (60°) 


x=3tolO 


correct points 
correct curves 


x=10 to40 


correct points 
wrong curves 


x=15 to 25 


ray optics 
full curves 


Fig. 5—Interpolation of the complex amplitudes of the radiation 
scattered by a sphere with m=1.33 at 6=60 degrees in the two 
planes of polarization. 


In the upper part (A and B) of the figure, the points 
are sufficiently close to see how the curve runs, al- 
though more would be needed for a precise interpola- 
tion. The middle part (C and D) would seem all right 
to a person who has not been warned. He might draw 
the wrong conclusion that the scattering is strongly 
preponderant in polarization 2 for 6 = 60 degrees, m = 
1.33 and x ranging from 20 to 30. The warning may 
come either from the upper curves for small x, or from 
the lower curves (E and F) that have been computed 
from geometrical optics. The latter drawings were con- 
structed by adding the light refracted by the drop and 
the light externally reflected by it with the proper ampli- 
tude and phase. The period of the interference phe- 
nomenon from maximum to maximum amplitude is 
Ax =" 2.55) The fact’ that(2Ax is*close. ‘to. the? tabular 
interval 5, made it possible to draw fairly convincing 
curves in C and D. 


THE EXTINCTION CURVE 


The extinction curve is the graph of Q., as a func- 
tion of x for a body of a given form and composition and 
for a given state of polarization of the incident radiation. 
We shall omit the suffix. Theorems for arbitrary finite 
bodies and for infinitely long cylinders with arbitrary 
cross section show that Q is the real part of a factor 
Q + 7P occurring in the distant field expression for the 
forward scattered field. 
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Fig. 6—Extinction curves for bites with five real values of the 
refractive index: The scale of p is common to all curves. 


The simplest case occurs for spheres or other circularly 
symmetric bodies with incident radiation propagating 
along the symmetry axis. We then may write the total 
distant field in the forward direction (on and near the 
positive z axis) as 


50) 


1kr 


“= e—tkz+iut e—tkr+iwt | 
Here u may be any transverse component of the 
electric or magnetic field. We have , 


where G is the geometric shadow area. ) 

Fig. 6 shows the extinction curves computed* by means 
of the Mie formulas for spheres with m = 1.50, m = 
1.33, m = 0.93 and m = 0.8 and by means of the simple 
rigorous expression for m = 1 + e (€ = small and real)’ 
The scale of p = | 2x(m — 1)| is common to all five 
curves. 


Inspection of these curves shows that, except for th¢ 
first ascending part where Q is still <1, the curves may 
be described as a superposition of four effects. 


: Fees 1.33: B. Goldberg, Jour. Opt. Soc. Amer., 
195 
m = 1,50: unpublished results made available by Dr. R. Penndorf 
AF Cambridge Res. Center, Cambridge, Mass. 
m=0.80 and 0.93: R. H. Boll, R. O. Gumprecht and C. M 
Sliepcevich, Jour. Opt. Soc. Amer., vol. 44, p. 18; 1954. 
m=1-+e: van de Hulst, op. cit, 


vol. 43, p. 1221 
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1. A constant value Q = 

2. A big fluctuation with decreasing amplitude and 
maxima near p = 4.1, 10.8, 17.2 (period 27). 

3. A term that also goes to zero for x > © and lifts 
the average curve above 2 for m > 1 and depresses it 
below 2 for m < 1. 

4. A ripple of a complex structure, that has its major 
period near Ax = 0.80. The latter statement appears 
more conclusive if also the other curves of Pendorf are 
inspected. 

Our aim is to understand these components so fully 
that we can say if, and to what extent, similar effects are 
present in other directions (e.g. in radar cross sections) 
and for bodies of different shapes (e.g. cylinders, ellip- 
soids). We shall discuss each term consecutively. 

1. The term Q + iP = 2 is found when Huygens’ 
principle is applied to a plane-wave front with a part G 
missing. We shall call this component the diffracted 
hight. That Q = 2 and not 1 can most readily be visual- 
ized by looking at the energy lost from the plane wave: 
the part incident on the body is lost anyway, and the 
part passing along it forms a diffraction pattern by which 
the same amount is lost again (and radiated at angles 

that differ only very little from the original direction). 

2. The second component is due to the central beam 
that passes through the sphere along a diameter. We 
shall call this component the refracted light. If m > 1, 
the beam has a focus in or beyond the sphere and there- 
after diverges. A reflection loss occurs upon incidence 

_and emergence from the sphere and a phase jump 7 upon 
passing the focus. It is readily found from geometrical 
optics that the contribution of this term to Q + 7P is 


1 8m? 
x (m +1) |m? — 1| 


7 2itm—1)—im/2_ 


Here m may be larger or smaller than 1. The major 
fluctuations in Fig. 6 are accurately rendered by this 
formula, both in amplitude and phase. A similar com- 
_putation may be made for a beam that suffers two in- 
ternal reflections and covers the diameter three times. 
Its contribution is found to be numerically insignificant 
‘compared to the effects 3) and 4) that will now be 
discussed. 

We shall ascribe term 3) to grazing reflection near the 

“edge”’ of the sphere; i.e. near the curve that separates 
| the illuminated and dark parts of the surface. We shall 
interpret term 4) as the contribution of the surface 
wave that has traveled 360 degrees around the body, 
taking several short-cuts through the body. 


} 
| 


EpGE EFFECTS 


External reflection gives light scattered in any direc- 
‘tion. If this component is computed by means of geo- 
imetrical optics, it is found that a finite nonvanishing 
jamplitude results at 6 = 0,-by grazing reflection. How- 
jever, exactly in this limit the geometrical optics ap- 
proximation fails to give the correct result. Scattering 
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angles of the order of x-'/3 are excepted from this ap- 
proximation. This may be shown either by applying 
Huygens’ principle to the wave-front formed by nearly 
grazing reflection, or from the limits imposed upon 
Debye’s asymptotic transformation of the Mie series. 


The latter derivation is briefly as follows. The “‘excep- 
tional region” in the asymptotic formulas of the Bessel 
functions is characterized by the condition that | p — x| 
is of the order of x/*. Here p = n + 14 for spheres, 
p = n for cylinders and x = 2za/) as before. Terms 
with smaller p may be transformed by means of the 
main term of the nonexceptional expansion and give, 
after suitable separation, the ray-optics approximation 
by means of the method of stationary phase. It is then 
seen that terms of the order » correspond to rays inci- 
dent at a distance p\/27 from the axis. So terms with 
p < x correspond to light incident on the sphere, terms 
with p > x, with light passing along the sphere (there 
terms vanish indeed very rapidly) and terms with p 
near x, with waves that just hit or just miss the rounded 
edge of the body. The latter waves define a peculiar 
term in the complex amplitude of forward scattered 
light, that will be called the edge term. 

The word edge should not be read as edge of a thin 
body but rather as the rounded edge of a thick body 
(e.g. edge of a spectrograph slit for light, or edge of an 
airplane wing for microwaves). Only the wave motion 
outside the body has to be considered at this stage, for 
the waves refracted into the body do not emerge in a 
manner to give stationary phase in the forward direc- 
tion. 

The edge terms probably have the following properties 
in all cases, including cylinders or spheres with arbitrary 
refractive index (perfect conductor, partial conductor 
or dielectric) : 

1. The phase difference with the diffracted light goes 
to a constant for x — ©, so the contribution to Q in 
Fig. 6 does not have a fluctuating character. 

2. The magnitude (in Q + iP) is of the order of x-?/8. 

3. The phase factor is +e~*/? for x > o. 

Attempts to derive the correct expressions for the 
edge terms by using the “exceptional expansions’’ of 
Debye have been unsuccessful so far. Two more ad- 
vanced methods are available. One is the use of Watson’s 
transformation proposed by Franz® as a modification of 
the earlier researches by van der Pol and Bremmer. This 
is a rigorous transformation but the method is limited to 
bodies of a simple geometric form for which a full 
solution is available to begin with. The second method 
is by means of an integral equation of the surface cur- 
rents or fields at the surface. This method may be applied 
to bodies of arbitrary form and has first been used by 
Fock® and independently by Franz and Deppermann. 
The interrelation of the two methods was explained by 
Franz. 


5 W. Franz, Z. Naturf., vol. 9a, p. 705; 
OW fa Fock, Jour, Phys. USSR, vol. Ge a 130; 1946. 
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Barring, for a moment, the possibility that surface 
waves may creep all around the body, we see intuitively 
that the fields and currents near the “edge’’ should 
depend only on the state of polarization of the incident 
radiation, on the refractive index of the body (i.e. on 
the boundary conditions) and on the radius of curvature 
R of the body at the edge in a plane containing the direc- 
tion of incidence and the normal. Fock has proved this 
by means of the integral equation and has computed the 
asymptotic form of the current distribution near the 
edge if RR is large. The body is a perfect conductor and 
the magnetic field of the incident wave is tangent to the 
surface at the edge. The current contains a factor G (é), 
where & = 2(2R2/k)-”8 and z is the rectangular co- 
ordinate measured from the edge point inversely along 
the direction of propagation. The function G approaches 
2 for (on the illuminated side) and thus gives ordi- 
nary reflection. It goes to 0 for —>— © (on the dark side). 


The edge term for perfectly conducting circular 
cylinders in Case II (H // axis) may be found from this 
function by numerical integration on the basis of 
Huygens’ principle. In this way 


OPN 7B =). (0186 = 1497) 2 


was found in good agreement with the empirical formula 
derived from the results computed in the ordinary way. 
The empirical formula for perfectly conducting cylinders, 
Case I (E // axis) is 


OP = 2 OOM 1.73: 2) et 


It may be shown that the edge term for a sphere 
should be the sum of the edge terms for cylinders in 
Cases I and II. This would give 


Q+%74P =2 + (0.14 — 0.247) x-2/8 +... 


In the later cases no precise checks on the numerical 
coefficients are available but the sign and the general 
order of magnitude of the coefficients is very plausible. 
The asymptotic point Q + 7P = 2 is approached in 
Cases I and II from exactly opposite sides. This is due 
to the different boundary conditions that also give a 
different sign to the Fresnel reflection coefficients. In 
Case I the grazing reflection interferes destructively 
with the waves passing along the body. This means a 
higher extinction cross section. In Case II the sign is 
different and the extinction cross section is decreased. 
Perfectly conducting spheres show a combination of 
these effects and only a small positive excess is left. 

It is very interesting to see what happens if the body 
is an imperfect conductor. The Fresnel reflection co- 
efficients for perfect conductors are —1 in Case I and 
+1 in Case II. Those for any finite m both approach the 
value —1 for grazing angles. This means that the edge 
term in Case II for finite m should swing around to the 
same asymptote as holds for'Case I. Fig. 7 shows the 
exact points of Q + 2P plotted for circular cylinders with 
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m=va(1-i) 


case I 


-2i 


Fig. 7—Graphs of Q++4P for circular cylinders for two values of the 
refractive index m. Case I: E // axis, Case II]: H // axis. Values of 
x =2ma/) are written with the computed points. 


the refractive index © (as described above) and with 
the refractive index ¥ 2 (1 — 12). The expected effect is 
indeed present. 


After this digression on edge effects in general we | 


may return to the interpretation of term (3) in the curves 


of Fig. 6. As soon as x is large enough the edge effects | 


are determined essentially by grazing angles beyond 
the Brewster angle. This means equal sign of both 
reflection coefficients and destructive interference with 
the passing wave all along the edge of the sphere. 
Consequently, the extinction is considerably above 
Q = 2 (for m>1). Adding the edge terms for perfectly 
conducting cylinders with a reversal in sign in Case II 
we find 


(1.86 — 3.22 i) x-2/8 


as the expected contribution (3) to the value of Q + 1P 
in the upper curves of Fig. 6. After taking out the main 
effects (1) and (2), the empirical coefficients 1.8 — 2.5 
1for m = 1.33 and 2.0 (only the real part) for m = 1.20 


were found. This agreement is sufficiently close to show | 


that the interpretation of term (3) as an edge term is 
qualitatively correct. 


SURFACE WAVES 


This subject can be discussed in a relatively con- ) 


cise manner as it will be treated in greater detail by 
Dr. Franz. 


The asymptotic form of Fock’s solution for the cur- | 
rents near the curved ‘edge’ has the character of a : 


damped wave running into the shadow region along the 
curved surface. The character of this wave is independent 
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of the injection mechanism, which, in this case, was the 
plane wave striking the curved edge at grazing angles. 
Mathematically, the surface wave is a solution of the 
homogeneous integral equation. Franz has shown that 
there are many more modes of the surface wave and that 
the edge phenomena, called here the injection mecha- 
nism, may be described as a superposition of many such 
modes. All are rapidly damped and only the least 
damped wave has practical significance at large distances 
from the edge. 

For an examination of the character of these waves we 
shall look again at the perfectly conducting circular 
cylinder, illuminated by a plane wave that is plane- 
polarized with H // axis. Only this polarization gives 
a strong surface wave (set up at both edges). The ex- 
ponent in the amplitude is 


mt — ixe — (0.699 + 0.403 2) x! o , 


where x = ka and ¢ is the angular co-ordinate measured 
at the center. The damping is such that the amplitude 
reduces to e~°7%"!? in completing one radian of the cir- 
_cumference. The energy lost by the wave is radiated 
at any point of the surface in tangential direction, i.e. in 
the direction in which the wave travels at that point. 
The phase is such that the wave travels with the velocity 
of light effectively at a distance a(1 + 0.40 x!/) from 
the center. So without having examined the detailed 
distribution of the fields outside the cylinder we may 
anticipate that the front of the surface wave has an 
effective width of the order of x18. a = x*/3. a outside 
the cylinder. 
In the limit of zero curvature, i.e. x, the wave 
_ becomes a full plane wave traveling alongside a perfectly 
conducting plane wall with H tangent to the surface. 
_ The damping per unit length becomes zero in this limit. 
The same type of plane wave may be found as a 
special case of the Zenneck waves. These are plane 
_ damped waves in a nonabsorbing medium near the plane 
boundary with an absorbing medium (e.g. a metal). 
Again, H has to be tangent to the boundary. The 
damping occurs by Joule losses. If the metal is made 
perfectly conducting, the slant of the wave front van- 
ishes and the damping vanishes. 
_ It is plausible to assume that a surface wave with the 
same polarization can travel around a curved partial 
conductor and is damped by the two effects simul- 
taneously: tangential radiation (spray) and Joule 
losses. A simple addition of the two damping effects 
| may be sufficient in the first order. A wave equivalent 
to the plane undamped wave or to the Zenneck wave 
| does not exist if the polarization is such that £ is parallel 
| to the surface. This explains at once why the surface 
waves traveling along a curved surface with this polari- 
zation are very weak. 
_ Franz and Deppermann have shown convincingly 
that the surface waves just discussed are of major 
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importance in explaining the radar cross sections of a 
perfectly conducting cylinder or sphere. The radiation 
(spray) of the surface wave after the completion of 7 
radians along the surface interferes with the radiation 
centrally reflected from the body and gives large fluctua- 
tions with a period Ax = 1.18. 

The spray in the forward direction, after completing 
2a radians, is weaker as it has suffered double damping 
and has to interfere with the more powerful diffracted 
radiation. This explains why the influence of the surface 
wave is insignificant in the extinction cross sections of 
perfectly conducting cylinders and spheres. The ex- 
pected period of the fluctuations is Ax = 0.96 near.x = 5. 


We may, finally, come to the explanation of term 4) 
in the extinction cross sections of partially transparent 
spheres; i.e. to the ripple in Fig. 6. Damping of the sur- 
face waves traveling along a plane boundary between 
two dielectrics occurs by continuous refraction into the 
denser medium in the direction prescribed by Snell’s 
law for grazing incidence. Such waves have been studied, 
with a different injection mechanism, by Ott’ and 
Maecker.® 

The corresponding waves on a spherical surface, 
e.g. light waves on the surface of a raindrop, have not 
yet been studied in detail, although they are formally 
included in the work of Franz. There is one obvious but 
important difference with the waves on a plane surface. 
The energy lost by the main damping effect, namely 
radiation into the sphere, is bound to come back at 
some other part of the surface. It arrives there under 
the limiting angle of total reflection, i.e. precisely the 
most suitable angle to set up new surface waves. 

The light thus travels a chord 2a sin a@ instead of an 
arc 2aa, where cos a = 1/m. This is a geometrical 
short-cut but a longer optical path by 


2a (tan a — a) = ha. 


We may guess that the waves take the maximum 
number of “short-cuts,’’ WN, in completing the 360 
degrees around the sphere, making the total optical 
path equal to (22 + Nh) a. The “ripple” may be inter- 
preted as the interference of the waves radiated by these 
surface waves in the forward direction and the diffracted 
light. During the ‘“‘short-cuts’”’ the waves are protected 
from damping by spray, so their total loss in completing 
the circle may be considerably less than for perfectly 
conducting bodies. 


The expected period of the ripple is 


Ay Ce eee 
20 
The situation for m = 1.5 and N = 3 is sketched 


in Fig. 8. It gives Ax = 0.79. For m = 1.333, N = 4 we 
7H. Ott, Ann. der Phys., vol. 41, p. 443, 1942; vol. 4, p. 432, 
1948. 
8H. Maecker, Ann. der Phys., vol. 4, p. 409; 1948. 
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Fig. 8—Surface wave for m=1.5 with three ‘‘short-cuts.”’ 


obtain Ax = 0.83. These values are in good agreement 
with the empirical periodicity. A certain amount of 
energy may skip a shortcut and remain at the surface 
until it can interfere with the emerging wave. The 
beat pattern set up by this interference must have a 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


period Ax = 27/h, which is 11.3 for m = 1.5 and 19.8 
for m = 1.333. This checks very well with the empirical 
character of the ripple. 

The backscatter from large water drops gives the 
natural phenomenon known as the glory, a series of 
colored and polarized rings around the shadow of the 
observer, or of an airplane, on the clouds. Although 
qualitatively understood,’ there is still some doubt 
about its exact amount of polarization. It must be due: 
to the light that has made two short-cuts and, in addition, 
has traveled 14 degrees of the circumference. An exact 
theory of the surface waves will also make the quantita- 
tive solution of this problem possible. 


9H. C. van de Hulst, Jour. Opt. Soc. Amer., vol. 37, p. 16; 1947. 
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Creeping Waves for Objects of Finite Conductivity 
W. FRANZ} anp P. BECKMANN} 


Suziimary—lIt is shown that it is not necessary to apply the 
van der Pol—Bremmer expansion in order to obtain the Watson 
residue series without remainder integral. There appear two kinds 
of residual waves. Those of the first kind do not enter the object 
and correspond to the usual creeping waves for objects of infinite 
conductivity. They arise from poles in the vicinity of the zeros of 
Hy“) (ka). Residual waves of the second kind correspond to waves 
transversing the object and arise from poles in the vicinity of the 
zeros of Jy(nka). They are of no importance in the case of strongly 
absorbing. materials. Waves which are expected according to geo- 
metrical optics are obtained—as in the case of infinite conductivity— 
by splitting off an integral. Primary and reflected waves arise from 
two different saddle points of the same integrand which was thought 
of till now as only yielding the reflected waves. On the other hand 
the terms corresponding to the ingoing part of the primary wave 
give no contribution at all, but must be kept in order to assure the 
convergence of the integrals when shifting the path of integration. 


I. GREEN’S FUNCTIONS FOR A CYLINDER OF 
FINITE CONDUCTIVITY 


REEN’S function for a cylinder with the radius a 
and the complex index of refraction n is given 
by the following series: 


- © 
G( 91, po, ae m €m COS MY Hy, )(k 
(1, p2¢) ae € g (R po) 


fe) 
{ Hn? (R pr) — Sins Hn (kp:)} (1) 
€éo = 1,€m = 2form>0 p2> 1. 


The coefficients B,, are determined by the boundary 
conditions. For £ parallel to the axis of the cylinder we 
have: 


(2) 


WH, (ka) Ske) — nH (kay (ka) pene 
Hy’?! (ka) Im(ka) — n Hn? (ka) Im’(ka)’ 


m 


analogous for H parallel: 


Hy (ka) Im(Ba) — + Hy(?)(ka) J'm(Ba) 
n 


Bn = 


= (3) 
H,,)' (ka) Im(ka) — 


~ H,,) (ka) J’ m(ka) 

n 
Following Watson! we transform the original series (1) 
into an integral in the complex m-plane. We then deform 
the path of integration into a closed path around the 
poles of the integrand and evaluate the integral by 
means of a residue series. But, according to Imai? and 


Franz’, for certain values of the angle we first have to 


+ Munster University, Germany. 

1G. N. Watson, ‘‘The diffraction of electric waves by the earth,” 
Proc. Roy. Soc. A, vol. 95, pp. 83-99; 1919. 

21, Imai, “‘Beugung elektromagn. Wellen a.e. Kreiszylinder,” 
Z. Physik, vol. 137, pp. 31-48; 1954, cf. sec. 2 

3 W. Franz, ‘‘Uber die Greenschen Funktionen des Zylinders und 
der Kugel;’”’ Z. Naturf. vol. 9a, pp. 705-716; 1954. 


split off an integral in order to obtain a good convergence 
of the residue series. It will be shown that the integral 
represents contributions which are expected according 
to geometrical optics. 

Applying the well known method of van der Pol and 
Bremmer* to the case of the cylinder, in order to obtain 
a residue series without remainder integral, the coef- 
ficients B, might be expanded into a series of ascending 
powers of Hm (ka) / Hm (ka) 


S Beal (4) 
Bn = Ly 1! FF ((éq) 
wt Ami?) (ka) 
where the term containing 
Hy? (ka) t+41 (5) 
Hn? (ka) |? 


corresponds to waves which have been reflected inside 
the cylinder /-times. This procedure seems awkward 
mathematically since the expansion does not converge 
uniformly. As a consequence the results would contain 
residual waves (arising from poles in the vicinity of the 
zeros of H,,°)(ka)) which are difficult to understand 
physically. We wish to show that a residue series without 
remainder integral can be obtained without expanding 
Bie 


II. TRANSFORMATION OF THE GREEN’S FUNCTION 
INTO A RESIDUE SERIES 


Following Watson we transform the original series into 
an integral whose path of integration encloses the positive 
part of the real axis: 


g [ees FEO pesy 


8 sin vr 


{H,(kp:) — By Hy(kpi)} dv. (6) 


= 


We now deform the path of integration according to 
Fig. 1. The curve C, encloses the poles of the inte- 
grand which are situated in the right half of the v-plane. 
The path C; is symmetrical with respect to the origin. 
C, and C,; are connected by arcs at infinity. We first 
have to show that these arcs give no contributions. To 
do this we give the following asymptotic formulas for 
the Hankel and Bessel functions for v > z which may 
be obtained by the saddle point method following Debye. 


The complex v-plane is divided into two regions. The 
boundary is given by the curves on which the zeros of 
H,(z) and H,’(z) are situated and the part of the real 


4H. Bremmer, ‘‘Terrestrial Radio Waves,” Elsevier Publishing 
Co., New York; 1949. 
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axis between z and —z. The curves on which the zeros 
are situated are denoted by fi, h-1, he, and h_»2 (Figs. 
2 and 3). For domain I in Fig. 2 we have 


PROTO) \/ é ( 2)" (7) 
av \ 2v 
FEO (Gy ee i/ ind CL (8) 
av \ 2v 


while on the boundary the sum of both expressions has 
to be taken. Analogously is the Hankel function of the 
second kind for III (Fig. 3): 


H(z) ~ — ye er (9) 
au \ 2v 

Pe eae 

OE 


while on the boundary h again the sum of both repre- 
sentations has to be taken. To the right of h; and hz we 
have, for the Bessel function, 


for II, 


for IV, 


(10) 


1 ez\” 
IA@) RS ,~==((S]); 11 
@) vig) oy 
and to the left of hy and h_2, 
il G3 \ 
V3) = 12 
«) V —2nv baa a 


In the center domain the Bessel function always equals 
half the larger of the two Hankel functions. 

In (6) we form the difference H,’)(kp;) — ByH,“)(kp;). 
Considering the structure of the B, we may in this ex- 
pression substitute the Bessel functions for the Hankel 
functions of the second kind. Since a< p,< po, the in- 
creasing Hankel functions are always connected with 
more rapidly decreasing Bessel functions and the inte- 
grand vanishes for 0 <y< 7 in the v-plane everywhere at 
infinity (except for the poles of the integrand which are 
located on curves extending to infinity; cf. Fig. 1). The 
free choice of J, or H,'?) in the expression containing 
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Fig. 2 


Fig. 3 


the primary wave allows one to shift path of integration 
freely in the v-plane (except for the poles). This is not 
possible if the primary wave is omitted. 

Imai has done this in the case of a plane primary wave, 
but his derivations are wrong for two reasons: he is 
using the asymptotic formula (8) between h; and the 
imaginary axis, overlooking that the part DE of his 
path of integration is the arc on an infinitely small angle 
although it is of infinite length. Moreover even his 
formula makes his integral (3.6) diverge at the positive 


part of the imaginary axis since @ is ndt a real number. 
So 


| w@[~*= | a | e724 © for a4 ow. 


A more thorough investigation shows that it is not 
possible to overcome the shortcomings of Imai’s deriva- 
tion by minor changes. For an angle of deflection smaller 
than 5 there is no symmetrical path where (3.6) con- 
verges; for values > 5 the final integral (3.15) is diver- 
gent everywhere at infinity in the lower half of the 
a-plane. In spite of this Imai’s saddle point evaluation 
gives the correct result. The reason is—as we will see 
in section 5—that the correct path of integration leads 
over the same saddle point. 

We now wish to deform C, into C,. The present form 
of (6) does not allow this because of the denominator 
sin ur. Let 


F(v) = cos v (g— 7) Hy (R pe) 


{ H.(kp:) — By Hy (kx) }. (13) 
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Since C; is symmetrical with respect to the origin 
we may put 


eee ee Se) 4, 


sin vr 2 sin vr 
Ci. Cr 


(14) 


The difference F (v) — F (—v) contains a factor 


2 sin vr 


Jy(ka) J_»'(ka) — Jy'(ka) J_,(Ra) = (15) 


aka ' 
compensating the denominator sin vz. We now may 
deform C; into C, and obtain, after changing the direc- 
tion of the path C,, 


=| a 
a i cos 2 (g—7) Ho) 4 2H,")(R 1) 
16 sin vr 


C1. 


BO pense Hs) \ eo) 


This integral may now be evaluated by a residue 
series. The poles may be divided into two groups: the 
first one containing those in the vicinity of the zeros of 
H,)(ka) and H,\)'(ka), the second one including those 
in the vicinity of the zeros of J,(ka), J,’(ka), J_»(ka), 
and J’_,(ka). We shall see that the latter may be ne- 
glected in the case of cylinders of strongly absorbing 
materials. 


III. EVALUATION OF THE RESIDUE SERIES FOR 
STRONGLY ABSORBING MATERIALS 


We observe that B, may be written as° 


_ H,)(ka) { In’ H,)(ka) — n*' In’ H,(?)(ka) 
HO (ka) \ In’ Hy (ka) — n*! In’ H,)(ba) 
_ Ay (ka) In’ H, (ka) — In! H,!) (ka) ) 
H,)(ka) (In! Hy (ka) — n*! In! H,)(ka) )? 
n (In! H,\)(ka) — In’ H,\?)(ka)) 
{ y 4 He? (Ra) In! Hy (ka) = nt In i. 
H,2)(ka) In! H,)(ka) — n#! In’ H,)(ka) 


(17) 


v 


We wish to show that the residues arising from the 
second term in (17) may be neglected if the complex 
index of refraction has a great imaginary part. We ob- 
serve that the numerator of the second term in (17) 
contains the Wronskian of H,()(ka) and H,'?)(ka). 
The order of magnitude is therefore determined by the 
factor !/[H,{)(ka)]? which is small for a positive real 
part of v (this does not hold for the vicinity of the zeros 
of H,'?)(ka). There each of the terms in (17) has poles. 
But B, as before, is regular there. So we do not have to 
consider any residues. ) 

Accordingly, we have 


~  Hy(?)(ka) 
B,~ — ——— Rr ; 
H, (ka) 
Reg = It Hal(ka) — nt In! H,(ha) (18) 
os 


In! Hy()(ka) — n*' In’ H,)(ka) 


In the limit a>, Ri is the well-known reflection 
coefficient of Fresnel. Eq. (16) now reads 


5 In’ H,(z) stands for H,’(z) / H.(z). 
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8 sin Ur \ 
Co 

H,"?)(ka) 

(1) BUNT, 
+ JEL, (Rk p1) H,((ka) Rie \ dv. (19) 


If with v; we denote the zeros of the denominator of 
Ry. in the vicinity of the curve A (cf. Fig. 1) we obtain 
the residue series 


ee) 
Ga 117 ae cos Pg T) Hy) (R p2) Hy (R px) 
Br sin Uj)7 
Hy (ka) In! Hy)(ka)—n™ In! Hy?)(Ra) 
Hy) (ka) 0 


ov 


(20) 
v=, 


(iw H,) (ka) —n+#'In’ ,0%(ka)) 


which may be written using the Wronskian of H,,")) (ka) 
and H,,'?)(ka); 


ee) 


Ga i Gos ieee) Hy(R ps) Hy )(Rp1) 
ka , sin U7 
.K 1 5 1 
(1) aAe / (1) —nt! In’ (2)(B 
[Hy (ka)] rs (m H,)(ka)—n*' In’ H, (ka) ) (21) 
v=V, 


This expression represents creeping waves as in the 
case of a cylinder of infinite conductivity, but with 
different damping and amplitude. In order to discuss 
the influence of the radius a and the index of refraction 
it is necessary to determine the values of the y. 


IV. DIscUSSION OF THE DAMPING FACTOR FOR 
THE CREEPING WAVES 


The damping factor of the creeping waves is deter- 
mined by the zeros of 
Hy" (ka) _ 
Hy)(ka) 


pe ISAT) 


H,@)(ka) ’ a 


n* is valid for E parallel to the axis, ~1 is for H parallel. 
We denote these two cases by the subscripts m and o. 
Using the asymptotic formulas given by Debye we 
obtain 


H,("(ka) -il/ eee 


H.® (ba) oo. 


Since only the zeros in the vicinity of v=ka are of 
importance we may put v=ka in this expression and 
obtain 


H,(2' (ka) ys 1 ; 
Sp ER er | ee ne 
H,) (ka) n? 


For H,)(ka) and its derivative we substitute the 
Airy integral and its derivative, using the notation of 
Franz, 


(24) 


HM (ka) AN) (25) 
H,) (ka) A(q) 
with 
; 6 V/3 
y = ei (4) 5 q¢ = y (v—ka). (26) 
ka 
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Fig. 4 


The zeros are now determined by 


A (a) pest qs en it /2 y, (27) 
A’(q) r 
with 
vy, =hka+ @, (28) 
iy) 


According to (27) we see that for increasing |n| and 
ka the v, move from the zeros of A’(q) [resp. H,)’(ka)] 
towards the zeros of A (gq) [resp. H,‘")(ka)] along a curve 
C,, while the v, for increasing |n| and decreasing ka 
move from the zeros of A (q) [resp. H,‘(ka)] towards 
the zeros of A’(q) [resp. H,’(ka)]. If we expand A (gq) 
and A’ (q) in the vicinity of the zeros of A (q) [A(q.) =0] 
and A’ (q) [A’ (q.) =0] we have, with g=q.+?, 


|n| +1 || e 15/Or +) n= |n| ev. 


ee (29) 
if 


and with g=qg.+p, using the differential equation of 
the Airy integral, i.e. 


(30) 
we obtain 


p= 


r || #1 en" /6FY) | 


(31) 
qo |9| 

We see from (30) and (31) as already from (27) that 
for real values of m the curves C, and C, coincide. For 
y > 0 they start at g. and g, symmetrically with respect 
to the curve for y = 0 (Fig. 4). For ka large, i.e., in the 
vicinity of go, the damping increases with increasing 
y for and oa. For ka small, i.e., in the vicinity of qo, 
for o the damping decreases with increasing y. For 
wy = the damping is equal to the damping of a cylinder 
of infinite conductivity. For y > = the damping becomes 
smaller. For 7 the damping first increases with increasing 
v and has for ¥ = 3 a maximum. 

For actual computation of the wy, (27) is not exact 
enough—we may not neglect terms proportional to 
(ka)~?/3 and obtain (cf. Franz and Galle®) 

6 W. Franz and R. Galle, ‘‘Semiasymptotische Reihen fiir die 


Beugung einer ebenen Welle a. Zylinder;’’ Z. Naturf. vol. 10a, pp. 
374-378; 1955. 
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Ay qd A-y? = qe A’ 


1) (k 1 45 180 
el area ay 1 qi vq yy (34) 
vl A (4 af) 4— Yh a 
"\30 7 540 45 
With the abbreviation 
i z Nes ems (33) 
r 
our final equation becomes 
_ yn yan? 
A (a) _ 45 1806 (34) 
A'(q) yg € vid a) 
1+ -—= 26 + 
45 Vy 540 


For steel, Fig. 5 shows Jm(vi) as a function of ka. . 
For reference, experimental values given by Hartnagel — 
are included. 


a Im(D,) 


Ka 


to 20 |so 100 200 500 1000 


Fig. 5—Solid curves: steel; broken curves: infinite conductivity; [ex- 
perimental values of diffraction of light by razor blades (Hartnagel).] 


V. DISCUSSION OF THE REFLECTED AND PRIMARY WAVE 


As to the convergence of the residue series (21) the 
same considerations as in the case of a cylinder of infinite 
conductivity are valid.’ In the region which is reached 
by the primary wave we have to split off an integral 
with the aid of the identity 


cos 0(g—7) = e”” cosvg — te” sin uz. 


(35) 


We obtain a residue series with slightly changed 
trigonometric functions: 
ic.) 


ah i COS Uj@ givin 
ka ;, sinur 
1 1 


Ge = Hy)(R p2) Hoi (Rp1) 


x (36) 


[H,.) Gan = 2 (in H,) (ka) —n+#! In’ H. ¥(6a))o= v 


and in addition the integral 


Gan Efe HC o2) HOD) x 
D (2) 
Hay ee) 12 dv. (37) 
H.)(ka) 


On both sides of the curve on which the poles are 
located the integrand becomes small at infinity. In the 
whole lower half of the v-plane the integrand increases— 
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Fig. 6 


with the exception of a small region around each of the 
zeros of H,'*)(ka). We put the path of integration as 
shown in Fig. 6. It leads from the valley left of A to the 
first zero of H,)(ka) and from there into the valley 
right of A, passing two saddle points (cf. section III). 
In order to determine the saddle point left of ka we 
may use the Debye asymptotic formulas, and obtain 


7) ——_—. v —_—__—_. 
— 2 SS oer — — 
a (ve + ye pi v v arccos Bie +- #202? v? 


v aes v 
~y oe Pee — }= 
arccos is a? —y*? + 2v arccos =| 0 (38) 
at the saddle point. It follows that 
Vs Us U; 
arccos — + arccos— = 2arccos—+ 9. (39) 
Pi pe ka 


Fig. 7 


This equation has a simple geometrical meaning as 
may be seen in Fig. 7. Let us draw the ray which is 
reflected from P,; towards P»2 according to geometrical 
optics. If we denote its distance from the center by d 
and the angle of reflection by a we have 


bras) 
@ COS = =e 
2 


and kd satisfies equation (39) if substituted for v,. If we 
introduce the two chords of the reflected ray as abbrevia- 


tions; 
d, = Yo? aif Jo — q?, 


dy = Yr. — a? — |/a? — a 


d= (40) 


(41) 


_ we obtain the asymptotic formula 
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hea ie 2 GA 20d2)2 
Ca a > 5 x 
4y/ rk 2 didz + (a? — d*)% (d, + de) 
Ris ek (di tds) (42) 


The same expression for the reflected wave is obtained 
from geometrical optics. 

At the right saddle point of (37) we have H,)(ka)~ 
— H,')(ka). Therefore the position of the saddle point 
is determined by 


v v 
arccos —- + arccos — 
Pl Pa 


= ¢. (43) 

As may be seen in Fig. 8, v,/k is the distance of the 
ray connecting P; and P2 from the center. If we use the 
proper—i.e., positive— sign of the arccosines in (43), 
only Q between P, and Pz is allowed. If g decreases and 
reaches the value arccosine p;/p2 the saddle point ap- 
proaches kp;. Upon further decreasing of g the saddle 
point approaches the first zero of H,!)(Rp1). In this case 
the path of integration connects the zeros of H,()(R 1). 


De 


Fig. 8 


We therefore have an infinite number of saddle points 
which are located between the zeros of Hy‘)(k 3). 

For ¢> arccos pi/p2 a single saddle point gives the 
primary wave. In order to show that the saddle point(s) 
to the right of ka always give(s) the primary wave we 
give an integral representation of the primary wave. 


VI. INTEGRAL REPRESENTATION OF THE PRIMARY WAVE 


Applying the Watson transformation to the well- 
known series expansion of the Green’s function of free 
space, we have 


Ess i EE ACamE AOC AUTO Mea eC 
4 sin v7 
which may be written as 
(1) ; ; 
GHD feseules ay EGON (kepiyet rene =” 
8 sin Um 
Jy(kp:) } dv. (45) 


The path of integration may be deformed into the 
curve on which the zeros of H,‘(kpi) are located if 
0<y<v7. Because the path of integration now is sym- 
metrical with respect to the origin we may substitute 
—yv for v in the second term of (45). Using 
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Aon ; (H(z) + Hy((2) ) (46) 
and 
H(z) = e7#* H_,O(z) ; Hy(z) = e”" H_,(z), (47) 
we obtain 
G.= : / e F(R pg) Hy()(k pi) dv. (48) 


The integrand is the same as in (37) for v> ka. 
Although the path is not exactly the same, in both cases 
it leads over the saddle points located in the right half 
of the v-plane. So we have shown that the integral (37) 
always gives the primary and reflected wave. 

It may be surprising to obtain both reflected and 
primary wave from the second term of (1). This is con- 
trary to the interpretation of the first term of (1) as 
given by van der Pol and Bremmer. Bremmer, on page 
33 of his book, expects—in the case of a sphere which is 
quite analogous—the first term of (1) ‘‘to operate as 
primary field,’’ while we have seen that in the trans- 
formed integral it gives no contribution at all. Moreover 
it is easy to see that the first term may not be split off 
at all since the series would diverge. (This holds for 
both series in (6) on page 33 of Bremmer’s book.) 


VII. APPLICATION TO THE GREEN’S DYADIC 
OF THE SPHERE 


While we have treated the cylinder as a purely two 
dimensional problem by means of the scalar wave 
equation, the sphere case as an entirely three dimensional 
problem leads to vector wave functions satisfying 
Maxwell’s equations. Although the general formulas in 
this case are somewhat more complicated the Watson 
transformation may be performed quite analogous to 
the cylinder. The general solution may be expressed by 
a Green’s dyadic composed of two series of the form 


P (rr!) =D (2m+1) A Ht y (Rr!) { Hmgy (kr) 
— Barry Hmyy (Rr) } Pm (cos 8), r'>r (49) 


vis the angle between ¢ and 7’, A a differential oper- 
ator which is an even function of n+ 4. There appear two 
kinds of coefficients 


H,\?)(ka)[ Jy’ (Ra) + oat J,(ka)| —nJ,(ka) 
2ka 


neo 
LOOP Pe Ca ee ae 
2ka 


[11,02 (ka) + + H,((ka)] (50) 
2ka 
[11 (ka) + Hy (ka)) 
2ka 
B, : substitute 1/n for n in (50). (50a) 


Their structure allows one as in the case of the cylinder 
to substitute J, for H,‘), so the path of integration may 
be shifted in the same way. After performing the first 
step of the Watson transformation we obtain integrals 
of the form: 
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if = 


i i YA Hy (kr’) { Hy2(kr) — 
COS UT 
B, H,“(kr) } Py (—cos 8) dv. (51) 


When symmetrizing the integrand of path C, there 
appears a factor sin yz, as in the case of the cylinder, 
which now does not compensate the denominator cos v7. 
So there are still poles on the real axis which do not allow 
transforming the remainder integral into a residue series 
of the Watson type. Here a specific feature of the spheri- 
cal harmonics helps. After symmetrizing, the integral 
is of the form 

[ees Fii(g?) (Pyle (e0sd) sae, 
cos Ur ; 
where F (v?) is an even function of the variable v con- 
taining differential operators. The integrand here may 
be written as follows: 


2 , 
me) [ef°-)* P,_, (—cos &) — P,_y (cos 8)]. 
2 cos ur 
2 et 
Seu let" P,_4. (—cos. 3) — PA (cos): 
2 cos UT 


Using the symmetry of the path C; in the second term 


—v may be substituted for v. So the integral becomes: 
2s 
[ eS S22 2d. ,(—cos 8) —P,_3(cos 3)] dv. 


COS UT 


(52) 


Here the square bracket is zero for all positive half 
integer values of v; so we have no more poles on the 
real axis. Consequently the remainder integral may be 
shifted to the path C, (Fig. 1) and we get for the total 
Green’s dyadic two integrals of the form 


7 i 2 ny) HO (br') [(eo*” Ba 

sin (27) 

— e” B,) P,_2 (cos 8) + i (By — &*” B_») 
P#-,.(cos-3), | 7 .)(er) a os 


This now may be transformed into a residues series. 
For strongly absorbing materials e?"*” B_, may safely 
be approximated by B, so the terms with P,_x (cos #) 
vanish and a factor sin vz of the denominator is cancelled. 
The result is much like the one in case of an ideally 
reflecting sphere as treated by Franz? previously; just 
as in that paper, in order to obtain the geometrical 
waves in the lit part of space an integral has to be split 
off, introducing spherical harmonics of the second kind 
(they already appear in (52)). The saddle point evalua- 
tion of this integral yields as in the case of the cylinder 
the reflected wave from a saddle point to the left of 
ka and the primary wave from a saddle point to the 
right of ka. Here again the B, terms of (49) give both 
reflected and primary wave. 


ie 
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A Method for the Asymptotic Solution of Diffraction 
Problems 
R. TIMMANt 
Summary—The equation for the propagation of harmonic War t Woy t vee — Vee = O, (6) 


waves in a homogeneous medium is considered as the transform 
of an hyperbolic equation in one more variable. The boundary value 
problem of diffraction theory can, by this Laplace transform, be 
related to Cauchy’s problem. The transformed problems are solved 
for 2 + 1 variables by methods introduced by Evvard and Ward in 
supersonic airfoil theory. As an example the diffraction problem for 
a strip is worked out and an asymptotic expression for the trans- 
mission cross section is given. 


I. INTRODUCTION 


HIS PAPER is a condensed and revised version 

of the thesis worked out under the author’s direc- 

tion by A. P. Burger.! We consider the problem 
of acoustic diffraction by a plane perfectly reflecting 
screen S in a finite part of the xz plane of a Cartesian 
system. If the time dependence is given by the factor 
e-™, the total velocity potential satisfies the equation 


Yue + Puy ae Ors a ko = 0, (1) 
where k = v/c and ¢ is the sound velocity. For a per- 
fectly reflecting screen the boundary conditions are 
he 0 on S. 

On 


If the incident wave has the normal ” = (m1, m2, 3) 


(2) 


gt = ett) 


we put 
¢ tot eth") ahs Q, 


(3) 


_where ¢ is the disturbance potential, which must satisfy 


in infinity Sommerfeld’s condition. The boundary con- 

dition on S is 

k(rm) (4) 
On both sides of S, g, has the same value and 9g, is 

an even function of y. Hence ¢ is an odd function, which 

involves that ¢ = 0 on S’, the complement of S in the 

xz plane, where ¢ must be continuous. On the edge of S, 


Oy = tkn2.e* 


| yg must be finite. 


The boundary value problem for yg, with conditions 


Che icea Mons (5) 
ak 


yg =0 on S’ 


together with edge and radiation conditions is not solved 
directly but transformed into another boundary value 
problem in a four-dimensional space with coordinates 
x, y, z, and a time variable ¢. Since (1) results from the 
four-dimensional wave equation 


+ Technical University of Delft, Netherlands. 
1A. P. Burger, “(On the Asymptotic Solution of Wave Propaga- 


| tion and Oscillation Problems.’’ Thesis, Delft, 1955; Rep. F 157, 
_ National Huchtvaart Laboratorium, Amsterdam. 


by a one-sided Fourier transform (or Laplace transform), 


[o.6) 
g(x, y, 2; k) = / e(x, 9, 2, t) dt, (7) 


the problem is transformed into the following boundary 
value problem for y 


a) <0 
vy = f(x, 2) y=0, t¢>0 on S 
y =0 Vy =O) ae 10 Ones: 
which is closely related to Cauchy’s problem for hyper- 


bolic equations. Problems of this kind are well-known 
in the theory of airfoils moving at supersonic speeds in 
three-dimensional space and hence the results of this 
theory are only directly applicable to two-dimensional 
diffraction problems. We consider henceforth only the 
problem of diffraction by a strip, or according to Babi- 
net’s principle, diffraction by a slit. 


II. THE PROBLEM OF DIFFRACTION BY A SLIT 


The slit extends along the lines y = 0, | a | = 1, and 
all quantities are independent of z. The transformed 
problem is 


Viz ar Voy 7 Vee = 0 (8) 
vy = f(x) Y=, (6 Nee bee es 
i = ais pst, © 
y = Vy = 0 i= 
The solution of this problem is based upon the 


Hadamard-Riesz theory of Cauchy’s problem.” 
If 
i 1 


r > Vo-n'-@-)- 0 —») 


is the elementary solution with respect to a point 
P(x, y, t) only inside the forward characteristic cone of 
P, then for a surface S, which closes this characteristic 
cone, Hadamard has derived the theorem 


il (#19 21)a 
s\dvr Ov r 


Here »v is the “‘conormal”’ of S, which has direction 
cosines (71, 22, —73) instead of (71, m2, n3) of the normal. 
If both y and y, are given on S, this formula directly 
solves Cauchy’s problem, but in our case it does not 
give this simple result. We apply the theorem to the 
region formed by the characteristic cone (Fig. 1); the 


esol 
W(x, y; t) 7 pa (10) 


2 J. Hadamard, Lectures on Cauchy’s Problem, Yale; 1923. 
3M. Riesz; Act. Math., vol. 81, pp. 1-223; January, 1949. 
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part of the plane y = 0 inside this cone and the plane 
t = 0. Herey = ¥, = 0 and on the («..t) plane 


Hence we obtain 


v(x, y; t) ae os 


Co) 
[[(Get-w2 aa, an 
D\ On r 
where the + signs apply to the value at the upper side 


of the plane. The corresponding theorem for the part 
of the cone below the plane y = 0 yields the equation 


SILI oT) ate 


On r 


Qn 


(12) 


a 


Fig. 1 


Since y is an odd function of y we can eliminate y and 
we obtain by subtraction 


, t)1déd 


1 Yn, 0 a 
Vin) = = II Ve- 7 @ — 8 OF) 


(For the complementary boundary value problem we 
add). 

The value of ¥, is given on the strip | é | <a lean it 
D is completely inside this strip y is determined. In 
the other case, D is divided into a part D’ inside the 
strip and D” outside. Then the unknown value of %, on 
D" can be determined from the integral equation 


Aves 
VG@,.07 f= -08= 
D 


Ve == @ — 9) 
+ [lWeos eae 


Wn (&, oO T) dé dr 
valid for | x | Ss ik 


(13) 


(14) 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


The problem of the strip is complicated by the fact 
that D’” may consist of a part of the region x > 1 and 
of x < —1, where in both parts ¥ is unknown. This 
complication does not exist for the Sommerfeld problem 
of diffraction by a half-plane, which we solve first in 
order to check the method. 


III. DIFFRACTION BY A HALF PLANE 


If the half-plane x > 0 is a perfectly. reflecting screen, 
the value of ¢, is given here. The transformed problem 
then is (Fig. 2) 


ne + Woy a Vu = 0 (15) 
ty =f@) Dea On eer 10, t>0 | 
y =0 Vea)" x <0, fs) 

y =,=0 TO: 


Fig. 2 


We first calculate y, for x < 0, using the integral 


equation (14), 
f(é) dé dr 
t= eB 
Wy (E, 7 ) dé dr 
pl = P= & = 


This equation is rewritten in characteristic coordinates — 


pi = b-Fex, p=Trt+é 


Chl ip == 48 GG = = fs 


(16) | 


tefPo 9 


o 


-- Yue 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


Pas ¥n(p, 0) do o) do- 
dl ees Panes 2 (17) 
remarking that ¥, = 0 in front of the characteristic 
p = 0. Since (17) holds identically for all p; in this 
range 0 < p; < o, the integrand vanishes identically 
here and Evvard* obtains the integral equation in one 
variable o, 


ASN 
= Yau - o 


which is an Abel integral equation. 
For later reference we solve the slightly more general 
equation 


ol v 
Vn(p, a) do Z(p, a) dr 
/ On) cae SS 


Ya ama CF 
8 
do, 


by multiplication through ae 


Sea O14 


s ae a 
eo Vo= = 6) 
-+| ¥,(p, «) dr 
f« ye 2 
_ g(p, a) dr aA ea, (20 
; VG = 2) @ = 2) 


Differentiation with respect to s gives 


| =) 
w(pi, a1) = Vn(pi, o1) = rJin—a 


* apis o)Va ae te ee 
B Cj 0: 


In the half-plane case, the solution is 


+p1 
==") [Di SS oe = 
= | n( 2 W S ips 
rl Of) SF oat 


(22) 


(19) 


and integration, 


(21) 


w( pi, o1) 
—pl Gal, 


The Fourier-transform of w(p1, a1) is given by 


Wels) = [, sea = re 


1 
a oo 


ney ee ne 


1 ~ F + (= 
e Se aoe hee ———————— ikt 
0) 


=o o1—o 


50 << (0) 


where along the line of integration x = constant < 0. 


4J. C. Evvard, NACA Rep. 951, Washington; 1950. See also 
G ne Ward, Quart. Jour. Mech. and Appl. Math., vol. 2, pp. 136-152, 


7AM 


Putting p1 — o = 2é, we obtain? 


= gis eae 
11k x —% 


Wis) = 


Vs 


fe ee oe es) 


Now in the 2 y) plane the normal derivative gy, is 
given on the complete x-axis and we obtain the potential 
g from the well-known formula 


olx, ys k) = = ie ”  94() Hol (Rr) dé (25) 


y?, which here gives 


where r = J & — §&)? + 
g(x,y; k) = ai f()H SM (kr) dé 


eae lee ee Eager) f Gaye eo cea (26) 
kr é Coke 


Since 


vif 4 


ues — se ee eVe— +h 


es ; 27 
z en | Si ee 2y 
this result can be written as 
1 — co 
Nese & i fle) de [2.06 
M2 dt © 
3 iky 
Oli e "dN 
Tar | ever ye — @ — 8 = ae 


The equivalence to the well-known result of Sommer- 
feld is demonstrated, if it is shown that the value of 
vg, for x < 0, y = 0 is equal to the value obtained by 
Sommerfeld. 

For a wave incident under an angle #, 


yg = gk cos g+y sing) (29) 


and 


f(t) = R? sin ae *os?, (30) 


Then 


ol! x Si tkE cos 3+id(E—x) igs 
W(x) = Ae dn é Ve dé 
us x k 0 


. . [eo @) 
en/* ek cos / 
1% R(1 + cos 3) 


which is easily shown to be equal to vs for Sommerfeld’s 
ay 


eH ee du (31) 


potential®. 


> Here and in other infinite integrals with respect to \’ we assume 

along the line of integration Im\ > 0i in order to secure convergence. 

6B. B. Baker and E. T. Copson, ‘‘The Mathematical Theory of 
Huygen’s Principle,” 2nd Ed., p. 142; 1950. 
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IV. SOLUTION OF THE PROBLEM FOR THE SLIT 


The solution to the problem (8), (9) is given by (13), 
or, in characteristic co-ordinates 
Vy, dp do 


ale (ose CESE: 


where D is bounded by (1 — p)(o1 — ¢) = 92, p+ 6 = 0. 


¥(p1, 01) = (32) 


Ww peg easy (eee is only given for 


2, the value of w in the two side regions 


Since ¥, = 


| p = o | < 
|p — o | > 
equations 

fdpdo 


1 
0 = 1) 01 St See 
EPs LT, Ver = p)(or = 2) 
V,(p, a) dp do 
pe V (or = Cab a) 


where D’ lies inside the strip and D”’ outside. 

For p < —1y, = w is identically zero, for —1 < p <1 
w can be calculated directly from the known values on 
the strip, but for 1 < p < 3 the calculation involves 
the values for —1 < o« < 1, which also are directly 
calculated (Fig. 3). In the next region 3 < p < 5 the 


2, must be determined from the integral 


(33) 


O35 


ee 


O-3 


p= 


Sw 
Aan 


Fig. 3 


values follow from the known values in the region 
1 < o < 3 and so it is seen, that dividing the two side 
regions into sub-regions the values in each subregion 
can be expressed by previously calculated values. We 
now derive the recursion formula for this procedure. 


and w.'(p1, 91) = O for p1 < —1. Here w = 


i ——oe 
tt os 


Subtraction of (37) and (36) She 


for all values of p; > 1 and w”’ 
we put, for 27 — 3 < pi < 2n — 1 
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We denote the regions in the following way: 


p—ao>2 o—p>2 
OO = le<“cucal 0 lapel 
Lipide oars Pap Avaya 
DE Se ONO OF NE Se p< 


n' In —-1<0< 2n+1. nm!’ 2n—1< p =<2n 48 


The integral equation in region n’’ for w’’(pi, 01), where 
sisi aida toe, Mate i 


ie * w(p,, a do 
0= V(p1, a1) = a er pi — Pp if@-9% a 
*w(pi, o) do ag) do 


“hs - w(p1, 0) do 
air Pa-o™ 7 


Again this integral equation is reduced to an integral 


equation in one variable 
i. w(pi, «) do 
Pi—2 / A SG 


aos w( pr, a) do be 
ees Ya = 7G: 
+f (pi, «) do 
ee oF un! 


We now build up the functions w’(1, 71) and w’’(p1, o1) 
in the successive regions as sums of solutions of integral 
equations, which become more complicated at each step. 
We define for all values p;} > —1 and o, > 2+ py 
Wo'(pi, 61) as the solution of the equation 


ir Wo’ (pi, 6 ae ilies a) do 
i Ld Sa pred Vic mye 


0 for o <—# 
—p;. w,’ is defined in a similar way: interchanging p 


(34) 


(35) 


(36) 


and o. wy’ is the correction to w,’ for values of p1 with | 


15 py <Srandiwap 
-+ wy’’) do 


= 0 for p; < 1. Hence 


or w(p1, a) do 


meals Bs reals 
142 wWo'(p1, a) de 
asi Poaun-e Gi = kor ; 


mae XOX 


(37) 


* wip, «) do Ee ~* we'(pr, «) do a) do 
of ae Clay 3%. i Yoau-o 


We define w’’(p1, 01) as the solution of this equation 
= 0 for p; < 1. Similarly 


(38) 


n—1 


w'' (pi, 01) = > w,', 
k=0 


where w,_1”’ = 0 for F p, < 2m — 3 and w,_,” 


solution of 


n—t} 
(S wy”) do 
k=o 
pt2 V/ Cio) 


is the 


Pit+2 
w(p1,0) do 


(Unie yr 
et 
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ime 2 ee) 

ry ‘ Peas? if ay! ! = ” ie ae 

-| (See -| (3 Na Cop ae (PAT) ED Or Fanta Peet ae 
—] Ja SOx 


for all values of p; > 2n — 3. 
EISOs: Wn oi, 10)) —=2 O-for pi; <2”. = 1 and for all a 
values p, > 2n — 1 it is the solution of 
(x) = 


O1 ‘ !? Pi1+2 
f ef? tae 
Pi+2 


2n—5 Yo uO The value of y,, the normal derivative of the potential 
of the original diffraction problem is found by the La- 
place transform 


ew! (p, 0) dt = 


oO 


(oe) 
/ al a pi—2 / i iada op / eh&taay Ng + 2x, «) do, (47) 


2n-1 


n—1 n—1 
‘. i S wg i iba (Ss wig (40) Where along the line of integration p — ¢ = 2x. 


Aen eee oes Then 
a) Yo = 0; pee x raf 


Subtraction of these two equations gives for p: > 


(o.@) 
Win) = >We) eed =O, 


2n — il. co 
bes Pies W(x) = > W,'"(x) x<—-il,y=0. 
Wn’ (pi, o) do Wn—-1 (pi, a) do. 
/ Gn eee / 1 —o ey) The recursion formula for W(x) is found by trans- 
gay? ea formation 
Considering this as an integral equation for w,’’(pi, o) <0 
it can be solved by (21), (x) a et) wi'(g + 2x, 0) do = 
1 2n—-1 


(42) Ee 


2n—3 ES land tae a) \° ar OL (48) 


Interchanging of p and a yields the recursion formula ep eee 
for the other side ns site 4 


Wn (pi, 01) = — r/o ee) e ike oo 
——————————— tka 
pi—2 , a ar my/ 2(e — 1) é do 
/ Wn-l (pi, a) Yr eee an 2n—-1 


Putting p — o = 2, and interchanging the order of 


Wa'(pi,01) = — integration, 
ae [ana —o-—2 1 
ca an eee Wilt) =e — Se tieeges 
n— ’ ar 2 a. ve 0) J 
jee bea ee) ) fds. (43) V = aed 
See pose er 
The first terms are given by a: 


1 
Wo'(pi, 01) = — 1 es 
iS py Sey ehh £) i! w 
n/p. — ee acre af Was (E; kV —é édé, (49) 


Pi+2 Pao ae 
i w(p, o1) Yo p sp (44) and similarly 


| pi—2 ne ae gik(E-*) , ane 

: W,-1 1 

| 1 W(x) = set = "eer: ©) a Edt 

Wo (p1, a1) ae thea V< 2 ee 

T ee OT = 

| 1+2 es i a 
won) Vor +2 —o 9 ae -yaenifa| MEOW N(E, BY + Ede. (50) 
Pi—2 Onas Ci 


' The transforms W,’(x; k) and W,’’(x; k) are given by 
with w(p, o) = 0 for p + o < 0. Then 


(oe) ! = eat ek. id(x—£) 1 
Vy = w'(p, a) = > wn’ (p, c) Piel? = 1h o a =I (46) We (x, 2 - why x =| ae af ~ “oy a 


n=0 
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(51) 


=I © 
WAH ix, k= SS gy a Se dx 
mk —x — 1 I. 
(ie dy thy ents w(Qyi +e + 2dé. (52) 


The value of g in an arbitrary point (x, y) is 


1 aril 
yy) =— H(kr) dé + 
y(x, ¥) tf se (kr) dé i) 


=| i We) (br) dé + i W’(E)Ho(kr) ae| 
4 


=00) 1 


= Vc a anek: 


V. THE TRANSMISSION Cross SECTION 


The transmission cross section for a plane wave 
incident at an angle # can be calculated by a formula of 
Levine and Schwinger’ 


One - Im{A(8)}, (54) 


where A(#) is the amplitude of the scattered wave at 
infinity in the direction of the normal of the incoming 
wave, which is defined by 


(3) ~ We GOUT OS (55) 
lo 


ro =V x2 + y? being the distance to the center of the 
aperture. Using the asymptotic expression for the 
Hankel function 


ay i 2 eikto— in eik& cos 
HA) (kr) ~ ys ef er—a/s) ro, ike / ptkE cos J , (56) 
awkr eri 


(53) yields 


+00 
A(9) bia if d¢(E) eik& cos 8 dt = 
T Seon 


: +1 = 
ees (ples 2 dt — i | f WH (Be ce dé ae 
=i 20 ne 


2kar 
i W' (Eee? a (57) 
1 


The first term gives the Kirchof approximation, the 
others are the correction terms. 

Since the calculations turn out to be rather laborious 
we perform here these calculations only for the case of 
normal incidence. Then, from (30), 


(E) ae ieee Re (58) 


and 


7C. J. Bouwkamp, “Diffraction Theory,”’ Rep. Prog. Phys. 


A(o) = 


vs) (oe) 
aA f wroae+ [ wat 


The first term gives 


CAC tPA. 


(59) 


(60) 


The functions W,’(x) are calculated from (49)-(52); 


—k oo ae a 
W(x) = Tees | Ca) yj — edt. (6lm 
rx — 1 ; -, ‘ 


Introducing the function 


me . 
F,(u) = i ety" de, 


which is related to Fresnel’s integrals, we write 


W(x) = 


Sao 


W1'’(x) is now calculated, introducing the function 


eee Ve a3 
H(A As u) = / ei rtwe dé 
1 


ye-i 


= BHO + p) +4 VA + wt, 


which gives 


W,!" (x) 


k 


—1tk 
% wy/—4 — x 


ee . 
F,(0) | Car dk 
k 


ee) 
| ey 9? AA + wu) dp — 


k 


2 co 
= il Ce arf e Hy 9/2 AA + ow) F (2) dy}. 


k 


geal. ° gMO—D-32gyf Fy (9) — F 1(2A)}. 


(62) 


(63) 


(64) 


(65) 


The higher terms are found by successive application 
of the recursion formula 


Wan (x) 


f 


00 
al thx 
= e dr 
nenl/a —1 ‘ 


co 
Gp, W(X pa) / dv, H(uen—2 + 2) 


k 


| eW(QY 1 + EdE 
1 
-1 Plies 
= BEN 
| _— f . 


[o.0) 
dui:H(r S= 1) SHeas | dvH (pen—1 af v) 


k 


eW,'(£) /1 + Ede. 
fo ewoy 


(66) 


(67) 
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From these results asymptotic formulae for large 
values of k can be derived, using the expansions 


GO| SY 
U 
Peieadisys = Ne DG =...) 9 
Uu us 


H(p) = &@tr/® 2x E se 
p 8p 


Sayledoe ton |, (69) 
32p?- 12 8p 

Since in (66) and (67) both A and yu are > &, it is 
clear from this expansion that each term is of order k}/? 
compared to the preceding; hence the series is an 
asymptotic series. We now calculate the contributions 
of the successive terms to the transmission cross section. 
Owing to the symmetry 


[e.@) 
Teme eed gh = / W,,' (x) dx. 
1 


Then 
we hy ene et ae 
aged Z e*—D—3/2G){ Fi(0) — F1(2)} = 
T i Vx —1 k 
a /4t 
ight ue {F\(2k) — 2kF.(2k)} (70) 
ad ics off anf du: 
ar 
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oat) eee eA oe ae Fu) | (71) 


en/* i 
LO re ef af due” H(d + p)- 


3/4 
i H(u + v)v73/2y- wee 3 \7 - Fa | 72) 


Inserting the asymptotic series, (68) and (69) give, 
after some lengthy calculations, the amplitude 


eitk—n/4) jetit 

NO) iran pees er rae 
from which the cross section is derived 
2sin (2k + m/4) — cos 4k 

2 V ak? a 2 rk? 


The results of these formulas are compared with the 
results, obtained by Skavlem®, 


OMAHA + 


+ 0(k */?); (73) 


o(0) = +0(k 7). (74) 


TABLE I[ 

k (exact) (asymptotic) 
1 0.5454 0.6992 
2 1.1843 1.1932 
3 0.9720 0.9627 
4 0.9424 0.9484 
5 1.0499 1.0519 
6 0.9956 0.9935 
7 0.9717 0.9726 
8 1.0233 1.0240 
9 1.0020 1.0011 

10 0.9822 0.9823 


8S. Skavlem, Arch. Math. Naturv., vol., 51, pp, 61-80; 1951. 
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The Modeling of Physical Systems 
Ro KR, 


O DISCOVER the properties of a physical system 

it is necessary, in general, to compute or measure 

certain functions. These functions will depend 
upon space and time variables, upon certain physical 
parameters, and upon initial or boundary conditions; 
computing them is usually a matter of solving differential, 
integral, or differentio-integral equations. The alternative 
to computing them is to measure them. Here the diffi- 
culties are formidable, and resort is often made to 
modeling. The idea behind modeling is simple: change 
the values of the physical parameters, change the initial 
or boundary conditions, change the space and time 
variables, in such a manner that an experiment becomes 
feasible; then measure the crucial functions and from 
these measurements determine the functions of the 
original system. It is not true, however, that these 
changes can be performed arbitrarily; certain restrictions 
automatically enter, and are referred to as conditions 
of similitude. It is these similitude conditions, for a cer- 
tain class of systems, which we propose to investigate. 


II 


To illustrate the central idea, let us examine a classical 
situation.! Suppose the system at hand is described by 
a linear differential equation 


dv 
= (1) 
dt 
where v is an m-vector, and A is a matrix which is inde- 
pendent of ¢. Let 


= Als 


(2) 


where uw is an n-vector, and B is a matrix which is inde- 
pendent of s. Suppose, further, that s = \ ¢ and let T 
be a constant matrix. If the experimental measurement 
of u is feasible, let us determine whether it is possible 
to compute v by setting v = Tu. We secure: 


NET Be ee ee Ta (3) 
ds Ss ah 
so that 
NIB — ATs (3’) 


This last equation imposes relationships on the ele- 
ments of A, B, and T; these relationships are the equa- 
tions of similitude. Now, it should be remarked that in 
this illustration no discussion of initial conditions oc- 
curred. This is accounted for by the a priori choice of 
the linear relationship between u and v. In fact, if the 

t Univ. of Michigan, Ann Arbor, Mich. 


‘The detailed proofs of the statements made in Sections II, 
III and IV will appear elsewhere. 


above discussion is to be meaningful, w., the initial value 
of u, must be the same as 7v., where v, is the initial 
value of v. 

III 2 


| 
| 


Now suppose, referring to the same systems, (1) and | 
(2), we defer our choice of the relationship between — 
u and v. Instead, we choose initial conditions uo, Fs. 


arbitrarily, and write the equations 


v = exp (Af) uv, (1’) 
w= expi(Bs)u. (2’) 
: EAS 
where exp (At?) is the matrix operator > ‘ 
n=o 1! 


Eqs. (1’) and (2’) are the solutions of (1) and (2) and 
describe trajectories in the n-dimensional space. Given 


T 


any point on the trajectory (2’) corresponding to s, we 
associate the point on the trajectory (1’) corresponding 
to t = s/d. The question we ask is: does this association | 


define a function from (2’) to (1’)? If the answer is 
affirmative, we shall call this function the modeling 


function, and any measurement of uw can be used to | 
compute a value of v. In general, the computation of this | 


function is not to be expected to be less difficult than 
the solution of the original differential equations, but 
it is possible to give examples where, formally at least, 
it is a different problem, and a program of discovering 
when it is an easier problem is projected. There is one 
case in which the computation of the modeling function 
is trivial, but which has implications in electromagnetic 
and acoustical modeling which, as far as we know, are 
novel. Suppose that 2 = 1, so that A, B, u., v. are num- 
bers rather than matrices and vectors. Then the function 


we are seeking is 
A/xB 
u 
Y =e (=) ; (4) 
Uo 


We shall see, below, that (4) has its counterpart in the 
modeling of elliptic systems. 


IV 


We shall now concern ourselves with the existence of 
the modeling function. In the case at hand the necessary 
and sufficient condition that the modeling function 
exist is 

exp (Bs) u. = uo — exp (AS/A) vo = 00. (5) 
Now, let o be the first nonzero value of s for which the 
left side of (5) is satisfied. If ¢ = «©, the modeling func- 
tion exists. If o is finite exp (Bc) u, = uo, which means 
that u, can be written 


Dp 
the = > Cu; 5 Buj= bugs exp (ao een 


j=) 


(6) 


where the c; are constants. 
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Then (5) will be satisfied if and only if 


(6’) 


r 
Vo = > dyv; ; Av; = 9,0; ; exp (njo/d) = 1 
j=i 

where the d; are constants. 

From this, several conclusions can be drawn. First, 
the modeling function will certainly exist, regardless of 
the choice of w, and v., if B has no purely imaginary 
characteristic values. If B has purely imaginary charac- 
teristic values, if £1, &, ..., &» are such characteristic 
values, which are commensurate, and if 7, is a linear com- 
bination of the corresponding characteristic vectors, then 
o will be the smallest number such that c£; is an inte- 
gral multiple of 272 for j = 1,..., p. If the modeling 
function is to exist, then A must have characteristic 
values m1, 72, -.., m Which are such that n;0/A is an 
integral multiple of 277, 7 = 1,..., 7, and v, must be 
a linear combination of the corresponding characteristic 
vectors. For example, if 


abe hh Js ta ae wh fe )eaa 8 
= thee = 


then u, is of necessity a combination of the characteristic 
vectors corresponding to +l, so o = 2r/l; v, is a com- 
bination of the characteristic vectors corresponding to 
+kz; therefore, k, /, and \ must satisfy the relation 
k = ini, m an integer. In this case, if uw and v have 
components uw‘, u?), and v(), v() respectively, it is 
easy to verify that the modeling function can be written 
in terms of polynomials: 


ee 
v) = v,(0 cos [n cos~! P| + + sin [x sin— Q| 


v2) = (2) cos [x cos! P| — kv, sin [n sin-! Q] , 


where P and Q are functions of 2, uw, w@, u.), 4, 
The case n = 1 expresses the classical dependence of the 
period of a harmonic oscillator on the spring constant. 
The central fact which emerges from this discussion 
is that in order to decide whether the system (2) can be 
used to mode! system (1), it is sufficient to examine the 
characteristic values of the matrices A and 4, and the 


- composition of the initia! vectors v, and u, in terms of 


_ the characteristic vectors of these matrices. 


V 
We now turn our attention to a wider class of systems 


_ to which most of the above remarks continue to apply.” 
_ Let V be a function of the variable ¢, and other variables 


which we will indicate by Q, so we can let: V = V (#;Q). 
Suppose it is required that V satisfy a differential equa- 
tion of the form: 


Ly )erten tag (V Je =O (7) 


where L, and Lp, are linear differential operators, L, 
involving differentiation with respect to ¢, Lz involving 
differentiation ‘with respect to the remaining variables. 

2The general results about the Huygens-Hadamard principle 
and semigroups which are referred to in this and the next section 


can be obtained from E. Hille, Functional Analysis and Semi-groups, 
American Math, Soc, Col. Pub, XX XI, ch. XX; 1948, 
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Further, suppose that the coefficients in L, are constant. 
Suppose that to well-set the ‘Cauchy’ or ‘Dirichlet’ 
problem, it is sufficient to specify 


lee ee 
SG aA) =e tor 


as t0. Then the Huygens-Hadamard principle is appli- 
cable. 

This can be interpreted in the following fashion: Let 
S be a linear vector space consisting of the n-fold product 
of a space of functions of Q which are sufficiently 
differentiable that Zz; can be applied to them, and that 
this space is given a norm of any of the standard forms. 
Then if v, is the element of S whose components are 
the “‘initial’’ conditions, there exists a one parameter 
semigroup 7; of bounded operators on S such that the 
solution of (7) is given as the first component of the 
vector 


v (4,0) = Te v(Q) . (8) 
It is assumed that some suitable norm has been defined 
for S; it is then known that (8) can be expressed as 


v (t,Q) = exp (At) v.(Q) , (8’) 
where A is, in general, an unbounded operator and 
exp (tA) must be interpreted differently than before. 


What is essential to the present discussion is that, 
when the correct interpretation of exp (At) is made, the 
statements of sections IIi and IV continue to apply. 
This is because the relationships between the spectral 
theory of the operators A and exp (Af?) carry over from 
the finite dimensional to the infinite dimensional case, as 
long as we confine our attention to the point spectrum.* 
Thus, to study the possibility of using one such system 
to modei another, we need only study the infinitesimal 
generators of the corresponding semigroups. 
VI 
If (7) is second order, and either hyperbolic or para- 
bolic, we can find A directly from inspection of (7). If, 
however, (7) is elliptic, special arguments must be em- 
ployed. However, since in the elliptic case, a single 
initial condition may set the problem, a situation analog- 
ous to that which produced (4) may arise, so that in 
some cases, the modeling function is easy to compute. 
Consider the equation: 
oa eee eae (9) 
at? dy? 
If v is required to satisfy a radiation condition, and 
if v. = v, (x,y), the solution of (9) is given 


v(t,x,y) = — Ao ffotete y+t+y’) Gi(x',y’) dx’dy’ (10) 


where Gi(x,y) = (2+x2+y2)-1/2 exp [—ik(t2+2?+-y?) 1/2]. 
Changing to polar co-ordinates, integrating by parts, 
and differentiating gives: 


f oO 
v(t,x,y) = exp (—tkt) vu, + 7 G.(r) am ar, (10’) 
O r 


3 Tbid., theorem 15.6,2, 


218 


2a 
where M = = | Vo (x+r cos 6, y+ 7 sin 0) dé. To 
T fe) 


find the operator A, we compute 


lim 2 
+0 ‘at  (t,00 iy). 
This gives 
ez ; 
Attest = iboe + [ SCA ah 
) if or 
Now, 
OTe Ga 6/2 
Spal gee , We (x+r cos 6, y+r sin 6)| + nr d @ 
Tv 


Sail V’u,dG 
OES 


where G, is a circle of radius 7, center at (x,y). Thus 


Av, = — ik, +f SHOE a) (if Vv, aG)d r. (11’) 
2rr? Gr 


From (11’) it is immediately evident that —7k is a 
characteristic value of A, and any harmonic function 
will be a characteristic vector corresponding to —ik. This 
gives the result that if 


SY 40% + Pu = (9’) 
Os? 

is to be used as a model for (9), and if «, and v, are har- 

monic functions, then k = dnl, as in the case of the 

harmonic oscillator. But we can say even more: it is a 


simple computation to produce the modeling function 
u(t,x,y) |” ? 
v(t,x,y) = 2a) | ( | : (39) 

Uo (x,¥) 


To find the rest of the spectrum of A, we secure, 
formally, from (8’) and (9), 
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Arr (era, (12) 


This equation could be verified directly (and labor- 
iously) from (11’). But since the point spectrum of V? 
(in the space of bounded, twice differentiable functions) 
is the negative real axis, the point spectrum of A? is the 
real axis to the right of —k?. But this means, from the 
spectral mapping theorem,’ that every purely imaginary 
characteristic value of A is equal to or less than in 
absolute value, and if p is a number 0O<pSk, then at 
least one of the two numbers +/7 is in the point 
spectrum of A. The corresponding characteristic vectors 
are annulled by the operator 


Ve crib Pos (13) 


These remarks make it possible to answer the question 
of the existence of a modeling function for the systems 
(9) and (9’), for any pair of initial conditions uv, and pe 


VII 


If the scalar wave equation is written in spherical 
co-ordinates, and the initial data is given on a sphere, it 
is no longer possible to find a parameter, ¢, such that 
the surface of the sphere is given as t = 0, and the wave 
equation can be written as an equation with constant 
coefficients with respect to differentiation with respect 
to t. The single exception occurs when k = 0, in which 
case t = log (r/a), where a is the radius of the sphere. 
Thus the Huygens-Hadamard principle does not apply, 
and the analog of the argument in section VI does not, 
apparently, exist. This seems to the author a peculiar 
circumstance, and deserves further investigation. 

4 Tbid., pp. 312-316. 

5 It is of some interest to note that here is an instance of a solu- 
tion of the three-dimensional wave equation which satisfies, on the 
boundary, the two-dimensional wave equation. This phenomenon 


is referred to by B. Van der Pol, ‘‘On discontinuous electromagnetic 
waves and the occurrence of a surface wave,” paper 2.15 in this issue. 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


INS) 


On the Diffraction Field Near a Plane-Screen Corner 
W. BRAUNBEKt 


Summary—lIt is shown that the diffraction field of an incident 
plane scalar wave in the vicinity of a plane-screen corner of arbi- 
trary angle can be found approximately by solving Laplace’s equa- 
tion. An approximate solution, which satisfies the boundary condi- 
tions exactly, is presented as a simple closed expression by generaliz- 
ing the known solution of the half-plane problem. A special corner 
condition, in addition to Meixner’s edge condition, is not necessary. 


INTRODUCTION 
ONSIDER a plane scalar wave u; = exp (—tkz), 
propagated in the +2 direction (the time factor 
being exp (iwt)) normally incident upon a per- 
fectly-reflecting, plane screen of zero thickness, which 
lies in the x,y plane and has the boundary condition 
u = 0 on both sides. The screen has the form of an 


infinitely extended sector with the angle 23, (Fig. 1) 
and is symmetrical about the x axis. A point P of space 
is defined by the spherical co-ordinates 7, 3, vg, the x axis- 
being the zero direction for # and the x,+y half-plane 
being the zero half-plane for g. Instead of 3 we use as a 
cos U,. 


new variable = cos # and define p, = 


Fig. 1—The sector screen with the symbols used. Left top corner 


a screen with a re-entering corner. 


The problem is to find the diffraction field u(r,p,¢) 
uniquely defined by the conditions stated above, especial- 
ly in the immediate vicinity of the corner 0 of the screen, 
for kr < 1, at a distance from 0 small compared with 
the wavelength. 

The result is interesting not only for the idealized 
screen here introduced, but generally for the behavior 
of a scalar wave at a salient or re-entering corner of a 


| plane-screen aperture bordered by an arbitrary broken 


line—as long as one confines the solution to a region 
around the corner which is small compared with the 


t University of Tiibingen, Germany. 


wavelength and small compared with the distance of the 
next corner and with the radii of curvature of the border 
lines. 

We put the total field (uw; + u). Then the additional 
field u due to the screen has to satisfy the following 
conditions: 


Au + k*u = 0 everywhere. (1) 
u symmetrical about the x,y plane 

or: u(r,p,—¢) = ulr,p,e) ; (OS ek 7). (2) 
u symmetrical about the x,z plane 

or: u(7,p, —y) = U(7,p,¢). (3) 
u = Ofor g = Oor rand 3< 9, (p2 pd). (4) 


Moreover u has to obey Sommerfeld’s radiation 
condition! at infinity and Meixner’s edge condition? at the 
edges of the screen. Whether an additional “corner 
condition’”’ at the corner 0 has to be introduced will be 
investigated later. 

By separation of the variable 7 we obtain as a solution 
fay (GN 


uUu = 


Dif (Pie) ata Zaye) 
a n>, Fn (p,¢) Ds Cs Tne, 


Z being a Bessel function. The first exponents a, in 
each partial series are determined by the conditions (2) 
to (4) for the functions fn. In case kr«1 we have to 
use only the-lowest term of each partial series, the term 
with s = 0. This means that we may use Laplace’s 
equation Au = 0 instead of the wave equation (1). 

In the remaining power series the exponents a, form 
a sequence of discrete, generally nonrational values from 
—o to +o. The necessity, however, that u? and 
(grad u)? be integrable in the neighborhood of the corner 
0, excludes all a, values below a certain limit. So in (5) 
a least exponent exists, which we simply call a, the 
associated f, being f. In case kyr&1 we again use only 
the term with this least exponent and we get with this 
approximation: 


(S) 


u = 4° f(P,@) . (6) 
The necessity of integrability leads here to the edge 
condition: 


R 
i! (grad u)? 2rR dR is finite (@p) 


(R distance from the edge; Fig. 1) 
and to the “corner condition” : 


/ (grad u)? ar? dr is finite. 


1A, Sommerfeld, Disch. Math. Ver. vol. 21, pp. 309-357; 1912. 
2 J. Meixner, Ann. der Phys., (6), vol. 6, pp. 2-9; 1949. 
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The latter gives with (6) : 


[ dr 
a > (—1/2). (8) 


Thus we have to choose from the discrete sequence of 
the a, the least value compatible with the condition 
(8), unless this value is excluded by the edge condition, 
which here is a condition for the behavior of f(,9) in 
the neighborhood of the edge (Pb = ~,; ¢ = Oor a) ; in 
the latter case we have to take the next higher value. 

So the problem is reduced to the two questions: 

1. For each p, how large is the lowest possible ex- 
ponent a? 

2. What form has the associated function f(p., p, ¢)? 

METHODS OF SOLUTION 


Laplace’s equation Au = 
assumes the form: 


2 (np t)_ gil oe 


is finite 


or: 


0 in the co-ordinates 7,p,¢ 


0*u 0°u 
1—p?) — 2) eal) 
COD epee Cia SB a 


ar\ ar ap 
or with (6): 
af arf _, oF 
iD) ey ee Gp) eater 
alot f— 2e2 + (tp) + (pt 


(9) 
The general solution of this differential equation is: 


oe att) 
f= n>K m (p) [Cin cos ne + Con sin ng] (10) 


The K™ (p) are Legendre’s associated functions of the 
first kind of order a, each of which consists of a linear 
combination of the two linearly independent functions 
P® (p) and O™ (p).3 As all P(p) diverge for p = —1 and 
all Q(p) for = +1, the solution f has to be composed 
of two parts and for p<, we have to use only the Q(p) 
for p>p, only the P(p). The two parts must be deter- 
mined in such a manner, that f and 0f/0p are continuous 
atp = po. 

For p< >, (aperture) 1G) ee must be continuous in 
the whole range 0<y<2z, while for p>, (screen) it 
has discontinuities (jumps of df/d¢g) at g = Oand g = 7. 
Thus the series (10), in consequence of the symmetries 
(2) and (3), can contain only cosine terms with even 
n for p<p. and only sine terms with odd n for p> po. 
Hence the solution has the form: 


(o2) 
b<pbo; f= m> Cm Qe” (p) cos 2my (11) 


ic.) 
P>dos f= MD Com PL"*Y(p) sin [(2m+1)¢], 


(12) 
where we define f by (11) and (12) only in the range 
0<¢<r, while in the range —7r<y<0O f is defined by 
the symmetry (2). 


3 See, for instance, W. Magnus and F. Oberhettinger, ‘‘Formeln 
und S&tze fiir die speziellen Funktionen der mathematischen 
Physik,” 2. Aufl., Berlin, Ger.; 1948. 
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The differential equation (9) is homogeneous and 
therefore one constant C, for instance C,, is arbitrary. 
The other constants and the possible values of the 
exponent a are determined by the requirement of con- 
tinuity of f and df/dp at p = p» for all values of ¢. 

Suppose for the moment that we know any true ex- 
ponent a. Then we can compute the P (p.), Q (po), 
dP/dp| (p.) and dQ/dp| (p.) and the requirement of 
continuity together with (11) and (12) leads to two equa- 
tions, which imply the equality of a Fourier series with 
only cosine terms and a Fourier series with only sine 
terms in the range 0<gy<~7. From these equations we 
determine approximately the first & coefficients C; to 
C, (with C, = 1) as follows: we substitute k/2 different, 
for instance equidistant, values of ¢ (between 0 and 7/2) 
and get #/2 linear equations from each of the two 
continuity requirements. Thus we obtain & linear 
equations for the k unknown values C; to C;,. This pro- 
cedure converges with increasing k, if we use a true 
exponent a in computing the P and @Q. 

But really we do not know the possible, discrete values 
of a. They are determined implicitly by even this 
convergence condition for the procedure just described 
and cannot be deduced explicitly. So (11) and (12) are 
indeed the rigorous solution of the problem, but a solu- 
tion in a useless form: the constants a and C; cannot be 
practically determined. 

Now we can use quite another method to find a solu- 
tion of the problem, this time not a rigorous but a 
practically useful solution. This method depends on the 
fact that the screen of Fig. 1 becomes a half-plane for 
0, = 1/2, p. = 0, and that for the diffraction at the 
half-plane we have a rigorous solution by Sommerfeld.* 
We may expand this solution into a series of the form (5), 
take only the lowest term and have at once f(£,¢)|po=0- 
We find a simple function in a closed form. Now we try 
to modify this special f(p,g) in such a way that it still 
satisfies the boundary conditions exactly, now for 
P.O, and that it violates the differential equation (9) 
as little as possible. Later on we determine a “best” 
value of a for this purpose. 

We have much freedom in the way we modify the 
special f(p,¢). We shall try to find a simple, closed ex- 
pression f(p.,p,¢) which leads us at once to an approxi- 
mate solution u(p.,7,p,¢) of our problem. 

In this procedure we have only to attend to the ques- 
tion, whether the next lower value from the discrete 
sequence of the a,—excluded by the requirement 
of integrability for , = O—may not enter the allowed 
region for p, ¥ 0. 


THE SPECIAL SOLUTION FOR p, = 0 


In case p. = 9 (diffraction at the half-plane) we 
introduce besides the spherical co-ordinates 7,p,y the ; 
cylindrical co-ordinates R,y,y (Fig. 1, where for 8, = 1/2 | 
the edge coincides with the y axis), the connection of - 


*A, Sommerfeld, Math. Ann., vol. 47, pp. 317-374; 1896. 
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which with the spherical co-ordinates is: 


R =r[p? + U1 — £2) sin? 9 ]1? 
Posy = pb (Lp?) sin’ y |“ (13) 
Rete 207)! cos. ¢ } 


with all roots positive. 

The diffraction wave uw (total minus incident wave) 
for the case of the half-plane, expanded into @ series of 
powers of R, has the form, independent of y ° 
C { (RR)? | sin y/ 2| + Ub IO re. kindy ps 

Ce) 
Actually this series in analogy to (5) has the form: 


u= n> en(V) Zp, (ER) = 0 > ald) D> Cy RPS, (15) 
with $B, = —3/2, —1/2, +1/2, +3/2 


The terms with negative exponents, however, are 
excluded by the edge condition (7), which implies: 


R 
i} R*®-! GgR__ is finite 


or: Be >..0: (16) 

The lowest term of (14), transformed into the co- 
ordinates 7,p,y~, becomes: 
u = 2-1/2 C (kr)'/2 [(sin? 9 + p2 cos? g)1/2 — pli. 
The comparison with (6) leads for p = p, to 

= 1/2 and (without the constant): 

Bee) ein? p=)? cose) 1/2 pie (17) 

The exponent a = 1/2 is the least one of the sequence 
eee 0/2, — 1/2) -4- 1/2; + 3/2... . allowed by 
the corner condition (8). The sequence of the “corner 
exponents’’ a, coincides here (where we have no corner 
at all) with the sequence of the “edge exponents’’ Bn, 
which coincidence does not hold any longer for p #po. 

The function (17) is plotted over the ~,¢ plane in 
Fig. 2. Exactly the same surface, shifted in the ¢ direc- 
tion, is to be thought annexed for the range —7t<¢<0 
(or t<y<2rz). This illustrates the continuity of f and 
of/0e for p<0O and the discontinuity along AB and 
A’B’ for p>0. The curves CA and C’A’ are parabolas 
(vertices at A and A’), also the curve DEF (vertex at F). 
The curve A £ A’ is the (sin ¢g)!/? function. 

The function f according to (17) equals zero for p = +1 


uu = 


Sia) <4) “9% teh ye 


and equals V2 for p = —1. It satisfies the symmetry 
conditions (2) and (3), also the boundary condition 
(4) on the screen. By substituting (17) into (9) one may 
directly verify the differential equation to be satisfied 
ana = 1/2. 


THE SOLUTION FOR ~, ¥ 0 


For p, # 0 too, we may represent u by the series (5) 
in 7,p,g or—but now only as an approximation in the 
immediate vicinity of the edge, for R«r—by a series 
analogous to (15) in 7,R,y. R and y have here the mean- 
ing of Fig. 1 and do not satisfy (13) any longer, which 
are only valid for p, = 0. 


5 W. Braunbek, Ann. der Phys., (6), vol. 6, pp. 53-58; 1949. 
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We introduce 9 = R/r and find for 9«1: Each term of 
the series (5) (for s = 0) may be approximately written: 
ronfn (Diy) = 7% gPn grlW) = Papa Sn (y), (18) 
and in this way goes over into a term of a series analogous 
to (15). 

Thus to the sequence of corner exponents a, we may 
associate a sequence of edge exponents By. In case pp = 0 
both sequences are identical. Their common least allowed 
value—selected by the edge condition which is here 
stronger—is a = 6 = + 1/2. Turning to the case p, ¥ 0, 
the a, and the 6, may change continously, but in a 
different manner. 


yy 
corner. 
condition 


Fig. 2—The function f(p, g) according to (17), plotted over the 
pb, ¢ plane. 


One could think that herewith the next lower pair 
of values a, 6 enters the region allowed by the edge 
condition and the corner condition, or that the lowest 
pair of values allowed for p, = 0 leaves this region. To 
answer this, we examine now the change of the exponents 
6B, with changing pp. 

The new co-ordinates 9, y have (always for 9<1 ! ) 
the following connection with p,¢: 

9cos = (1 = Perna Penh) 
@siny = (1 — p,”)! » (19) 

If by this relations we transform the differential 
equation (9) into the variables ¢, y, take (18) and use 
only the terms with the lowest power of 9, we get: 


piy ie ea 
with the partial solutions: 
cos 
ad) = C4 (oy), 


The boundary condition (4) allows only sine functions, 
the symmetry condition (2) eee the values B = 
= 3/2, — 1/2, + 1/2, + 3/2 --:. Thus we find nt 
the sequence of the 8 for all p, remains the same as for 
p. = 0. This result occurs, because all terms in the 
differential equation containing p, or a(p.) have higher 
powers of @ and so are dropped for? < 1. 


(20) 


Zane 


Plotting the possible pairs of values a, B in a diagram 
(Fig. 3), which shows also the allowed region and its 
limits according to the edge condition and the corner 
condition, we perceive that—with the (a, 8) points 
moving only horizontally—no lower point can enter 
the allowed region. Furthermore the lowest point al- 
lowed at p, = 0, the point (1/2, 1/2), does not leave 
this region unless its a@ value diminishes at least to 
(— 1/2). This case does not occur as will be shown later 
on. 


Fig. 3—The possible pairs of values a, 8 and the region allowed by 
the edge condition and the corner condition. 


Thus at arbitrary p, that a value remains the lowest 
allowed, which continously changes from a = + 1/2 at 
Po = 0. Exactly the same result would follow without 
taking into consideration the vertical limit in Fig. 3 at 
all. This means that the corner condition has no actual 
influence and that therefore it is not necessary to intro- 
duce a corner condition besides the well-known edge 
condition. 

Now we may continue in getting approximately the 
exponent a(p.) and the function f(p., p, ¢) for an 
arbitrary po. From (20) comes: 


e(v) ~ sin ¥/2 ~ (1 — cos y)!”? 
or with (18) and (19): 


f De: p, ¢) ed: Cre 1— cos yp)? 


~ IG et (? = le a3 Pa ae 
i po’ 1 a Por g (21) 


This holds only for? «1; 1.e., |p — p.| K land gy <1. 
In case p, = 0 it assumes the form: 


TOP Pee era poet pl 

identical with (17) under the restrictions above men- 
tioned. A comparison of (21) and (17) shows how to 
generalize the expression (17) to the case p, # 0, without 
losing the true singularity in the neighborhood of the 
edge. The simplest possible form of such a generaliza- 
tion is: 

f(Po Pp, ¢) = [( sin? Cet EPs, p) cos? g) i”? =y 


Epo P) |e 2) 
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with F(p., p) satisfying the following conditions: 


F( Po, — 1) ail 

F(b., + 1) = +1 

lim F =p 

po->o 

linn lok (eee (23) 
p->po 1 ta Po? 

IF 

dp 


for all p, and p between — 1 and + 1. 

The last of these conditions is established only intui- 
tively by considering the deformation of the surface 
Fig. 2 and of the curve DEF when we shift the singular 
points A and A’ in the direction to B and B’ or in the 
opposite direction. 

The most simple function satisfying the conditions 
(23)ns: 

p is Po ; 
i P of 

This function does not contain any free constant 
which could be adjusted to the problem. Therefore we 
can only expect a rather poor approximation with this 
function. We could find more complicated functions 
instead of (24) or even already instead of (22), which 
also satisfy the conditions (23) and which would allow 
for adjusting free constants. By this we could hope to 
satisfy the differential equation (9) better and better and 
so to find a better and better approximation. 

In the present paper, however, we shall proceed only 
with the expressions (22) and (24). Substituting these 
functions into the differential equation (9), which con- 
tains the exponent @ yet unknown, we can try to find 
the “‘best’’ value of a, which makes the deviation of 
the differential expression ®(a, po, p, ¢) on the left hand 


of (9) from zero a minimum. We could require: 
pel 


F(pe py) = (24) 


g=m 


= Min 


Or: 


from which we find a(p,). 

As the expression ® is rather complicated and the 
computing of the double integral is rather troublesome, 
we rest content with the more simple claim of satisfying 
the differential equation only along the curve DEF 
(yg = 1/2; Fig. 2) or along the curve CA (gy = 0) as well 
as possible. This leads to: 


0 


0a 
with 7/2 or 0 for the constant value of ¢. 
Substituting (22) and (24) into the differential equa- 
tion (9), we find as a result of a longer computation: 
(1 Bip.) 21 ip) Pepe) [at a 
("= pop) =a ee) 

®,c9°= 21D Pye Seppe tela Comte 

(1, Deb)* 3A = Do) tor pape 


®*,= const. dp = O (25) 


One = 


{ 
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In case g¢ = 7/2 (integration along DEF from p = 
—itop = + 1), (25) gives: 
pee ola 1) ="3p,” 


| 40.0 aa Po) qe el a Po?) ln os ay ’ (26) 


LE ePs 
and for ¢ = 0 (integration along CA from p = — 1 to 
2° = Po): 
y = a'(a’ + 1) = 3p.[8p.(1 + p.) + 8(1 — p.?) 
py) att. (27) 


From both y or y’ we find the value of a or a’: 
a = (y + 1/4)! — 1/2. (28) 

As the two formulas (26) and (27) represent two differ- 
ent and rather poor approximations to the true function 
y(po), we may not expect that they lead to the same 
result. The difference between y and y’, or between 
a and a’, can, on the other hand, supply a measure of 
the inaccurracy of this rather rough simplification of 
the general method. 

With p, — 0 the square brackets in (26) and (27) 
approach zero as 4p,” and we get in accordance with the 
former result: 


7(0) = 7/(0) = 3/4 
a0) == a(0) ="1,/2. 

The functions a(p,) and a’(p,) according to (26), (27) 
and (28) are plotted in Fig. 4. The difference of the 
two functions is considerable. The true function a(p,) 
may lie between the two curves of Fig. 4. At all events 
we see that 

a < 1/2 for p, > O (salient corner) 
a > 1/2 for p. < O (re-entering corner). 

The total function u(p., 7, p, ¢) is at this stage of 
approximation, according to (6), (22) and (24): 


“a vn ABs (f-?-Y. COS?! p)t/2 = BaP." 
i= PoP i Dob 
(29) 
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We may here add the interesting consequence, that 
in the case of a re-entering corner the exponent a (Fig. 4) 
necessarily traverses unity (at pp. ~ — 0.7 ; 3. ~ 135 
degrees). At this point the gradient (du/dr), at the corner 
point jumps with decreasing p, from infinity to zero. 


io€ 


-1 0) +14 


Fig. 4—The dependence of the exponent @ on the parameter po. 
a according to (26), a’ according to (27). 


Naturally it is not possible by the method used here 
to determine the multiplicative constant C belonging 
to f(p., ~p, v), as this constant is connected with the 
amplitude of the incident wave and cannot be determined 
from an approximation confined to the range kr < 1. 

After this work was done, it was called to the author’s 
attention that a similar problem with electromagnetic 
waves was treated by Jones.® Jones finds in part similar 
results, especially the superfluity of a separate corner 
condition. 


6D. S. Jones, Quart. Jour. Mech. and Appl. Math., vol. V, pt. 3° 
1952. 
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° e C * 
Electromagnetic Radiation Patterns and Sources 
CLAUS MULLER 


I. INTRODUCTION 


ONSIDER an electromagnetic field described by 
the vectors & and H which satisfy the equations 


(w being a positive and real constant) 


TH Poe 0m VIX ond 0 (1) 


outside a finite region G. If this field satisfies the radia- 
tion conditions 


nxH = -E+0(1),2=0(1) (2) 
if, if 


it may be regarded as being generated by sources all of 
which are inside G. 

The radiation pattern F is then given by the asymp- 
totic behavior of the field #, H at infinity. In order to 
formulate the properties of the patterns we introduce 
spherical co-ordinates 


(x) = r(€) (3) 


where (é) is the unit direction vector of the co-ordinate 
vector (x). 

Our first result is the proof that any field E, H which 
has the properties mentioned above satisfies an asymp- 
totic expansion 


E =~ Fe) + o(*) ;H = —nXF(é)+0 eC: (4) 
r r f r 

where the vector field F(£), which will be called the 
radiation pattern of the electromagnetic field EZ, H, can 
be determined and satisfies the condition 


(nF(é)) = 0. (S) 


The radiation pattern is therefore a complex valued 
vector field, defined on the unit sphere, which has no 
components in the direction of the normal. 


By establishing necessary and sufficient conditions 
for a field F(£) to be a pattern we obtain a full descrip- 
tion of the asymptotic behavior of the electromagnetic 
radiation fields. In other words, we can determine whe- 
ther for a given vector field F(é) there exists an electro- 
magnetic field #, H such that the asymptotic relation 
(4) is satisfied. 

These results are extensions of an earlier paper! on 
the corresponding problem for the scalar Helmholtz 
equation. We had proved there, that if U(x) is a solution 
of 


* The research reported in this article was done at the Inst. of 
Mathematical Sci., New York Univ., and was supported and spon- 
sored by USAF Cambridge Res. Ctr., contract No. AF-19(122)-42. 

t+ Univ. of Bonn, Germany. At present on leave of absence and 
with the Inst. of Mathematical Sci., New York Univ. 

1C, Muller, “Radiation Patterns and Radiation Fields,’’ New 
York University, Inst. Mat. Sci., Div. Electromagnetic Res., 
Res. Rep. No. EM-62, March, 1954, or Jour. Rat. Mech. and Anal., 
vol. 4, p. 235; 1955. 


AU + w#U = 0 (6) 
for |x| = R, which satisfies the Sommerfeld radiation 
condition, 

oU ial a0 (4), (7) 
On if ‘ 


uniformly for all directions, then there is a function f(£) 
such that 


eet 1 
um) =n +0(4). (8) 
r r 
The function f(€) was called the (scalar) radiation 
pattern of U(x). Our previous result may be summed up — 
in 
Theorem 1: A necessary and sufficient condition that 
a function f(£) defined on the unit sphere be a radiation 
pattern, is that there exist an entire harmonic function 
h(x) with the following properties: 


tA) 20 for all (x) 
2. h(x) = f(g) “for @) = @) 
3. lim log | —|[A(re)? dS = R< @. 
1r>O Wr pier 
If we formulate (1) and (2) in terms of E above we get 
VXVXE = wt (Qa) | 
nX(VXE) = — wE+ o(*) (9b) | 
r 
1 | 
EE =ko0 ) (9c) 
r 
These relations will be shown to be equivalent to 
AE + wk = 0 (10a) 
© f= ik +0 ©) (10b) 
On r 
1 | 
(nH) = o(*) (10c}m 
r | 


As (9b, 9c) and (10b, 10c) were both used as radiation - 
conditions this result settles the question of the validity — 
of the two conditions. | 

In order to show that (10) follows from (9) we express - 
E by an integral over a large but finite sphere and then > 
prove (10) explicitly. To deduce (9) from (10) is more — 
interesting, as'the essential argument shows that VE = 0 
follows from the asymptotic property | 


CI C) 


We may regard this as another instance of the im- 
portance of the asymptotic behavior for the solutions 
of the Helmholtz equation. 

We give the exact formulation in 
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Lemma 1: Suppose E is a vector field which satisfies 


1wH + 0 (*) 
r 


Ale. and Bia 
On 
for |x| = R. Then if 


9 =() 


for r > ©, it follows that for |x| < R 


VE z=" 0) 
To prove this we form the scalar function 
V(x) = (~-E) (11) 


where (x-) denotes the scalar product of the co-ordinate 
vector (x) and the vector field E. Since 


AV = («-AE) + 2V-E (12) 
we get 
(A + w?)V = 2V-E (13) 
and 
(A + w)? V = 0. (14) 


The function V therefore is a solution of the iterated 
Helmholtz equation, and 


V(x) = o(1) 
for yr — ©. From this behavior we shall show later that 
(A + w)V = 0 (16) 


and thus prove Lemma 1. 


The equivalence of (9) and (10) makes it possible now 
to determine the properties of the vector radiation 
patterns by using Theorem 1 for each of the three 
Cartesian co-ordinates of £. We then get 

Theorem 2: A necessary and sufficient condition that 
a vector field F(€), defined on the unit sphere be a 
vector radiation pattern, is that there exist an entire 
harmonic vector field H(x) with the following properties: 


LeA (e)c==70 for all (x) 
2 He) = P(E) fore). = (2) 


Sees) = 0) for ix) = 1 
A inc lee GalsdSictR < a. 
r>co Wr |x|=r 


After having determined the properties of the vector 
radiation patterns we shall proceed to discuss the rela- 
tion of the sources and the patterns. We shall confine 
ourselves to the case of electric sources only, which may 
be isolated electric dipoles or continuous distributions 
of dipole densities on lines, surfaces and in domains. In 
the latter cases we may speak of ‘‘currents.’’ We shall 
first see that if we do not impose further restrictions 
the sources are not uniquely determined by the pattern. 

To see this let us assume that to a given pattern F(é) 


_ we constructed the vector field E, H for |-c| => JX, Woe 
field E is analytic in this region and is therefore twice 


continuously differentiable on the sphere |x| aah 


| R, > R. We may then continue the field £ to the inside 


of |x| = R, in such a way that E is twice continuously 


| differentiable everywhere. There are many possibilities 


of doing this and the process of continuation is not at 
all uniquely determined. For |-| < R, we may form 
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VXVE = = eae (17) 
(2) 
This vector field 7 then gives us electric volume cur- 
rents which generate the field EZ, H. In order to prove 
this we set 


H = -—-vVxE (18) 
(63) 
which then satisfies the equation 
VXE — iwH = 0 (19) 
everywhere. From (17) we get 
: Ma jeOtion ino >< kee (20) 
VXH + tok = 4 00" me IG 


Using the vector Green’s formula for our equations 
we then get a representation of F and H in terms of the 
electric volume currents 7. 

However these currents j are not uniquely determined 
and we may find many different current distributions 
according to the different continuations. The volume 
currents are therefore not uniquely determined and we 
must impose further conditions on our currents if we 
want to establish a one-to-one relation between the 
patterns and the volume currents. In order to find these 
conditions let us assume first, that there are two different 
currents distributions 7; and j2 in a region G which 
generate the same pattern. The corresponding fields are 
therefore identical outside G, and the difference 71 — jo = 
jo represents a current density generating a field which 
vanishes everywhere outside G. To any current j we 
may now add the field 7, without changing the radiation 
pattern. 

If we want to find the most “efficient’’ current cor- 
responding to a given pattern it seems natural to require 
that the integral 


ik ca (21) 
G 


be as small as possible. By introducing this auxiliary 
condition we will later be able to determine the currents 
uniquely. However, before we can do this we have to 
study the idea of the efficiency of a distribution of 
sources more closely (Section III). 

We can best do this by discussing the simple case of 
two dipoles 7; and 7, which are fixed at two points (x1) 
and (x2). Let e:, eg and e3 be an orthonormal basis of a 
system of Cartesian co-ordinates. We may then put 


(22) 


assuming the usual convention of summation. The 
dipoles e¢; when treated at (x1) will generate radiation 
patterns P,!(&). If these dipoles are at (x2) they lead 
correspondingly to patterns P ;?(&). Any radiation pattern 
which we get from two dipoles at («1) and («2) is therefore 
of the form 


j= res 5 Jo = Jre: , 


jvP 3(&) an jx P?7(&) 7 F(&). (23) 
The total radiation of this pattern is 
lim i n(EXH) dS = C. (24) 
r>oO J |xl=r 
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From (2) we get 


C = lim / EE ds , (25) 
r>o J |x\=r 
and (4) leads to 
C= | | F(é)|? dS. (26) 
\él=1 


If j72 = 0 we can easily evaluate this integral and obtain 


8 nie 
C= Sethi. (27) 
Correspondingly, for 7; = 0 we would get 
8 Ser 
C= zs wjaje . (28) 


Now the total radiation of the two dipoles together is 
in general not equal to the sum of their individual 
radiations, as the interaction of the two fields will 
either decrease or increase the total radiation. This im- 
plies, of course, that we have assumed that the two 
dipoles oscillate coherently. If we had assumed that 
they oscillate incoherently the total radiation would be 
C, + C2 since the interaction vanishes if we average 
over a random distribution of phases. 

We now define 


Total coherent radiation = C 


W = Efficiency = - —_ : 
Total incoherent radiation J 


From (23) and (26) we get 
C= [,.,/F@r dS Bi) | j#P 3(E) + joP2(€)|? RS 
(29) 


This is a Hermitian form in the six variables 7,‘ and 72’. 
Introducing the vector 


Jf oo (Greqic, qn; Boats 4s): (30) 
we may write (29) in the form 
(ie = (J, MJ), (31) 


where J is a Hermitian matrix of six rows and columns. 
A detailed analysis shows that &/ is real and symmetric. 
In this notation, 


I = = will (32) 
and we find a 
pes aE) (33) 
Ish 


The full discussion of the patterns generated by two 
dipoles may thus be carried out by determining the 
six eigenvectors and eigenvalues of the matrix C. Each 
of these eigenvectors J, then represents a certain 
arrangement of dipoles, the most efficient of which is 
given by the eigenvector with the greatest eigenvalue. 

The patterns corresponding to these eigenvectors form 
an orthogonal basis for all the patterns which may be 
generated by two dipoles in fixed locations. 

This method is not limited to the case of two dipoles 
but may be extended to describe the patterns of any 
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finite number of dipoles in fixed points. If the number 
of dipoles is N, this leads to a symmetric and real 
matrix of 3N rows and determines an orthogonal basis 
of 3N patterns. 

The case of the two dipoles is discussed in detail, 
giving the eigenvalues and eigenvectors (Section III). 

We can proceed to continuous dipole distributions on 
lines, surfaces and in regions. Here again we have to 
define the efficiency and determine a basis of the possible 
patterns. . 

The procedure is a formal extension of the arguments 
which we used for the discrete dipoles. 

For an arbitrary current distribution 7 we calculate 
the total radiation, which can be written as 


8 ae f{(ic, M(x, 0) dr.dr, = C, WaGg 


where the matrix M(x, y) may be expressed as 
1 
artes, y) = [(volwle = 9) — 4 ve (ole ah) )oue + 
3 Po(oo| x = 
2° |e =p 
and the double integration is taken over the domain in 
which we are interested, dr, and dr, representing the © 


respective elements of integration. 
We now define I by 


Bru: [ljte)l dre Sif 


(35) 


D (e — ye - | 


(36) 


and put 


SA Mee vio» | Cre OTy (37) 
ene // | 


: [lila 


The matrix M is the kernel of a symmetric system of 
three integral equations which we write compactly in 
vector form as 


jul) = ref M(x, y)jrly) dry . (38) 

These vector fields 7; are real and may be normalized 
in such a way that ; 

Sr ae f Juejr dV — On. 
3 G 

The most interesting use of these ideas is perhaps made | 
by establishing a relation between the radiation patterns 
and the distribution of sources in a given region G. 

To this end we start with the vector fields j,(x) which | 
solve (38). Each of these vector fields generates a 
pattern F,(&). If F.i(é) and F,(£) are two of these 
patterns, the current aj, + 67, will yield the pattern 
aF,(é) + bF,(). The total radiation of this current 
distribution thus is 


J yer OPH) + BFE)? aS, 


- Sty ib ({ aise i bide) | 


(39) 
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Nae) | a.) ey 8G) |) iV. av, 


= (Axlal? + r,]d|2) (42) 


where the last equation follows from (38). By comparing 
coefficients we get, therefore, 


ae on 1 
| PhO FO dS; = ye = Widir. (43) 


Suppose now that F(£) is a radiation pattern, which 
can be generated by sources all of which are inside of G. 
Then the corresponding field E, H is analytic on the 
boundary S of G. We may therefore continue the field 
E to the inside of G in such a way that it is twice con- 
tinuously differentiable everywhere. By forming 


VXUXE —ws?h = = An} (44) 
Ww 
inside of G we thus get a current j which generates F(é). 
Now take the expansion coefficients with respect to the 
patterns F;(€). 
The vector fields 7; are real and may be normalized 
so that 


8 : ; 
— uf TMX)I(Y) dVz = Sx, . (45) 
3 G 
Then the coefficients 
8 ‘ : 
— wa, = | G(x) -ju(x) dV; (46) 
3 G 
satisfy the relation 
om = DK ii “(| 2 
seis < OWES « 47 
tS last s Lice) an 


Since the j;,(x) do not represent a complete set, the 
equality sign will not hold in general. The total radiation 
of the sources j now is equal to 


and thus becomes 


> |a,|?W;, . (49) 


k=1 


If F() is the desired pattern, we form the currents 


N 
ea > Onjr(x). (50) 
k=l 
They generate the pattern 
N 
Fy (§) = > a,F;(€). (S51) 
k=1 


_ The total radiation of the current 7 — jy therefore is 


AL! [G(x) — jn(x)), M(x, y) ue - ix) dV,dV, 


> |a.|2W, ’ (52) 


ae w? Rows 


which is equal ‘to 


ie |F(é) — Fw (él? dS; . 
Since the right hand side of (52) tends towards zero 


(53) 
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as NV goes to infinity, we have 
i 
nx J |F@) — Fr(OlP dS = 0. (64) 
We now introduce the normalized patterns 
VW Pit) = Filf) (55) 


as a basis for all those patterns which can be generated 
by sources all of which are inside G. Then 


Fy(é) = > VWiarP() (56) 
and 
FylF® — Fy(8)|? dS, = f pplP@l as 
= > VWilards + ands) + > Wiaa., (57) 
with 
pss i a PO PHO) dS, (58) 


The right hand side of (57) can only tend towards 
zero for N > »o~, if 


VIE tas (59) 


because these values b; give the minimum value of (57). 
From (53) it follows therefore that the P,(&) are an 
orthonormal basis for our patterns. 

From (47) we have now 


<. olt 


60 
kat Wi eo 

This gives us 
Theorem 3: A necessary condition for the pattern F(é) 
to be representable by sources all of which are inside 


the region G is that the expansion coefficients 


b;, — / 
\él=1 


< [ol 
pa 


It may be stated that this condition is also sufficient, 
though we shall not give the details of the proof. 

The following sections give first the proof of Theorem 
2 and then discuss the concepts introduced in the fore- 
going discussion for the case of the isolated dipoles. 


F(€)P.(é) dS; 


satisfy 


Il. THE ELECTROMAGNETIC RADIATION PATTERNS 


We suppose that E, H is a vector field which is a solu- 
tion of the equations 
VXH + iwk = 0; VXE —iwH =0 (61) 
for |-| > R > 0 and which satisfies the radiation condi- 
tions 


nxH = —E+o0(°); z= 0(°) 
r r 


for ry — ©, uniformly with respect to all directions. 
We form the field 


(62) 
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Fle Eon |x| (= Rak 
0 for |x| < R, 
Hane ade Vi Re 
0 for |x} < R, (63) 


This field is a solution of Maxwell’s equations every- 
where except on |x| = Ri where the tangential com- 
ponents have the jumps 


nXE' — XE! =nXE 

nXH,’ —nXH/ =nXH (64) 
the subscripts e and 7 denoting the limits when the field 
approaches the surface |-| = R, from the exterior or 


from the interior. 
Let us now regard the field 


ioe | iais —7 Vo rv | dF, 
4aJ |x|=Ri 

fees 2 [iaite + IXVe + P'V9 | dF, (65) 
4qnJ |x|=Ri 


which is generated by the electric and magnetic surface 
currents 7 and 7’ and the associated charges p and p’. 
This field again satisfies Maxwell’s equations every- 
where except on |x| = R,, where we have the jumps 


nXE* = nXEs* =s— 7.5 


nXH,* —nxXH* =j, (66) 


provided 7 and 7’ are continuous and p and p’ are Holder 
continuous. Now if we set 

7 = — 2X; j = Xd, (67) 
then these conditions are satisfied and the fields E’, H’ 
and E*, H* have the same jumps. Therefore their differ- 
ence —,, H, is a solution of Maxwell’s equation for all x 
with |-| ~ R,. The tangential components of (E,, H,) 
have the same values when approaching |~| = R, from 
either side. As £., H, satisfies the radiation conditions, 
we get, from the uniqueness theorem, that this field 
vanishes identically. 

For |x| > R, we may thus represent E, H by the surface 
integrals given in (65). These integrals now show im- 
mediately that each of the three Cartesian co-ordinates 
of E or H satisfies the Sommerfeld radiation conditions. 

From (61) we get 


V XV OCR Snot (68) 
and (62) is equivalent to 
Neem ine o(*), (69) 
r 
It follows from (68) and (69) therefore that 
(A + )E = Ofor |x] => Ri >R>O (70) 


and 


Shs Fue ry Sa o(*) and Ew = o(*). (71) 
On r if 


These two properties imply according to Theorem 1 
which was stated in the Introduction that there is a 
vector field F(£) defined on the unit sphere | e| = 1 such 


that 
pee Satter) 


Y Y 


(72) 
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and 
nF(£) = 0. (73) 


This vector field F(£) then has the properties formu- 
lated in Theorem 2. We have thus proved that this 
property is a necessary condition for F(é) to be a radia- 
tion pattern. 

In order to show that this condition is sufficient we 
have now to deduce (68) and (69) from (70) and (71). 

To this end we use 

Lemma 2: Suppose the scalar function U is a solution 
of the iterated equation 

(A + w?)?U = 0 
for |x| = R > 0. Then if | 
U = o(1) 
for || — o uniformly with respect to all directions, the © 
function U satisfies the noniterated equation 
(A + w’)U = 0. 


The proof requires a system S,,;(€) of orthonormal 
spherical harmonics. We form 


Anj(r) = if L U(ré) Sn 5(&) dSz . (74) 


Wren ior 7 SS Ix 
Anh) ii (Au Ee AoU)Sn,3(€) dS , 
dr |E|=1 Yr 
(75) 


where A, is the Beltrami’s operator on the unit sphere. 
Since 


AoSns(€) + n(n + 1)Sn,5 = 9, (76) 


we have 


ie rape Ure) dS: — / U@eiAesa dS; 
[g|=1 |é|=1 


=—n(n+ i U(r&)Sn,j dS = — n(n + 1)An,;, 
(77) 


and thus obtain 


DE rar Da ne 


GO Oh r? 
= a Sn (E)(A + w?)U dS. (78) 


Applying this process again we get 


(G2 pl eee ote ee 


r2 dr dr r? 
4 i Snijs(E)(A + w?)?U dS = 0. (79) 
The coefficients A,,;, therefore, are solutions of this 


homogeneous fourth-order differential equation. 


Set 
2 (1) (1) 
GO —H (2nt1)/2 (r); 
Tr 


(277) = 2 A) antiy/2(r) (80) 
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and 


xnlV(r) = all p? Fn) (p) Eegorece 
Dy UB 


a rrr ato) | dp 


Xn)(r) = as pF n!?)(p) Eaorece (81) 
= rrr 0(6) | dp. 
Then 
pre, 2 ot Beet] (k) 
E a dr i (1 te Xa) 
Sie) (k = 1,2). (82) 


Therefore these four functions represent a basis for 
the solutions of the differential equation (79), if w = 1. 


From the asymptotic expansions 


Cpa er 740 ( ) 


7 
Fnl?)(r) = eter ir + 0( 4) (83) 
r 
we get after an elementary calculation 
QixnM(r) = &&™"/2) 4. o(1) 
2 Naat —e="/- ot). (84) 
It now follows from (79) that 
An g(7) = On jFn (wr) + bn 562 (wr) 
= Cn, jXn') (wr) ae dn jXn) (wr), (85) 
and from (78) that 
| Sn i(E)(A + w?) U(ré) dS = Cn 562 (wr) 
ile + da jta(wr). (86) 
Since U = o(1) for r > we have 
A,,;(r) = o(1). (87) 


This however is only possible if cr,; = da,j = 0. It 
follows therefore that 


[gar Ses + 9) UC) a = 0 (88) 


for all our spherical harmonics S,,;(). Since this implies 
(A + w?)U = 0, we have proved Lemma 2. 

We now prove 

Lemma 3: Suppose the scalar function U is a solution 
of the differential equation 


| (V + w?7)U = 0 

for |-| > R > 0, which satisfies the Sommerfeld radiation 
|: eas Then, if ” represents the normal vector on 
the sphere |x| = 7, 


VU = twnU + o( 4) 
ye 


forr— o. 

On the sphere |x| = Ri > R the function U is analytic. 
We may therefore continue it to the inside of this sphere 
in such a way that the continued function is twice con- 
tinuously differentiable everywhere. In |x| < Ri we 
form 
Nie == Ue = Sy 


A well-known result in the theory of the Helmholtz 
equation then states that 


iw|x—y| 
4n J iisr: |x—| 
for all (x). For fixed (y) and |-c| — o we have, with 


(x) = r(é), 


p(y) dV, (90) 


In—y ie 
iw|x—y| twr ; 


where the estimates of the error terms hold uniformly 
with respect to all y in |y| < R,. We omit the straight- 
forward calculation of these relations and pass directly 
to the asymptotic behavior of our function U, which 
we get by inserting (91) into (90). This then proves 
Lemma 3. 

We are now able to show that (68), (69) follows from 
(70), (71). We do this in two steps. First we prove that 


from 
En = o(*) (92) 
r 


it follows V-E = 0. Therefore (68) follows from (69) 
and (70). This part makes essential use of Lemma 2. 
Then by using Lemma 3 we deduce (6) from 


2 i) ido = o(*); 
On r 
(En) = o(*). (93) 
r 


To carry out the first step we regard the scalar func- 
tion 


(V+t+w)E=0 and 


(A + w)E =0 and 


U@) ="x" E. (94) 


which is given by the scalar product of the vectors x 
and £. Then 


AU = x«-AE + 2V-E = —w%x-E + 2VE. (95) 
Therefore U satisfies 
(A =o") US= 2) i (96) 
and we get by applying the operator A + w? again, 
(A + w?)?U = 0. (97) 


The asymptotic property given in (92) implies U = 
o(1). The function U thus satisfies the conditions of 
Lemma 2 and we get 

(A+ w?)U = 0, 
so that (96) gives VE = 0. 

Each of the three Cartesian co-ordinates (£;, E2, £3) 
of E satisfies the Sommerfeld radiation condition. Lemma 
3 therefore gives 


(98) 


an = iwEjn* + O (2) (99) 
which implies 
VXE = tonXE+ o(4) (100) 
or 
NXVXE = —wE +0 ra (101) 
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since E:-n = 


The vector radiation pattern F(£) of the field £ is 
given by its three Cartesian components. F), F2, F3. The 
necessary and sufficient conditions for these scalar 
patterns are established in Theorem 1 which we proved 
previously. If we now impose the additional condition 
that 

n: F(&) = 0, (102) 


we get the full description of the vector radiation pat- 
terns as given in Theorem 2. 
III. RADIATION BY A FINITE NUMBER OF DIPOLES 


Suppose the dipoles 7, are located at the points (x») 
with? = 1,2, --> N. Ife =p =1,-the field.£, AHigen- 
erated by j» is 


Ey = iwjuby + =V(jVbr) Hy= —jvXVoo, (103) 
with 
eialx—xo] 
d(x) = and eve Viee (104) 
x —«,] 
We denote by 
lim = 
Sy = hee jer 1(Eo X Hy) dS (105) 


the total radiation of the field #,, H,. From the radia- 


tion conditions 
. haar (:) 
r 


nese) 
'& 


which hold uniformly with respect to all directions, it 
follows that 


nXHy = 
r—>o, (106) 
nXk, = 


eee quite / H,H, dS. (107) 
R—- © |x|=R 
Put (x) = r(£) where (£) is the unit direction vector 
and | x | = r. Then forr > © 
; eivlré—*ol 1 
VG,5) = 105, (4) (108) 
| r—& — Xy | Te 
and 
iw|rE—x,| iw|rE—x | 
<cBro 
lr—é — x» | ie ti 
= C  giwllré-x0l—r) a6) (4) (109) 
he Te 
2 eo 50(4) 
r rT?) 3 
because 


er 


jre—se|=rle-te| = Aft = (Et) + (110) 


= 1 — (be) + (°) 
it 
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We get from (103) therefore 


twr , 1 
Hy, = 1w(&Xjo) aE ae et a, ey (111) 
r r 
and obtain from (107) 
2 
Se jy |2 dS. (112) 
Ber hs | EXze | 


If Q denotes the unit sphere and dw its surface element 
we have dS = R? dw and thus get 


Ses wf EXjo |? du. (113) 
Using the identity 
Rear rar | (en)? (114) 
we find 
Sow = 0%(4n | jo |? — f Gok) v8) do). (118) 
Now it is true that 
J Gob) ink) do = jo f ECin8) dw. (116) 
But 
Jj GGe8) do = fi nlivn) as 
a / V(jox) dV = / jv dV = Bi (117) 
|x|<1 |x|<1 3 
so that 
rs RS 4 : 
il. (Jv€) (7€) dw = = | je [2. (118) 
We therefore get from (115) 
Sane = ore le |2. (119) 


This value gives the total radiation of the dipole 7, 
if there is no other source in the whole space. If there is. 
another dipole 7, located at (x,) the total radiation of 
the two dipoles regarded as coherent is in general not 
equal to the sum of the radiation of each of them, 
since these two fields may interact and so increase or 
decrease the total radiation.’ | 

To formulate this more precisely we discuss the field 
E, + £,, H, + H, which is generated by the dipoles | 
jv and j, at (x,») and (x,). Let us call 


C=limeysn | m[ eo +28,)X G+ H) [as 


= lima | | . H, + H,|?dS_ (120) 


the total coherent radiation. Then 


I= Soe + Son = (| fol? + [519 (121) 
would be the total incoherent radiation. 
We call 
G 
WS = 122 
F (122) 


? If they are incoherent there is in the time average no interaction 
and thus the incoherent total radiation is the sum of the individual 
radiations of the dipoles. 
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the efficiency of our system. In order to calculate this 
quantity we have to evaluate C. From (120) it follows 


C= limgyco ii [exit + n(E, XH,) 


x|= 


+ n(E, XH») + n(E, Xi) | aS? 2(123) 


— De.0 =F te ta Sie oF yids 
if we use the abbreviation 


Sy = Hime | n(Ey XH,) as. (124) 
x|=R 
The radiation conditions (106) lead to 
Son = timc f | n(E, XH,) dS 
x|=R 
= Himes | | H.H,dS (125) 
x|=R 
so that 
Spr See. (126) 
From (111) we get 
SF. = limg> J H,H, dS 
|x|=R 


R Cc 
R lel= 


w? if aff Xjo (EXIF) deo 


H (EXjo (EX, eeEmH-™ dS 


w? / ’ | Geis = (Gio Gi | Jee inty dan(127) 
Let r 

¥.(p) = Vz Joans1y/2(0): (128) 
Then 
i i eH") dey = An (w| x, — Xv |). (129) 


In order to evaluate the last integral in (127) we ob- 
serve that 


| (sej0) (xj,) — 4] 2 [?Gei,) (130) 
is a harmonic polynomial of degree 2. Therefore 
(Ein) (Ein) — Hind) = Sa(8) (131) 


is a spherical harmonic of order 2, and we get 


Sow = | 9 [2(jni,) — So(e)]eft** dw. (132) 


Using well-known formulas of the theory of Bessel 
functions and spherical harmonics we are led to 

8 er 
Son = 5 elle | 4 — x |)(jo-d,) 


| 
! 


-33,( 2 =IXy 


iz x, — Xy | 


) wale aes 


E = o'| (reels, — Xy |) ae 2¥2(w | Veer 1) ) Go Ju) 


ee) (G a) eo ae 2 (133) 
2 x 


| 4 — Xo | 


Zon 


This formula shows that S,, is a bilinear form which 
we can best describe by introducing the matrix 


My, = ((vrs(oR) a ZV o(wRy»)) dix 


IO See i =) (134) 


2 Riv? 
We used here the abbreviations 
Rwy = | x, — X, | annie (oF Evy ain (Cra are es) ait So) 
where the vectors (e;) denote direction vectors ci the 
co-ordinate axes. 
If M,,’ denotes the transposed matrix, we get from (32) 
Mi = I (136) 
If « = v the matrix M,, becomes the unit matrix. 
It is therefore, possible, by using the notations of the 
calculus of matrices, to write the total radiation of 
two dipoles, 7, and j,, in the form 
C= SE ot[Gje, Monks) + Gor Monde 
Teor od ont et aa)s) been 
The total radiation of a system of N dipoles treated at 
the WN different points (x,) is therefore given by 


8r Na a 
G = 3° w? > > (GE. Mia) 
v=1 p=1 


This is a quadratic form which again is best described 
by introducing a 3N-dimensional vector 


(138) 


J = Gir Je; dk a Jn); (139) 
and a 3N-dimensional matrix 
My, M2 ee Min 
Ve = Mo; Mo. --: Mon (140) 
My Myz ::: Myy 
Thus we get 
C= 2 (J, MJ) 
8r a 
a ay w(J, J) (141) 
and 
=eee Eis (142) 
(JJ) 


The efficiency can therefore be discussed by means 
of the matrix M. In order to get a full description of the 
radiation by our dipoles we introduce the eigenvectors 
J, and the eigenvalues \, of the matrix M. They are 
real and satisfy 


J = AM Sy Ip = ily A, co SUNG 
(Jz, Jo) = Sie (143) 
and the corresponding efficiencies are 
Wi. = ih : (144) 
Nx 


By definition the W;, are never negative. On the other 
hand the sum of all the W;, is equal to the trace of the 
matrix M. As M,, is the unit matrix the elements in the 
diagonal / are all equal to one. 
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We have therefore 

Lemma l: Wy + Wo+-::- + Wy = 3N. 

If we assume the non-negative eigenvalues to be 
arranged in descending order this leads to 

Lemma2: W,21; rans s 

If W3y = 0 this would mean that the field E, H gen- 
erated by the dipoles corresponding to the vector J3y 
does not radiate at all. It follows from the uniqueness 
theorem then that the field vanishes everywhere and 
thus cannot have the dipole singularities which we 
assumed. This is a contradiction and we get therefore 
W3n > 0. 

Before discussing these concepts further let us deal 
with the case of the two dipoles in greater detail. 

We assume (x1) to be the origin and put 


(x2) = Rey (145) 
The matrix Mj), then has the form 
A+B 0 0 
( 0 A 0 
0 OmeA 
with 
A = ¥,(wR) — 4%2(wR) (147) 
ise : W2(oR), 
and our matrix M becomes 
1 0 0 A+B O 0) 
0 1 0 0 A 0 
M= 0 0 1 0 0 A (148) 
A+B 0 0 1 0 0 
0 A 0 0 1 0 
0 0 A 0 0 i 


The eigenvectors and eigenvalues are readily calcu- 
lated, as in Table I. 


TABLE I 
Eigenvector (Eigenvalue)! 
GC @ @® ih @ ® i+A+B 
Gs O Q=a, —@ @ 1-—A-B 
@ if @& @ it @D 1+A 
QO OO i, OQ @ a) 1+A 
GO it % Qi oO 1-—A 
(O:cen Omen thane One Oe—st)) 1-—A 


Formulating this in terms of our dipoles we get the 
cases of Table II. 


TABLE II 
Arrangement of dipoles Efficiency 
—_—_—_——> 14+A+B 
—_—_—_—_——> 1—A-B 
2 ES a A Pome! 
Ye rs EE y 4 
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The last two types must be considered as representing 
four different cases, according to whether the vectors 
are parallel in the plane of the paper or in a plane 
perpendicular to the paper. 

Expressing (147) in terms of elementary functions we 


obtain 
+ sin =) 
(wR)? 


7 . 
= | > — R)*-b » 
Gee 


cos wR 
wR 


A = 3, (sin ok + 
R 


20 


— cos oR) 


=f ene (149) 

10 

The signs of these expressions will determine which 
of the four cases mentioned above is most efficient. 
As it is impossible that both of the expressions (149) 
vanish simultaneously, there is always at least one 
arrangement of dipoles which has an efficiency W with 
Waal. 

Each of the eigenvectors J; represents an arrangement 
of dipoles which generates a certain pattern F,(&). On’ 
the other hand, any configuration of two dipoles can 
be written in the form Ea*J, (k = --6) where the 
a® are suitably chosen complex constants. The corres- 
ponding pattern would then be Za‘F,(£) and conse- 
quently 


C= il ISerleds => Sawn (150): 
\él|=1 BX 


with 
A DG J 
|é|=1 


From (141) and (143) we get 


| 
| 
EE Bab: Ti aCant, )= = "um |a|2. (152) 


As this holds for all a we obtain by comparing (145) | 
and (152) 


FU F(é dS. (151) 


A inn = = wd .6pr . (153) 
In particular this gives | 
ties F,(6)F, (8) aS = 0 for k = 2X. (154) 


The radiation patterns F,(£) may thus be regarded as 
an orthogonal basis for all the patterns which can be. 
generated by two dipoles at fixed points. 

It is now obvious how the more general case of N’ 
dipoles has to be treated and we only mention that the’ 
3N patterns corresponding to the eigenvectors J; again: 
represent an orthogonal basis for all those patterns’ 
which can be generated by N dipoles at fixed points. 
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A Refinement of the WKB Method and Its Application to 
the Electromagnetic Wave Theory 
ISAO IMAIt 


Summary—When dealing with the problem of diffraction of 
waves, certain special functions appear which are defined by ordi- 
nary differential equations of the second order; for example, Bessel 
functions, Legendre functions, and Mathieu functions appear for the 
case of a circular cylinder, a sphere, and an elliptic cylinder, respec- 
tively. Exact solutions are obtained in the form of infinite series of 
such functions, which are, in general, poorly convergent when the 
wavelength is comparable with or smaller than the dimension of the 
body. In such a case the series can be transformed into contour 
integrals and then evaluated by the method of steepest descents or 
by forming the residue series. For this purpose asymptotic expres- 
sions for the special functions are needed. A similar situation arises 
also in the problem of propagation of short radio waves in a hori- 
zontally stratified atmosphere. 

In this paper a refinement of the WKB method is presented which 
enables one to obtain very accurate and compact expressions for 
such functions, which are particularly suited for the evaluation of 
zeros. The application of the method is illustrated for the case of 
Bessel functions, parabolic cylinder functions, Coulomb wave 
functions, etc. 


1. INTRODUCTION 
T IS well known that the diffraction of electromag- 
netic waves by a body of simple shape can often 
be exactly dealt with by the method of separation 
of variables. Thus, introducing appropriate curvilinear 
co-ordinates, we can obtain the solution in the form 


y= > C(m)X m(£) Vn(n) (1) 


or in the form of a series of such functions. Here X,, and 
Y, satisfy certain differential equations of the second 
order of the form 


Gee ata 00; (2) 

ax 
where a is a parameter related to the constant m. Also, 
C(m) is a constant with respect to and n but depend- 
ing on m. Various special functions appear for different 
bodies. Thus, Bessel functions appear for a circular 
cylinder, Legendre functions for a sphere, Mathieu 
functions for an elliptic cylinder, etc. 

For the case in which the wavelength X is large in 
comparison with the dimension of the diffracting body, 
the infinite series (1) is known to be rapidly convergent. 
But, if the wavelength is comparable with or less than 
the dimension of the body, the series is poorly con- 


_ vergent and the numerical computation requires a pro- 


hibitive amount of labor. Indeed, tabulation of special 


_ functions to very high order m is a prerequisite for such 


numerical work. As an example of this kind of research, 
the famous beautiful work of Meixner and Andrejewski! 


| on the diffraction by a disk may be mentioned. 


t Univ. of Tokyo, Tokyo, Japan. 

1 J. Meixner and W. Andrejewski, ‘‘Strenge Theorie der Beugung 
ebener elektromagnetischer Wellen an der vollkommen leitenden 
Kreisscheibe und an der kreisfOrmigen Oeffnung in vollkommen 
leitenden ebenen Schirm,”’ Ann. Phys., vol. 7, pp. 157-168; April, 
1950. W. Andrejewski, ‘‘Die Beugung elektromagnetischer Wellen an 


_ der leitenden Kreisscheibe und an der kreisférmigen Oeffnung in 


leitenden ebenen Schirm,” Z. angew. Phys., vol. 5, pp. 178-186; 


| May, 1953. 


The above-mentioned difficulty may be overcome by a 
technique named after Watson. Thus, the infinite series 
is first transformed into a contour integral in a complex 
plane: 


1 ** da 


sin Ta 


yr= i Ca) Xa(€) Yan) (3) 
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and the path of integration is then suitably transformed 
so that (3) may be evaluated by the method of steepest 
descents or by the theorem of residues. But, for carrying 
out this procedure, it is essential to have the knowledge 
of the properties of X,, Y,, C(a) as functions of a, in 
particular their asymptotic behavior as a > ©, as well 
as the zeros of these functions. This procedure has 
actually been carried out for a circular cylinder by 
Franz? and the present author,’ and for a sphere by 
Franz.? 

It may be noted that Franz’s and the present author’s 
treatment has some essential difference from earlier 
investigations of similar nature in that some part of the 
residue series is again converted into a contour integral 
so that the remaining part may be convergent even in 
the illuminated region, whereas in the earlier investiga- 
tions residue series was convergent only in the shadow 
region. 

Although the above-mentioned method seems to be 
very promising for the case of short wavelength, it can- 
not be employed for a circular disk or an elliptic cylinder, 
since sufficient knowledge concerning the appropriate 
special functions is not available at present. Therefore, 
it would be desirable to have some technique for in- 
vestigating the asymptotic behavior of*such functions as 
defined by (1). 

In the problem of propagation of short radio waves in 
a horizontally stratified atmosphere, we meet with 
equations of the type’ 

OS (pe a ahai0: 
dz? 

In fact, the electromagnetic field generated by a 
dipole antenna near the earth can be determined from a 
Hertzian potential y expressed in the form 


(4) 


i kJ o(kr)u(z, k) dk, (5) 


2W. Franz, ‘“‘Ueber die Greenschen Funktionen der Zylinder 
und der Kugel,” Z. Naturf., vol. 9a, pp. 705-716; September, 1954. 

3]. Imai, ‘‘Die Beugung elektromagnetischer Wellen an einem 
Kreiszylinder,” Zeit. fiir Phys., vol. 137, pp. 31-48; February, 1954. 

4D. E. Kerr, ‘Propagation of Short Radio Waves,’”’ M.1I.T. 
Rad. Lab. Series, McGraw-Hill Book Co., Inc., New York, N. Y., 
p. 58 ff; 1951. C. L. Pekeris, ““Asymptotic solutions for the normal 
mode in the theory of microwave propagation,” Jour. Appl. Phys., 
vol. 17, pp. 1108-1124; December, 1946. 
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where ¢ and z are respectively the horizontal and vertical 
distances from the dipole, and v(z, x) is the solution of 
(4) satisfying appropriate boundary conditions. Here N 
is the modified index of refraction and k = 27/X, A 
being the wavelength. It may be easily seen that here 
also we are concerned with equations of the form (1). 

The object of this paper is to present an account of a 
refinement of the WKB method recently developed by 
the author.® The main features of the method will be 
presented in a form convenient for application, and the 
procedure will be illustrated by choosing examples from 
Bessel functions, parabolic cylinder functions and 
Coulomb wave functions. The resulting formulas are 
believed to be new. 

The method enables one to obtain solutions of (1) 
that are exact to the order of O(a~%) compared with 
unity. Therefore, it may be regarded as a presentation in 
a compact form of higher-order approximations of 
Langer’s method.® 


2. OUTLINE OF AN IMPROVED APPROXIMATION OF THE 
WKB MetTHOD 


Let us consider the second-order linear differential 
equation 
2 
ee? a) 10, (6) 
ax? 
where a is a parameter and P(x) has the form 


P(x) = ayx + aox? + agxi + --- 


7 
= ayx(1 + dix + box? + vee), (7) 
If we introduce the variables z and ¥ defined by 
z = || Puede (8) 
0 
Oe Pq Vane (9) 
(6) becomes 
2 
oY + (@— Ov =0, (10) 
z 
where 
2 pi/4 2p-1/4 
Gs yp aS (11) 
dz? ax 
Inserting (7) in (8), we have 
= 2 Wx? {4 a 2 bix +(3 by — Ss bt) x 
3 10 14 56 
+ (bo. — Lote + A ot)ar + (Sa, - Soe a2) 
6 12 48 DY 88 
ear: tS eee = a, it) = a tay 
44 176 1408 


5 J, Imai, “On a refinement of the WKB method,” Phys. Rev., 


vol. 74, pp. 113; July 1, 1948. I. Imai, ‘‘Asymptotic solutions of 
ordinary linear differential equations of the second order,’ Phys. 
Rev., vol. 80, pp. 1112; December 15, 1950. 


6 R. E. Langer, ‘On the asymptotic solutions of ordinary differ- 


ential equations with application to Bessel functions of large order,”’ 
Trans. Amer. Math. Soc., vol. 33, pp. 23-64; January, 1931. 
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which can be solved for x to give 


cat—toe- (1-2 oe)e 


7 175 
il 67 823 
=< (nee b ) t4 
€ = aig tt tras. 
a ( pgs eee pataee OeNnETe 
11 539 495 
34933 , 4, _ 301306 i) ole ee 
121275 3031875 
with 
hide 
fox & ay uz es (14) 
y) 
Substituting (7) and (13) in (11), we find that 
Deis (22 SNe 1S TENGEN te eet -), (15) 
36727 
where 
—2/3 
A= — re C a) (5d_ = 30,?), (16) 
SOUNZ 
LG : 
do pa hits MeN foes (2563 = 35d be + 14d, ae (17 
WS Qa, 
—4/3 
las ( a.) (6125b4 — 435022 
26950 \2 
—9800bib3 + 12080012. — 36240,4). (18) 


It can be shown that for a > « (10) has two inde- | 
pendent solutions %,; and 2 such that 


Whe = exp[+iaz + 0,0) + O@)] + 0-9 
2ia 4a? 


for“ “s' 0; (19) 


waN2.. . 
Yie = Fy, 4* 1621/66 771) 3(452)(m) + O(a-3) 


for z= O(c). (OR 
Here ‘ , 
: G7 See 
= iS sis 21 
m1 fi Gahes ) sees ‘ 
¢ = (@-Sete, (22) | 
n= (EE Ed tee, (23) 
£ = 22/8 + xm? (24) ' 
Ke = a? + Yo. (25) 


It is to be noted that in order that (20) may smoothly 
go over into (19) we must require that | arg n| <i 
and hence | arg az | < 1. If n does not satisfy this con-! 
dition we have only to make use of the relations 
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Hes) = — sin (m — LEN ae) Further, it may be remarked that larger zeros of ®(x) 
sin vr ‘ can be found by using (30). 
_ oo sin myr H(z), 3. BESSEL FUNCTIONS 
sin vr Bessel functions of order a satisfy (6) with 
mrt vai sin mv (x) a Za(ae), (35) 
TIS) (Pa a= eee EP) . Be 
panes P(x) = e* — 1. (36) 
ee Ee a H,)(z), Comparing (36) with (7) we have at once 
sin yr ; ; p 
and apply the formulas (19) and (20) to the function Gig os irai 2 tae Be aa on aS 15° 8 


Hyjs\?)(e-""'n) where | arg (e~""'n) | <r. 


When considering the case x — 0, so that z — 0, it is Flence (le) (87), and (18) give 


convenient to use J41/3(n) instead of Hy3(412)(n) in (20). Neer Be , do = 2 Mi = Oe Sea ons ? (38) 
Thus, we have for x — 0 105 75 13475 
Be vie : ig 278 ; It is convenient to put 
= eh sigh \et Ss bape 
P-MAZNSE Ty 13(m) = (31) T@ e881 — hd, e” = sec 0. (39) 
Pag 82) 01+ .9-], (26) Then (36), (8), (11), hee respectively , 
P-1/4z1/8¢ J_ 4 13(n) = tan? 6, (40) 
21/3 z= tan @ — 6, (41) 
= (3q,)—1/6 WEG) = Bea 2 2 a 
321) r@) K [ {$ 1 ot cos? oe + 4) . (42) 
GS ctiNi eda ety a os s| (27) : : 
The behavior as x — 0 of the solutions ©; and #2 can Or = a5 cot?é + G cot 6. (43) 


be deduced from (26) and (27) by use of the relations 
2 Now the well-known asymptotic expansions of Hankel 
Ay3) = we CMU nh VAY (28) functions give 


—1/2 
AMONG sec 6) ~ es) exp| # * (a + 4) 


2 
Ay3°) = ve 4-2/3 (G1I8J 1,3 — 4-M3J_73). (29) 2 


: TON ap oe ee 2 ey te 
The general solution of (6) can be expressed in the + 2@ sec a| ae (4) Poe exp ( taz + a i) 
form 


(x) => A(x) a A2®o(x) 
a= eatiscra: \ Aye tag! ?p) ss Ate ea eu22) \ 


2 \1/2 ; ee 
forx ~ 0, (30) He‘? (a sec 8) = =) cot!/?@ exp E iaz F 74 


YP} 
we) = (22) Posey (4 eth 


as 6 — 7/2. Comparing this with (19), we can easily find 
that 


FOQ+ aa 0| + O0(a-7/?) for@~0 (44) 
2a 4a? 
+ Aoi-5/6Hy/3(2)(n)} for x = O(a-?/3), (31) 
Hence the first zeros x, (s = 1, 2,---) of ®(x) can be 
calculated from the roots 7, of 
| Ay! 3) (n) + Aot5/6Hy3()(n) = 0 (32) 
through (23), (24), (13) and (14). For this purpose it Accordingly, for a function defined by 
may be convenient to use the relation Za(x) = C,H) (x) + coHg(?)(x), (46) 


and hence, by (20), 


Hab) (a sec 0) = 1#1/8 cot!/?6z1/6 CH, ,3(112) (7) 
+ O(a—7/?) tor. 6 = 0(a-**). (45) 


3 HE = we have 
|t= G art) yall: 5 ha~? it 4 Xon?/8a 8/3 


a 0/402. -iR 
| — }dint/8a-10/8 +--+), (33) Zala sec 8) = (2) cotl/29 eP/4"(c, &® + coe **) 


which can be derived from (14), (23), (24), and (25). foot 0 aa 
Since the coefficients of ¢” in (13) and those of a~?”/? in 
(33) are all pure numbers, it is very easy to express x, as 


Z,(a sec 6) = cot!/20 21/6 {cyi!/8H1y 3) (n) 


a power series in a~?/3 in the form + cei /8 /(?)(n) } for 6 = O(a-1/8), (48) 
Kersienas) cas (34) where Q is given by (42) and 

| where the numerical values of ci, ¢2, ++, 6s can be ex-  R — a(tan @ — 6) — 7 — Ae (= cot?e + pegs ) (49) 

plicitly determined from the constants a), bj, be, 63, d4. 4 a \12 4 
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In particular, if we put c: = ce = 1/2, we have 


2 \1/2 —~0/4a2 
J.(a.sec'@) = (2) cot!/2 6 e °/4"cos R 
ra 


for~ ~ 0, (50) 
1 
J,(a@ sec 0) = eeu gil6e { J13(n) ate J_1)3(n)} 


ford = OGel2) al) 


Putting c. = — ce = — 1/2, we have 
17/2 
Y,(@sec.@) = eS) cot!/26 e°/4"sin R 
ra 
for 6 ~ 0, (52) 
Y.(a sec 0) = cot!/26 21/6 {Ji/3(m) — J-1)3()} 
fords —= O(Gal!*) 2 (53) 


Next let us consider the first zeros of Za(a sec @). 
Remembering (32), we denote the roots of 


66!8FZ, jn) + et 13H32)(n) = 0 (54) 


by 4.(s = 1, 2,*--). Then, by (13) and (33), the zeros 
a sec 0, are given explicitly in the form 


1 3 
SecOne=— lef (0Ne) de ts (Sneed a” 
5 (Ste) 49 3 


1 1 
Als 9 ern 3 3)2 —2 
e 2800 | ntfa 


— here (3n.)2/8 + 479 nyveh a—8/3 
(3ne) 4/8 ams 


6300 1008000 
-} Sol 20231 (3neithar 
646800 * 258720000 
aye (55) 


This is in agreement with the result obtained by Olver’ 
by means of an entirely different method. 

In particular, putting 71 = 2.3834466 [the first zero 
of Jij3(n) + J_1/3(n)] we find the expression for the 
first zero of J,(ax) as function of a, 


x, = 1 + 1.8557571 a-2/3 4+ 1.0331503 a-4/8 
— 0.0039741 a-? — 0.090763 a—8/3 
+ 0.043339 a-10/8 + ..., (56) 
It seems that corresponding formula given in Jahnke- 
Emde® contains some numerical error. 
Finally, application of (26) and (27) to (51) and (53) 
gives 


V3 Jee 211s3-ti8 Dati s Sale 
3 :, at =e Sra cats a 4-513 (57) 
a 3 3 
and 
V3 nae eae : ( 1 ) 
; = qr- /3 1 oo ig =e 
ON eae WV ea 


21/33-1/6 
ST) 


E -*)t (58) 


ot (1 aes 
7700 
7F. W. J. Olver, ‘A further method for the evaluation of zeros 
of Bessel functions and some new asymptotic expansions for zeros 
of functions of large order,’ Proc. Camb. Phil. Soc., vol. 47, pp. 
699-712; October, 1951. 
8 KE. Jahnke and F. Emde, ‘“Funktionentafeln mit Formeln und 
Kurven,” Teubner, Leipzig, Germany, p. 211; 1933. 
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Further, remembering that 
Oe + Ao = 


we can express (57) and (58) as 


V3 a Lu eee (1 i, Jo) 
Y,(a) er) 225 
asus a-5!3 + O(a—4/8), (59) 
T(g) 
WE oH ere a 23” ~) 
g — 1 — a4 
Y,/(a) r@ ¥ 3150 
__ 21/33-1/6 mo(1 SEY r), (60) 
51(2) 69300 


These agree with the formulas given in Jahnke-Emde’. 
4, PARABOLIC CYLINDER FUNCTIONS 


Recently Rice!’ has studied the diffraction of plane 
radio waves by a parabolic cylinder with a view to 
investigating the nature of shadows that are cast by 
hills in microwave propagation. In this work knowledge 


of the behavior of parabolic cylinder functions of large — 


complex order was required, which he studied by the 
method of steepest descents. 
Here we shall derive the formulas by a straight- 
forward application of the general formulas given in § 2. 
Rice considers the three functions 


Une) = 222e" BDA 210), (61) 
inne 
Ve) Sr re 
us 
pate he ; 
W,(w) = — (2a) B2 ev ?D_p1(2"/2w), (63) 
Tv 
U,(w) a V,(w) “ W,,(w) = 0, (64) 


where D,(z) is the usual parabolic cylinder function. 
It is known that if T,(w) denotes any one of U,(w), 
V,(w), and W,(w), then 

2 2 
@ fe-!nT(w)} + (Qn +1 — w)ePT,(w) = 0. 


dw? 


| 


(65) 
It will readily be seen that if we put 
w= (2n + 1)!7(11 — x), 2n+1=a, (66) 
@(x) = eT, (w), (67) 
P(x) = 2x — x?, (68) 
(65) reduces to the normal form (6). 
For convenience, we put 
x = 1 — cos 6. (69) 
Then, after elementary calculation, we find that 
z = 3(26 — sin 26), (70) 
3 cos? 9 + 2 
= — ——____ 71 
@ 4 sin® @ Cu 


9 Ibid., p. 209. 


10S. O. Rice, “Diffraction of plane radio waves by a parabolic — 


cylinder. Calculation of shadows behind hills,”’ Bell Sys. Tech. Jour., — 


vol. 33, p. 417-504; March, 1954. 
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SECOSIO, 1 
= — — —ICOtd, 2 
OS tc eer 2) 


It is known that U,(w), V,(w), W,(w) are one-valued 
analytic functions of w and n, and that 


cos aes 2 sin a 
U,(0) = 7s U,/(0) = ee (73) 
r(§+1) eo) 
2 2 
PaO ences | ie p(y mn (74) 
an? we 1) (eS) 
2 2 
© (eels We yee ti ee le (75) 


ar” = 1) (2+) 

2 2 

But, from the general formula (19), it is seen that (65) 
has particular solutions 


11. = : ex E (2n + 1)(1 2 
Ae on = 
Sr p mn ata + cos 26) 
1 . 
pene (20 — sin Do) 
4 eat Dye 1) Cr 


1 


Therefore V,(w) can be expressed as 


Vi(w) = AT; + BT, (77) 
where A and B are constants to be determined as 
V,(0)T2’(0) — V,/(0)T2(0 
4 = Val)TY(0) = VolOT 0) os 
T,(0)T2'(0) — T1'(0)T2(0) 
a V,'(0)T,(0) — V,(0)T,’(0) (79) 


EO) (Ol FO) F(0) | 


Taking account of the fact that w — 0 as 6 > 7/2, we 


| can find from (77) that 


| 1 1 : 
Tra(0) = exp ie sea t emt) i], (80) 
+ MU a (81) 


A(2n + 1)8/? 


| Substituting (74), (80), (81) into (78) and (79) we have 


One _ V,(0) ; 
e770) \ ‘i 2T2(0) oa oe 
F @ ug t) 
8(2n + 1)8/2 2 (83) 


ean ya (est), 
2 


237, 
Hence (77) becomes 
‘ON a= i-"e*(cos Y — ie sin Y) , 
ar” a 1) /sin 6 (84) 
where 
1 
oo = 3427-1) -- cos: 26)he 4(2n + 1)? (Q + 3), 
(85) 
: 1 
Y = ¢(2n + 1)(26 — T= sin 26) — ei 
(86) 
In a similar manner it is found that 
ine = ire*(cos Y + ie sin Y) , 
ar( a i) ae (87) 
(cos UE oe Vee ain = sin v) 
Uw) = 
r(% * 1) ke (88) 


Of course ¢ can be given simpler form by use of Stirling’s 
formula, but special caution is needed concerning the 
range of larg n|. Thus, we have for larg n| <7 


ee em) 
8(2n + 1) een 


(4) _ (89) 
A(2n + 1)? + 1 r(” + ) n’ 
2 
For 0 < arg m < 2a we may use the relation 
G+) ce) 
2 a 2 
Pree NY (90) 


Wea oN = > COL 
Ce) lan we 
2 2 


together with the formula (89) with m replaced by 
ne "* to obtain 


n 
Ti- +1 
8(2n + 1)3/? (3 a ) 
4(2n + 1)? + Hr(at) 
2 


es ‘cot 74 +o(4)}. 
2 n3 


= 4p SOY << & 


(91) 


Thus, finally 


1 
~ Vicot = n 
2 


The value of ¢« for other ranges of arg may be 
obtained in quite a similar way. 
Summarizing we have, for 6 ¥ 0, 


(92) 
0 < argn < 27. 
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e* cos (2 w+ v) 
m Sep SBIR <S ae 
Ue) = ‘ (93) 
cos a persed 
x 0 < argn < 2% 
-—n X—iY 
sees = Uw S Bee K& us 
nN ————— 
: 2 fe 
V.(w) = i-"e* sin (: a+ v) (94) 
ar” + 1) sin Vein 6 
0) < annem «K Br 
4 nrextiY 
= - =i Se KZ a 
W,,(w) = ine sin ¢ vo v) (95) 


ar” =P 1 ) sin "= Vein g 
0 < argn < 2r. 


Next, we consider the case 6 = 0, that is, w = 
(2n + 1)'/?. From (68) we immediately find that 


—— De by = —i, bo = bs one 0. (96) 
Hence, by (16), (17), and (18), 
34/3 2/3 
ae Sit; pr ecru 13595 a3 ; (97) 
140 150 53900 


The general expression (20) gives 


Tv 2 ° 2 aatte 
Ti,2 = (Z (2n + 1)1/4745/6e%" /2 We Hy73'42)(m), 


sin 


where | arg 7| < 7. (98) 


Substituting (98) and (82) in (77) we shall have 
V,(w). Expressions for W,(w) and U,(w) can be ob- 
tained in a similar way. Thus, we have finally 


U,(w) = 2{JSiys(n) + J-1y3(n)} S(, w) 
V,(w) = —t 8H 173(2)(m)S(n, w) ee) 
W,(w)= — 48 FT, 3) (n) S(n, w) 


where | arg x | ana | arg 7 | < 7, and 


1/2 
sin) =(5) 


1 
Qn + 112 
( ) exp eee i at ee lagl ioe 


21" ee 1) V sin 0 
2 


(100) 
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5. CouULOMB WAVE FUNCTIONS 


Coulomb wave functions F;, and G, are defined as the 
solutions of the differential equation 


ae {1 2 Way aCe Dy = 0 (101) 
dp? p p” 
such that as p— © 
Fr(p, n) ~ sin (p — nlog 2p — Lxr/2 + az), (102) 
Gr(p, n) ~ cos (p — n log 2p — Lx/2 + az), (103) 


where o, = arg '(L + 1 + 7). Recently a number of 
investigations concerning their asymptotic behavior 
have been made, but the various formulas so far obtained 
do not seem to be quite satisfactory in view of their in- 
volved construction. 

For simplicity, we shall here consider Fo(p, 7) and 
Go(p, n), so that (101) reduces to 


# 4(1-71)y =o. (104) 
dp’? p 
On putting 
p = 2n(1 +x), 2n = 4a, (105) 
@ = F(p, n), (106) 
eg ee (107) 
I Sp 8 


(104) reduces to the normal form (6). If we put 


x = 4(cosht — 1) = SAR ; (108) 
we easily find that 
z = 4(sinh?¢ — 2), (109) 
ie tanh? (110) 
5 + 8x 
pois ee 1a 
e 16x3(1 + x) (Ly 
2 
os 5 + 4x + 8x (112) 
2443/21 + x)!/2 
From (107) it follows that 
q=1, 07 = =f, bo =17 63] =f) 7 — lace 
Hence 
1/3 1/3 
a ©) yee ee ae (2) . (114) 
SoENe 75 13475 \3 
By Stirling’s formula we can write for a > 0 
1 
oo = arg r(1 +4) 
sa a 1 
=F4S(1 2-1) 1 + 0, 115 
ee oe Gee. we 


Hence 


pare nlog 2p bees arb ee Os) 
4 6a 


| 
( 


| 


V3 Fi(a, a/2) 
|  Go(a, a/2) 
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Accordingly, the asymptotic behavior (102) and (103) 
prescribed for the functions Fy) and Gy can also be ex- 
pressed as follows 


1) + 0@-) (116) 


Go + 1Fo ~ exp] ti(ae Sie 
4 6a 


asz—> ©, 


But, it follows from (107), (111), and (112) that 
P—1,Q—0, Q: — 4.as z— o, and hence, on account 
of (9) and (19), (104) has particular solutions which, as 
z— «, behave as 


®1,5 ~ exp Ez + al + O(a-3). (117) 


a 
Comparing this with (116), we immediately find that 


Go + 7Fo = P-iltexp| -ias pe Pag, 
4 2a 
1 
5 Pigs 0| O(a), (118) 
4a? 
so that 


Fo = P-1/4e2/4® sin (c: “fs : Be x 01)+ O(a-3), (119) 
a 


Go = P-4¢e2/4® cos (c: + ; — 5. 01) +0(a-%) (120) 
a 


for z ¥ 0. On the other hand, for p = 2n, that is, for 
2 == 0, we have in place of (118) 


5 ma \1/2 : 
Go + tFo — }  P-1/4¢ 44132116 FFT, 3052) (m) + O(a-3). 


2 
(121) 


Hence 
Fy = (22)"" S pouseueris (n) + Ji/3( )} 
WE —1/3\n 1/3\7 
+ 0(a-*), 
/ 
Gy = (2 *P-114g1/8¢[ T_/4(n) = J13(n)] a) ee) 
(123) 


(122) 


(for z = 0: 


Next, remembering (26) and (27), we find that 


he nds 


TO) ah + 00-9, 


(ra)1/? 


sr) 


1/3 
Er Je ES 
35 


(124) 


| r(§) 
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and 
V3 F(a, a/2) \ a a il3 be 
Gy’ (a, a/2) a 35/67 (2) 
32/90) =2/3 se 631 =e 
51 (2) 175 
4 
1596 X 32? (4) sch O(a-s). (125) 
67375 (3) 


Introducing x2 = a? + Ay = a? + 16/75, we have 
V3 Fy(a, a/2) \ qilé {1 


G)(a, a/2) 
T() —4/3 8 4 —3 126 
ré) q—4#/3 — Foe a + O(a-%), (126) 


qi l2 


1/3 
a: DABS: 
35 


OP) 


/3 Fi/(a, a/2) | il? us{ ( ) 
, = e= abs 1 a” 
Go’ (a, a/2) 35/6T(2) ‘ 3 1575 
37/51) 


1436 
—2/3 fete re = 83 + O(a-3). 127) 
5r(2) (« i 17325 : ) a. 


Inserting the numerical values, we have finally 


Fao o/2 _ (0620208 aie = 032457330 
— 0.0355556 a-2 + O(a-19/8)], (128) 
, 
Gua Be i? Jepcures peal 1 + 0.2743442 a-?/8 
0 ) E 


+ 0.0012698 a-2 + 0.0227393 a-8/* + O(a-10/8)]. (129) 


Barfield and Broyles!! have recently given the numeri- 
ical table of Fo(a, a/2), Go(a, a/2), and Fo’(a, a/2) for 
a = § (2.5) 20; 20 (5) 100. But it is believed that our form- 
ulas (128) and (129) are more accurate and convenient 
for use than their numerical table. 

Further, it should be mentioned that (122) and (123) 
give the values of Fo(p, n) and Go(p, 7) for any values of 
p = 2n(1 + x) and 7 where p = 2n, which are accurate 
to the same degree as F,(a, a/2) and Go(a, a/2). Quite 
recently Biedenharn, Gluckstern, Hull and Breit!? have 
obtained the formulas for any arbitrary value of L, 
which agree with (126) and (127) for L = 0. But their 
expressions valid in the vicinity of the turning point 
(p == 2n) are apparently much more complicated than 
our expressions (122) and (123). 

11W. D. Barfield and A. A. Broyles, ‘‘Coulomb functions for 
heavy nuclear particles,’ Phys. Rev., vol. 88, p. 892; November, 


1952. 


1221. C. Biedenharn, R. L. Gluckstern, M. H. Hull, Jr., and G. 
Breit, ‘Coulomb functions for large charges and small velocities,” 
Phys. Rev., vol. 97, pp. 542-554; January, 1955. 
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Approximate Method For Scattering Problems 
C. E. SCHENSTEDt 


this paper is the determination of a function, ¥, 
which satisfies certain boundary conditions and 
the equation (V2 + k?) &=0 where k = 27/d and d is the 
wavelength. Now ¥ is a rapidly varying function, but 
most of the variation is due to the nearly uniform 
change of phase with distance. Thus it is reasonable to 
factor off the phase factor so as to be able to deal with a 
slowly varying function. It is not possible to factor out 
the exact phase factor (since it is unknown), but we can 
factor out the geometrical optics approximation to the 
phase. Thus we write ¥ = we‘ where s(x, y, 2) is the 
distance along the light rays. Making use of the fact 
that (Vs)? = 1 we obtain the equation 
oy 


Os 


Te PROBLEM with which we are concerned in 


qyves = Avy, (1) 
Ar 

for ¥, where 0Y/0s = Vs-Vy is the directional derivative 

of y along the light rays. 

When the wavelength is sufficiently short we can, in 
the first approximation, neglect the right side of (1) 
and obtain an ordinary differential equation for y. This 
differential equation tells us that y increases when the 
rays are converging and decreases when the rays are 
diverging. It can be shown that the solution to the 
differential equation is just geometric optics. By sub- 
stituting this approximation into the right side of (1) 
and solving the resulting equation we get a higher order 
approximation. If we repeat this procedure a number of 
times, we obtain the Luneberg-Kline series. The true 
solution approaches geometric optics in the limit of small 
wavelengths. However, even for very short wavelengths, 
we may desire a more accurate answer. For example 
geometric optics may sometimes give zero for the field 
in which case we would want more precise information. 

From (1) we can see that geometric optics is only 
valid when y varies slowly so that AV*y may be neglected. 
But even when it is not valid to neglect V*y it may be 
valid to neglect some terms of V*~. For example y 
frequently varies more slowly along the rays than 
perpendicular to the rays. Cases where this is true are 
the transition from light to shadow near a shadow 
boundary and the abrupt change in intensity near the 
edge of the finite piece of a plane wave reflected by a 
finite plane surface. In this case we can get a suitable 
approximation by neglecting the derivatives with respect 
to sin the Vy term in (1). If we rewrite (1) in the form 


oy 1yV2 -2(9 _ Wo» = *) 
Os av 4a x Os : Os? 
= Ao V25 + oy) (2) 
4nr\Os Os? 


then this approximation consists of neglecting the right 
side of (2). This approximate equation is very nearly 


5 ee heey oe a oe oe i yer ol ee el eas mart 


the same as the one used by Fock in his determination of 
the fields near a shadow curve. 

As before we can use the first approximation in the 
right side of (2) and so obtain a second order approxima- 
tion, etc. 

Eq. (2) without the right side may be given a physical 
interpretation which indicates the way in which the 
field propagates. If we move along a ray then, as before, 
the second term on the left shows us that yW increases or 
decreases according as the rays are converging or 
diverging. The third term on the left shows us that, in 
addition, there is a diffusion (with imaginary diffusion 
constant) in a direction perpendicular to the rays. Thus 
near a shadow boundary there is a diffusion of » from 
the illuminated region into the shadow region. Since the 
diffusion constant is proportional to \, this diffusion is 
most pronounced for long wavelengths. If we include the 
right side of (2) we see that there is also a diffusion 
along the rays. 

The approximation obtained by neglecting the right 
side of (2), though more accurate, is not nearly so. simple 
to compute as the approximation obtained by neglecting 
the right side of (1) as we still have a partial differential 
equation. But this equation has various advantages over 
the original equation, (V? + k?)¥ = 0. One is the physical 
interpretation given above. Another is that the finite 
difference approximation to (2) (neglecting the right 
side) can be solved for ¥(s + Vs) when y(s) is given 
(since the equation is parabolic) while the finite difference 
approximation to (V2 + k?)¥ = 0 is a system of simul- 
taneous equations (since the equation is elliptic). 

In the following we will give two examples of the use 


of this approximation method. We will take the bound- » 


ary condition to be y = 0. We will assume that there is 
an incident field for which y; = —1 (this corresponds to 
a plane wave) and will compute only the scattered field. 
The scattered field satisfies the boundary condition 
Sk 


The first problem we will consider is the scattering 


by the half-plane y = 0, x < 0 (Fig. 1), with the direc- ° 


tion of incidence being the negative x direction. If we 
introduce the polar co-ordinate system p, ¢ through 


x = pcosd (3) 
y = psin®g, 
then s = p and the approximate differential equation is 
vv id oy (4) 
Op 2p 4p? dd? 
The boundary condition is 
¥(p, tr) = 1. (S) 


If we use separation of variables with ¥(p, ¢) = 
R(p)®(¢) we get 


| mee = 2 = 7, 


sy nr 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 241 


Fig. 1 Fig. 2 
fe 
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\ / \ y \ ee eee ys 
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(a) (b) (c) 
Fig. 3 
so that For very large p (large enough that 
® = A cosh ud + B sinh ud (7) eee [az 
(TL 7 He 
p e eel 
S; if h Peat one where e is a fixed number which is determined by the 
ince (7) = 6(—7) we have B = 0. Thus we look  gecired SuGMD. Wethowe 


for a solution in the form 
| 


00 1 es yr tyre cosh cosh ud 2 a et) 
y= / A) ve e “" cosh ud du, (8) ta pooeh a ae ay: cos ¢ 
= 

| 


| Be iis determined from5)aNow This is exactly the same result as that given by the 


exact (Sommerfeld) half-plane solution for large op. 


| cd ~~ ae a == For the same problem geometric optics gives y = 0. 
| PS x o (9) The second problem which we will consider is the 
| alee scattering by a circular disk. In this case we will make 
hea that some additional approximations. Again the incident 
mi 1 field will be taken to be going in the negative x direction 


(Fig. 2). The radius of the disk will be taken to be a. 
In this problem the wave fronts will have the shape 
| Phus shown in Fig. 3. Figs. 3(a), 3(b), and 3(c) are for 
pgtey, x s = 1.45a, s = 3.1a, and s = 6.15a respectively. We 
‘ke pa ADE D) 

1 A 4 [ as cosh ud dp. (10) interest ourselves in the value of y only for r = Vy? + 2? 
coshur =): 
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On the flat reflected part of the wave front 
y = 1 for s = 0. On the curved diffracted part of the 
wave front geometric optics would give y = 0 so that 
y differs from zero only as a result of the diffusion. 
Furthermore the y that diffuses into the diffraction 
region is reduced due to the divergence of the rays. Thus 
the reflected part of the wave front acts as a source of 
y and the diffracted parts act as a sink. When the wave- 
length is short enough that y does not diffuse appreciably 
from the forward direction all the way to the backward 
direction we can approximate the effect of the sink, as 
far as the value of y at y = 0 is concerned, by imposing 
the boundary condition y = 0 at r = a. 

On the reflected rays, when we neglect the right side, 


(2) becomes 
dy ik a ( 2) 
Ox 4ar Or ‘ or] 


We have (0, 7) = 1 and (x, 0) < o. Also we are im- 
posing the condition ¥(x, a) = 0. If we let L(p, r) be the 
Laplace transform of y, then the transform of (12) is 


(12) 


eL 
|. 
or? 


1 0L ae Antp 7 _ 4x1p 
TOF d dr 


(13) 
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The solution of (13) satisfying the boundary conditions 


Vi) 
ihe A 


is 


= ae (14) 
(VP ee) 
Due to the expansion : 
1.( 2 e* +) Cee ee 
ates r Z A 
1.(/ 7? e*a) ji see Siege 
r | N 
pe tobe te IOS: 
we find that for large x 
ry 
W(x, 0) — 7. (16) 
x 
This is identical with the formula which would be | 


obtained by applying physical optics to this problem. — 
It would seem that if we made an assumption which is 
not as crude as assuming (x, a) = 0 that we would | 
have obtained a better result than (16). 


ON ae 
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Electromagnetic Research at the Institute of Mathematical 
Sciences of New York University" 
MORRIS KLINE} 


Summary—This paper presents current electromagnetic re- 
search efforts and research completed during the past few years 
at New York University. In the research itself emphasis has been 
placed on basic problems involving appreciable mathematical 
complexity and mathematical methodology. However, this account 
describes the results from the standpoint of their contribution to 
microwave problems, ionospheric and tropospheric propagation, 
diffraction, the inverse propagation and synthesis problem, antenna 
and waveguide theory, and other physical problems. 


INTRODUCTION 


WELCOME the opportunity afforded by the spon- 

sors of this Symposium to describe the research in 

electromagnetic theory performed at the Institute 
of Mathematical Sciences of New York University. It 
permits us to ‘‘take stock,’’ a wise measure for the scien- 
tist as well as the business man. 

It has been our conviction for a number of years that 

electromagnetic problems should be one of the special 
concerns of mathematicians. Maxwell very kindly 
bequeathed to posterity some amazingly exact basic 
laws but, unfortunately, did not show how to solve the 
boundary value problems which arise in the applications 
of his laws. However over the past 75 years a number of 
mathematicians and physicists, one thinks immediately 
of Rayleigh, Sommerfeld, Weyl, Watson, van der Pol, 
.and Bremmer, solved some basic and practically impor- 
tant problems. A survey of their work shows, on the 
one hand, that mathematical proficiency and diligence 
en produce solutions and, on the other, that the 
\problems are sufficiently difficult, and indeed becoming 
‘more and more so, to require the services of skilled 
jmathematicians. Hence, with full and conscious recogni- 
i\tion of the reservations which must be made as to our 
iskill, we at New York University have been tackling 
electromagnetic problems in which mathematical obsta- 
icles have to be surmounted. 
Though certain classes of problems such as diffraction 
ijtheory, tropospheric and ionospheric propagation, and 
imethodological studies have been pursued rather 
‘consistently, we have also subscribed to the principle 
that freedom in research is essential. Hence we have 
loften found ourselves with results that willed to be 
‘solved rather than with results that we necessarily 
jwilled to solve. As a consequence I am obliged to offer 
jyou a smorgasbord rather than a planned meal. I trust 
ithat the offering will be none the less appetizing. 


| As I have indicated, we have approached a variety of 
P roblems from the standpoint of the mathematical 
| * The research described in this paper has been supported in 
mat by the AF Cambridge Research Center under Contract No. 


AF19(122)-42, and by the ARDC Office of Scientific Research 
yt Contract No. AF18(600)-367. 


+ New York University, New York, N. Y. 
) 
7 


; 


difficulties involved but, since the interests of this 
audience no doubt center on the electromagnetic content 
of our work, I shall endeavor to organize our results in 
accordance with their physical significance. Appended 
to this paper are the titles of several series of reports 
we have issued during the past nine years. References 
in the paper are to these lists. Space and time will not 
permit full recognition of a number of related contribu- 
tions from research men outside of New York University 
to many of whom we are deeply indebted. However our 
individual papers generally give the appropriate connec- 
tions and references. 


FIELD SOLUTIONS IN THE QUASI-OPTICAL RANGE 


The rapid development of ultra-high frequency and 
microwave techniques has given rise to hundreds of 
new electromagnetic problems. These frequencies are, 
of course, close to the optical range and, therefore, 
electromagnetic theorists have utilized geometrical 
optics methods, which were extensively explored during 
the two hundred years before the birth of electro- 
magnetic theory. The solutions thereby obtained are 
necessarily approximate and often unsatisfactory. Hence, 
from the very outset of our work we have sought a 
systematic attack on electromagnetic problems which 
would take advantage of the existing optical methods 
and yet improve on them in the direction of wave theory; 
that is, we have sought to develop the transition from 
optics to electromagnetics. The link between these two 
domains, which has proved to be both theoretically 
and practically significant, is the notion, due to Lune- 
berg, of asymptotic solution of electromagnetic problems 
(EM-14, 15). In this approach one seeks not exact solu- 
tions of electromagnetic problems but asymptotic 
series solutions in which the basic variable in the series 
is the wavelength A or the reciprocal of the circular 
frequency w of a monochromatic source. 

The first major step in attempting an asymptotic 
series solution of an electromagnetic problem is to 
determine the form of the asymptotic series which is 
valid for the particular type of problem, e.g., reflection, 
diffraction, or refraction. The second step is to learn how 
to calculate these series. To accomplish the first objective 
we have utilized the concept of the pulse solution of an 
electromagnetic time harmonic problem. The pulse 
field corresponding to an electromagnetic field due to a 
finite aggregate of charges or charges at infinity having 
a harmonic time behavior e~‘ is the field due to the 
very same charges but having a Heaviside unit function 
time behavior, that is, O fort < O and 1 fort > O. By 
means of the relationship between the pulse solution 
and the steady-state time harmonic solution we have 
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derived the proper form of the asymptotic series in those 
spatial regions where reflection only (in the geometrical 
optics sense) takes place and in certain regions of diffrac- 
tion, notably, the regions into which fields diffracted 
by an aperture or an optical lens system penetrate. In 
the cases of directly transmitted and reflected fields the 
asymptotic series which give the spatial behavior of 
FE and H (the time behavior is e~‘“') consist essentially 
of terms in the zeroth and positive integral powers of 
1/w (each multiplied by a phase factor) and in the case 
of aperture diffraction fields the series contain positive 
fractional powers of 1/w. 

The asymptotic form of the fields on and near foci and 
caustics of certain reflecting surfaces, e.g., cylindrical 
reflectors, has been determined by use of the above 
results and Green’s theorem (EM-55). The results give 
the amplitude and phase of the asymptotic solution at 
any point on a caustic in terms of the curvatures of the 
incident wave front and the reflecting surface and of the 
angle of incidence. On the caustic the leading term in 
the asymptotic series is proportional to k!/?-1/" where 
k = 27r/d and vn is an integer greater than 2 whose value 
depends upon the equation of the caustic. At the focus 
of a parabolic cylinder the leading term is proportional 
te k1/?, 

The asymptotic form of fields diffracted by obstacles 
in homogeneous media such as cylinders or spheres in 
free space has posed a more difficult problem. At the 
present time our results limit the forms which obtain in 
such fields (EM-67). The chief characteristic of these 
forms is an exponential decay factor and fractional 
exponents in the series for 1/w. The exponential factor 
(apart from a phase factor) is e~** where O < a < 3} 
and x(x, y, 2) = const are certain determinable equi- 
amplitude surfaces. The fractional powers of 1/w which 
appear in the series depend upon the value of a which is 
needed for a particular problem and are determinable 
in terms of a. If, for example, a = 1/2 then the powers of 
1/w are of the form (1/w)”/?. If a = 1/3, the powers of 
1/w are of the form (1/w)”/%. For other values of a, the 
powers are not simply stated. 

From the theory of these forms of the asymptotic 
series (EM-24, 48, 67) one finds that the coefficients 
satisfy certain linear first order ordinary differential 
equations if one follows the behavior of these coefficients 
along lines or curves orthogonal to surfaces of equal 
phase. These surfaces in turn satisfy the eiconal equation 
of optics, namely, (Vd)? = eu, and are the wave fronts. 
The family of orthogonal curves is then the family of 
rays of geometrical optics. Since the theory of wave 
fronts and rays has been developed only for the phenom- 
ena of reflection and refraction (see also EM-13, 20) it 
is necessary to extend this theory to diffracted fields. 
The chief features of this extension are as follows. 

If a plane wave is incident upon a cylinder of bounded 
cross section the rays of the incident field are just the 
normals of the plane-wave front. Some of these proceed 
directly past the obstacle. Others are reflected according 
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Fig. 1 


to the usual laws of geometrical optics. However, the 
two rays which strike the surface tangentially wind 
around the surface and shed rays tangential to the 
surface as they travel around (Fig. 1). Each of the two 
tangential rays travels around the cylinder an infinite 


number of times. 
E 
a 


Fig. 2 


In the case of rays striking an edge, for example of a — 
perfectly conducting wedge, at an angle a, a partial 


cone of rays is diffracted with the edge as axis and semi- 


vertex angle a (Fig. 2). If the wedge is a dielectric then — 


rays enter the dielectric at £ and fill out another partial 
cone interior to the wedge with vertex at & and semi- 
vertex angle a’ determined by Fresnel’s law of refraction. 


ie 


Fig. 3 


A ray striking a corner (C in Fig. 3) generates diffracted 


rays which spread out in every direction from the corner. 
A ray striking the edge of an aperture normal to the 
surface containing the aperture generates diffracted 


rays in every direction in a plane containing the incident . 
ray and normal to the aperture curve at the point of | 


incidence (Fig. 4). 

In all of the above cases if one takes a point P on the 
incident ray and a point Q on a diffracted ray then the 
optical path from P to Q renders Fermat’s integral 
stationary under the appropriate boundary condition 


that the path must include a point or curve on the dif- | 


fracting surface. 
As noted above, the individual coefficients of the 
asymptotic series each satisfies a first order linear 
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Fig. 4 


ordinary differential equation in which the independent 
variable is arc length or some other suitable parameter 
along the ray. Moreover, the entire set of ordinary 
differential equations forms a recursive system. The 
nonhomogeneous term of any one differential equation 
is known in terms of the solutions of the preceding equa- 
tions. To obtain the unique solutions of these differential 
equations initial values are needed. These can be obtained 
for many classes of problems but there are still difficul- 
ties in, so to speak, starting the asymptotic series along 
rays in the diffracted region. 


One other way of obtaining the asymptotic series has 
been found to be useful in problems of diffraction by an 
aperture or by an optical lens system. The theoretical 

work on the relation between the pulse solution and the 
time harmonic solution of an electromagnetic problem 
has led to a rather broad theorem which states in effect 
that the singularities of the pulse solution (the discon- 
tinuities of the pulse solution or the discontinuities of the 
first or higher order time derivatives) determine com- 
pletely the asymptotic series representation of the 
steady-state time harmonic field (EM-15 and current 
work). If the behavior of the pulse solution in the neigh- 
borhood*of a singularity is known then one can write 
down at once the contribution to the asymptotic series 
due to that singularity of the pulse solution. This 
theorem has been applied to obtain the asymptotic form 
_of well known double integrals which give the diffracted 
fields of rather general, idealized optical lens systems. 
The pulse solution of such a problem can be written 
down at once if the geometrieal optics behavior of the 
lens system is known. Analysis of the singularities of the 
| pulse solution then yields the asymptotic form of the 
_ diffracted field. The method involved here is essentially 
stationary phase extended to double integrals of func- 
tions of two real variables. 


In view of our interest in pulse solutions in behalf of 
the theory of asymptotic solution of electromagnetic 
problems we have solved a number of pulse problems. 
The specific results will be discussed under the subjects 
of propagation and diffraction where these results have 
independent significance and application. 


A number of practical applications of the above theory 
'have been made. Plane, circularly cylindrical, and spher- 
‘ical waves have been treated by the above methods 
with the idea of obtaining general asymptotic formulas 
for waves having these geometrical characteristics. 
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Typical results include, for example, the determination 
of the field due to a line source at the focus of a perfectly 
conducting parabolic cylinder or a point source at the 
focus of a paraboloid of revolution on which the field or 
its normal derivative vanishes. Also included are the 
fields produced by the same surfaces when plane waves 
are incident from the other (convex) side along the 
respective axes of symmetry. These results have been 
checked against the asymptotic evaluation of the exact 
solutions of those diffraction problems for which exact 
solutions are known. 


PROPAGATION IN THE IONOSPHERE 


Though the effect of the ionosphere on electromagnetic 
wave propagation has been studied for fifty years, 
definitive results are lacking. The reason is that the 
ionosphere in the presence of the Earth’s magnetic field 
presents a nonhomogeneous anisotropic medium with 
several parameters such as collision frequency, the gyro- 
magnetic frequency of the electrons, and density of the 
electrons, each varying as a function of position and 
time, about which quantitative knowledge is fragmen- 
tary. Even if the parameters and cénsequently the dielec- 
tric tensor were known precisely the mathematical 
problem of predicting the behavior of a plane wave or 
dipole field which enters the ionosphere from below is 
still beyond the full powers of present-day mathematics. 
Awareness of this fact has led us to undertake funda- 
mental theoretical work bearing on this problem. 

On the assumption that the ionosphere is horizontally 
stratified so that the dielectric tensor varies in one direc- 
tion only, Maxwell’s equations applied to this anisotropic 
medium can be reduced to a system of four first-order 
linear ordinary differential equations in which four of 
the six components of E and A are the dependent 
variables. Hence we have undertaken to study the 
theory of such systems of differential equations. This 
theory had not been advanced very far beyond the 
derivation of existence and uniqueness theorems. 
Even the analogs of some of the many artifices which 
allow one to simplify or to standardize second order 
ordinary differential equations for one unknown function 
have hardly been considered. From the algebraic point 
of view, the most obvious line of approach seems to be 
to attempt to generalize the exponential form of the 
solution of a linear differential equation for a single 
unknown function. (Problems related to this one also 
play a role in the quantum theory of fields.) The purely 
algebraic aspects of the investigations to be described 
apply also to linear operators in Hilbert space. 

We write (BR-3) a system of » homogeneous linear 
differential equations for » unknown functions in the 
form 


dY(t) 
dt 


where A(t) is an ” by nm matrix the elements of which 
are functions of the real variable ¢ and where Y(t) is an 
unknown n by: ” matrix the column vectors of which 


= A(t) Y(), (1) 
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form a set of linearly independent solutions of the system 
of linear differential equations 


n 


dyy 
SoS Ay lt) Vn, v= 
eat u(t) 


In (2) the a,,, are the elements of A and 4, :- 
scalar functions of f. 


We now try to find an ” by n matrix Q(t) such that 


feat. (2) 


-, Yn are 


Y = exp) =T+0+5 4... (3) 


is a solution of (1) satisfying Y(O) = J, where J denotes 
the identity matrix. For sufficiently small values of 
t, Q(t) is given by an infinite series the first terms of 
which can be determined explicitly, viz: 


HE iF Ards ah 4, [i NO) GE Oe 


ACEO 
1S (uo, ['4@ do], [4 io | eras 
(4) 


In (4) the square brackets [ ] denote Lie multiplication; 
that is, for any two m x m matrices L and M, [L, M] 
= LM — ML. The right-hand side of (4) has the follow- 
ing property: If 7A is an Hermitian matrix then 7X is 
again Hermitian for every term X on the right-hand 
side of (4). Formula (4) is the continuous analog of the 
Baker-Hausdorff formula (i.e., of the addition theorem 
of the exponential function in the case of noncommuta- 
tive variables). 

The range of validity of (4) is a finite one in most cases. 
Sufficient conditions for the validity of this formula for 
all values of t have been derived. A case in which (4) is 
certainly valid for all values of ¢ arises if the series on 
the right-hand side terminates. In this case, the formula 
provides a solution of (1) in finite terms (quadratures, 
exponential functions and algebraic operations), because 
exp 2 can be written as follows: 


4), f° A(p) do] do dr 


(2) 


‘ P,(Q) 
exp Q = ex Np ; 5 
pa = D, exp ( “ ‘a)) (5) 
where the X, are the eigenvalues of 2 and 
PEO) (6) 
XN — Az 


is a polynomial in \ which is obtained from the charac- 
teristic equation P(A) = 0 for Q by (6). 
We have investigated the case where 


t 
Q(t) = A(r) dr (7) 
or, equivalently, 


| 40, [4© ar| =0 (8) 


and have found (BR-10) that (8) may hold even though 
it is impossible to find a constant matrix T such that 
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T-1A(t)T is triangular for all ¢t. This shows that (8) 
is a nontrivial test for the existence of solutions in 
finite terms. More general criteria for solution of the 
system in finite terms have also been derived. 

The work on this theory is continuing with the general 
objective of obtaining additional criteria for the solution 
of the system in finite terms. It is hoped that models of 
the ionosphere can be obtained which satisfy one or 
more of these criteria and thereby permit a fuller and 
deeper investigation of propagation in ‘this medium. 

An alternative, and perhaps less ambitious, approach 
to the problem of solving a system of homogeneous 
linear ordinary differential equations has been investi- 
gated. In this approach a full infinite series expansion 
of the solution is involved and retained as such (EM-33). 
The system consists of the same linear ordinary 
differential equations treated above but is restricted to 
self-commuting matrices, i.e., A (x’)A (x’’) = A(x’’)A (x’), 
a condition satisfied by the matrices involved in iono- 
spheric propagation. We shall write the system as? 


COA UG 
dz 


U(Zo) = U,, (9) 
in which U(z) is an m-rowed column vector and A(z) is 
an ” x m square matrix whose elements are functions of — 
real or complex z. (When the elements of A are constants 
the general solution is, of course, the usual linear com- 
bination of m exponential functions.) 

This research starts with the Peano-Baker matrizant | 
representation of the solution of (9). The matrizant of a — 
matrix A(z) is defined as 


oe, +/ A(x) dx; | 


r4 x1 
a Ace) | A(x2) dx2 dx; + +++. 
‘0 20 } 


It can be shown that 


2 40 =e [’ A(x) dx. 


The Peano-Baker matrizant solutidn of the system (9) 
is given by 


2 


Q 


20 


A(x) 


AL Nis Lie ( 


U(z) = 2 
20 P 


However the solution converges slowly and hence is | 
transformed. When the eigenvalues of A(z) are distinct 
then a matrix P(g) can be found such that 

| 


PG) Ace) 


z 
Q 


) 


A(x)? = P(z) 2 


dP (x) 


SEA etm P-\(z,) 


(10) 


1 We shall use z here for the independent variable for the sake | 
of the application which follows. 
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in which the product P-!AP is a diagonal matrix. The 
solution is then given by 


UV Pe) ( ex i 1KE2) ie) |e. o| 


ima. me ae LL) 


where L(x) is a certain diagonal matrix and M(z,, z) is 
a matrix which results from the separation indicated in 
(10). This form of the solution converges more rapidly. 
By further transformation it is possible to write any 
component u;(z) of U(z) as 


g53(x) dx ; 
era 20 i Aj (x) dx 
ee 2, det P(z) f 


-C;(z., 2) det P(z,). 


(12) 


The main feature of this form is that each component 
of the solution is a sum of exponential functions with 
variable exponents and variable coefficients. C; is one 
component of a column matrix and is itself a sum of 
matrizants and hence a sum of a series of multiple 
integrals. 

If the matrix A(z) contains k, where k = 27/\X, in 
such a form that A(z, k) = RA(z) then integration by 
parts applied to the above solutions yields an asymptotic 
series in positive integral powers of 1/k. Hence both 
convergent and asymptotic series representations of 
u;(z) are obtained in this work. 

When the above result is specialized to a system of two 
first-order ordinary differential equations, equivalent 
to one second order ordinary differential equation, the 
first term in the representation is equivalent to the usual 
WKB approximation. Thus the above theory is a 
generalization of the WKB method to systems of 
ordinary differential equations. The representation fails 
when two or more latent roots or eigenvalues of A(z) 
are equal, which points correspond to turning points in 
the usual theory of second-order equations. Connection 
‘formulas are derived to connect solutions above and 
below turning points. 


| The preceding theory has been applied directly to 
jionospheric propagation (EM-56). The ionosphere is 
assumed to have the usual distribution N(z) of electrons; 
and a static earth’s magnetic field, which may vary with 
z, is assumed to be present. The dielectric property of the 
ionosphere is then described by a tensor K(zg) and 
| Maxwell's equations reduce to a system of four second- 
jorder partial differential equations in the transverse 
\components E,, Ex, H;, and Hy» of the vectors — and H. 
By assuming that E and H have the forms 


E = V(z) exp EG ot ay) |, 


H = I(z) exp EG Ap ay) |, 
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the system of partial differential equations reduces to a 
system of four first-order ordinary differential equations 
in the components Vi, V2, Z; and Jz of V and J. The 
system takes the form 


dw : 
dW(z) = i? A(z)W(z), 
dz c 
which is precisely the form treated above. 
As in the general theory, the introduction of a matrix 
P(z) converts the system into 


pees E PAG ie rao) =| Uz). 
dz @ dz 

If the matrix in the brackets could be diagonalized by 
the proper choice of P(z) the solution U(z) would then 
consist of the four u;(z), where u;(z) would be the 
exponential integral of the 7-th diagonal element of the 
diagonalized matrix. One then has the usual character- 
istic waves considered in ionospheric theory. However, 
for a general matrix A(z) whose elements are functions 
of z this diagonalizing process cannot be carried out. 
However, one can choose P(zg) so that P—14 P is diagonal 
if the eigenvalues of A are distinct, that is, if 


lar — AG@)| =.0 


has no repeated roots. This equation is the well-known 
fourth degree equation of magneto-ionic theory. The 
final form of the solution is then shown to be 


u;(z) = exp / 75; (x) ie “exp El A; (x) te 


-C;(Zo, z), 4] ae ie, Zz, 3; 4, (13) 


where 
4 
Ci(Zo, Z) = > 0;;(2)u;(Zo), 
A= 


and where Q,; is an element of a rather complex matri- 
zant. 

What is significant about this solution is that each 
wave consists of three factors; the first is the usual WKB 
solution for the characteristic waves; the second factor 
contains the wave behavior; and the third factor con- 
tains the continuous interaction or coupling among 
four waves. Two of these four waves may be identified 
in special cases as the up-going and down-going ordinary 
waves and the other two, as the extraordinary waves. In 
the general case these four waves are coupled with each 
other continuously. In special cases there are various 
types of uncoupling. It follows from what was said 
earlier that any one of the components of the true E 
and H in the ionosphere is a linear combination with 
variable coefficients of the four characteristic waves. 
The full solution of the problem of a plane wave incident 
from below and satisfying the radiation condition above 
the layer is carried out in this paper. 

If P-!AP cannot be diagonalized then A has repeated 
characteristic roots or eigenvalues and special reflection 
levels are introduced, which are analyzed. In principle 
the solutions may be continued past reflection levels 


248 


because they are exact rather than asymptotic solutions. 

The chief significance of the above paper at the present 
time is to indicate the true complexity of electromag- 
netic wave propagation in anisotropic inhomogeneous 
media as opposed to the rather specialized cases treated 
in the literature. 

A number of special studies of the anisotropic problem 
under restrictive assumptions have been made. In the 
case of low frequency vertical (normal to the earth) 
propagation losses in the ionosphere cannot be neglected. 
For vertical magnetic field, oblique incidence, and 
electron density exponentially increasing with height, 
Heading and Whipple were able to solve the system of 
four equations. An attempt was made (EM-51) to solve 
the corresponding set of equations for vertical incidence 
and oblique magnetic field, but the exact solution was 
not obtained. However, both in our case and in Heading 
and Whipple’s case one has to assume, in order to 
analyze the final results, that the collision frequency is 
either large or small. A comparison of theoretical and 
experimental results shows that neither assumption is 
justified in the 15-150 kc range. 

It is, of course, possible to make more progress in the 
theory of ionospheric propagation if one neglects the 
earth’s magnetic field so that the ionosphere may be 
treated as an isotropic medium. This magnetic field can 
be neglected in the case of low frequency horizontal 
propagation, that is, along the earth’s surface. In this 
case the problem becomes an eigenvalue problem. One 
objective of current research has been the time of 
arrival of the waves. 

We consider first the case of horizontal polarization 
and zero collision frequency. The electron density is 
assumed to be identically zero near the surface of the 
earth and to increase monotonically with height. (Past 
investigators of this problem generally assumed constant 
density and a sharp transition from the lower atmosphere 
to the ionosphere.) Also, the frequency is assumed to be 
low enough to make a ray treatment of the problem 
(consecutive reflections between the earth and the 
ionosphere) inadequate. It became clear from the 
investigation that, except near the antipode of the 
transmitter, the sphericity of the earth has a negligible 
effect; hence the earth was assumed to be flat. 

The Hertz vector u satisfies the wave equation 


Ury + Use + [k? — aN(z)] u = 0, 


where N(z) is the electron density distribution in the 
vertical direction z, 7 is the horizontal distance from the 
transmitter, and a is a constant. To find the modes of 
propagation we solve this equation by separation of 
variables. Assuming that the eigenvalues k,,2 of the ordi- 
nary differential equation involving z are known, the 
separation constant I? is a simple function of the free- 
space wave number &, i.e., T',,? = k? — k,?. We see that, 
just as in the case of a parallel-plane waveguide, each 
mode has a cutoff wave number k,, and that at any 
frequency there will be a finite number of propagated 
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modes. The time required for the signal to travel in the 
n-th mode from the transmitter to a point at distance 7 
is obtained by differentiating the phase of this expres- 
sion with respect to angular frequency, thus obtaining 


t= r/6V 1 — bak) 


Locally the field at the ground can be seen to consist 
of a plane wave incident at the angle sin-1(k,/k) with 
the ground and the corresponding plane wave reflected 
from the ground. Thus the cosine of the angle of arrival 
is equal to the ratio of free-space propagation time r/c 
in each mode to time of travel. 

In the case of horizontal polarization and exponential 
variation of electron density and collision frequency 
the eigenvalues satisfy a transcendental equation in- 
volving Bessel functions. For sufficiently low frequency 
the propagation constants of the first few modes can be 
approximated by explicit functions of frequency and the 
parameters of the problem. Hence the attenuation 
coefficient and group velocity are readily calculated for 
these modes. 

In another of the investigations based on an inhomo- 
geneous isotropic horizontally stratified ionosphere and 
wave theory we have considered vertical propagation and 
sought the reflection time of a pulse having carrier 
frequency w, (EM-27). We solved the monochromatic 
steady-state problem and calculated the complex reflec- 
tion coefficient. The time of travel of the pulse is then 
approximately equal to the derivative of the phase of 
the reflection coefficient with respect to the frequency if 
(1) the magnitude of the reflection coefficient varies 
slowly with the frequency and (2) internal! reflections’ 
within the ionospheric layer are negligible. (The latter: 
assumption has not been generally recognized.) If both! 
assumptions are satisfied and if the electron density’ 
varies sufficiently slowly so that the WKB approxima 
tion can be used to calculate the reflection coefficient we 
obtain an expression for the time delay (reflection time) 
identical with that calculated by others on the basis of 
group velocity considerations. 

The bulk of all investigations in ionospheric wave 
propagation has utilized geometrical optics methods. 
On this basis we showed in an early work (EM-17) how 
to simplify the calculation of the virtual height of an 
ionospheric layer as a function of frequency for 2 
vertically incident pulse by utilizing the Gauss-Christ! 
offel integration method. More recently in work about 
to be published we have improved on the theory fen 
calculating the ion distribution as a function of heigh#! 
by utilizing virtual height data. The anisotropy of the 
ionosphere is retained. The virtual height of reflection | 
Zy, of a pulse as a function of R (ratio of operating| 
frequency to critical frequency) is related to the ioniza 
tion distribution function N(Z) through the integra’ 


\. 
equation 


No(R) | 
OuR ; 
A(R) = i Zi (N) = aN, | 


oO i 
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where Z(V) is the inverse of N(Z), u(Z), the index of 
refraction of the layer, is a function of N and of R, Z,, 
the actual reflection height, is given by u(Z,) = 0, 
and N, = N(Z,). Because of the anisotropy of the 
ionized layer induced by the earth’s magnetic field, 
there are two indices of refraction corresponding to the 
ordinary and extraordinary rays and correspondingly 
two virtual height curves. 

Two procedures have been employed to convert the 
experimental virtual height data into ionization dis- 
tributions. In the first, assumed distributions of the ion 
density as a function of height, e.g., a parabolic variation, 
and a known exact or approximate form of p as a func- 
tion of NV have been substituted; the above integral is 
evaluated exactly; and certain parameters in the dis- 
tribution are determined. The second procedure is to 
assume a practical form for the function »(N) and to 
solve the integral equation for Z(N). A number of cases, 
e.g., propagation of the ordinary ray and extraordinary 
ray, longitudinal propagation (along the direction of the 
earth’s magnetic field) and transverse propagation 
(perpendicular to the direction of the earth’s magnetic 
field) have been treated.? 


TROPOSPHERIC WAVE PROPAGATION 


Attention was called during World War II to marked 
refractive and duct effects of the atmosphere on the 
propagation of uhf waves. It was also gradually realized 
that ducts play a role even at lower frequencies. The 
normal mode theory used before World War II by van 
der Pol and Bremmer for homogeneous atmospheres was 
extended during the war to uhf waves in horizontally 

stratified media and reasonably useful predictions were 
made possible. However, the extended theory utilized a 
flat earth and a modified index of refraction which was 
intended to compensate for the earth-flattening assump- 
tion. This theory proved useful in the diffraction zone 
but calls for the summation of a large number of modes 
in the lit region and particularly near the horizon. 
The eigenvalues and eigenfunctions themselves are 
rather hard to calculate. The continuous spectrum 
(branch-cut integral) was ignored. In addition, it has 
been found that the first mode (eigenfunction) alone, 
which was used to give the field in the diffraction zone, 
| does not suffice to account for the experimental fields 
obtained during the past few years in the far regions of 
diffraction zone. It therefore seemed desirable that the 
necessarily hasty and approximate work done under the 
Pressure of the war emergency be reexamined and im- 
proved. 

_ We have made several studies of the kinds of modes 
and eigenvalues that can occur in cylindrical and 
‘spherical structures. In general these studies determine 
the complete sets of vector orthogonal functions (eigen- 
functions or modes) and their use in the transformation 
of vector electromagnetic problems into formally 


2 See also the discussion of the inverse propagation problem in a 
later section. 
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solvable ordinary differential equations (EM-28, 29, 69, 
and current). The mode determination is based on a 
Green’s function procedure due to Weyl and others for 
the explicit evaluation of complete sets of eigenfunctions 
of differential operators. This formalism was employed 
to obtain a variety of complete sets of orthogonal 
functions applicable for alternative representations of 
electromagnetic fields in spherical regions (EM-29). 
Each representation has different convergence properties 
depending upon the parameters involved. Particular 
applications were made to piecewise constant spherically- 
stratified regions in order to illustrate the phenomenon 
of surface waves as opposed to the so-called residue 
waves. The formalism has also been employed to study 
the mode structure in general cylindrical regions in- 
cluding open and closed regions with variable isotropic 
and anisotropic media (EM-69 and current work). The 
mode solution of electromagnetic field problems in such 
regions requires the knowledge of the appropriate vector 
eigenfunctions E,(x, y) and H,(x, y) distinguishing the 
cross-sectional or transverse electric and magnetic field 
behavior of the a-th mode. In general these possess the 
vector orthogonality property 


[fem Bo =P ie hee x Ey) ds.= bab 


over the cross-section transverse to the z-axis of the 
regions. When suitable symmetry obtains this ortho- 
gonality property reduces to 


[fam x 2. ds = Oadby 


and, in conventional cases, this condition reduces to 


[ [Petras = Onn or | H,: Hy, is = Oab- 


Generally the complete set of modes involves both a 
discrete and a continuous spectrum. These papers 
present the explicit modes /£,, H. for a number of cases 
which illustrate the relative quantitative importance of 
the ordinary and surface waves of the discrete spectrum 
(the surface waves are characterized by an exponentially 
decreasing behavior outside of dielectric regions in which 
they propagate) and the radiated waves of the con- 
tinuous spectrum. The contribution of the continuous 
spectrum to the field has been shown to be negligible in 
propagation over a spherical highly conducting Earth 
(EM-28). 

The eigenvalue problem arising in the problem of 
propagation beyond the horizon using the flat-earth 
modified-index model with a bilinear profile for the in- 
dex of refraction has been investigated by others in great 
detail. However, there is some question as to whether 
the failure of theory to agree with experiment in so far 
as fields deep in the diffraction zone are concerned is 
due to the assumption of a flat earth or to the bilinear 
approximation of the modified index. The claim has been 
made that if a large number of modes is taken into 
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account then this bilinear, flat earth theory is adequate. 
However, the agreement between theory and experi- 
ment so obtained may be fortuitous and due to the 
particular model. It has been deemed desirable to con- 
sider directly the spherical earth and a smooth profile 
for the index of refraction. As a consequence one must 
determine the eigenvalues and eigenfunctions for this 
case and we have undertaken to do so, starting with the 
simpler case of a homogeneous atmosphere. While the 
eigenvalues of this problem are given correctly for the 
lower-order modes in standard references, the values for 
the higher-order modes are obtained from an asymptotic 
form of the Hankel functions whose numerical accuracy 
is open to question. This case and the more realistic 
case of the inhomogeneous atmosphere are currently 
being explored. 

In view of the difficulties in calculating the higher- 
order eigenvalues we are also exploring through idealized 
but somewhat realistic models the maximum fields that 
can be expected in the diffraction zone in order to deter- 
mine whether the refractive effect of the atmosphere and 
diffraction by the earth could possibly account for the 
high fields obtained experimentally. Many investigators 
are convinced that full explanation of the large, fluctuat- 
ing diffraction fields obtained experimentally at distances 
of several hundred miles from the transmitter and at 
frequencies well above those reflected by the ionosphere 
is the scattering of radiation from large irregular air 
masses. Several ad hoc theories on the effect of such 
scatterers have been developed by other workers. We 
are therefore attempting a fundamental approach to the 
problem of scattering by a distribution of point scatterers 
contained in a finite volume of an otherwise homo- 
geneous medium. At the present time our objective is to 
extend the theory of Foldy, developed by him for scalar 
waves, to the scattering by an assemblage of Hertzian 
oscillators. The volume is assumed to be excited by a 
plane wave and we seek the coherently scattered field. 
The particles are assumed to have the same spatial 
probability distribution function and to be mutually 
independent, and the final field is obtained as an average 
over all configurations or ensembles. Using the Foldy 
formalism we have succeeded in reducing the problem of 
obtaining the average field to one of wave propagation 
in a continuous medium; in particular, the well-known 
Lorentz-Lorenz formula for the index of refraction in 
dispersive media has been obtained. There remains the 
problem of justifying the fundamental approximation 
employed by Foldy. 

Some attention is being given by electromagnetic 
research men generally to the important question of 
whether by choice of a proper “‘earth’’ and/or by a 
proper distribution of sources one can concentrate radia- 
tion along the earth at the expense of the field radiated 
in other directions and thereby increase the effective 
range of propagation. Application of such theory could 
be made also in the design of special trapped wave 
antennas and coated transmission lines (Gobau line). 
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We have investigated the effect of a dielectric slab over 
an imperfect earth (EM-65), the case of a perfect earth 
having been investigated by othérs outside our group. 
The source is a vertical dipole. The results are asymptotic 
formulas for the components of the electromagnetic 
field at points within and just above the slab but not too 
near the dipole. This work also yields the dependence of 
the propagation constants of the modes in the slab on 
the slab thickness, ground conductivity, and other 
factors. The present phase of the work»is being directed 
toward obtaining an extension of the asymptotic formulas 
which will enlarge their domain of validity and in par- 
ticular will permit a quantitative discussion of how the 
surface-wave modes cut off. This extension is based on 
certain results of van der Waerden by which he has 
generalized the ordinary steepest descent formulas for 
the asymptotic representation of integrals. In connection 
with this problem we call attention to the general 
theory of mode representations mentioned earlier in this 
section. 

The preceding investigation considers the effect of a 
coating layer but the possibility of exciting surface waves 


or at least increasing the radiation in the horizontal — 


direction by a proper choice of sources has also been in- 


vestigated. We have considered (EM-70) the reflection 


and refraction of an arbitrary electromagnetic wave by a _ 


dielectric slab separating two different media. Explicit 
expressions are obtained for the radiation field in terms 
of the incident radiation field. These expressions are 


valid when the point of observation is not too near the | 


plane interface. The method is extended to cover the 
case of one surface deviating slightly from a plane. 


Another study considers an infinite anisotropic slab | 
of thickness d backed by a perfectly conducting metal — 


sheet. For simplicity we assume that the dielectric con- 
stants of the slab in the three principal directions are 
€o) €0, €3, Where €, is the dielectric constant of free space. 


We show that this structure will support surface waves © 


in certain directions only. These directions will be in a 
dihedral angle perpendicular to that axis of the slab for 


which the dielectric constant is e3. We now consider the — 
far field produced by a point dipole placed above the | 


slab. In directions outside of this dihedral angle the field 
will be that of a space wave which varies inversely as the 
distance from the source. In the other directions the field 
will be made up of a space wave and a surface wave 
which decays exponentially with distance from the slab 
while on the slab it varies inversely as the square root of 
the distance from the source. 

A current investigation has extended results obtained 
by Cullen on the excitation of surface waves. Cullen 


considered a horizontal line magnetic source located at | 
height h above a corrugated surface and showed that | 


there exists a height #, such that the leading term in the 


asymptotic expansion of the radiation field vanishes — 
at the surface; he also found a height h; at which the | 
ratio of the energy per unit area in the surface wave to 
the energy per unit area in the radiation field is a maxi- 
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mum. We have considered both two- and three-dimen- 
sional cases; the corrugated surface is replaced by a 
dielectric medium of finite or infinite thickness with 
dielectric constant a function of height. In the two- 
dimensional case our source is a horizontal magnetic line 
source and in the three-dimensional case it is a hori- 
zontal circular ring of magnetic dipoles. The first result 
of Cullen has been obtained for these two cases. Cullen’s 
second result is now being investigated for our condi- 
tions. 

A number of special studies in propagation will be 
mentioned briefly merely to call the attention of in- 
terested readers to their existence. We have treated 
(EM-76) the two-dimensional problem of the propaga- 
tion of an acoustic wave in the xy-plane above the line 
y = 0 wherein the index of refraction is of the form 
f(x) + gly) with g(y) monotonically increasing to 
infinity with y. Both the pulse and steady-state solu- 
tions are obtained. The results include the field in part 
of the shadow region; the method is an extension of that 
used in EM-64 to be discussed under diffraction. 

Numerous investigators have attempted the problem 
of reflection and transmission over a rough sea. Their 
results must be regarded as tentative because no one is 
quite sure as to what the most useful idealization of the 
problem should be. We have completed two papers on 
the subject (EM-40, 58) but can make no affirmation 
as to their usefulness. Currently we are attempting to 
analyze the differences in air-to-air communication over 
land as against over the sea. 

We have considered propagation through a cold front 
_(EM-23), which idealized amounts to two semi-infinite 
_homogeneous dielectric media separated by an oblique 
plane boundary, all over a perfectly conducting flat 
earth. The resulting fields are expanded in powers of the 
difference between the dielectric constants of the two 

semi-infinite media. The terms retained in the solution 
yield the geometrical optics field plus diffraction effects 
_from the corner. Another isolated propagation study is 
that of propagation from land to sea in a homogeneous 
atmosphere (EM-46); the two-part boundary condition 
is handled by the Wiener-Hopf integral equation method. 


THE INVERSE PROPAGATION PROBLEM AND THE 
SYNTHESIS PROBLEM 


There are two closely-related problems which concern 
the differential equation 


| Cue) + E _ ve) | uk, x) = 0 


taken over the infinite interval -~ < x < o. This 
equation and others reducible to this one are involved 
in tropospheric and ionospheric propagation with no 
magnetic field, the theory of waveguides with variable 
cross-section, transmission lines with variable inductance 
or capacitance, propagation through an infinite slab 
with dielectric variable in the direction perpendicular 
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to the faces of the slab, and other physical phenomena. 
The function V(x) characterizes the inhomogeneous 
structure in each case. The inverse propagation problem 
would then be to determine V(x), the index of refraction, 
from a knowledge of the asymptotic behavior of the 
solution at large distances. This inverse problem has 
been solved on the semi-infinite interval by Gelfand and 
Levitan. We have solved the problem in an infinite 
interval provided V(x) = 0 for x less than some number 
a (EM-74). 


Solutions of the above equation exist of the form 
ef 1 Bike for x3 — oe. 


Here B(k) is the reflection coefficient as a function of 
the wave number. Given B(k) as an analytic function of 
complex & [it is analytic under proper assumptions on 
V(x)| for waves vertically incident on the troposphere 
or ionosphere, it is possible to determine the index V(x). 
Also, if B(R) is known as a function of the angle of inci- 
dence of plane waves, all at one frequency, (in which 
case k involves the angle of incidence a) we can calculate 
Via). 

Where the medium or circuit is at our disposal and 
can be constructed, the same theory solves a number of 
what are called synthesis problems. Thus, if the reflec- 
tion coefficient of a layer is specified as a function of the 
angle of incidence of plane waves incident on the layer 
we can determine what the variable index of refraction 
of the layer must be and construct one accordingly. Also, 
if the reflection coefficient is specified to be less than a 
given quantity for all frequencies of a specified band, the 
index of the layer can be determined. Further, if we are 
permitted to approximate the desired reflection coeffi- 
cients by rational functions then V(x) can be obtained in 
closed form. This theory is applicable to the design of 
radomes. The same synthesis problem occurs in non- 
homogeneous transmission line and waveguide design 
and in the construction of filter networks. 

This work is being continued with particular emphasis 
on the synthesis problem. It is desirable for example, to 
have some criteria applicable to the reflection coefficient 
which would force V(x) to vanish outside a finite interval 
or to satisfy other conditions. These questions arise 
from the problem of the physical realizibility of V(x). 
The objective is broadband synthesis work. 

Generalizations of the above results are being pursued 
in two different directions. The first of these is to con- 
sider operators other than the one above and which 
might apply to problems connected with electric circuits 
consisting of discrete elements. The second direction 
is generalization to more dimensions, e.g., to the equa- 
tion Au + (k? — V(x, y, z)) u = 0. Typical of the ques- 
tions one seeks to answer in this connection is the 
following. Suppose that an amplitude function 
A(di, dz, k) is specified where d; is the direction of an 
incident wave, de, of a transmitted wave, and k, the wave 
number, can one find an index n(x, y, z) such that a 
plane wave incident in the direction d, will have the far 
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zone amplitude A in the direction d,:? This problem 
arises in the design of wide-angle, variable index micro- 
wave lenses. Some results applicable to the theory of 
quantum fields (our report CX-18 not listed in the 
bibliography) have been obtained for the related prob- 
lem of determining an unknown linear Hermitian opera- 
tor from a known operator and a spectral measure 
function associated with the two operators. In the special 
cases already studied a knowledge of the spectral 
measure function is equivalent to a knowledge of the 
reflection characteristics of the eigenfunctions of the 
unknown operator. 

A more limited investigation in the domain of the 
inverse propagation problem and applicable to the 
ionosphere has been completed. A major problem in 
ionospheric research is that of deducing information 
on the structure of the ionosphere from soundings by 
electromagnetic waves. If one neglects collisions and the 
earth’s magnetic field, the electron density can be 
calculated from the time of travel of a pulse sent up to 
the ionosphere and reflected by it, provided this time is 
known as a function of frequency from zero to some 
frequency and, what is more important, provided the 
electron density increases monotonically with height. In 
the case of multiple layers (those with more than one 


Fig. 5 


maximum) the method fails. (Fig. 5). We can ask the 
question: Suppose we had more information than 
soundings from the ground, how could we utilize them? 
Continuing to treat propagation in the ionosphere from 
the group velocity point of view, we could postulate that 
we have a station above the ionosphere, and that we 
can make soundings from below, above, and through 
the ionosphere. The last type of information, the time 
of transit of a pulse through a valley (a region between 
maximum ion densities) as a function of frequency (from 
penetration frequency to infinity), permits us to calculate 
the distribution in the valley though not uniquely. All 
we can hope to obtain is the width of the valley at any 
density, n(V). For more complicated distributions we can 
obtain the cumulative width of the valleys, &n(JV). Since 
the mathematical procedure involves taking a Mellin 
transform and later an inverse Mellin transform it is ap- 
plicable, for the time being, to transit times which are 
analytic functions of frequency; a suitable approximation 
procedure would have to be worked out to handle 
numerical data. 
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Since transit time is equal to the derivative of the 
phase of the transmission coefficient with respect to 
frequency, the problem is closely related to that of 
calculating medium properties from the scattering 
matrix. Because the above method uses the group 
velocity only, we cannot obtain the ion distribution 
uniquely, but the procedure is simpler and yields such 
information as the depths of valleys, curvature at the 
bottom, and other quantities. 


DIFFRACTION THEORY 


Under this subject we shall consider problems gen- 
erally involving homogeneous media with obstacles 
represented by sharp discontinuities in the medium. 
These obstacles may be pure dielectrics or possess con- 
ductivity. 

We shall begin with a discussion of a method for 
obtaining the far field scattered by a combination of 
obstacles when the far field scattered by the individual 
obstacles is known. Let us consider two obstacles LZ and | 
R of arbitrary shape and size but separated by a dis- 
tance large compared to their sizes. We may regard the 
field at any arbitrary point P as due to the incident field, — 
the (total) field scattered by L and the (total) field 
scattered by R. If P is sufficiently far from ZL, the field 
scattered by L is of the form 

ikp | 

= epee inl 14) | 

Ur(P) =4Cr Wis 1(8), (14) 

where p and @ are the polar co-ordinates of P with 

respect to some arbitrary origin in ZL since Uz isa far | 

field, and F,(6) is a function expressing the scattering | 

amplitudes in various directions. Similarly there is an 

FR(8). The scattering amplitude of the combination is _ 

F,(6) + Fr(@) (where the origin is arbitrary since we | 

are concerned with far fields). Let Fzo denote the 

scattering amplitude of Z in the absence of R and Fro, | 

the scattering amplitude of R in the absence of L. We 
first obtain F; + Fr in terms of Fro and Fro. 

Let us use the notation F(, 0.) to indicate the scat- 
tered field in the direction 6 due to an incident wave 
having direction 6,. If now P is on L, by (14) 

5 ikd 
Sits 


rk Vg ik 


Ur(P) = e*P Fa(m, 80) 


4 } 
= ye ™P F,(x, 6c), (15m 


because with respect to the origin in R, the direction of | 
P is approximately 7a, d is the distance between the 
origins in L and R and xp is the x-co-ordinate of P 


Fig. 6 


with respect to the origin in L (Fig. 6). That is, the | 
effect of R on L is that of a plane wave with unknown | 
constant amplitude Fr(z, 6.). The effect of L at a 
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general point P is the scattering due to L alone of the 
incident wave and the scattering by L of the plane wave 
incident on L from R. Hence we may write for the far 
field amplitudes 


Fi(6) = F(6, 60.) = Fro(8, 0.) + yFr(m, 60) Fro(6, 7). 
(16) 
Similarly, 
Fr(0) = Fr(6, 60) 
= Fro(6, 00) + yF1(0, 6.)Fro(@, 0). (17) 


If we set 9 = 0 in the first equation, set 96 = 7 in the 
second equation, and remember that Fro and Feo are 
supposed known, we obtain two linear equations in the 
two unknowns, Fr(z, 6.) and F;(0, 0,). Hence F,(6) 
and Fr(@) are determined. 

It is now possible to obtain the approximate total 
field of the combination in terms of the assumed known 
fields of the separate obstacles. Again using the sub- 
script O to denote the field scattered by an isolated 
obstacle we may say that 
UCP, 60) Bre Uing CP) Hr Uro(P, CP) 

+ yFr(m, 0.)Uxro(P, 7) + Uro(P, 4.) 
+ yF1(0, 0.) Uro(P, 0). (18) 

In words, the total field at P due to a wave incident 
from the direction @, is the incident field, plus the field 
scattered by L alone due to the incident field, plus the 
field scattered by Z due to the plane wave incident upon 
it from R, which has the direction 7 from L, plus the 
field scattered by R alone due to incident field of direc- 
ition 6,, plus the field scattered by R due to the plane 
wave incident upon it from L, which has the direction 
0 from R. Since y is known and the quantities F(z, 6.) 
and F,(0, 6.) were obtained previously the total far 
field is known. The third and fifth terms in (18) may be 
iregarded as the correction terms to single scattering 
itheory. 

The coefficients of the correction terms are quotients 


| 1 

jwith denominators of the form 1 + 0 Lal . If the 
V kd 
denominators are simplified by ignoring the higher order 
iterms we obtain a general formula for first order multiple 
scattering which may be adequate in some problems. 
owever, as noted below, there are cases where the 
igher-order terms should not be neglected. 

_ The above method holds even if the size of each body 
fis comparable to or larger than the spacing provided 
each body subtends a small angle when viewed from any 
yother body of the combination of obstacles, for example, 
Lio half-planes forming a slit. In this case the respective 
jubtended angles are 0 even though the bodies are 
"infinite in size. In so far as the slit problem is concerned, 
jstrictly each body is excited by a line source rather than 
h plane wave. However there is a little known reciprocity 
theorem which states that the far field in the direction 6 
bf a line source is expressible in terms of the near field of 
plane wave incident from the direction @ and evaluated 
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at the line source. When the line source is itself remote 
we can replace the near field of the plane wave by the 
far field of the plane wave, thus obtaining a further 
simplification because the coupling effect still involves 
only the response of cylinders to plane waves.* 

The above method can be applied to n bodies with the 
modification that if the objects are all different then one 
must then solve n(m — 1) simultaneous algebraic equa- 
tions. However in the case of a grating, where the 
obstacles are congruent and in one line, only two 
algebraic equations must be solved. The problem of 
diffraction by a grating has, of course, been treated by 
numerous authors under the restrictions that either the 
elements are infinitesimal cylinders, the ratio of spacing 
to wavelength is small, the interaction of the cylinders is 
neglected, or the cylinders are taken to be circular. The 
above method allows the grating elements to be arbi- 
trary congruent cylinders of arbitrary size; however, it 
assumes that the largest diameter of an element and 
the wavelength are small compared to the spacing. It 
supplies a relation between the spectral amplitudes for 
the grating and the far field amplitudes of an isolated 
element. If the higher order terms in the denominator 
of the correction term are neglected then the result is 
good only on the assumption that there is no spectrum 
in the plane of the grating. 

This so-called resonance case results under normal 
incidence when the wavelength equals the spacing. In 
this case the procedure of simplifying the denominator 
will not work because the sum of the terms to be ne- 
glected become infinite. Thus the first-order multiple- 
scattering result is inaccurate. When the full denominator 
in the correction term is retained the resulting expression 
is indeterminate. We have however evaluated the limit 
as resonance is approached. The results involve cer¢ain 
second- and third-order determinants formed from the 
array of single scattered amplitudes. The vanishing or 
nonvanishing of the determinants is critical for the 
calculation. Detailed consideration of the result shows 
that, in contrast to the nonresonance case, interaction 
can never be neglected near resonance. The intensity in 
each spectrum for wavelengths near resonance can be 
markedly different from that for other wavelengths, and 
our formulas exhibit this feature as well as a dependence 
on the resonance of the single scatterer. We believe that 
these results bear directly on the well-known problem 
of grating anomalies, which has been discussed analytic- 
ally by Artman for the case of a reflecting grating. But 
the results also indicate that anomalies are conceivably 
not a necessary consequence of resonance in the case of 
conducting cylinders; the shape of the cylinders may be 
equally significant. 

Before leaving the subject of the above method, 
which has been discussed here primarily in connection 
with gratings and slits to which it has been successfully 
applied, we should like to mention that the method seems 


3 The slit problem proper is discussed below. 
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applicable to such problems as diffraction by a pair of 
parallel, long but finite plates and by a finite cylinder. 
Turning to specific classes of diffraction problems we 
mention first some other work on gratings. We have 
treated the diffraction of a plane wave by a semi-infinite 
array of parallel, equidistant, congruent conducting 
cylinders The object of the work is to compare the 
results with those for a grating which is infinite in both 
directions so as to ascertain the end effects and their 
relative importance. The analysis is materially simplified 
if we restrict ourselves to cylinders of infinitesimal cross 
section. The currents A, which are induced in the n-th 
cylinder (n = 0, 1, ---) are then determined by an 
infinite system of algebraic equations. Considering 
interaction of each wire with only its NV nearest neigh- 
bors, we solved this system by very simple considerations 


(ee) 
involving the generating function A(z) = > Age lt 


total interaction is considered the system of equations 
can be solved by the use of the discrete Wiener-Hopf 
theory, such as is employed in Wiener's theory of dis- 
crete prediction. A method is now being studied for the 
evaluation of the resultant cumbersome expressions. 

In earlier papers devoted to the grating problem 
(EM -26, 34, 39, 54, 58, 59) we approached the grating asa 
set of half-cylinders (also hemispheres) equally and then 
randomly spaced on a conducting plane. In these papers 
the attempt to include multiple scattering, that is, the 
interaction of the elements on each other, was handled 
by a purely algebraic summation of the fields scattered by 
the individual elements when illuminated by the inci- 
dent plane wave and by the first, second- and higher- 
order fields scattered by the other elements. However, 
the resulting expressions were clumsy and were useful 
only for special cases such as a grating of two or three 
elements and for particular directions of the incident 
wave such as grazing incidence. In two other papers on 
the grating (EM-18, 41) the variational method was 
applied to a plane grating consisting of equally spaced 
cylindrical wires illuminated by a plane wave incident 
at right angles to the grating element but not necessarily 
to the grating plane. The amplitudes of the spectra of 
various orders were calculated by using as a trial current 
distribution that induced in a single wire by the plane 
wave. Interaction effects are included. 

The classical problem of diffraction by an aperture 
in a screen and the complementary problem of the disc 
has attracted our group as it has others. Interest in the 
problem is both mathematical and practical. On the 
mathematical side it is one of the few problems that has 
been solved exactly in both the scalar case (Bouwkamp) 
and the vector case (Meixner and Andrejewski). One can 
therefore study electromagnetic techniques by testing 
them on this problem or use the aperture problem as a 
model for the investigation of more complex problems. 
On the practical side this theory has been applied to 
irises and slots in waveguide and antenna structures. 
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Current research on this problem including our own is 
concerned with approximate solutions because the exact 
solutions are laborious to compute. In one of our early 
papers on this subject (EM-19) we compared the 
Kirchhoff method for treating acoustic diffraction by a 
disc with Bouwkamp’s exact solution. The comparison 
established the fact that the Kirchhoff method is more 
accurate than commonly supposed. 

The circular aperture problem for a normally incident 
plane wave was treated variationally by Levine and 
Schwinger. The exact diffracted field is obtainable from 
a knowledge of the correct field in the aperture. To ob- 
tain the latter field these authors used the static field as a 
trial function. The essential difficulty in their approach 
is the solution of an infinite system of linear equations, 
the unknowns of which are the coefficients of an expan- 
sion of the true field in the aperture in terms of a properly 
chosen set of functions. 

We have shown (EM-32) that the matrix of this 
system of equations is of a comparatively simple nature. 
Its investigation provides a rigorous proof of the con- 
vergence of the perturbation procedure for sufficiently — 
small values of ka(k = 27/\, a = radius of the aperture). 
Bouwkamp proposed a change of the set of functions in 
terms of which the field in the aperture is expanded. 
Using his set, the matrix of the infinite system becomes 
the identity for ka = 0 (static case) and tends towards 
a matrix Mgwhich has a formal inverse for ka — o 
(optical case). Also, the new system can be shown to be | 
equivalent with a Fredholm equation of the second kind | 
which has a unique solution for all real values of ka. ° 
Attempts are being made to utilize these facts for a 
better analysis of the behavior of the diffracted field — 
both for large ka and for an investigation of the trans- | 
mission coefficient as an analytic function of ka. ; 

The transition from large ka to ka = © in which the . 
aperture field for large ka appears as a perturbation on_ 
the ka = © or optical case presents special difficulties. 
If ka — « the Fredholm integral equation of the second ! 
kind degenerates into one of the first kind. For the | 
limiting case the equation can be solved explicitly, | 
giving the optical solution. However the transition 
from large ka to ka = © involves complicated asymp- 
totic forms of the kernel of the Fredholm equation and 
these are being studied. 4 


The exact series representations of the scalar andy 
vector fields diffracted by a circular aperture, which | 
involve spheroidal functions, lend themselves readily 
to calculation at long wavelengths but prove unsuitable 
at short wavelengths where even verification of the’ 


geometrical optics limit is analytically difficult. alll 


we are currently considering a plane wave normally 
incident on the circular aperture in soft or hard screens | 
(¥ = 0 or 0,4 = 0 on the screen) and are seeking the! 
explicit lowest-order correction, in reciprocal powers of ! 
ka, to the geometrical optics transmission cross section. 
The method is the variational one applied to an integral: 
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equation formulation of these problems. Thus, for the 
soft screen, an integral equation describing the distribu- 
tion of 0,¥ on the shadow face affords a convenient 
basis. By appropriate modification of the Green’s func- 
tion occurring in the integral equation, the high fre- 
quency behavior of 0, can be obtained, and utilized 
for the calculation of the transmission ‘cross section. 
The first approximation to 0, is that pertaining to a 
local infinite straight edge at each direction tangent to 
the aperture rim, as proposed by Braunbek on physical 
grounds. In the next approximation, a supplement to 
the Braunbek distribution is again associated with a 
straight edge configuration, where however, the excita- 
tion arises from a (secondary) plane wave at grazing 
incidence. The grazing wave describes an interaction 
between points at (roughly) opposite ends of an aperture 
diameter. It is noteworthy that even a first correction to 
the geometrical cross section obtained in this way proves 
reliable at moderate frequencies, a feature well known 
in other instances of asymptotic expansions. This 
circumstance contrasts markedly with the behavior at 
low frequencies, where successive terms in a power series 
expansion do not significantly extend the qualitative or 
quantitative aspects of the cross section. 


We are also considering currently diffraction by 
apertures of arbitrary shape. We seek to carry the 
analysis as far as possible without specification of shape 
and to examine the relationship between the vector and 
scalar cases. By an analysis too detailed to present here 
we have found that the determination of the solution 
of the vector diffraction problem in terms of the solution 
of the scalar problem depends upon the solution of an 


_integro-differential equation for a function, c(s), which 
_ expresses the coupling between the electric and magnetic 


fields determined by the edge. The kernel of this equa- 
tion depends only upon the geometry of the aperture. 


The present formulation makes it possible to examine 
_ the existence question for the problem of vector diffrac- 
tion by a plane screen with an arbitrary smooth rim, 
under the assumption of the existence of scalar Green’s 
and Neumann’s functions which are O(p!/?) at the rim. 
_An investigation of these questions was therefore com- 
-menced, with the following preliminary results: (1) 
We can show rigorously that any scalar wave function 
which tends to zero uniformly as the screen (including 
the edge) is approached has a Taylor’s development in 
powers of p!/? sin ¢/2. If the edge is analytic we have 
an infinite power series. This result was obtained by the 
introduction of local parabolic co-ordinates, § = Vp 
|cos ¢/2, » = Vo sin@¢/2. These act as uniformizing 


variables and permit the application of a generalized 
reflection principle. The result makes possible the proof 
of a simple uniqueness theorem for bodies with edges. 
(2) We have set up the problem of determining the 
scalar Green’s function in terms of an integral equation 


| of the first kind, by a representation of the scattered 
| field as a simple layer. Then, conformally mapping the 
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domain of the integration into the interior of a circle 
and using the known static Green’s function for a circu- 
lar disc, we converted the equation into an integral 
equation of the second kind. The properties of the 
resulting kernel are now to be investigated, with a view 
to applying the Fredholm theory. A similar attack in 
terms of the static solution for the disc is also being 
examined. 


The two-dimensional aperture problem, that is, the 
diffraction of a plane wave by a slit in an infinite con- 
ducting plane, has also been treated. Mention of one 
such investigation was made earlier in this section and is 
here elaborated. A rigorous solution in terms of Mathieu 
functions has been given by Morse and Rubinstein and 
by Skavlem, and approximate solutions have been given 
by Sommerfeld, Bouwkamp, and Groschwitz and Honl. 
If d is the half-slit width, \ is the wavelength, and 
k = 27/X, then we can say that the rigorous solution is 
useful for kd < 10, while the approximate solution 
mentioned above is useful only for much smaller kd. 
On the other hand Schwarzschild has demonstrated a 
series of successful approximations which converges for 
all kd, but is especially useful in the limit kd > o. 
Schwarzschild evaluated the leading term, which is 
useful only in the optical limit and which represents the 
half-planes as scattering independently. The present 
work bridges the gap in the range of kd covered by 
existing solutions and obtains the form of the correction 
term* in the expansion of the solution for large kd. It 
proved possible to show a priori that the correction term 
could be represented as a superposition of the fields 
scattered by each half-plane separately, when each 
half-plane is under the influence of a line source of a 
suitable complex constant amplitude. The necessary 
amplitude could be determined from a pair of algebraic 
equations. For the case of a normally incident plane 
wave, the resulting far field angular pattern was calcu- 
lated at 10-degree intervals and for 12 values of kd in 
the range 3 < kd < 8. These results were compared 
with the results which we calculated from the exact 
Mathieu function solution. It was found that our inter- 
action term correctly supplies an essential correction 
to Schwarzschild’s results. One may conclude that for 
3 < kd < 8, and a fortiori for larger kd, the present 
elementary solution may be employed with confidence 
(EM-75). 

The problem of diffraction of electromagnetic waves 
by an infinite slit in a perfect conductor at the interface 
between two different dielectric media has also been 
solved by expanding the fields in each medium in terms 
of appropriate Mathieu functions (EM-68). By matching 
these expansions across the slit an infinite set of linear 
equations is obtained for the coefficients in the expan- 
sion of the diffracted fields. The solution is put in such 
a form that numerical results can be readily obtained. 


4 Reference should be made to the discussion of the method 
described at the beginning of this section. 
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Of considerable mathematical interest, especially in 
connection with diffraction problems, is the behavior of 
electromagnetic fields at edges or corners. In one paper 
(EM-71) we investigated the effect of a local discon- 
tinuity of dielectric’ constant upon the singularity in 
field strength which occurs in the neighborhood of a 
geometrical singularity of conductor. The work is con- 
fined to the electrostatic case. We consider first the case 
of a wedge-shaped conductor placed between two 
different dielectrics so that the plane interface passes 
through the vertex of the wedge. For this problem the 
dependence of the singularity on the various parameters 
is studied in detail and, in addition, the Green’s function 
is derived. It is found that when the wedge is symmetric 
with respect to the interface the singularity is unaffected 
by the presence of a discontinuity. Also, if the greater 
angular region has the greater dielectric constant the 
singularity is increased and vice versa. It is also noted 
that, in the symmetric case, the Green’s function can be 
expressed, by the method of images, in terms of the 
Green’s function for a conducting wedge in free space. 
The second of these results is then extended to the case 
of an arbitrary symmetric distribution of conducting 
material. The extension of the first result is then de- 
duced. 

In another paper (EM-72) the behavior of an electro- 
magnetic field in the neighborhood of the common edge of 
angular dielectric or conducting regions is determined 
from the condition that the energy density must be 
integrable over any finite domain (the so-called edge 
condition). Two cases are treated in detail, namely, (1) 
a region consisting of a conducting wedge and two differ- 
ent dielectric wedges with a common edge, and (2) a 
region consisting of two different dielectric wedges with 
a common edge. It is also shown that near such edges 
electrostatic and magnetostatic fields will exhibit the 
same behavior as the electromagnetic field. 


The singularity at the corner of a plane sector due 
to a dipole field has been approached through the use of 
the sphero-conal co-ordinate system of which the sector 
is a co-ordinate surface. This co-ordinate system is made 
up of two families of right elliptic cones whose axes are 
orthogonal at the common apex and a family of con- 
centric spheres about this point. The co-ordinate system 
is orthogonal; also, there are solutions of the scalar wave 
equation in the form of a product of three factors each 
of which is a solution of an ordinary differential equa- 
tion. The boundary conditions give eigenvalue problems 
for each of these equations. One equation has as its 
solution the spherical Bessel functions. The other two 
equations are Lamé equations. The Green’s function 
can then be obtained without difficulty. Basically then, 
the problem has been reduced to finding the eigenvalues 
and eigenfunctions of Lamé’s equation. The procedure 
for studying this problem is analogous to that used in 
the theory of Mathieu functions and spheroidal func- 
tions. Expansions of the Lamé functions have been 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


obtained in terms of half-angle trigonometric functions 
and regular (at +1) associated Legendre functions. In 
general, three-term recurrence formulas for the coeffh- 
cients of the series are obtained in both cases. The 
simultaneous solution of these recurrence equations is 
being studied. One set of eigenvalues determines the 
behavior of the solution near the sharp corner of the 
sector. 

We mention in passing that like other research people 
we have studied the diffraction of pulses, point sources, 
and line sources by discs, wedges, cylindrical surfaces of 
various cross sections, the cone, the sphere, thin shells, 
truncated cones, paraboloids of revolution, wedges with 
rounded corners, the corner reflector, and other shapes 
(EM-21, 36, 43, 45, 52, 53, 64, 66, 172-5). Reference is also 
made to some diffraction studies noted previously. We 
recognize, of course, that these problems have been 
worked on by numerous other investigators. However, in 
each of the above-mentioned investigations there is some 
aspect, methodology or a more useful representation of 
the solution, which we believe to be new. 

An example taken from current work is the old prob-— 
lem of the scattering of an incident plane wave by a- 
conducting sphere. We are concerned with obtaining a 
rapidly converging asymptotic form for large ka of the 
wave scattered by a perfectly conducting sphere of 
radius a. A solution for the total field expressed in terms 
of the radial eigenfunctions has been obtained. The 
eigenvalues for these functions are complex due to the 
non-Hermitian boundary condition at infinity. These | 
eigenvalues may be obtained by a saddle point ap-. 
proximation, but the initial values occur where the | 
saddle point method breaks down. For these values, an 
expansion near the turning point is made in terms of 
Hankel functions of order one-third. The behavior of ‘ 
the Hankel function for three different radii, the radius 
of the sphere, the distance to the source, and the distance 
to the observer is needed. To facilitate obtaining this ‘ 
information, the behavior of the Hankel function is: 
discussed in terms of their saddle points using the’ 
Sommerfeld integral representation. A method for’ 
constructing the paths of steepest descent is found that 
is valid for all saddle points and that reduces to the‘ 
“Debye contours” when the index is real. | 

Finally, a review paper (EM-50) which discusses 
critically recent work in diffraction theory with special | 
reference to the aperture problem should be noted.° 


THE THEORY OF ANTENNAS ] 


A large number of the research efforts described above | 
in connection with quasi-optical field theory, propaga- | 
tion, and diffraction bear directly on the theory of. 
antennas. For example, the determination of fields’ 
diffracted by parabolic cylinders or paraboloids, the, 
theory of surface waves, the calculation of the field on a. 


_ °A broader review of current work in diffraction theory is 
given by C. J. Bouwkamp, “Diffraction Theory,’ Reports on, 
Progress in Phys. vol. 17, pp. 35-100; 1954. t 
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caustic of a parabolic cylinder, and the work on the 
asymptotic field diffracted by an idealized lens system 
are applicable to antenna systems and to microwave 
dielectric lenses. However, a few of our papers were 
undertaken with the antenna problem specifically in 
mind and we shall therefore discuss them here. 

Several papers have been devoted to the broad prob- 
lem of determining the possible radiation patterns and 
the relationships of these patterns to sources. We treated 
first the scalar problem and obtained (EM-62) a neces- 
sary and sufficient condition that a far field angular 
pattern must satisfy in order that it be the radiation 
pattern of some distribution of sources enclosed in a 
finite volume. From this theorem it follows, in par- 
ticular, that no far field pattern can be identically zero 
in any angular sector. The corresponding vector problem 
has just been treated. An electromagnetic radiation 
pattern is defined as a tangential vector field on the unit 
sphere; this field describes the asymptotic behavior at 
infinity of the full electromagnetic field. The square of 
the modulus of this tangential field determines how the 
radiated energy depends upon direction. As in the scalar 
case, a necessary and sufficient condition that a tan- 
gential vector field on the sphere be a radiation pattern is 
derived. 

After discussing the properties of radiation patterns, 
the problem of generating these patterns by sources is 
studied. Each pattern belongs to some electromagnetic 
field existing outside the sphere and, hence, it is possible 
to generate this pattern by sources contained within the 
sphere. However these sources are not uniquely deter- 
mined by the external field and we therefore consider 
the question of the most efficient distribution of sources. 
The concept of efficiency is first defined for a finite array 
of dipoles located at fixed points. If we assume that these 
dipoles radiate incoherently the total radiation is easily 
determined and is, apart from a numerical factor, the 
sum of the squares of the amplitudes of the dipole fields. 
However, if the dipoles radiate coherently, the fields of 
the individual dipoles interact and the radiated energy 
may be made larger or smaller than that obtained in the 


incoherent case. The efficiency of the distribution of 


sources is then defined as the ratio of the coherent to the 
incoherent radiation. 

The analysis of efficiency is pursued by using the 
algebraic theory of quadratic forms. For homogeneous 


media the coefficients of the forms may be obtained 
directly. To treat the efficiency of a continuous distribu- 


tion of dipoles (currents) contained on a line, surface, 
or region, the algebraic quadratic forms are replaced 
by quadratic integral forms and the theory of linear 
symmetric integral equations gives a complete descrip- 
tion of the efficiency. 

Currently we are investigating the field which is 
diffracted by an infinite parabolic cylinder and which 
arises from a line source parallel to one of the generators 
but not coinciding with the focal line of the cylinder. 
Solution of this problem should lead to a rigorous treat- 
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ment of the field on the caustic. We are also considering 
the limits of convergence of the series representing the 
field diffracted by the cylinder when the source is a 
plane wave or a line source. Both problems utilize 
separation of variables on the reduced wave equation in 
terms of parabolic co-ordinates and lead to Weber- 
Hermite functions. Special facts about these functions, 
e.g., addition theorems and their behavior for large 
values of the variable and of certain parameters, are 
required and are being investigated. 


Typical of the results obtained in our earlier work is 
the determination of the field radiated by a quarter- 
wave dipole over a conducting ground of finite radius 
(EM-19). 


THE THEORY OF WAVEGUIDES 


Much of the general theory discussed under propaga- 
tion, diffraction, and other headings, for example, the 
general theory of the representation of fields described 
in the section on tropospheric propagation, applies to 
waveguide structures. However, we have obtained some 
results which are best described separately. 


There are some broad principles in electromagnetic 
theory, such as Babinet’s and the reciprocity principles, 
which tell us how to solve some problems if we know the 
solution of others. For example, Babinet’s principle tells 
us how to obtain the acoustic field diffracted by a rigid 
disc from a knowledge of the field diffracted by an aper- 
ture in a soft screen. We may call two such problems 
equivalent, and the principle which relates them may 
be called an equivalence principle. Another principle 
whose applicability to electromagnetic problems seems 
to have passed unnoticed is due to Schwarz. This 
principle asserts that the unique analytic continuation of 
a function u across a plane on which u = 0 is given by 
an odd reflection while the unique continuation across a 
plane on which u, = 0 is given by an even reflection.° 
We shall show by some examples that this principle can 
serve aS an equivalence principle for electromagnetic 
problems. 

Recently in treating a grating problem Heins and 
Baldwin solved it by reducing it to the problem of a 
semi-septum in a waveguide and solved the latter prob- 
lem by the Wiener-Hopf technique. The formulas oc- 
curring in the latter solution are reminiscent of those 
occurring in the bifurcated waveguide problem. We 
shall indeed show that the septum problem can be 
solved if the solution of the bifurcation problem is 
known for an incident plane wave which is symmetric 
about the bifurcation. 

Consider the bifurcation problem in which the bound- 
ary condition u = 0 is imposed on the bifurcation and 
un = 0 is imposed on the walls (Fig. 7). We now con- 
tinue the u(x, y) of Region I analytically by odd reflec- 
tion into Region II and, using the fact that in the 


6 As a matter of fact, Babinet’s principle can be proved by 
means of the Schwarz reflection principle. 
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driginal solution u(x, y) = u(—x, y), we assign —u(x, y) 
to Region II. In Region III the original function is 
retained (Fig. 8). The analytic continuation performed 
in going from Region I to Region II amounts to going 
into the second sheet of the multivalued u(x, y) and 
the bifurcation is a branch line. The function now de- 
fined in the entire space is not analytic across the 
septum and no simple boundary condition holds on that 
segment. Let us call v(x, y) the function now defined in 
all regions of the guide with septum. By an even re- 
flection we now construct a function w(x, y) which 
solves the septum problem. The values of w are shown 
in the various regions (Fig. 9). On the boundary between 
Regions I and III w is analytic and w, = 0. On the 
septum itself w = 0 and w, is discontinuous. Had we 
chosen an odd reflection we could have satisfied the 
condition w, = 0 on the septum and w discontinuous 
there. The above solution corresponds to an incident 
wave from the left and the right. However the solution 
due to a single incident wave can then readily be ex- 
tracted. 


The above method is applicable to a variety of 
problems. From the solution of the problem of a wave- 
guide of arbitrary cross section with a bifurcation which 
is a plane of symmetry we can obtain the solution of the 
septum problem in a guide of the same cross section 
(Fig. 10). The following two eigenvalue problems 
namely, those of the membranes clamped along the 
boundary and along the segment shown in Fig. 11, are 
equivalent. Consider also the half-plane on which two 
waves one from below and one from above symmetric 
about the plane y = O are incident (Fig. 12). By reflec- 
tion in the plane through the point P and perpendicular 


to the half-plane we can solve the problem of a wave > 
incident normally on the inverted T-shaped structure 
shown in Fig. 12 and coming from y = ©. The solution 
of the latter problems can in fact be expressed explicitly 
in terms of Fresnel integrals. Other examples of equiva- 
lent problems can readily be given. 

In recent years considerable research has been carried | 
out on problems involving discontinuities, such as 
bifurcations or step discontinuities, in waveguides. For 
problems involving bifurcations in rectangular and 
cylindrical waveguide it has been possible to obtain 
exact solutions by the Wiener-Hopf technique, but for | 
problems involving step discontinuities a different | 
method of attack has in general been employed. A study 
just completed applies the Wiener-Hopf technique to— 
the problem of step discontinuity in a parallel plate - 
waveguide (Fig. 13). 

It has been found possible to write the reflection 
coefficient for the complete solution as the sum of two- 
parts, one of which can be written explicitly in terms of | 
known functions, whilst the other can be obtained as the 
solution of an infinite number of linear algebraic equa- | 
tions. The explicit part may be obtained by assuming 
that the step is absent but that the bifurcating plane 
remains in a waveguide of the larger width and then 
superimposing onto the incident field an additional field 
incident from the region formerly occupied by the step 
such that the normal derivative of that part of the total 
solution involving the fundamental mode vanishes on 
AB. The incident field to be superimposed may be ob- 
tained from a knowledge of the exact solution for the 
radiation from the lower half of the bifurcated region 
(Fig. 13). The analytic, explicit part of the solution is 
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seen to be by far the dominant part of the complete 
solution and is such that a very approximate solution 
of the set of linear algebraic equations yields a very good 
value for the total reflection coefficient. Comparison 
has been made with results’ obtained by the static 
method for the case when the regions are such that 
only the fundamental mode is propagated without 
attenuation. The results of both methods agree to 
within less than 1%. The present work has also been 
extended to cover the case where the larger section can 
sustain two nonattenuating modes, and values of the 
reflection coefficients have been computed for various 
step heights and for different waveguide heights. The 
method can be extended to cover the case where the 
step is replaced by a dielectric slab with a perfectly 
conducting sheet resting on it; this is equivalent to a 
bifurcated guide when one of the bifurcated regions 
consists of a medium with dielectric properties differing 
from that of the main structure. The method is also 
applicable to radiation from dielectric waveguides and 
it is possible to obtain an iterative type of solution in 
terms of the difference between the dielectric constants 
of the dielectric and of free space. In all problems con- 
fined to closed regions it should be possible to recast the 
solution in such a manner that the dominant part of the 
solution may be written in terms of known functions 
whilst the degree of accuracy required for the determina- 
tion of the other part should be low and yet produce 
good accuracy for the complete solution. 

Among older and more specialized results we might 
mention a simplification introduced into the calculation 
of quantities needed in the design of complicated wave- 


guide junctions (TW-16). The quantities needed are the 
eigenvalues of high-order matrices. Since these matrices 


| 
sults are indicated in the bibliography. 


generally possess special symmetry properties it is 
possible to reduce the calculation of eigenvalues to the 
calculation of eigenvalues of lower-order matrices. This 
paper shows how the calculation may be so simplified. 
Another result in the theory of waveguides (TW-17) 
concerns the determination of the cutoff frequencies 
(eigenvalues) of almost circular, cylindrical waveguides. 
The principal result is the attainment of a better lower 
bound for the principal eigenvalue. This bound is in the 
form of an integral over a specially chosen circle related 
by a parameter to the almost circular boundary being 
investigated. The result is specialized and detailed but 


of appreciable theoretical importance. 


An old paper (170-1) shows that the cutoff frequencies 
of a coaxial circularly cylindrical guide approach those 


of the external cylinder itself as the radius of the inner 


cylinder approaches zero. Other rather particularized re- 


Finally, in connection with guides we should like to 
call attention to a series of papers which deal specifically 
with the helix as a waveguide. The exact solution of the 
problem of obtaining the electromagnetic fields which 


7N. Marcuvitz, ‘‘Wave Guide Handbook,’ McGraw-Hill Book 
Co., Inc., New York, N. Y.; 1950. 
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can be guided by a helical wire, even in the absence of an 
axial electron beam, is very difficult and not likely to be 
solved. We have therefore formulated and treated several 
idealizations of the helical waveguide. One idealization 
(170-2) treated a circularly cylindrical guide with 
continuous wall structure perfectly conducting in the 
direction of the true helical wire and perfectly non- 
conducting in the perpendicular direction. The magnetic 
field was assumed to be zero outside. Another idealization 
(170-3, 170-7) considered the same structure and same 
conditions as to the electric field but called for a mag- 
netic field continuous through the guide wall. In a third 
idealization (TW-10) the thickness of the wire was 
specifically taken into account by the introduction of a 
new nonorthogonal co-ordinate system in which the 
surface of the wire is a co-ordinate surface. A fourth 
idealization (TW-11) treated the infinitely thin wire and 
assumed a sinusoidal current distribution on the wire 
and propagation constant 6 in the axial direction. New 
boundary conditions were introduced to replace the 
usual condition that the electric field vanish along the 
wire because the usual condition required an infinite 
field strength along the wire. The several idealizations 
are approximations in one respect or another but each 
gives some information. Moreover, the various ap- 
proximations serve as a check on each other. The second 
of the above idealizations is most widely used by other 
investigators. Our reports on it did furnish information 
about the higher modes which was not contained in 
other papers. 

In connection with the cold helix we also studied the 
problem of matching to a coaxial line (TW-12) and the 
more general problem of matching to an arbitrary given 
transverse field (TW-13). The orthogonality properties 
of the modes were investigated in the last mentioned 
report. 

Several of the studies of the helix considered the com- 
bination of the helix and an axial electron beam and 
treated such matters as amplification of the electro- 
magnetic wave fed on to the structure, noise, and the 
effects of an external magnetic field, particular excita- 
tions, electron velocity, and electron current (TW-9, 
14S 19) 


MATHEMATICAL STUDIES 


Progress in the theoretical solution of electromagnetic 
problems is obviously dependent upon progress in 
mathematics proper. We therefore investigated a number 
of mathematical problems lying within our individual 
spheres of interest and arising in our electromagnetic 
research. 

Much of the work discussed earlier on asymptotic 
solution of Maxwell’s equations and the second-order 
linear hyperbolic partial differential equation, on 
spectral representation of various operators in different 
media and under different types of boundary conditions, 
and on systems of differential equations contains, of 
course, mathematical interest over and beyond the 
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bearing on electromagnetic problems. Some additional 
papers on spectral theory (EM-42, BR-4) may be re- 
ferred to in passing. 

A great deal of attention has been given to the 
mathematical methed embodied in what is commonly 
known as the Wiener-Hopf integral equation technique. 
One of our basic reports (EM-25) sought to analyze the 
inner mechanism, characterize its legitimate range of 
application, and demonstrate its connection with the 
method of separation of variables. Boundary value 
problems are generally attacked so that the physical 
boundary is one entire co-ordinate surface. In this case 
the usual method of separation of variable can be em- 
ployed at least in principle. However, there are problems 
in which the boundary does not consist of one entire 
co-ordinate surface but, for example, the condition 
u = 0 may have to be satisfied on a half-line and u, = 0 
on the other half. We refer to such a problem as a two- 
part boundary value problem. Moreover, the choice of 
co-ordinate system may determine whether a given 
problem is a one-part, two-part, or even three-part 
boundary value problem. Normally the Wiener-Hopf 
technique is successful with two-part boundary value 
problems. However, this report shows that the separa- 
tion of variables (or eigenfunction) technique when 
supplemented by function-theoretic techniques (such 
as are involved in the Wiener-Hopf method) not only 
solves such problems but is entirely parallel to the 
Green’s function, Wiener-Hopf technique. For example, 
diffraction by an infinite number of staggered semi- 
infinite parallel plates, solved in the past by the Wiener- 
Hopf technique, is solved in this paper by the function- 
theoretic extension of the method of separation of 
variables. The paper also shows how the integral equa- 
tion to which one is led by the use of the Green’s func- 
tion may be solved by the use of transforms other than 
the Fourier transform used in the Wiener-Hopf method. 
Thus the infinite ribbon may be treated in polar co- 
ordinates as a two-part problem and by use of the Mellin 
transform. (Of course, it can be treated as a one-part 
problem in elliptic co-ordinates.) A number of old and 
new problems are used as illustrations in this paper. 

It was the above analysis of the domain of application 
of the Wiener-Hopf technique which made it evident 
to the author that the technique was applicable to 
problems such as the charge distribution on a finite 
conical cup (EM-35; cf. also EM-66). This is a two-part 
problem and the method of solution is Wiener-Hopf. 
The solution is potentially useful as a trial solution of an 
electromagnetic problem and is of intrinsic interest as an 
electrostatic problem. 

The above analysis was pursued further in a later 
report (BR-11). One-part boundary value problems are 
in principle treated by separation of variables and the 
reduction to a Sturm-Liouville problem for the resulting 
ordinary differential equations. On the other hand two- 
part boundary value problems are reducible to one-part 
problems in principle by means of the function theoretic 
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technique used in the Wiener-Hopf method. Hence it 
seemed desirable to provide an abstract general theory 
of two-part problems in terms of the related one-part 
problems. This has proved possible in the case where the 
spectrum of the one-part problem is discrete. This 
analysis is best described in terms of the problem of a 
bifurcated waveguide in which the medium is stratified 
in the direction perpendicular to the bifurcation. We 
suppose that the problem posed by the bifurcated 
guide with the bifurcation extending to infinity in both 
directions is solved and that the unbifurcated infinite 
guide problem is likewise solved. These separate prob- 
lems are, of course, one-part problems and reduce to 
one-dimensional Sturm-Liouville problems. The original 
two-part problem can then be solved in terms of the 
solutions of the separate one-part problems. The central 
idea is to construct directly an integral representation of 
the solution, whose residue expansion has two different 
forms which correspond to the solution for the two 
regions. The basic feature of the integral is the presence 
of certain infinite products in the denominator of the 
integrand of the form 
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where An, Mn are the eigenvalues for the separate prob- 
lems and ) is the integration variable. These products are 
a generalization of the Gamma function in the same way 
that the solution of the Sturm-Liouville problem is a 
generalization of the sine or cosine functions. The 
products are related to a factorization of the entire 
functions in \ which are solutions of the Sturm-Liouville 
equations in the same manner as the Gamma functions 
are related to the factorization of sin 7z in accordance 
with the identity sin 72 = 7/I(z)T(1 — 2). 

Another class of mathematical investigations com- 
prises research in special functions. Some new results 
have been obtained on the subject of periodic solutions 
of Hill’s equation and the special case of Mathieu’s equa- 
tion (BR-1, 6), both of which play a role in diffraction 
by objects of elliptical shape. These particular investiga- 
tions concern primarily the analytic character of a 
transcendental function involving an infinite deter- 
minant. The zeros of this function determine the periodic 
solutions of Hill’s equation. 

We are presently concerned with the derivation of 
addition theorems for parabolic cylinder functions. 
As is well known, the separation of the wave equation 
Au + u = 0 is possible in a few co-ordinate systems 
only. With the exception of the Cartesian system, all of 


these co-ordinate systems contain distinguished points ; 


or lines. However, the wave equation itself is invariant 
with respect to all movements of the space. Therefore, 
if ¢, and ¥, are two complete sets of solutions of the 
wave equation which are obtained by separation of 
variables in two co-ordinate systems with different sets 
of distinguished points or lines, it must be possible to 
express the ¢, linearly in terms of the W, and vice versa. 
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The resulting formulas are known as addition theorems. 
They are needed for diffraction problems which require, 
say, a system of polar co-ordinates for their solution but 
where the source point is not at the origin of the co- 
ordinate system. Some very general theorems of this 
type have been given by Friedman and Russek for 
spherical waves (EM-44). It is the purpose of the present 
investigation to devise similar results for the functions 
of the parabolic cylinder and of the paraboloid of 
revolution. Since these are rather well-investigated 
classes of functions, no great difficulties are expected. 
On the other hand, the derivation of the addition theorem 
seems to be a natural and unifying approach to the 
theory of these functions. 

Some results have been obtained for the parabolic 
cylinder functions w,(u, v) which involve the Weber- 
Hermite functions and for wave functions ¢,(p, c) 
appropriate to the paraboloid of revolution and involv- 
ing the confluent hypergeometric functions. 

Some new integral relations involving spheroidal 
functions have been obtained from a general integral 
relation by properly choosing the kernel of the integral 
(EM-73). Several limiting cases of the relations offer new 
integral relations among products of associated Legendre 
‘functions. Some very general integral expressions in- 
volving Bessel function integrands have been derived 
which satisfy the wave equation and u, = 0 ona screen 
containing a circular aperture, namely, 


x Te ph) igre + 
| teas (Pp, 2, @) a CaN {oan rs 
; Vi-# 


_ These integrals are generalizations of integrals ob- 
tained by Bouwkamp, Levine, and Schwinger, for 
‘the solution of the aperture diffraction problem. Our 
integrals have been expanded into convergent series, and 
asymptotic representations for large z and large ka have 
been derived. 

In many physical problems, such as those of wave 
|propagation or quantum mechanics, the solution is ex- 
|pressed as a definite integral and then this integral is 
jevaluated, at least for large values of the parameters, 
/by the methods of stationary phase, saddle point, or of 
isteepest descent. These methods are awkward to apply 
when the integral has two saddle points close together 
jor even coincident for some values of the parameter. A 
typical case of this is the asymptotic expansion of 
J,(z) when both x and z are large. It is well-known that 
‘three different expansions are needed, according as 
n/z is much less than unity, 2/z is much greater than 
unity, and, the most difficult case, m/z is close to unity. 
‘We have devised a method which will given an expan- 
‘sion that is useful no matter what the ratio n/z is. We 
proceed as follows: Consider the integral 
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which is essentially H,,“)(z) if a suitable contour is 
chosen. This integral has saddle points at the values of 


(19) 
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6 for which cos 6 = r. If ry + 1, there are two values, 
6 = 0,and @ = —4@,, satisfying this equation. If r = 1, 
these two values of @ coalesce into a double zero, 6 = 0. 
Different asymptotic expansions are therefore needed 
for r close to one and + different from one. By an ap- 
propriate choice of a the transformation sin 6 — r@ = 
3a’w — w* can be made analytic for 6 = @, and the 
expansion of @ in powers of w remains valid even if 7 
goes through unity. It is then possible to evaluate (19) 
in terms of Airy integrals and their derivatives. The 
method is currently being applied to integral repre- 
sentations of the confluent hypergeometric functions are 
to the evaluation of the Coulomb wave functions. 
Another study on the asymptotic evaluation of inte- 
grals (BR-9) presents a new method for obtaining an 
asymptotic representation for integrals of the form 


ie 


f(x) satisfies certain conditions this representation is 
also convergent. Numerical calculations seem to show 
that the first term of the representation gives a close 
approximation to the value of the integral for a wide 
range of values of p. 

We mention finally two papers on the theory of 
differential equations which have direct significance for 
electromagnetic problems. The first of these (BR-5) 
is essentially an uniqueness theorem for the elliptic 
partial differential equation and shows that the solutions 
of Au + k2u = 0, where k? is bounded but not neces- 
sarily analytic, vanish identically if they vanish at a 
point more strongly than any power of the distance to 
that point. An analogous theorem is proved for the 
equation Au = F(x, u) provided F satisfies a Lipschitz 
condition. The second paper (BR-2) discusses the range 
of applicability of the image method for second-order 
linear partial differential equations. The image method 
is used to determine a Green’s function for a region of 
space bounded by planes in terms of the corresponding 
Green’s function for the same operator defined over all 
space. The equations, regions, and boundary conditions 
to which the method is applicable are determined 


e ’*x°—! f(x) dx when p is large. It is shown that if 


CONCLUSION 


Apologies are no doubt in order for this sketchy and 
disconnected account of our research. Though, in part, 
the sketchiness is due to limitations of space and the 
disconnectedness to the self-will of human minds, these 
deficiencies are also in part due to the writer. Reference 
to the papers themselves will, it is to be hoped, clarify 
much of the vagueness. It is clear, however, that we 
are greatly indebted to the Air Force Cambridge Re- 
search Center and to the Office of Scientific Reasearch 
of the Air Research and Development Command for 
generous support of the above work and, more 
especially, for their farsightedness in attempting to 
build up a firm theoretical foundation for the multifar- 
ious vital applications being made today. 


262 


*EM-11 


*EM-12 


*EM-13 


*EM-14 
*EM-15 
*EM-16 


*EM-17 


**EM-18 


EM-19 


*EM-20 


*EM-21 


EM-22 


*E M-—23 


*EM-24 


EM-25 


*EM-26 


**#EM-27 


*EM-28 


*EM-—29 


*EM-30 
*EM-31 


EM-32 


EM-33 


*EM-34 


*EM-35 


EM-36 


*EM-37 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


REPORTS AND PUBLICATIONS 


W. Sollfrey, ‘‘The Variational Solution of Scattering 
Problems,’ March, 1949. 


A. Leitner, “Notes on Diffraction by a Circular Disk,” 
April, 1949. Journ. Acous. Soc. Amer., vol. 21, p. 331; 
1949, 


J. B. Keller and H. B. Keller, ‘‘Determination of Re- 
flected and Transmitted Fields by Geometrical Optics,” 
May, 1949. Jour. Opt. Soc. Amer., vol. 40, p. 48; 1950. 


R. K. Luneberg, ‘““Asymptotic Development of Steady- 
State Electromagnetic Fields,” July, 1949. 


R. K. Luneberg, “Asymptotic Evaluation of Diffraction 
Integrals,’ October, 1949. 


J. B. Keller and H. B. Keller, ‘‘A Point Dipole in Spheri- 
cally Symmetric Media,’ February, 1950. 


B. Friedman, ‘‘Numerical Methods for Evaluation of the 
Integrals for Virtual Height,’’ February, 1950. L. Kraus, 
Jour. Geophys. Res. vol. 58, p. 551; 1953. 


J. Shmoys, “Diffraction of Electromagnetic Waves by a 
Plane Wire Grating,’’ March, 1950. Jour. Opt. Soc. 
Amer., vol. 41, p. 324; 1951. 


A. Leitner, “Effect of a Circular Groundplane on Antenna 
Radiation,” April, 1950. Jour. Appl. Phys., vol. 21, p. 
1001; 1950. 


J. B. Keller and S. Preiser, ‘‘Determination of Reflected 
and Transmitted Fields by Geometrical Optics, Part II,”’ 
April, 1950. 

J. B. Keller and A. Blank, “Diffraction and Reflection of 
Pulses by Wedges and Corners,’”’ June, 1950. Comm. Pure 
Appl. Math., vol. 4, p. 75; 1951. 


V. Twersky, ‘On the Scattered Reflection of Scalar 
Waves from Absorbent Surfaces,’’ August, 1950. Jour. 
Acous. Soc. Amer., vol. 23, p. 336; 1951. 


S. Karp and W. Sollfrey, ‘“‘Diffraction by a Dielectric 
Wedge with Application to Propagation through a Cold 
Front,’’ October, 1950. 

M. Kline, ‘‘An Asymptotic Solution of Maxwell’s Equa- 
tions,’” November, 1950. Comm. Pure Appl. Math., vol. 
4, p. 225; 1951. 


“Separation of Variables and Wiener-Hopf Techniques,”’ 
December, 1950. Comm. Pure Appl. Math., vol. 3, p. 411; 
1950. 


V. Twersky, ‘“‘On the Scattered Reflection of Electro- 
magnetic Waves,” January, 1951. Jour. Appl. Phys., vol. 
22 OS2 onl Gods 


J. Shmoys, “On the Definition of Virtual Height,”’ 
February, 1951. Jour. Geophys. Res., vol. 57, p. 95; 1952. 
B. Friedman, ‘‘The Dipole Field in an Inhomogeneous 
Atmosphere,”’ March, 1951. Comm. Pure Appl. Math., 
vol. 4, p. 317; 1951. 


N. Marcuvitz, ‘‘Field Representations in Spherically 
Stratified Regions,’’ April, 1951. Comm. Pure Appl. 
Math., vol. 4, p. 263; 1951. 


B. Friedman, ‘‘Report on a Conference on Dynamics of 
Ionized Media,’”’ May, 1951. 


J. Lurye, “Electromagnetic Scattering Matrices 
Stratified Anisotropic Media,’”’ May, 1951. 


W. Magnus, “Infinite Matrices Associated with Diffrac- 
tion by an Aperture,’’ May, 1951. Quart. Appl. Math., 
Ole IE, jos SOS, 

H. B. Keller and J. B. Keller, ‘(On Systems of Linear 
Ordinary Differential Equations,” July, 1951. 

V. Twersky, ‘Multiple Scattering of Radiation, Part I; 
Arbitrary Configuration of Parallel Cylinders, Planar 
Configuration, Two Cylinders,” July, 1951. Jour. Acous. 
Soc. Amer., vol. 24, p. 42; 1952; Jour. Appl. Phys., vol. 
23, p. 407; 1952. 

S. N. Karp, “The Natural Charge Distribution and 
Capacitance of a Finite Conical Shell,’’ September, 1951. 
Accepted by Quart. Appl. Math. 

J. B. Keller, ‘Parallel Reflection of Light by Plane 
Mirrors,’ October, 1951. Quart. Appl. Math., vol. 11, p. 
DUG NO53 2 

“The Theory of Electromagnetic Waves’’—A Symposium, 
November, 1951. Interscience Publishers, Inc., New York, 
N. Y., December, 1951. 


of 


* Copies not available for distribution. 
** Reprints only available for distribution. 


EM-38 


==HM—39 


*EM-—40 


EM-41 


*EM-42 


**EM-43 


**EM-44 


*EM-45 
*EM-46 
*EM-47 


*EM-48 


*EM-~49 


EM-—S50 


*EM-S1 


*EM-52 


EM-53 


**EM-54 


EM-55 


EM-56 
EM-57 


EM-58 


EM-59 


EM-60 


EM--61 


EM 62 


EM-63 


EM-—64 


EM-65 


EM-66 


EM-67 


A. Russek, ‘Scattering Matrices for Ionosphere Models,” 
December, ‘1951. 

V. Twersky, ‘‘Multiple Scattering of Radiation, Part II, 
The Grating,’’ December, 1951. Jour. Appl. Phys., vol. 
23, p. 1099, 1952—Jour. Opt. Soc. Amer., vol. 42; 
Dy Coo: 

W. Magnus, ‘‘On the Scattering Effect of a Rough Plane 
Surface,’ January, 1952. 

W. Sollfrey and J. Shmoys, ‘Diffraction of Electro~ 
magnetic Waves by a Plane Wire Grating; II,” February, 
1952. 

R. S. Phillips, “‘Linear Ordinary Differential Operators of 
the Second Order,” April, 1952. 
I. Kay, ‘‘Diffraction of an Arbitrary Pulse by a Wedge,’ 
April, 1952. Comm. Pure Appl. Math., vol. 4, p. 419; 1953- 
Appendix by J. B. Keller, Jour. Appl. Phys., vol. 23, p- 
1267; 1952. 

B. Friedman and J. Russek, ‘“‘Addition Theorems for 
Spherical Waves,’’ June, 1952. Quart. Appl. Math., vol. 
12, p. 13; 1954. 

W. Sollfrey, ‘‘Diffraction of Pulses by Conducting Wedges 
and Cones,” July, 1952. 

J. Bazer and S. N. Karp, ‘Propagation of Plane Electro- 
magnetic Waves Past a Shoreline,” July, 1952. 


B. Friedman, ‘‘Techniques of Applied Mathematics— 
Theory of Distributions,’ October, 1952. 
M. Kline, ‘‘An Asymptotic Solution of Linear Second- 
Order Hyperbolic Differential Equations,’’ December, 
1952. Jour. Rational Mech., vol. 3, p. 315; 1954. 
J. Russek and V. Twersky, ‘“‘Graphs of the Function 
N 
AO ) = > n—'/2eind, February, 1953. 
n=1 
C. J. Bouwkamp, ‘‘Diffraction Theory—A Critique of: 


Some Recent Developments,’”’ April, 1953. Reports on 
Progress in Phys., vol. 17, p. 35; 1954. 


J. Shmoys, ‘Low-Frequency Propagation in an Ex- 
ponential Ionospheric Layer,” April, 1953. 


S. N. Karp, ‘Diffraction by a Tipped Wedge—with 
Applications to Blunt Edges,’”’ May, 1953. 


I. Kay, ‘‘Diffraction of Pulses by Parabolic Cylinders and 
Paraboloids of Revolution,’’ June, 1953. 


V. Twersky, ‘“‘Certain Reflection and Transmission: 
Coefficients,”’ June, 1953. Jour. Appl. Physics., vol. 25, 
p. 859; 1954—Jour. Appl. Phys., vol. 24, p. 659; 1953. 


I. Kay and J. B. Keller, ““Asymptotic Evaluation of the: 
Fields at a Caustic,’’ August, 1953. Jour. Appl. Phys., 
vol. 25, p. 876; 1954. 


H. B. Keller, ‘‘Ionosphere Propagation of Plane Waves,” 
August, 1953. 


H. B. Keller, “On the Electromagnetic Field Equations; 
in the Ionosphere,’ September, 1953. 


V. Twersky, “Multiple Scattering of Waves by Planar, 
Random Distributions of Parallel Cylinders and Bosses,’’ 
October, 1953. 


V. Twersky, ‘‘Multiple Scattering of Waves by a Volume 
Distribution of Parallel Cylindérs,” October, 1953. 


B. Friedman, ‘Techniques of Applied Mathematics— 
Ordinary Differential Equations and Green’s Functions,” 
November, 1953. 


F. Reiche, ‘On Diffraction by an Infinite Grating,” 
December, 1953. 


Miller, ‘Radiation Patterns and Radiation Fields,” 
March, 1954. Jour. Rational Mech., vol. 4, p. 235, March, 
1955. 


J. Shmoys, ‘Propagation in Semi-Infinite Waveguides’’— 
ieee of six papers by L. A. Vajnshtejn, January, 
1954. | 


F. G. Friedlander, ‘Diffraction of Pulses by a Circular 
Cylinder,” April, 1954. Comm. Pure Appl. Math., vol. 7, 
p. 705; 1954. 

J. Lurye, ‘‘The Electromagnetic Field of a Dipole over a 
Dielectric Slab on a Finitely Conducting Ground Plane,” 
July, 1954. | 
J. Bazer and S. N. Karp, “Potential Flow Through a 


Conical Pipe with an Application to Diffraction Theory,” 
August, 1954. | 


F. G, Friedlander and J. B. Keller, ‘‘Asymptotic Expan- 
sions of Solutions of (V? + k?)u = 0,” September, 1954. 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


J. Meixner, “Diffraction of Electromagnetic Waves by a 
Slit in a Conducting Plane Between Different Media,” 
October, 1954. 


N. Marcuvitz, ‘‘Field Representations in General Cylin- 
drical Regions. I,’’ November, 1954. 

Wo 18) Williams, ‘Reflection and Refraction of Electro- 
magnetic Waves at Plane Interfaces Between Dielectrics,”’ 
November, 1954. 

S. N. Karp, “The Effect of Discontinuities of Dielectric 


Constant on Fields near Singularities of Conductors,” 
December, 1954. 


J. Meixner, ‘‘The Behavior of Electromagnetic Fields at 
Edges,’ December, 1954. 

N. Chako, “On Integral Relations Involving Products of 
Spheroidal Functions,”’ January, 1955. 


I. Kay, “The Inverse Scattering Problem,’’ February, 1955. 


S. N. Karp and A. Russek, ‘Diffraction by a Wide Slit,” 
February, 1955. 


F. G. Friedlander, ‘‘Propagation of a Pulse in an In- 
homogeneous Medium,” March, 1955. 


W. Magnus, “Infinite Determinants in the Theory of 

Mathieu’s and Hill’s Equations,’’ February, 1953. 

J. B. Keller, ‘‘The Scope of the Image Method,’’ April, 
1953. Comm. Pure Appl. Math., vol. 6, p. 505; 1953. 

W. Magnus, ‘‘Algebraic Aspects in the Theory of Systems 

of Linear Differential Equations,’ June, 1953. Comm. 

Pure Appl. Math., vol. 7, p. 649; 1954. 

(TN-54-23), B. Friedman and L. I. Mishoe, ‘‘Eigen- 

function Expansions Associated with a Non-Self-Adjoint 

Differential Equation,”’ January, 1954. 

(TN-54-52), C. Miiller, ‘The Behavior of the Solutions 

of AU = F(x, U) in the Neighborhood of a Point,’’ March, 

1954. Comm. Pure Appl. Math., vol. 7, p. 505; 1954. 

(TN-54-141), W. Magnus, “Infinite Determinants 

Associated with Hill’s Equation,’ June, 1954. Accepted 

by Pacific Jour. Math. 

(TN-54-195), B. Epstein, ‘‘Determination of Coefficients 

of Capacitance of Regions Bounded by Collinear Slits and 

of Related Regions,’’ August, 1954. 

(TN-54-308), W. Magnus, “A Fourier Theorem for 

eC October, 1954. Accepted by Proc. Amer. Math. 
OC. 


(TN-54-342), B. Friedman and J. Franklin, ‘“‘“A Con- 
vergent Asymptotic Representation for Integrals,” 
November, 1954. Accepted by Proc. Camb. Phil. Soc. 


M. Hellman, ‘‘Lie Algebras Arising from Systems of 
Linear Differential Equations,’’ March, 1955. 


B. Friedman, ‘‘Amplification of the Traveling-Wave 
Tube,”’ February, 1949. Jour. Appl. Phys., vol. 22, p. 
443; 1951. 


W. Sollfrey, ‘‘Propagation Along a Helical Wire,’ June, 
1949. Jour. Appl. Phys., vol. 22, p. 905; 1951. 


R. S. Phillips, ‘‘The Electromagnetic Field Produced by a 
Helix,’’ June, 1949. Quart. Appl. Math., vol. 8, p. 229; 
1950. 


B. Friedman and H. Malin, ‘Excitation of the Traveling- 
Wave Tube,” February, 1950. 


B. Friedman and H. Malin, ‘‘Orthogonality Properties of 
Modes of the Helical Wave Guide,’’ October, 1950. 


TW-14 
TW-15 
TW-16 


TW-17 


TW-18 
TW-19 


TW-20 


170-1 


AQ=Y 
170-3 


170-4 


170-5 
170-6 


170-7 


170-8 
AU 
AD 

172-3 

172-4 


172-5 


172-6 


172-7 


172-8 


172-9 


172-10 


ONS 7? 


263 


W. Sollfrey and M. Weitz, ‘‘The Gain and Noise Figure 
of the Helical Traveling-Wave Tube,’’ April, 1951. 


W. Sollfrey, “Effect of Initial Conditions on Traveling- 
Wave Tubes,” May, 1951. 


B. Friedman, ‘Eigenvalues of Compound Matrices,” 
October, 1951. 


H. Keller and J. Keller, ‘Eigenvalues of Nearly Circular 
Waveguides,’ December, 1951. Quart. Appl. Math., vol. 
12, p. 141; 1954. 


W. Sollfrey, ‘‘Magnetic Field Effects in Traveling-Wave 
Tubes,” May, 1952. 


M. Weitz, ‘Propagation Constants of Traveling Waves,” 
March, 1953. 


P. Parzen, ‘Electromagnetic Wave Propagation in 
Bounded Electron Beams,’ May, 1953. Quart. Appl. 
Math., vol. 12, p. 309; 1954. 


M. Kline, ‘‘Relationships between Coaxial and Cylindrical 
Wave Guide and Cavity Modes’’—Also Addendum to 
170-1, April, 1947. Jour. Math. and Phys., vol. 27, p. 37; 
April, 1948. 

R. S. Phillips, ‘“A Helical Wave Guide,”’ January, 1947. 
R. S. Phillips, ‘A Helical Wave Guide II,”’ August, 1947. 
Amer. Jour. Math. (Bessel Function Approximations) 
vol. 72, p. 407; 1950. 


L. Zippin and M. Kline, ‘‘Deformation of a Rectangular 
Guide,’’ December, 1947. Proc. Amer. Math. Soc., vol. 1, 
p. 543; August, 1950. 


W. Sollfrey, “Equivalent Circuits for Narrow Dielectric 
Blocks in Wave Guides,”’ January, 1948. 

T. Braverman and J. Lurye, ‘‘Bibliography—Wave 
Guide and Cavity Theory,” June, 1948. 


R. S. Phillips and H. Malin, ‘Investigation of Exceptional 
Modes n = +1, +2,” June, 1948. Amer. Jour. Math., 
(Bessel Function Approximations), vol. 72, p. 407; 1950. 
B. Friedman and H. Malin, ‘‘Propagation in Wave Guides 
Bounded by Anisotropic Plates,” July, 1948. 


J. B. Keller, ‘Reflection of Electromagnetic Waves,” 
December, 1946. 

B. Friedman, “‘Application of Inversion to Wave Propaga- 
tion,’’ May, 1947. 


R. K. Luneberg, ‘‘Propagation of Electromagnetic Waves 
in Plane Parallel Layers,’ June, 1947. 

J. Lurye ‘Propagation of Dipole Radiation through 
Plane Parallel Layers,’ November, 1947. 

J. B. Keller, ‘Reflection and Transmission of Electro- 
magnetic Waves by Thin Curved Shells,” February, 1948. 
Jour. Appl. Phys., vol. 21, p. 896; 1950. 


R. K. Luneberg, ‘‘Propagation of Electromagnetic Waves 
from an Arbitrary Source through Inhomogeneous 
Stratified Atmospheres,’ December, 1947. 


H. B. Keller, ‘“‘Reflection and Transmission of Electro- 
magnetic Waves by a Spherical Shell,’’ January, 1948. 
Jour. Appl. Phys., vol. 20, p. 393; 1949. 

R. K. Luneberg, ‘‘Maxwell’s Equations in Spherically 
Symmetric Media,” July, 1948. 

T. Braverman and J. Lurye, ‘‘Bibliography—Propagation 
and Scattering of Electromagnetic Waves,’’ September, 
1948. 

J. Greenstadt, ‘“‘Calculation of Scattering by Thin Shells,” 
November, 1948. 


264 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


Asymptotic Developments and Scattering Theory in Terms of 
a Vector Combining the Electric and Magnetic Fields 
H. BREMMER} 


Su1tnmary—tThe vector combination 
mas Fre Fae AdSa lie re 
(iC) 

€ Me 

which was in principle introduced by Bateman and Silberstein in 
order to shorten Maxwell’s equations for homogeneous media, also 
proves to be useful for the treatment of inhomogeneous media (« 
and » not depending on the time). The vector M-> is to be considered 
together with its conjugated quantity M*> obtained by replacing the 
imaginary unit 7 by —j. In a source-free medium the Maxwell 
equations reduce to 


—> 4 —>, ” —» 
curl M += (eu)!/20M/d! = 1 grad log = A M2, (1) 
c € 


and to the equation obtained by taking the conjugated complex 
value. 

This relation shows how an interaction between M-> and M*-> is 
produced only by the inhomogeneity of the medium. The theory of 
scattering by special volume elements, as well as that of partial 
reflections against layers with rapidly changing « and uw, can be 
based on the single relation (1) while fully accounting for the 
vectorial character of the field. The introduction of M-> and M*-> also 
enables one to put many results of Luneberg-Kline’s theory con- 
cerning asymptotic developments in a very simple form. As an 
example we mention the equation: 

ms 


mera 
grad S A m, — i(,p)¥2m, = ¢ curl m,_, 


pd 
aaa < grad log = A m,_1*, 


which fixes all recurrence relations between the consecutive terms 
of geometric-optical expansions; these expansions are defined by 
the asymptotic development 


=> 00 1 —- 
M = e** > (4 mM, 
r=o 


ke 
for monochromatic solutions corresponding to some eiconal func- 
tion S. 


MAXWELL’s EQUATION IN TERMS OF BATEMAN’S VECTOR 


HE TWO vector equations constituting the 
Maxwell equations for a homogeneous space 
were combined into a complex form by Bateman! 
and Silberstein’. This enabled the reduction to one 
single equation, the real and imaginary parts of which 
yield the ordinary Maxwell equations in the case of real 
fields. This shortened formulation of Maxwell’s equa- 
tions can be extended to non-homogeneous spaces which 
we assume for simplicity’s sake as sourcefree. In fact, by 
{ Philips Research Laboratories, N. V. Philips’ Gloeilampen- 
fabricken, Eindhoven-Netherlands. 
1H. Bateman, “Electrical and Optical Wave Motion,’’ Cam- 
bridge, England, p. 4; 1915. 
?L. Silberstein, ‘“‘Elektromagentische Grundgleichungen in 
bivektorieller Behandlung,”’ Ann. Phys. vol. 22, pp. 579-586; 1907. 
and L. Silberstein, ‘‘Nachtrag zur Abhandlung iiber ‘‘Elektro- 


magnetische Grundgleichungen in bivektorieller Behandlung,’ 
Ann. Phys., vol. 24, pp. 783-784; 1907. 


defining Bateman’s vector in this general case as the 
combination 


of yu UV pees Slee Se 7a 
; r , d] —1 (1) 


we find the following representation of Maxwell’s equa- 
tions: 
Smeal 


—> . => 
curl M + 2 (eu)”? cee grad-log & A M= (2) 
C of ~ € 


(the asterisk denotes the conjugated complex value). 
This relation, combined with its conjugated complex 
relation obtained by interchanging 7 and —7 through- 
out, is fully equivalent to the original Maxwell equa- 
tions. The relation (2) can also be applied to non-real 
fields, for instance to monochromatic fields with a time 
factor exp (—iwf); in this case it is advisable to dis- 
criminate between the imaginary unit 7 in 0/df = —tw 
and the above imaginary unit j(¢ ¥ j; 72 = j? = —1). 


DISCRIMINATION BETWEEN SCATTERING AND 
INTERNAL REFLECTIONS 


The absence of the right-hand side of (2) in homo- 
geneous spaces shows how all coupling between M— and 
M=— can be ascribed to inhomogeneities of the medium.‘ 
Eq. (2) can be solved by conventional methods in homo- 
geneous spaces owing to the vanishing of its right-hand 
side, and to the constant value of the refractive index 
n = (eu)!/? in the left-hand side. In order to facilitate a 
comparison with the phenomena occurring in homo- 
geneous spaces it is therefore reasonable to split off from 
n to a constant part m, which may be some average value 
of n. This leads to the following representation of (2): 


is mae ? a 
curl WM + 15 OM al een 
€ of Cc of 

rm Ws ) 

+ 4 grad log -— A M?. (3): 

c ) 


If the right-hand side were a known function the 
equation could be solved completely in the form of some} 
integral extending over the regions for which the right-| 
hand side is nonvanishing. In the actual case, in which 
the right-hand side depends on the same unknown 
functions as the left-hand side, this integral solution can| 
also be written out formally; the integral then contains. 
the function yet to be determined. In other words we| 
get an integral equation comprising all information| 
about the field. According to a well-known procedure a. 
first approximation is obtained by substituting in the! 


| 
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_ right-hand side of (3) some solution M.— of the homo- 
_ geneous equation without any right-hand side at all. 

The effects caused by the two terms of the right-hand 
side of (3) can be interpreted as scattering and as in- 
ternal reflections. In fact, scattering always depends on 
the local deviations of n itself from some average value 
n., whereas internal reflections (i.e. reflections against 
the infinitely thin layers of constant u/e composing the 
| actual medium) depend on the spatial derivative of w/e. 
_ The scattering part of the first-order approximation is 
known as the Born approximation, whereas the internal 
reflections lead in special cases to W.K.B. corrections. 
In the higher-order contributions of the solution of the 
integral equations scattering and internal reflections 
may play a combined role. 


—- 
THE USEFULNESS OF THE VECTOR WM IN LUNEBERG- 
KLINE’S THEORY 


The asymptotic developments of this theory* concern 
the electric and magnetic field; they can be combined 
for monochromatic fields in a single expansion for the 
vector M— according to 


VU = ct > (c=) re 
Sree SS Nas, ys) 4 
2 oy (x, ¥, 2) (4) 


the phase function S is some solution of the eiconal 
equation | grad S | = n(x, y, 2). A formal substitution of 
(4) into the Maxwell equation (2) (for 0/df = —iw) 
yields the following recurrence relation by assembling 
the terms of the order k,!": 


— — 
grad S A m, — jnm, 
— As 6 —> 
= ccurl m,_1 — ‘i grad log = A. 7,24". (5) 
€ 


— 
This relation is also valid for 7 = 0 if m-, is taken as 


zero, that is we have: 
— =as 
grad S Noms’ = jnms: (6) 
= 
The vector m, represents the geometric-optical ap- 


proximation which is a better approximation according 
as the wavelength 27/k, becomes smaller. The real and 
imaginary parts of (6) lead to the well-known triple 


orthogonality of the geometric-optical approximations 
= = 


e, and h, of the electric and magnetic field, and of the 
vector grad S the direction of which can be identified 
with the propagation direction of the waves. Further 


3M. Kline, ‘‘An asymptotic solution of Maxwell’s equations,” 
Comm. Appl. Math., vol. 4, pp. 225-262; 1951. 
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—> 
properties of m, can only be found from a further con- 


dition, such as that (5) for r = 1 (that is a relation 
=> — 


depending on both m, and m,) should be solvable with 
— 


respect to m;. Luneberg’s analysis leads to two so-called 


“transport equations” which are first-order differential 
= = 


equations for the change of e, and h, along a ray-tra- 

jectory, that is along a curve which is everywhere 

perpendicular to the wavefronts S = constant. This 

author derives two separate transport equations, one 
= 


= , 
referring to e, and the other to h,2).4 Here again, the 
oma 


introduction of the bateman vector m simplifies matters; 
the two equations prove to be equivalent to the real 


and imaginary parts (with respect to 7) of the following 
— 


single equation for m,: 


ea — 
2n hile + & — on 
d d 


S S 


z, = 
+ -grad S (grad n — m,) = 0; (7) 
n 


the derivative d/ds refers to differentiation in the direc- 
tion of grad S. 


—_ 
The transport equation (7) for m, was extended by 


Kline to a general transport equation giving in principle 
— 


the variation of m, along a special trajectory in terms of 
es 
the preceding coefficient m,_, of (4). With the aid of 
= 


these transport equations the coefficients me can be 

derived in succession if they are known on some special 

surface. These rather complicated equations have been 
= => 

expressed in terms of e, and h,° but they very likely 


— 
become simpler in terms of m,. The latter can be indi- 
cated explicitly in the case of a homogeneous space 
(n constant); it then reads: 


= 
—> 


d ——r 
gas + AS:m, = c-Am,_1. 


2 
S 
We believe that the advantage of the introduction of 
the M vector in very different problems has been illu- 
strated by the above examples. 
4R. K. Luneberg, ‘“‘Asymptotic Development of Steady State 
Electromagnetic Fields,’ New York University Math. Res. Group 


Res. Rep. EM-14 (1949), eq. (7.27). ; 
5 Kline, op. cit., eqs. (46a) and (46b). 
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The Theoretical and Numerical Determination 
of the Radar Cross Section of a Prolate Spheroid 
K. M. SIEGEL,t F. V. SCHULTZ,{ B. H. GERE,§ anp F. B. SLEATORt 


Summary—tThe exact curve is found for the nose-on radar 
cross section of a perfectly conducting prolate spheroid whose ratio 
of major to minor axis is 10:1, for values of + times the major 
axis divided by the wavelength less than three. The exact acoustical 
cross section is also found. The mathematical solution is obtained 
by setting up a series expansion for the scattered wave in terms of 
two sets of solutions of the vector Helmholtz equation and evaluating 
the undetermined coefficients in this series by applying the boundary 
conditions on the surface of the spheroid. 


INTRODUCTION 


URING 1949, an effort was begun at the Uni- 

versity of Michigan to determine the electro- 

magnetic scattering properties of a perfectly 
conducting prolate spheroid. The initial problem con- 
sidered was the determination of the axially symmetric 
back-scattering cross section of the spheroid. In the 
first published result,! summarized in the Appendix, the 
method of Hansen was used to determine the algebraic 
form of the axially symmetric back-scattering cross 
section in terms of an infinite series of spheroidal wave 
functions. It was then decided to find the magnitude of 
the axially symmetric radar cross-section at the first 
resonance of the prolate spheroid. This problem was set 
up for computation on a large scale computer, the 
Mark III electronic digital computer, at the Naval 
Proving Ground, Dahlgren, Va. The physical reasoning 
used to predict the region of the first resonance is dis- 
cussed in Section I; the computational methods and 
procedures are discussed in the following paper.? The 
preliminary results of these computations were reported 
at the McGill Symposium’ and the major analysis was 
published in December, 1953.4 In the last year and a 
half, explanation of the physical basis of these results 
has been attempted without much success. It is felt that 
these and the additional results obtained since Decem- 
ber, 1953 verify that the physical situation is more com- 
plicated than one would conclude from the simple 
physical picture associated with the interference be- 
tween an optical scattering contribution and a creeping 
wave contribution. In order to test the accuracy of the 
results, new and more precise computations were made 


+ Univ. of Michigan, Ann Arbor, Mich. 

t Dept. of Elect. Engrg., Univ. of Tennessee, Knoxville, Tenn. 

§ Dept. of Math., Hamilton College, Clinton, N. Y 

1F. V. Schultz, “Studies in Radar Cross-Sections I—Scattering 
by a Prolate Spheroid,’”’ Univ. of Mich., UMM-42; March, 1950. 

2 E. K. Ritter, ‘‘Solution of Problems in Electromagnetic Wave 
Theory on a High Speed Digital Calculating Machine,” paper 2.13 
of this issue. 

3 McGill University Symposium on Microwave Optics, June, 
1953. (To be published in book form by the USAF under sponsorship 
of the Air Force Cambridge Research Center, Cambridge, Mass.) 

4K. M. Siegel, B. H. Gere, I. Marx, and F. B. Sleator, ‘‘Studies 
in Radar Cross-Sections XI—The Numerical Determination of the 
Radar Cross-Section of a Prolate Spheroid,”’ Univ. of Mich., UMM- 
126; December, 1953. 


at the first three maxima which occur in the curve of 
axially symmetric scattering of a sound wave by a 10:1 
prolate spheroid. The results still indicate that the 
theory of a creeping wave plus an optical contribution 
does not give a complete physical picture for the region 
near the first few maxima. 

The results may suggest that the Rayleigh type con- 
tribution still contributes strongly to the amplitude of 
the cross section beyond the location of the first maxi- 
mum (wavelength slightly less than 27 times the semi- 
major axis). 


SEcTION I 


Location of the Resonance Region | 

In thin wire theory one usually considers the problem | 
of the wavelength large with respect to the diameter of 
the wire but small with respect to its length. Thus, 
physically one would expect that the phenomena govern- 
ing the abscissas of successive maxima for a thin wire 
would be similar to those pertaining to a thin prolate 
spheroid. Consequently it was decided that one criterion 
which would predict approximately the abscissa of the 
first maximum for the spheroid would be the value given 
by thin wire theory. 

Our experience with the Kirchhoff approximation 
indicated that it would predict the first maximum at too 
large a value of ka(k = 27/\, @ = semi-major axis). 
This information was plotted with the Rayleigh answer 
for a thin prolate spheroid (a/b = 10, where 6 = semi- 
minor axis). These results indicated the necessary spread 
of points to be computed on the Mark III. The cost, 
difficulty in computing, and overall size of the problem 
limited the number of points actually computed to 22. 


Results 


The results shown in Fig. 1 were obtained from the 
following formulas. The geometric optics solution is 


o¢.0, = b4/a’. 
The physical optics solution is 


4 1 : ve 
une mb E ah (2 _) i (3 _ | 
a? ka ka 


We note that 


lim 
Co = OF, 
ey On GO: 


We also note that 


G ae 54 
on OP.0. ~ a [ka]? = 9¢.0.° (ka)?. 


The Rayleigh answer is 
__ 6b THA 
N2(4e — N)2’ 
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‘where 
T = 4rabd?/3, 
and 
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/ Fig. 1—Electromagnetic back-scattering from a prolate spheroid. 
a/b = 10. 


If one considers a 10/1 prolate spheroid as a thin wire 
one could use the work of Van Vleck, et al.*° to predict 
the abscissas of the successive maxima. 

The appropriate formula is 


= 
= {2 tepalbus Hee 1.7} 
4 wb 


_ J cot ka for odd maxima 
—tan ka for even maxima. 


When a/b = 10, the left-hand side of this expression 


reduces to 
aa —1 
X {4.12 — 1.5 log, ba ‘ 


On the basis of similar analyses for the sphere it seemed 
probable that four terms in the field expansions would be 
sufficient to guarantee accuracy of two significant 

5 J. H. Van Vleck, F. Bloch, and M. Hamermesh, “Theory of 


radar reflection from wires or thin metallic strips’, Jour. Apbl. 
Phys., vol 18, p. 274; 1947. 
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figures in the results for ka < 3. At several values of ka 
both third- and fourth-order results were obtained in 
order to give some idea of the magnitude of the errors 
involved in truncating the infinite determinants. The 
differences between third and fourth order solutions are 
small for ka < 3. 


Difficulty in Interpretation of the Results 

The only unexpected characteristic of the results is 
that the successive maxima increase. This seems a little 
unpalatable from some physical pictures which indicate 
that the successive maxima and minima are caused by 
the interference between an optical contribution and a 
creeping wave contribution. According to this concept, 
the first maximum occurs (beyond the Rayleigh region) 
when the optical and creeping wave contributions are in 
phase and reinforce each other. As the wavelength de- 
creases (keeping the scattering body fixed), a phase 
difference between the two develops, and the first 
minimum occurs where this reaches 180 degrees. The 
difficulty arises at the second maximum. As the wave- 
length continues to decrease, the creeping wave has to 
travel a larger distance in wavelengths. The creeping 
wave contribution is exponentially damped by a factor 
of kl, raised to a positive power (J; is the distance the 
wave travels around the body, in wavelengths). Thus it 
would be expected that the creeping wave contribution 
to the successive in-phase maxima would decrease. 

If the physical optics approximation is in any measure 
indicative of what happens to the optics contribution 
in the Franz-Imai theory, it follows that the optics 
contribution should be slowly varying compared with 
the creeping wave contribution, and in fact should 
approach the geometric optics result, 


b4 


a? 

Thus as 2) decreases the successive in-phase maxima 
of the total result would be expected to decrease. The 
results obtained show that this is not the case! 

Since the error in the results computed by the Mark 
III is an increasing function of ka, the significance of the 
results might be questioned when the third maximum is 
reached. To check this phenomenon much more de- 
tailed computations were made for the acoustic scatter- 
ing problem. 


, as kRa— ow, 


Exact Acoustics Result 
The exact acoustics result is given in Fig. 2. The 
Rayleigh acoustic answer is 


_ 4x®T? € =) 
CM AGE oi ee 


Tq.Ray 
where 
ae b? a a + (a? — b?)1/? i 1} 
es 2(a? — b?)}/2 a — (a? — $?)}/2 
For a/b = 10 
~ 16 rb4 : 
Oq.Ray ~w 9 i (ka) ’ 
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Fig. 2—Acoustical back-scattering from a prolate spheroid. 
a/b = 10. 


which is very nearly 1/4 of the Rayleigh electromagnetic 
answer. Fig. 2 also contains points previously computed 
by Spence and Granger® to exhibit a comparison of 
results. 

Table I contains, for 7 values of ka, the axially sym- 
metric differential back-scattering cross section divided 
by the geometric optics cross section as a function of the 
truncation parameter /. In the computations much more 
emphasis was placed on the maxima than on the minima. 


oO 
PAE Ife ET 
l |ka=1.4|ka =1.6) ka =2.8 |ka =3.0)ka =3.015| ka =4.3 | ka =4.6 
0 0.4921] 0.5778] 0.2498 | 0.1700} 0.172 |0.008714'0.003588 
1 1.516 | 1.530 | 0.08858) 0.3166) 0.337 |0.7366 |0.49232 
yy 1.0835] 0.8821] 1.585 Dali 2.211 |0.001115/0.32985 
3 1.1026} 0.9184} 0.7577 | 0.8936) 0.885 |1.8672 {3.1898 
4 | 1.1022] 0.9184] 0.8201 | 1.005 |} 1.002 |0.53655 |0.72876 
5 | 1.1022] 0.9185) 0.8174 | 1.001 | 0.996 |0.66209 |1.0106 
6 | 1.1022} 0.9185] 0.8174 | 1.001 | 0.996 0.65336 |0.98648 
7 | 1.1022] 0.9185] 0.8174 | 1.001 0.996 0.65373 |0.98768 
8 | 1.1022) 0.9185} 0.8174 | 1.001 | 0.996 0.65372 |0.9875 


This function exhibits a phenomenon similar to that 
reported by Debye’ for the sphere, namely that in this 
range of ka one need only keep ka + 2 terms. In fact for 
all ka, Ritt® has shown that one never needs more than 


6 R. D. Spence and S. Granger, ‘Scattering of sound from a 
prolate spheroid,’ Jour. Acoust. Soc. Amer., vol. 23, p. 701; 1951. 

7P. Debye, Ann: der Physik, vol. 30, p. 57; 1909. 

8 R. K. Ritt, private communication, 1953. 
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eka terms (e = 2.718) to insure two-significant-figure 


accuracy. 
DiscuSsion of the Acoustic Results 

We observe that the ordinate of the initial maximum 
in the acoustic result is only slightly greater than one. 
If the successive maxima always decrease, as they do 
in the sphere answer, then since asymptotically they 
must approach one, it is clear that the changes in 
magnitude of the maximum will only occur in the third 
significant figure and thus one may prédict immediately 
to two-significant-figure accuracy, that the ordinate of 
any maximum beyond the first is equal to 1.0. If one of 
these maxima does become less than one then again the 
creeping wave theory would be questioned. One may 
also predict that even for moderately large ka the 
scattering cross-section will probably not oscillate 
symmetrically about the geometric optics result. 
Discussion of the Electromagnetic Results 

Consider the behavior of the sphere answer as the 
wavelength decreases with the radius of the body fixed. 
In the region of very large wavelength the exact answer 
is in agreement with the Rayleigh dipole answer. Pre- 
sently, as the wavelength approaches 27a, (a, is the 
radius of the sphere), a deviation from the Rayleigh 
dipole result appears. This indicates that the true dipole 
coefficient differs from the Rayleigh dipole coefficient 
and that the contributions from higher-order poles are 
now probably significant. The curve passes smoothly 
through a maximum and starts descending smoothly 
toward a minimum, implying that the magnitude of 
the true dipole coefficient changes more rapidly with 
\ than does the phase of the total contribution from 
the higher-order poles. If this were not the case, second- 
ary oscillations would appear superimposed on the 
primary ones. 

Suppose, on the other hand, that the difference be- 
tween the true dipole coefficient and the Rayleigh type 
dipole coefficient changes slowly with \ as compared 
to the rate at which the phase changes, and suppose 
that the magnitudes and phases of the contributions 
from higher-order poles vary slowly with \. Then one 
would expect that the successive maxima of the total 
field would increase as \ decreases until the dipole 
contribution becomes negligible. This provides a pos- 
sible explanation of the increase observed in the first few 
maxima of the prolate spheroid’s nose-on cross section. 
Note that this would explain both the increase in the 
maxima and the increased decay from the Rayleigh 
answer. 

Since for the prolate spheroid the first maximum 
occurs at a wavelength slightly less than 27a, and since 
the successive maxima do not immediately decrease, 
one may reason that the contribution of the dipole (or 
dipoles) does not decay rapidly as a function of 2. 

On the other hand there is some doubt whether there 
are enough terms present to guarantee that the second 
and third maxima do really rise above the first maximum. 
If the analysis of the truncation error in the scalar 


\ 
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Fig. 3—Prolate spheroidal coordinates. 


problem is indicative of the vector result, one is led to 
believe that there is at Jeast no measurable decrease as 
one goes from the first maximum to the second. 


Conclusion 
This paper presents the exact nose-on cross section 


for a 10:1 prolate spheroid. For the electromagnetic 


problem, it is believed the results are correct to two 
significant figures up to ka = 2. 
The exact nose-on acoustic cross section is obtained 


and it is believed the results are correct to two significant 


figures up to ka = 4.6. If one assumes that the successive 


maxima always decrease then one can predict in the 
acoustical case that all maxima past the first have as 
ordinate the value 1.0 to two significant figures. 


APPENDIX 
DETERMINATION OF MATHEMATICAL SOLUTION 
I. Method of Solution 
The theoretical solution to the problem was obtained 


in the following manner. 
A plane, monochromatic electromagnetic wave with 


‘time dependence of the form et (where j = ~/ —1) 


is assumed to strike nose-on a perfectly conducting 
prolate spheroid embedded in free space. A prolate 


spheroidal coordinate system is employed, wnicn 1s 
related to a rectangular system by the equations 


x = FV (é — 1)(1 — 7%)-cos¢ (1) 
y = FV ( — 1)(1 — 92)-sing (2) 
2 = Fébr, (3) 


where F is the semi-focal distance of the spheroidal 
system, (Fig. 3). 
The expression for the electric vector of the scattered 


wave must meet the following conditions: 


1. It must satisfy the vector wave equation (or the 
vector Helmholtz equation for a monochromatic 
wave, as we have here). 

2. Its divergence must be zero. 

3. At very large distances from the prolate spheroid 
the scattered wave must take on the behavior of a 
spherical diverging wave with the center of the 
spheroid as its center. 

4. The resultant of the incident and scattered waves 
must satisfy the proper boundary conditions over 
the surface of the spheroid. 

In order to obtain an expression for the electric vector 

of the scattered wave which meets the listed conditions, 
the following procedures are used: 
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a. Solutions of the vector Helmholtz equation in 
prolate spheroidal coordinates are formed from 
solutions of the scalar Helmholtz equation by 
means of the method described by Stratton.® Solu- 
tions are formed which have zero divergence. 

b. The incident wave is expressed in terms of ap- 
propriate solutions of the vector Helmholtz equa- 
tion in prolate spheroidal coordinates. 

c. The electric vector of the scattered wave is ex- 
pressed as an infinite series, with undetermined 
coefficients, of appropriate solutions of the vector 
Helmholtz equation which satisfy condition 3 
above. 

d. The undetermined coefficients in the series for the 
electric vector of the scattered wave are evaluated 

with the aid of the boundary condition on the 
surface of the scattering prolate spheroid. 


II. Solutions of the Vector Helmholtz Equation 


As mentioned previously, solutions of the vector 
Helmholtz equation are to be formed from solutions of 
the scalar Helmholtz equation by means of the pro- 
cedure set forth by Stratton. 

Solutions of the scalar Helmholtz equation, 


Vy + ky = 0, (4) 


are used as presented by Stratton, Morse, Chu, and 
Hutner.!° When (4) is solved by the method of separa- 
tion of variables, three second-order linear ordinary 
differential equations result: one in 7, one in &, and 
one in ¢. The separation constants are m and n. 

Solutions of the equation in ¢ are ">, sin md, and 
cos md. Obviously m must be an integer in the present 
work. 

Because of the range of n(—1 < 7 < +1), only the 
first solution of the equation in 7 may be used, since 
only this solution is regular throughout the range of 7. 
The solution given by Stratton, Morse, Chu, and Hutner 
is 


ay 
Smnl)(m) > > dy" Pep m™(n). (S) 
k=0,1 

The numerical coefficients d,”" are tabulated by 
Stratton, Morse, Chu, and Hutner for values of ¢ = 
(27/X)F = kF from 0 to 5 and for values of m + n 
from 0 to 3. The prime on the summation symbol indi- 
cates that the summation is to be over even values of 
k if m is even, and over odd values of k if ” is odd. The 
functions Pxim™”(n) are associated Legendre functions. 
The variable & has the range 1 < & < o. Stratton, 
Morse, Chu, and Hutner give the following solution 

which is regular for all finite values of &: 


9J. A. Stratton, “Electromagnetic Theory,’’ McGraw-Hill 
Book Co., Inc., New York.; N. Y. 1941. 

10 J. A. Stratton, P. M. Morse, L. J. Chu, and R. A. Hutner, 
“Elliptic Cylinder and Spheroidal Wave Functions,” John Wiley & 
Sons, Inc., New York, N. Y.; 1941. 


(th) hs 
ein Bie (k + 2m)! 


k 
k=0,1 k! 
‘ 


/ | 
pk dyn EF O imen(e8), 6) 


Rn) (E) = 


[o.0) 


k=0,1 | 
where jm4x(ct) is the spherical Bessel function of the ' 
first kind. It is to be observed that the coefficients 
d,”" used in (6) are the same as those used in (5). A 
second solution which has logarithmic singularities at 
& = +1 is also given, | 


(f= 1m 
Ran\(&) = ol 
gm > dy (k = | 

k=0,1 : ‘ 


co’ ; 
(k + 2m)! (He 

gu d,™™ ( oe Nm+k(Ct), 
k=0,1 ; 


where %m4z(cé) is the spherical Bessel function of the 
second kind. 

When the above expression for Rmn‘?)(€) converges 
very slowly ( Z 1 or m large), the following equations 
may be used: 


n even: 
Rna@(é) = 
dem-IP ("” + am + ') 
r(” a *) T(m — 4) a > don et 2m)! 
2 si Fe Rl 
+00’ | 
D> as" Onte™(2), (8) 
k=—© 
n odd: 
Rinn'?)(€) = 
~ser-nr(2-+ 20 £2) 
yee ) ( 3) Nay (k + 2m)! 
T ie — —] di_om (ahh: So 
( 2 ey kor: 2 : Rl 
00! 
Sa" Onii™(2); (9) 
k=—00 


The functions Qn44”(£) are Legendre functions of the 
second kind. 

Two other useful solutions of the differential equation 
in £ can be formed as follows: 


Rin (€) = Rina) (E) + 7Rmn(E), (10) 

Ken OIC) = Rinn™)(€) = TR mn?) (&). (11) 

These are noteworthy for having the following 
asymptotic behavior for large cé: 


Rmal8)(£) & ie a) (cé — edt Tr ) 
c& 


lI 


ren (Ly 


nae _ ntmti 
Ral Zee FETT ® as) 


The solutions of (4) which are used in the present 
paper are 


Ya” = Smn)(m)Rmni(€) cos mg. (14) 


The superscript “‘h’’ may take the values 1, 2, 3, or 4. 
From these solutions of the scalar Helmholtz equation 
the following solutions of the vector Helmholtz equation 
may be formed (a being an arbitrary constant vector): 


Loa a Vina (15) 
Minh” = REG) Xa = V¥mal” Xa, (16) 
Nani?) = 5 VX Mn ®. (17) 


Series in terms of Linn, Mmn, and Nmn May be used to 
Hexpress any ordinary solution of the vector wave equa- 
ition. Only M,,, and Nmn are of use here since the 
propagation of electromagnetic waves in free space is 
under consideration. This physical condition requires 
(that 


V-E=0, (18) 
V-H = 0; (19) 
i and from the defining equations given above it is clear 
‘that 
VL) = 0, (20) 
We ADO =o, CO) = 0, (21) 
The vectors & and H can be expressed in infinite series 
« of the functions M,.,(” and Nn”). 


H III. Expression for Incident Wave 


_ Let it be assumed that the incident plane wave is 
| moving along the z-axis in the negative z-direction, 
| that the electric vector has a magnitude EF, and points 
‘in the positive y-direction, and that the magnetic vector 
has a magnitude H, and points in the positive x-direc- 
tion. This is the situation for a plane electromagnetic 
| wave striking the spheroid nose-on. 

With the help of an expansion developed by Morse?! 
the incident electric and magnetic field vectors may be 

expressed as follows: 


Ip, 2 
IEE ai re Aen Wsae (22) 
E ies 2 
I, 
sek =—-j— Aon Me), (23) 
H dine 24, ‘M 
where 
Ly ae cn 
A on = dy, ’ (24) 
Non k=0,1 
Se a (25) 
Non = pe : 
=) jy pene 
The vector expressions *Mp“, "Mn, “Mn are 
' found as follows. By definition, 
*M am!) = Vina’ Xt2, (26) 
MER Vinny, (27) 


11 P. M. Morse, ‘“‘Addition Formulae for Spheroidal Functions,”’ 
Proc. Nat. Acad. Sci., vol. 21, pp. 56-62; 1935. 
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°M,,\”) = VWmn\™ X45, (28) 
where 7,, ty, and 2, are the unit vectors in the x-, y-, 
and z-directions, respectively. For h = 1, 2, 3, or 4, the 
function Wmn' is expressed in prolate spheroidal co- 
ordinates and its gradient is found.!* The unit vector 
42, ty, Or 4, is also expressed in prolate spheroidal co- 
ordinates. The results are: 
Bi ea) 
= 4,F-1{ mee? — 1)-1/2(€2 — 97), (Yq) Rint (B) 
cos ¢ sin md 
FEE an) eS alan) E Raat(® | 
sin ¢ cos mo} 
a uF (1 = 97) tle? mal myn] 2 Suan) | Rin’ (E) 
U] 
sin @ cos mm 
+ minh = m2) = "Sag Real (E) 
cos ¢ sin m¢} 


+ igF¥{ n(€ — 1)(8 = 9°)-'Snal(n) E Rant ®) | 
cos ¢ cos mp 
+ EL — 98)(E = 9)? E Suan) Runt (8) 
cos ¢ cos mp}. (29) 


*M ma®) 

= tPF) mn(h S92) 12(2 — 97) Sn) Rowe (E) 
sin mo} 

+ i,F-1{ —me&(E2 — 1)7/2(? — 92)? (9) Rina (€) 
sin mo} 

+ i,F-{ —&(€2 — 1)"2(1 — 1?) 1/28? — 9?)—1S mal) (n) 

|< Rani®)| cos md 
hein Cee aed) A Deters 2) Ea ae 
E Suna) | Rinn\™)(£) cos mo}. (30) 
n 


The expression for *M,,,‘” is not listed since it is not 
used in the present work. 


IV. Expression for Scattered Wave 

The M-vectors used in Section III to express the 
incident waves satisfy the vector Helmholtz equation 
and have zero divergence, as is pointed out in Section IT. 
Therefore, if the scattered wave is expressed as a linear 
combination of these vectors with constant coefficients, 
the resulting expression will satisfy conditions 1 and 2 
of Section I. Actually an infinite series of M-vectors, 
with undetermined coefficients, will be used for express- 
ing the scattered wave. For the representation of the 
M-vectors, the following solution of the scalar Helm- 
holtz equation (in prolate spheroidal coordinates) is 


12 Stratton, Op. cit., p. 49, eq. (78). 


Lee 


used : 
Loe io) — Sma (ny) Ras '"(&) COs mo. (31) 

As was pointed out in Section II, four different forms 
of Rnn')(~) are available and their pertinent properties 
are given there. Since the incident plane wave exists 
throughout finite space, in the expression for it given 
by (22) it is necessary to use the function R,»,{)(é), 
which is regular for all finite values of & The scattered 
wave exists only outside the perfectly conducting spher- 
oid, where 1 < & < ©, assuming the minor axis is differ- 
ent from zero. Each of the four forms of Rymn'”)(&) is 
regular in this range, but only R,,,'4) has the requisite 
asymptotic behavior for very large values of cé, as given 
by (13). Consequently the function Wmn'4) is used to 
represent the scattered wave. The final expression for 
the scattered wave will then satisfy condition 3 of 
Appendix Section I. 

Condition 4 of Appendix Section I will be satisfied 
since it is used to calculate the coefficients in the series 
for the scattered wave. The prolate spheroid is assumed 
to be perfectly conducting, so that this boundary condi- 
tion is expressed by 


[nX Elen, = [eXCE + Eh, = 0, 


where ‘ £ is the electric vector ot the total electromag: 
netic field and u is the unit vector normal to the surface 
of the prolate spheroid. The number £, is the value of 
€ on the surface of the spheroid. The boundary condition 
implies that 


(32) 


(33) 
(34) 


Be: a pe lrae, =a; 
[Ey ae SEyle-t a 0, 


where 7E, is the 7-component of ’E and ‘&, is the ¢- 
component, and similarly for °£. 

Since there are two boundary equations to be satis- 
fied, it is to be expected that it will be necessary to use 
for °E the sum of two series of vector functions, each with 
undetermined coefficients. At least eight sets of such 
vector functions are available, the individual terms of 
each set satisfying the vector Helmholtz equation and 
having zero divergence. These sets are 
eM), "Mant. Mas "My, FING, 

“EA COR Nae), NEN AGON (35) 

Two of these sets of vector functions have not been 
previously discussed. They are 

Mia) = VVina”) Xt, (36) 
and 


PIX M nal, 
i Vx'M 


Nag!) = (37) 
where 7, is the unit radius vector. Of course i, is not a 
constant vector but Stratton® shows that nevertheless 
"M and 'N satisfy the vector Helmholtz equation. In 
choosing two of the eight listed sets of vector functions 
to represent the scattered wave, one chooses functions 
whose three components vary with ¢ in the same way 
as do the corresponding components of the incident wave. 
For the #-vector of the scattered wave the vector func- 
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tions which have the proper variation with ¢ are 
7M oh, *May®, “Nan een rae (38) 
Of these, *M,{4) and *M,,(4) were chosen for reasons of 
simplicity. The resulting expression for the scattered 
wave is 


ee) 
ng eS > [on *M on(4) + BM, | 


where a, and B, are undetermined coefficients. Expres- 
sions for *M,,(4) and *7M,,‘4) are given by (29) and (30), 
respectively. 

It can be shown that, for large cé, 


E Rant) 1 ei Ent m/2 mn) 
dé is 


From (13) and (40) results the asymptotic expression 
*M on) X [ —4,Son'(n) sin b 


: [n+] 
+ tg Son'() cos 6| to he ee 
F§ 
for large cé. 
Now 
ce = A Fe (42) 
a 
and 
lim (F£) = 7, (43) 
cE 0 
so that (41) becomes 
*M on) DS [—4,S n(n) sin d 
Laat 
+ toSon')(n) cos ican receaeed Pa (44) 
In a similar way it may be shown that 
HERO aes gy 
Sin((m) cos o] L ed2arP> ~ rt3/2) 1 (45) 
r 


Eqs. (44) and (45) show that each term of (39) for 
°E has the correct behavior at large distances from the 
prolate spheroid. 

The expression for °E£, (39), therefore satisfies the first 
three of the four necessary conditions. The fourth re- 
quirement, that of satisfying the boundary conditions 
over the surface of the spheroid, is met when these con- 
ditions are used, in the next section, to determine the 
coefficients a, and B, of (39). 


V. Satisfying Boundary Conditions 

The boundary conditions are expressed by (33) and 
(34). If one substitutes the expressions for ‘E and *E 
given by (22) and (39), respectively, into (33) there 
results 


eS Ae ase [Erne | 
b = n oO on n dé on fake 


ee d 
= = a(ée2 = Lise E R on{4) | 46 
a a ) (n) dé €3) eof ( ) 


7 


ae > Ban — 17) Sin) Gin) Ceo)s 


(39) 


(40) . 
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ees by using (34), one obtains 


2S 4, n(Eo? = )8.%0)| FR 0] 


45 £ (1 in n?) E Sony is 


ant m(Eo? — 1)Sca((n) E RAO] 


se oes ace) E Senn) | Real O(E) 


=a Baicaeo — 1) (1 —9?)125,, n(n)| 4 Ry!) © | 


§=£0 
Bt Sa trry.t 21: m7) 2 [<s..00 Rin((€0) }.(47) 


These equations must hold for all allowed values of 7 


| and may be used to determine a, and By. Eqs. (46) and 


(47) are multiplied by Soy‘)(n) (where N 1s any non- 
negative integer) and then integrated from » = —1 


| to n = +1. The following results are obtained: 


(B.0)(L) 3 adee - ne [ Sr]. 
+1 ee 
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= 2 anh Eo | 2 ieee |, 
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J n Son) (9) Son (n) dy 
-1 


| 
+1 
(4) 
, BoRial (Eo) / eS 


| ape d 
| + oR on*(Eo) iS 79) E Sor) | Son! (9) an 


-$r.{ete-0"[ Zoo ag 
V1= 2? Son (9) Son (nm) dn — (E02 — 1)1? 

+1 
Rnt(es) | 0 V1—a4{ £51400) [Santen a. 


(49) 
Stratton, Morse, Chu, and Hutner!® show that the 


functions Sma‘(n) are orthogonal functions, namely 


that 
0 n # N 
ye ont) on) (n)dn = 2 oN Na 
fits (1) Son'(n)dn = 1 Say, 2, 
Ra0we kt 1" 


(50) 
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The other integrals are much more difficult to handle. 
The method that is employed to evaluate the remaining 
integrals is to use (5) to express Smn!)(n) and its deriva- 
tives in terms of Pmix”(n) and its derivatives. This 
method involves the manipulation of double series and 
the evaluation of integrals involving Pn4”(m) and its 
derivatives, but the work is straightforward. Only the 
results are included, and these are listed below. 


fies TLL ier, qi 
— 1 ) 
a a/ ‘gS 7"? Sih (n) Son (n) dn. 


For n even/odd and N even/odd this integral is zero. 
Gen = (0) fOr 


Tee pha 


(51) 


For n odd and WN even one obtains, since d; 
k + n odd, 
rN" = 2d.°" (dy!" + d31" + ds" + -:--) 
+ $02" (di! + ds!" + ds" + +--+) 
+ ds (de® = gpl 7 oe) 
== §doN (dg! SE agp UME 
Sie do" (ds!” + dz!" + dg” + +++) 


For 2 even and N odd the result is 
=p = 2d,°X do!" =e dol? te dglt -+)/ 
at. $d,°h (dy " eed ta ad gear) 
a 84°" dy!” ad 3? del a) 
zi 8d5°% da” + dgit + dgit + +--+) 
= 49q,°N (dyin oe dgit ee dsl s) 
oe 424°" (del Gp Oke ae iin ea OO 2) 


(53) 


+1 

eral] nS on\)(9)S on (n) @n. (54) 
=i 

The integral J;\" is zero for » even/odd and N 

even./odd For n even/odd and N odd/even we find 


- ot Paes et N N 

Jf n om aie sige + Gee aa? * | 
ee 2 fcr | ir as aire 
(55) 


rato a= [2 Sea0%(0) | nw) (nm) dn. (56) 


The integral 7,” also is zero for m even/odd and N 
even/odd. For n even/odd and N odd/even one ob- 
tains 

co’ 


TN" = k+1 


a EAU aE NG aE WO a Nr ti 
Saal eee! 
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bi 1) a P| (57) 
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eA 
1" = / V1 = Sin (9) Son (0) de. 
=i 


This integral is zero if m is even/odd and WN is odd/ 
even. For ” even/odd and N even/odd one finds 


(58) 
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2 

+1 og ee Sa 
lee -{ ei! ~ | Xs.) | Son™() dn. (60) 
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If n is even/odd and N is odd/even, the integral I,” 
is zero. For n even/odd and N even/odd the integral 
has the value 


Te = ~ [ (k a 24 | 
kao LA(R + 1)(k + 3) 


lc af BE i +k Oh dei = 3910!) 


For both 2 and N even, Dos is given by 


> = Dd oN (doit etd, aerea ee 
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(62) 
and for both 2 and N odd, 23 is given by 

Dy tee Gee ae ds) 
dds) Gdrl™ tads’™ oF dg") 
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(63) 


It is now possible to use (48) and (49) to evaluate the 
coefficients a, and 8,. For easier manipulation of the 
equations, the following substitutions are employed: 


Byn = ae ee v2] £ R,,tne | 
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Using these symbols in (48) and (49) one obtains 
[oe) co 
> (GaCnan ar BrDwyn) = "Ea ee Joys (70) 
ae ae 
De (anVnn ar BrWwyn) = woe Unn C (71) | 


These are 2N equations in 2” unknowns, and both | 
N and n go from zero to infinity. | 
Each term (a@,°M,,‘4) + 8,’M;,) in the expression 
for °E, given by (39), represents the reradiation from the 
spheroid for the forced oscillation of the nth mode. 
From physical reasoning it is known that the amplitudes 
of the modes, above a certain order depending upon the 
ratio F/X, become less the higher the order of the mode. 
Hence the coefficients a, and 8, must approach zero as 
n increases, and the same fact can’ be deduced mathe- 
matically from the convergence of the series. In obtain- 
ing a, and 6, from (70) and (71), one may expect 
reasonably accurate values if it is assumed that a, and 
8B, are zero for values of » above a given number n’. 
Then 2n’ of these equations are employed to find a, 
and 6, for values of m up to 2’. When these values of 
a, and 6, are used in (39), a solution for SE is obtained 
which satisfies the four conditions listed at the beginning | 

of Section I. 

It is evident that a large amount of calculating is 
required in order to obtain numerical results from (39). 
Some consideration has been given to the possibility of 
obtaining a simpler solution which would be more 
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amenable to numerical calculation. To represent °£ it 
would be desirable to have available two sets of vector 
| functions, one with no y-component and the other with 


no ¢-component. Then only one set of undetermined 
coefficients would appear in (33) and only the other set 
would be present in (34). The process of calculating the 
coefficients would then be considerably simplified. 
Simplification would also result if 2 were expressed by 
an equation which contained only one term for each 
value of 7 and if this term involved, aside from algebraic 
functions of 7, only S,,(m) and not its derivatives. 
In addition it would be helpful if the vector functions 
used for expressing “18 would involve only So,{(y) with 
algebraic functions of 7 identical to those occurring in 
the expression for SE. Then, because of the orthogonality 
property (50), each coefficient a, and 6, would be given 
by a single equation involving no other coefficient. It 
would be very desirable that the divergence of each of 


| these functions be zero for all values of the eigenvalues 


nm and m; then each term of the series for the scattered 


| wave would be divergenceless with the result that the 


divergence of the complete expression would be zero, as 


| is necessary. As yet, no solutions of the vector Helmholtz 
| equation have been found which have these desired 


properties. 


| VI. Physical Properties of Scattered Wave 


Eq. (39), with the appropriate values a, and 6, 


_as calculated from (70) and (71), is an expression for the 
electric field vector °E of the scattered wave which is 
_ valid for all values of n(—1 < n < +1), of &(& > £€.), 


_ the assumption that c 


and of ¢. This means that (39) can be used for calculating 
SE in the immediate vicinity of the scattering spheroid 
as well as at great distances from the spheroid. 

Usually one is more interested in the behavior of the 
scattered field at relatively great distances from the 
spheroid. To deduce this behavior most easily it is well 
to take the asymptotic form of °“E as — > ©, under 
27F/ does not equal zero. 
To obtain the asymptotic form of (39) one uses (44) 
and (45): 


[o.@) 
(cE = fi,| > jen! Son(m) sin 6| 


n=0 


mee) 
= tg [> Joan’ MS on) (7) cos } 


eimai On le a7) 125 19) (m)acos | (72) 


('E.a) i e—l2ar/>. 
r 


Here an’ = a,/'E.a and 8B,’ B,,/'E.a. Observe the 
absence of the z component, which is the longitudinal 


component for large values of & This, of course, is a 
necessary and sufficient condition that the wave be a 


purely transverse wave at a large distance from the 
spheroid, as it must be. 
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In order to obtain more information concerning °E it 
is best to express the electric field vector in terms of 
components along the rectangular coordinate axes. The 
resulting expression for ok is 


eee {i,| 5 qutig Vil = n? Sin)() sin ¢ cos 6| 


a) ——— 
+t, B Jr an’ MS on) (7) +j7+3B,/V/1 = 1? Sin) (7) costo 
n=0 * 

“te al » Gran! 1 — 9?Son\)(n) sin | 


ip 
E of ef 


a (73) 

It will be recalled that the incident wave was taken as 
moving in the negative z-direction, with the E-vector 
pointing along the positive y-axis and the H-vector point- 
ing along the positive x-axis. From (73) it can be seen 
that the back-scattered wave (n = 1) which is the wave 
moving in the positive z-direction, has a component of 
the #-vector along the y-direction only. Thus the back- 
scattered wave has the same polarization as the incident 
wave, a well-known property of back-scattered waves 
from smooth surfaces. 

From (73) it may be seen also that the E-vector of 
scattered radiation being propagated in the xz-plane 
(@ = Oor =), has only a y-component, while the #-vector 
of scattered radiation moving in the yz-plane (@ = + 7/2). 
has both a y-component and a z-component, except along 
the y-axis (7 = 0) where the y-component disappears, as 
it must for a transverse wave. 

In order to compute the magnitude of the Poynting 
vector of the wave scattered by the prolate spheroid, one 
may use (73) in the following form: 


SE = {i5T.(n, 6) + iy5Ty(n, ¢) 


I 
; Lisl wie 
+ iT.(n, $)} ee spac (74) 
where °T, , °T, , and °T, are complex. Now let 
Te! = iT, + iT, + iT: (75) 
and 
HE Sei IG: (76) ° 
where °T and °T are real. 
Then 
I 
SE es ip ST S20 ’ —j2nr/r—t (77) 
ia 
From the scattered field determined above, the 


scattering cross section of the prolate spheroid is readily 
found. This scattering cross section is defined as the 
interception cross section o of an isotropic scatterer which 
scatters in the direction under consideration the same 
power density as the prolate spheroid scatters in this 
direction. The value of o is given by 


o = 4n(°T)?2a?. (78) 
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Solution of Problems in Electromagnetic Wave Theory 
on a High Speed Digital Calculating Machine 
E. K. RITTERt 


Summary—tThis paper contains references to several problems 
in electromagnetic wave theory which have been solved by numerical 
methods. In particular, it treats the methods and machines employed 
by groups at the University of Michigan, Willow Run Research 
Center, and at the U. S. Naval Proving Ground, Dahlgren, Virginia, 
in obtaining on a high-speed computing machine a numerical 
solution for the radar cross section of a prolate spheroid. At the 
University of Michigan the work was under the direction of K. M. 
Siegel, while R. A. Niemann was responsible for that done at the 
Naval Proving Ground. 


INTRODUCTION 


This paper is concerned primarily with work per- 
formed during 1951 and 1952 and reported by Siegel, 
Gere, Marx, and Sleator,! in one of a series of studies in 
radar cross sections undertaken at the Willow Run 
Research Center of the University of Michigan’s En- 
gineering Research Institute. The first in this series 
was ‘Scattering by a Prolate Spheroid,’”’ by F. V. 
Schultz.2, Most of the others have been directed by 
Siegel. As will be indicated later, the computation was 
performed by a group under the direction of R. A. 
Niemann at the Naval Proving Ground using the large- 
scale electronic digital computer ADEC (Aiken Dahl- 
gren Electronic Calculator, formerly known as ‘Mark 
Wa ee 

The author’s sole contribution consisted of supplying 
a large amount of interest and impetus, plus an oc- 
casional small “pat on the back’”’ to those who did the 
work reported herein. He had the pleasure, by the 
fortuitous circumstance of having changed jobs in the 
summer of 1952, of being administratively in charge of 
both groups: those who did the analysis at the Uni- 
versity of Michigan and those who performed the 
machine computation at Dahlgren; thus he was cast in 
the role ‘Bugs Bunny”’ playing tennis with himself! 

Although the work of the research teams headed by 
Siegel and Niemann is probably to date the most signifi- 
cant of any of the problems in electromagnetic wave 
theory solved by the use of large-scale digital computers, 
reference must certainly be made, in any discussion of 
such problems, to the work of other groups; although, 
most regrettably, it is impossible to present here (be- 


1 Georgia Institute of Technology. 

1 K. M. Siegel, B. H. Gere, I. Marx, and F. B. Sleator, ‘‘Studies 
in Radar Cross-Sections XI—The Numerical Determination of the 
Radar Cross-Section of a Prolate Spheroid,”’ University of Michigan, 
UMM-126; December, 1953. 

2 University of Michigan, UMM-42; March, 1950. 

5 The results of this computation are shown graphically in Fig. 
1 of K. M. Siegel, F. V. Schultz, B. H. Gere, F. B. Sleator, ‘“‘The 
Theoretical and Numerical Determination of the Radar Cross- 
Section of a Prolate Spheroid,’’ pp. 82-91, this issue. 


cause of space, time, and security limitations) anything 
resembling a complete list.* 


THE PHYSICAL. PROBLEM 


The physical problem® considered by Schultz, and 
by Siegel and his colleagues, was that of determining 
theoretically the behavior of the nose-on radar cross 
section of a prolate spheroid of fixed dimensions, as the 
wavelength of the radiation decreased from the (Ray- 
leigh) region, in which the wavelength (A) is greater 
than the characteristic dimension (in this case, 2a, 
where a is the semimajor axis of the spheroid), to the 
first maximum in the ‘‘resonance”’ region (in which the 
wavelength is nearly equal to the characteristic dimen- 
sion of the reflecting body). 

The prolate spheroid was assumed to be perfectly 
conducting; the incident field was considered to be that 
due to a plane electromagnetic wave whose direction of 
propagation is parallel to the major axis of the spheroid; 
both the incident and the scattered wave were assumed 
monochromatic with fixed circular frequency w; and 
the medium exterior to the scattering body was assumed 
to be free space, with fixed dielectric constant e and 
permeability uw, and with zero conductivity. 


THE MATHEMATICAL PROBLEM 


In general, the solution of the mathematical problem 
of obtaining an expression for the scattered field from 
knowledge of the incident field turns upon a considera- 
tion of the following boundary value problem:® 


4 A Table of Values of a/ ae /r prepared by the Scientific Com- 


puting Service, Ltd., for P. H. Blundell of the British Ministry of 
Supply, and published in the classified volume entitled ‘‘Reflection 
Properties of Radar Targets’’ (Bureau of Ordnance), by M. L. 
Meeks, N. A. Logan, and C. H. Wilcox; 1954. (Title is unclassified.) 

A. N. Lowan, “Tables of Scattering Functions” N. B. S. Appl. 
Math., Ser. No. 4. 

R. O. Gumprecht and C. M. Sliepcevich, ‘‘Tables of Light 
Scattering Functions for Spherical Particles’? University of Mich- 
igan, 1951. 

J. M. Kelso, ““Magneto—lIonic Calculations for 150 Kilocycles 
per Second,’’ Pennsylvania State University, Report No. 24, 
Ionosphere Research Laboratory; July 20, 1951. 

F. Corbato and J. D. Little, ‘“‘Spheroidal Wave Functions,” 
“Machine Methods of Computation and Numerical Analysis,”’ 
Mass. Inst. Tech., Quart. Prog. Rep. No. 11, p. 37; December, 1954. 

“Eigenvalue Problem for Propagation of Electromagnetic 
Waves,” Project Whirlwind (Mass. Inst. Tech.) Summary Rep. 
No. 39, September, 1954, and No. 41, March, 1955. 

J. L. Uretsky, “Eigenvalues for a Spheroidal Square Well,’’ 
‘““Machine Methods of Computation and Numerical Analysis,” 
scare Tech., Quart. Prog. Rep. No. 15, p. 19; March 15, 1955. 


& Siegel, Gere, Marx, and Sleator, op. cit., pp. 4-5. 
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WXVKE = 2h = 0,V.-= 0, 
Bo, v, w) = —E,'(u,, v, w), E,(u., v, w) = 
i— Fy’ (to , U, Ww), 


um RUN-V)E + iB] = 0. 


iR-> 


Here E represents the scattered electric vector, EF’ 
he incident electric vector; the scattering body is 
epresented by the equation u = u, (a constant) re- 
ferred to a curvilinear coordinate system O — uvw; R 
His the radius of a sphere with its center in the scattering 
body and with exterior unit normal V;7 = Vv —1: and 


Ake = enw? = 4 w/d?. 


In UMM-126,! the method of W. W. Hansen’ has 
‘been extended to deal with the boundary value problem 
just described, yielding a solution in terms of vector 
jwave functions. The radar cross section o is shown to be 


4mr?(Eo)?/(Eo')”, 


i 


v= im 
lin which 

B, = (E-BS)10, 

E* is the complex conjugate of £, 

fon oe (ode © )A1? 


hand E’* is the complex conjugate of E’. 


By an application of this extension of Hansen’s 
jmethod, Schultz? obtained an exact solution to the 
iproblem of scattering from a prolate spheroid, & = &,. 
tSchultz’s method employs a prolate spheroidal co- 
ordinate system*® and his solution is expressed by the 
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7W. W. Hansen, ‘‘A new type of expansion in radiation prob- 
| lems,” Phy. Rev., vol. 47, p. 139; 1935. 
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+E .EdS on!) (9) /dqR on) (Eo) 
+ Bn(ZTo)1/[ dS, n(n) /dn Rin (Eo) 
— £ Sin) (m)dRin((E,) dé] } 


: lee) 
= 5 E'S AdlnToSonl(n)dRon'(Eo)/ ds 
n=O 


+ £oEdSon()(m)/dnR on (Eo). 


22 2 
o(1, 6) = 40a?| > i an’Son'(1) | - 


n=O 


oC = 


In these equations the meanings of the symbols are: 
F: Semifocal length of spheroid. 
&: Radial spheroidal variable. 
n: Angular spheroidal variable. 
¢: Azimuthal variable. 
a == 2 (eae at 
Var V (enn) =e 
SS (ny) tae 
: Angular spheroidal function of the first kind. 
: Radial spheroidal function of the fourth kind. 
: Angular spheroidal function of the first kind. 
: Radial spheroidal function of the fourth kind. 


k: Wave number, k = = = w/eu 


: Expansion coefficient for incident wave. 
E’: Amplitude factor of the electric vector E’. 
a:Semimajor axis of spheroid, a = Fé€,. 
a,: Expansion coefficient in series for scattered wave. 

On HQe = Ey Le. 

The first two of these equations represent an exact 
solution to the vector scattering problem, in the sense 
that they define, at least in theory, the exact values of 
all the expansion coefficients in the expression for the 
scattered field. However, as they stand they are ob- 
viously of no value in computing a finite number of the 
coefficients. Schultz (Ref. 2) suggests the possibility of 
obtaining simpler expressions for the quantities a, and 
B, by expanding the equations in powers of 7 and 
equating the coefficients of like powers, but also points 
out that the amount of algebra involved in this process 
is prohibitive. The method developed by Schultz, which 
has been adopted for the computations to be reported 
here, is to multiply both members of each equation by 
Son) (n) and integrate with respect to 7 from —1 to 1, 
for each integer NV in the range of the summation index 
n. The result is an infinite set of linear equations in the 
infinite set of unknowns a, and 8,, with constant co- 
efficients. In the notation of Schultz, which will be 
followed with minor modifications in this section, these 
equations are 


roe) roo) 
De CHEE sR BrDnn) = E’a Joes ) (1) 
n=O n=O 

roe) oo 

D> (nV + BxWnn) = EB’ a > Unn (2) 
n=O n=O 
(Y =.0,4,)2;,2--);owhere 
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By taking only the first few terms of the series, and 
the same range of values of N, one may derive a finite 
system of linear equations whose solution should ap- 
proximate the exact values. The degree of approxima- 
tion will of course depend on the order of the system. A 
fourth-order system was actually used for the computa- 
tions, the choice being dictated primarily by limitations 
on machine capacity, time, and money. It was hoped 
that the degree of approximation obtained in this way 
would be at least comparable to that afforded by the 
other approximations inherent in the general method. 
Also, of course, the problem was simplified in that com- 
putations were made only for the case of back-scattering, 
so that the coefficients 8, drop out of the picture. 

Among the approximations made in the computations, 
the principal one concerns the representations of the 
spheroidal functions Smna(m) and Rnn»(&). Because of the 
lack of knowledge of the theory of these functions, and 
because of the limited range of existing tables, it was 
necessary to represent the functions Sm, and Rnn by 
series of associated Legendre functions and of Yeeros 
Bessel functions, respectively. 


THE ADEC 


The machine employed for the present computations 
was the ADEC (Aiken Dahlgren Electronic Calculator, 
formerly known as ‘‘Mark III’). This computing 
machine was constructed for the Bureau of Ordnance, 
U.S. Navy, by the Harvard Computation Laboratory, 
and is now located at the Naval Proving Ground at 
Dahlgren, Virginia. The ADEC utilizes magnetic drum 
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work had the largest capacity of any digital inachine | 
available. Previously, one value of a radar cross section 
had been obtained at the cost of several man-months of 
manual computation. To compute radar cross sections 
with the necessary accuracy for the desired number of 
values of the parameters, it was necessary to use a 
machine with large storage capacity and large word 
length; this was the principal consideration leading to 
the choice of the ADEC. The difference in operating 
costs between this machine and faster machines with 
lower capacities was outweighed by the reduction in 
computing time made possible by the storage facilities 
of the ADEC. 
These facilities include channels capable of storing ’ 
4,350 sixteen-decimal digit numbers, of which 150 are 
permanently stored constants. In addition, the machine 
has a capacity of 4,000 three-address instructions, and 
carries permanently stored routines for elementary 
operations and computational procedures. In_ this 
problem floating arithmetic subroutines were employed 
using fifteen-decimal-digit coefficients, four-digit ex- - 


ponents and signs. The machine operates with a 
coded decimal system, in which each decimal ' 
digit is represented by four binary digits. Input is 


supplied on magnetic tapes, and results are printed in 
decimal numbers by five electric typewriters. 

Even with the storage capacity available, the various 
components of the problem could not be coded for 
simultaneous computation. It was found necessary to 
split the problem into five individually coded parts® 
described in some detail in the following section. 

A considerable amount of the numerical analysis, 
development of special machine-computational methods, 
and all of the programming and coding of the problem 
as well as the operation of the machine was done at the 
Naval Proving Ground, Dahlgren, Virginia, under the 
direction of R. A. Niemann, then Chief of the Computa- — 
tion Division of the Computatign and Ballistics De- 
partment. The preparation of the machine program was 
done by G. H. Gleissner, D. F. Eliezer, Karl Kozarsky, 
and A. M. Fleishman. 


THE MACHINE COMPUTATIONS 


A schematic diagram of the subdivision of the prob- 
lem, indicating the interdependence of the various 
intermediate steps is given in Fig. 1. The distribution of 
these steps among the five runs is shown by listing in a 
separate column the quantities computed in each run. 
The order of the computations proceeds from left to 
right. The order in which items appear in their column 
is not significant. 

Some idea of the magnitude of the computational 
effort required may be gained from a partial listing of 
the expressions contained in the blocks of Fig. 1. For 
example:® 

8 Referred to as Runs 1, 2, 3, 4, 5 in the diagram which appears 


in the next section. 
3 For definitions of symbols i in these equations not found in this 
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Assumed Run 1 Run 2 Run 3 Run Run 5 Bite” dite” + Fi" dy" + Gyo” dio” = 0 (4) 
bam. Omtk+Nm+tR+1) (5) 

hi 


(2m + 2k + 3)(2m + 2k + 5) 
Fm" = (GOR RIDGE Sele ae 8 ae 2 eg 
c2 


2(m+k)(m+k+1)—2m—-—1 (6) 


a (2m + 2k — 1)(2m + 2k + 3) 
PES Gopi ta) (7) 
(2m + 2k — 3)(2m + 2k — 1) 
—2m—1 
Ran (£) = K(c, m, n) | D> Bade" P_»-i(&)/ p 
af k=—© 
lie >» pwd On(8) | 
k=2m 
7Nn eo il 1 (1 = 9?)*?7Son(n) d Sin (9) dn 
= dn 
= ‘ ee 2 
eae (k =e 1) [(k ai Dd dn 
a(t) keOu ce sth) 2ktEo3) 
J WAG) + kd, ne Ge a > Mnyk aon Ee x. 1) Gan 
By ny kao 2k +1 2k —1 
k + 1)? rlio~; oN 71m 
+ ( at ) di" + kd, |- > POP Pas AIA 2 d;" \ 
~ Fig. 1_—Logical and sequential structure of computation. 14S) k=0 j=0 
| (f= 1) &mn(£)ERmn(?)/ dt + BanleyRaa® = Rae) 
4 
| GQ< Se A wim > gees: (3) Ann = ip B Snr) S myn) dr/ 
k=0 risine Te 
| where 1 
ba cf Saal%(2)Smonil(0) dr 
go" = —(n + m)(n +m + 1), =! 
mn L | (2m = 1)(2m + 1) | = Cl Rinnai Ree?) — Rent Rmyeni |e 
PCAN ta terete ee a er 1 . eo 
(2n + 2m — 1)(2n + 2m + 3) Oe =: | 2 ~~ dS ma)(t)/dtSmy x1 (1) dr 
= —1 f—~7 
1 
=1/ (n + 1)(m +2)(m + 2m + 1)(n-+ 2m + 2) Bs cf, Sma’ O(7)SmynO(t) dr = c(f? — 1) Raye 
*L(Qn + 2m + 1)(2n + 2m + 3)3(2n + 2m + 5) 


| (n + 2m)(n — 1)n(n + 2m — 1) 
Qn + Im — 3)(2n + 2m — 1)3(2n + 2m + 1) 


mn 


Weems ay Rion! Renta 1] = [Rien OR ey =a 
| Raa Ren Raa Rae) ae: Reg RE 


———_— 


| £3 


ss) rem nf (n — 1)n(n + 2m — 1) (n + 2m) 
(2n + 2m — 5)(2n + 2m — 3)(2n + 2m — 1)° (2n + 2m + 1)(2n + 2m + 3) 
(n + 1)(m + 2)(n + 2m + 1)(n + 2m + 2) | 
i (2n + 2m — 1)(2n + 2m + 1)(2n + 2m + 3)° (2n + 2m + 5)(2n + 2m + 7) 
“en = AC "| (n + 1)(n + 2)(n + 2m+ 1) (n + 2m + 2) che 
(2n + 2m — 1)2(2n + 2m + 1) (2n + 2m + 3)7(2n + 2m + 5)(2n + 2m + 7)? 
(n — 1)n(n +.2m — 1) (n + 2m) ] 
~ (Qn + 2m — 5)?(2n + 2m — 3)(2n + 2m — 1)" (Qn + 2m + 1) (2n + 2m + 3)? 


a ee + 1)(n + 2)(n + 3)(n + 4)(m + 2m + 1) (m + 2m + 2)(m + 2m + 3)(m + 2m + 4) 
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{8 — 1)n(n + 1)(m + 2)(m + 2m — 1)(n + 2m) (n + 2m + 1)(m + 2m +4 2) | 
~ LQn + 2m — 3)(2n + 2m — 1)4(2n + 2m + 1)? (2n + 2m 4+ 3)4(2n + 2m + 5) 
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In the course of manual computations it was dis- 
covered that for most values of c used, and particularly 
for those near c = 5, the number of coefficients given in 
(3) and in its counterpart for c > 5 was not enough to 
determine the separation constants to the required 
degree of approximation, while the formulas for addi- 
tional coefficients were prohibitively complicated. A 
small error in the value of Am, led to errors in the re- 
currence formulas for the spheroidal coefficients d,”” 
of the order of magnitude of the quantities computed. 
For this reason an iterative procedure was devised that 
served to refine the values of Am, sufficiently in all cases 
computed. The procedure is outlined as applied for 
even values of k; for odd k there are minor modifica- 
tions: 


1. The quantities Ey+.”, Fy””, and G,_2” are com- 
puted as in (5), (6), and (7), with the value Am, = 
Amn‘) determined by the series (3) or its counterpart 
fon ce 4 5: 

Deine value. ol ky. = 
k = 14 from the formula Ky” = —Gy""/Fy\,”", ob- 
tained from (4) with k = 16 if dig”"/di,”" is replaced 
by its limit zero. 

Ge lheavalucssolekKa sidon Laas 12, 10sec. Ocare 
found successively from the recurrence formula (4) used 
in the form 


Wea Nye og ey ae) Geom 


4 Dnerquantity, ioe 4 Hy ote ee Ge Kee 
is computed. As follows from (7), G_2” = 0 is the exact 
value that should be obtained, and so | Gees | is 
a measure of the error in the first approximation A mn() 
to the separation constant. If the error is not considered 
excessive, the values K,”” obtained in Step 3 may be 
used to compute the spheroidal coefficients d,”"” 

5. If the error exceeds the bounds of required ac- 
curacy, a second approximation Am, = Amn?) to the 
separation constant is derived from the formula (4) 
for k = 0, which may be written 


Opto Gi a IS tOund MtOr 


Ko" = —[c-2(m? + m + Amn) + 1/(2m + 3)]/E2”; 
the value K,”” used is the one computed in Step 4. An 
average of the two approximations A mn‘) and A mn‘) is. 
then used to begin the process again at Step 1. . 

If the procedure is stable, the error in Step 4 will de- 
crease to within the desired range of accuracy after a 
sufficient number of iterations. If the error does not 
decrease, the method is inapplicable; in the present com- 
putations, this difficulty did not arise. 

The procedure described above is similar to a method 
developed by C. J. Bouwkamp.!° The method of Bouw-- 
kamp is theoretically superior in improving the approxi- 
mations to Amn, Converging more rapidly and for a 
wider range of parameter values. However, it is also 
much more difficult to program for a digital machine! 
like the ADEC, and this fact led to its rejection in favor ! 
of the procedure outlined above. 

QUANTITIES TABULATED IN ADEC Output ; 

The values of 27a/\ for which the radar cross section ‘ 
was computed are listed below: 
094, 105332157, .236, .262, .31491377, 024) -/545eerGam 
942, 1:26, 1257» 1489)..2. 1072.51 93, 14 Seine 4s oe ae 
6.28; 1025: 

In the computations a system of four equations in 
four unknowns replaced the infinite system (1), (2). 
For purposes of comparison, the system of three equa- 
tions in three unknowns was computed for the value 


LIE. Gy 
r 


I 


For each value of <* listed, the following quan- 


tities are recorded: 


1. Associated Legendre functions P_,_m_1”(&) and 
Qmt+n™(€) and their derivatives with respect to &, 
for m = 0, 1, 

= 2; — 16. 
2. Bessel ee et for =a1y 2, 
3. Separation constants Amn, form = 0, 1:2 = 0.8 
ITE 
4. Spheroidal coefficients d,”" (or d;””" 
k <0, where d,”” = 0), 
form = 0, 1, 
Hom kale, 
k = all necessary values in range —16 to +16. 
5. Radial spheroidal functions Rm» )(£) and Rmn'?)(€) 
and derivatives of these with respect to &, 


/p in range of 


for € = 1.005 
m = (0,1, 
Nima On lerZ.. 3 


10C, J. Bouwkamp, ‘On spheroidal wave functions of order 
zero,’ Jour. Math. Phys., vol. 26, p. 79; 1947. 
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6. Boundary integrals 7,3” 
for k°=-1,°2 735455; 6; 


all combinations of N and n in range 


Nitze 41 42"3: 
=O 15253; 


7. Radar cross section o. 

With the exception of o, all quantities are given to 15 
significant figures. The values of o are rounded off to 5 
significant figures. 


CONCLUSION 


The accuracy required in the computations described 
in this paper (i.e., the large number of decimal places 
necessary), as well as the need for a large amount of 
storage capacity for intermediate computations, dic- 
tated the choice of the ADEC for the purpose. In 1952 
ADEC was still undergoing its ‘‘shake-down cruise.”’ 
Early in 1953 engineering improvements were installed 
which would materially reduce the time required to 
solve this problem, were additional solutions desired. 
For example, approximately twenty-four hours were re- 
quired to read into the machine and check each of the 
five parts of the program. This can now be done in half 
'an hour. The efficiency of operation of the ADEC 
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(roughly the percentage of ‘‘good’’ machine time avail- 
able) has increased from about 50 per cent in 1952 to 
about 85 per cent in 1955. If the problem were to be 
repeated on ADEC in 1955, it could probably be solved 
in half the time which was required in 1952. 

Moreover, several other machines are now available 
which exceed the ADEC in speed and memory capacity, 
although most of the newer machines do not equal the 
ADEC in number of decimal digits available without 
resort to ‘‘multiple precision’ techniques. The NORC 
(Naval Ordnance Research Calculator), recently in- 
stalled at the Naval Proving Ground, has a word length 
of sixteen decimal digits, built-in checking, and floating- 
decimal operation. A few months ago it solved in forty- 
two minutes a problem which had required three hundred 
hours on ADEC last year. 

In 1952 no universities and few government agencies 
had computing machines capable economically of 
solving the problem of obtaining the radar cross-section 
of a prolate spheroid. Today the Georgia Institute of 
Technology, the University of Michigan, the University 
of Illinois, and several other institutions of higher 
learning in this country, as well as a number of industrial 
laboratories, have large-scale electronic machines which 
could handle this problem and many others at least as 
difficult. 
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Edge Currents in Diffraction Theory 
P. C. CLEMMOW}t 


Summary—A comparatively simple method for obtaining an 
asymptotic approximation to the electromagnetic field diffracted 
by a large aperture in a perfectly conducting, infinitely thin, plane 
screen is suggested. The method is based on two assumptions: 
first, that in some regions the scattered field is nearly the same as 
the field that would be generated by certain currents located on the 
edge of the aperture; secondly, that at any point on the edge of the 
aperture these currents are nearly the same as the corresponding 
currents for a half-plane lying in the plane of the diffracting screen, 
the straight edge of which is locally coincident with the edge of the 
aperture. In the crudest approximation the calculation is made on 
the basis that the half-planes are excited by the incident field 
alone; higher order approximations arise from a consideration of 
the interaction between the different parts of the edge of the 
aperture. 

Applications of the method to the cases of a plane wave normally 
incident on (1) a slit of infinite length with parallel straight edges, 
and (2) a circular aperture are considered. In the former case several 
terms of the asymptotic development of the transmission cross 
section in inverse powers of the slit width are given; in the latter 
case the aperture and axial fields based on the zero-order approxi- 
mation which neglects interaction are compared with experimental 
data published by various authors and with some rigorous calcula- 
tions of Andrejewski. 


1. INTRODUCTION 


The problem considered is the diffraction of a given 
electromagnetic field by an aperture in a perfectly con- 
ducting, infinitely thin, plane screen. As is well known, 
the only case with a reasonably simple exact solution is 
that of the half-plane with a straight edge. In other 
cases most methods of solution have yielded numerical 
results only when the relevant dimensions of the 
aperture are less than or comparable with a wave- 
length. Relatively little attention has been paid 
to the interesting problem when the relevant dimensions 
of the aperture are large compared with the wavelength, 
as may be judged, for example, from Bouwkamp’s! ex- 
haustive review of recent work on diffraction theory. 
Indeed it appears that only in the last few years has it 
become widely appreciated that in some particulars the 
predictions of geometrical optics are quite inadequate 
however large the aperture. 

In the present paper consideration is given to an ap- 
proximate method which would appear to yield fairly 
readily, for rather general shapes of aperture, reasonably 
accurate estimations of the field in certain regions, in- 
cluding the aperture itself. The method is akin to that 
of Braunbek? and Frahn,* but perhaps somewhat 
simpler to work out; it probably gives the early terms in 
an asymptotic development of the exact solution in 
inverse powers of the relevant dimensions of the aperture. 


+ Cambridge University, Cambridge, England. 

1C, J. Bouwkamp, Rep. Prog. Phys., vol. 17, p. 35; 1954. 
2 W. Braunbek, Z. Phys., vol. 127, pp. 381, 405; 1950. 

3 W. Frahn, Thesis, Aachen; 1951. 


Very early in the history of the diffraction problem 
both experimental and theoretical work suggested that 
in some respects the diffracted field could be regarded 
as emanating from a source located on the diffracting 
edge. In terms of an aperture in a perfectly conducting 
screen this feature is more precisely expressed by the 
statement that, at some points, the scattered field which 
is radiated by the surface currents induced in all parts 
of the screen is nearly the same as that which would be 
radiated by certain Jine currents located on the edge of 
the aperture. In the particular case of a half-plane with 
a straight edge the simple exact solution makes manifest 
the way in which this arises; namely, by virtue of the 
fact that the terms of the asymptotic expansion of the 
solution in inverse powers of distance from the edge can 
be related to line currents located on the edge. 

Furthermore, at points on the edge of the aperture 
where the radius of curvature is large compared to the 
wavelength, it seems reasonable to assume that the 
edge currents are the same as those pertaining to the 
half-plane, lying in the plane of the screen, the straight 
edge of which is locally coincident with the edge of the 
aperture. 

The proposed method, then, may be stated briefly 
as follows: by using the known half-plane results, edge 
currents are derived from which the scattered field at 
certain points may be calculated. 

On this basis the crudest approximation is obtained 
by neglecting the interaction between different parts of 
the edge; or, in other words, by taking the edge currents 
at each point as those of the appropriate half-planes 
excited by the incident field alone. Better approxima- 
tions would take account, in some way, of the fact that 
each half-plane is also excited by the field of the edge 
currents at other points of the aperture. 

The points at which the scattered field can validly be 
calculated in the proposed manner dépend on the nature 
of the incident field. Roughly speaking, on the side of 
the screen remote from the source, they lie in the illu- 
minated region not too close to the boundary of the 
“‘shadow”’ cast by the screen; this region includes points 
in the aperture itself, provided they are not too close to 
the edge. 

The method evidently gives the scattered field in 
terms of line integrals. In this respect it yields formulas 
similar to those proposed by Andrews,‘ though there 
are significant differences in the integrands. 

These and other details of the method, together with 
its application to the circular aperture, will be reported 
elsewhere by Mr. R. F. Millar. In the present paper 
some results of the application of the method to the 


*C. L. Andrews, Jour. Appl. Phys., vol. 21, p. 761 ; 1950. 
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slit are given in Section 2, attention being largely con- 
fined to the transmission cross section for a normally 
incident plane wave; and in Section 3 some of the aper- 
ture and axial fields obtained by Millar for the circular 
aperture, neglecting interaction, are compared with ex- 
perimental values and with some rigorous calculations 
of Andrejewski.® 

It should perhaps be stressed that the aim of the 
method is to obtain some features of the behavior of the 
diffracted field with reasonable accuracy and relative 
ease. In the particularly simple case of the slit it will 
indeed yield indefinitely, with additional labor, addi- 
tional terms of the asymptotic expansion of the field in 
inverse powers of the slit width; but for more elaborate 
apertures it is unlikely to be feasible to go beyond the 
first term or so. In the spirit of the method some matters 
of rigor are left for subsequent examination, if any. 


J, Shei See 


2.1 Specification of the Problem 

In this section is considered the two-dimensional prob- 
lem of a plane wave incident normally on a slit of width 
d, with infinitely long parallel straight edges, cut in a 
perfectly conducting, infinitely thin, plane sheet. In a 
system of rectangular cartesian axes the conducting 
sheet occupies the whole plane y = 0 except for the 
region of the slit which is —3d < x < 3d, and every- 
thing is independent of 2. 

For brevity of description in the sequel the half-plane 
y = 0, x > 3d is called P+, and the half-plane y = 0, 
x < —4dis called P—. It is also convenient to introduce 
| polar co-ordinates 71, 6; and 72, 62 measured from the 
edges of P+ and P-— respectively, and 7 to denote 
| distance from the z-axis (see Fig. 1). 


Fig. 1—The notation and configuration for the slit problem. 


The two fundamental polarizations are treated sepa- 
rately. The plane wave is taken to be incident from the 
region y > 0, so in the case of E-polarization it is given 


) by 


ia cers (1) 
_and in the case of H-polarization by 
H,' = Oe (2) 


the time factor e” being left understood (k = w/c). 
In what follows the discussion is explicitly confined to 
the derivation of an approximation, valid when kd >> 1, 


5 W. Andrejewski, Z. Angew. Phys., vol. 5, p. 178 ; 1953. 
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to the transmission cross section of the slit, or, what is 
virtually the same thing, the radiation term of the field 
atx = 0as y— — ~. However, it will be apparent that, 
to the same degree of approximation, the complete 
field at any point could be obtained if desired. 
2.2 The Appropriate Version of the Cross Section Theorem 
Asr— o for y < 0 the leading term in the expression 
for total H, in the case of H-polarization and total £, in 
the case of E-polarization is some function of angle 
times e-”/./(kr). The version of the cross section 
theorem (see, for example, Van de Hulst,® Levine and 
Schwinger’) appropriate to the present problem states 
that if on the negative y-axis [the “forward” direction 
for the incident waves (1) and (2)] these leading terms 
are written in the form 


les FS: 
e4' e ikr 


Vax) | V(b) a 


then the transmission cross section (per unit length in 
the z-direction) is the real part of T. 
2.3 The Zero-Order Approximation Neglecting Interac- 

tion 

In this approximation the scattered field is calculated 
from the current that would be induced in P+ by the 
incident field alone were P— absent, together with the 
field that would be induced in P— by the incident field 
alone were P+ absent. That is, the interaction between 
P+ and P— is completely neglected. Since this inter- 
action can roughly be described as the excitation of P+ 
by a cylindrical wave emanating from the edge of P—, 
and vice versa, it is to be expected that the omitted 
terms are down at least by the order of a factor (kd)~!/?. 
That this is indeed the case is shown explicitly later. 

Neglecting interaction, then, the scattered field can 
be at once written down, from the well-known solution 
to the half-plane problem, in terms of the complex 
Fresnel integral 


F(a) = i) eee (4) 


a 


Since our object is to obtain the transmission coeffi- 
cient, only points on the negative y-axis need be con- 
sidered. By symmetry the scattered field there receives 
a contribution arising from the current in P+ which is 
identical with that arising from the current in P—, so 
that, denoting it by a suffix s, 
for E-polarization 


Qe/sim 
ovr 
+ “FLY (2kr:) sin (2m + 30:)]}, (5) 

for H-polarization 


af. Qer/4im { 


k= {e” Fy (2kri) sin (44 — 36:)] 


oy = e™ F[-y (2kr:) sin (24 — 36,)] 


— e FLY (2kri) sin ($4 + 40,)]}. (6) 


6H. C. Van de Hulst, Physica, vol. 15, p. 740 ; 1949. 
7H. Levine and J. Schwinger, Phys. Rev., vol. 74, p. 958 ; 
1948. Comm. Pure App. Math., vol. 3, p. 355 ; 1950. 
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The total field for the respective polarizations is ob- 
tained by adding to (5) the incident field (1), and to (6) 
the incident field (2). 

Now the argument of the first Fresnel integral in (5) 
and (6) is, in fact, just 

kd 
Vv {R(r1 r)} 24 (2k?) 
and that of the second Fresnel integral in (5) and (6) is 
V {R(r1 + r)} = ¥ (2kr) + Of (kr)-1/2} asr—o, (8) 
where 7 is conveniently written for —y on the negative 
y-axis. Furthermore, 


F(a) = ¥v re-1/4" — a + O(a?), for smalla, (9) 


ae O{ (kr)-3/2} asr— ©, (7) 


ea” F(a) = ls + O(a-3), for large a; (10) 
21a 

(9) coming from the ascending power series and (10) 

from the asymptotic development. 

Hence the radiation part of the total field in the for- 
ward direction along the negative y-axis is readily seen 
to be, 
for #-polarization 


e ell4im o (1 = 1 ) ear 
(27) kd} ¥ (Rr) 


for H-polarization 


(11) 


tr * —tkr 
Pree ell4 pa (1 iy _) e - 42) 
Vv (27) kd / \ (kr) 

With the neglect of interaction between P+ and P— 
as the initial basis of the calculation, (11) and (12) have 
been derived without further approximation. Appealing 
to (3) they yield 

transmission cross section = d 


(13) 
for each polarization. The theory in its crudest form 
therefore gives only the geometrical optics transmission 
cross section, though it would evidently lead to correc- 
tion terms to the field components which would be 
significant, for example, in the aperture plane. 

It should be remarked that, in this first stage of the 
calculation of the transmission cross section, the edge 
current concept is not applicable and of necessity use 
has been made, implicitly at least, of the complete half- 
plane current distribution. This is because, for the in- 
cident fields (1) and (2), the regions in the neighbourhood 
of the shadow boundaries within which the scattered 
field cannot be represented by edge waves include all 
points on the negative y-axis for which kr is larger than 
some value determined by kd. The corresponding feature 
of the mathematics is the use of the initial terms of the 
ascending power series rather than those of the asymp- 
totic development for the leading Fresnel integral in (5) 
and (6). 

The effect of interaction between P+ and P— is 
considered in the following sections. The method from 
now on makes use wholly of the edge wave representa- 
tion, and indeed it will become clear that this representa- 
tion goes hand in hand with the asymptotic develop- 
ment of the solution in inverse powers of kd. 
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2.4 A Better Approximation for the Case of E-Polariza- 
tion 

It is not difficult to appreciate that the interaction 
between P+ and P- is stronger for E-polarization 
than for H-polarization. The former is considered here 
and in Section 2.5, the latter in Section 2.6. 

In Section 2.3 the analysis was based on the use of 
what may be called the undisturbed half-plane currents 
in the plates P+ and P-. Asa first step in allowing for 
interaction the excitation of P— by the field of the un- 
disturbed half-plane current in P+ (and vice versa) 
must be worked out to the appropriate degree of ap- 
proximation. 

This excitation of the plates results in additional in- 
duced currents which in turn play two roles: for the 
field radiated by that in one plate both contributes to 
the field in the forward direction, thus giving the first 
correction to the transmission cross section of geometrical 
optics, and also induces further currents in the other 
plate. And so on. 

Throughout the analysis the field scattered by P+, 
say, can be represented on P— as an edge wave. More 
precisely, it can be represented asymptotically as a 
series of cylindrical waves the amplitudes of which suc- . 
cessively decrease with distance from the edge of P+ 
aS Rr? eras ACR) ae The respective 
fields radiated by the currents thus induced in P— 
therefore contain factors (kd)~!/*, (kd)—3/?, (kd)—5/?, 
--- . It follows that, at each stage in the process, ac- 
count need only be taken of a finite number of the 
cylindrical waves, the contribution of the predominant 
one being down by a factor of the order (kd)—!/? on that 
of the previous stage. Both this number, which thus 
decreases at each stage, and the number of stages are, 
of course, determined by the particular inverse power of 
kd to which the calculation is being carried out. 


By this method, then, any one term in the asymptotic 
development of the field in inverse powers of kd is made 
up of all contributions having the appropriate combina- 
tion of order of edge wave and number of times the 
excitation has passed back and forth across the slit. 
The derivation of the first two correction terms to the 
geometrical optics transmission cross section is very 
easy and is given in this section. The derivation of sub- 
sequent terms becomes progressively more complicated, 
and only two further ones have so far been obtained; 
these are given in Section 2.5. 


The field in y = 0, x < id scattered by P+ when 
excited by the incident wave (1) alone is [cf. (5) with 
61 = 0] 


‘ 2 1/4¢@ 
Ef = — ~— FV (kry)] 
Vr 
en} /4im ear | 4 3 | 
V v V (kr1) 2kr; (2kr;)2 a 


forikri>r Al (14) 
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To begin with, the first term only of (14) is taken 
into account. Then as far as the excitation of P— is 
concerned the field scattered by P+ can be replaced by 

ery 
1 BP, api ee (Rr), (15) 
since the leading term in the asymptotic expansion of 
(15) is identical with that of (14). 

Now the solution to the problem of a half-plane on 
which a cylindrical wave like (15) is incident is also 
well known and relatively simple (Carslaw,* Macdonald,? 
Clemmow'®). Indeed, in respect of the leading term in 
the asymptotic development of the diffraction field, 
which is all that is required for present purposes, the 
cylindrical wave can be treated as a plane wave traveling 
in the direction of the line joining the cylindrical source 
to the edge of the half-plane and having there the same 
amplitude and phase. 

The radiation part of the scattered field arising from 
the excitation of P— by (15) is therefore obtained from 
the solution for the grazingly incident plane wave 

(Aaya ind ou ages a (16) 
Va v (kd) 


In the forward direction along the negative y-axis it is 


4 evtkd = g—thr 


E,w~-- (17) 
w ~ (kd) -¥ (kr) 
and in y = 0,x > —3id itis 
; —ikd  ,—tkra 
Tay cites “oui e (18) 


V 2m (kd) V (Bre) 


The radiation part of the total field in the forward 
direction to the present degree of approximation follows 
by the superposition of (11) and twice (17). It is 


ellain i 
io ba 1 fog l, 
Vv ( 


25 (2) el/4in ens | 
7 Cray! 


which gives 
transmission cross section = 


a -2)/(2)* ee, (20) 
va (kd) 3/2 


The formula (20) contains the first correction to the 
geometrical optics result (13). With very little further 
analysis the next correction can be similarly derived, 
for it is only necessary to consider the excitation of P+ 
by a cylindrical wave, diverging from the edge of P—, 
of which (18) is the radiation field. Using the same 
technique as that just described the radiation part of 
the corresponding field scattered by P+ in the forward 
direction is 


entkr 


; 19 
V (kr) bs 


8H. S. Carslaw, Proc. Lond. Math. Soc. vol. 30, p. 121 ; 1899 
vol. 18, p. 291 ; 1919. 

9H. M. Mcdonald, Proc. Lond. Math. Soc., vol. 14, p. 410 ; 
1915. 

10 P, C, Clemmow, Quart. Jour. Mech. Appl. Math., vol. 3, p. 
Bud 1950: 
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Twice (21) is therefore the next correction to (19), so 
that the total radiation field in the forward direction 
now appears as 


el/4i™ e7tkr 


(21) 


E 


ew ikd 


E,w Ree. ba + & =5 9 (2) elldim 
* (2m) kd © (kd) 3/2 
Corresponding to (22), 


y) ew 2tkd 
Aye 
a (kd)? 
transmission cross section 


= = 2\ cos (kd —am) "2 cos: (2kd) | 
afi : VQ) (kd)3/? aK a (kd)? - (23) 


The formula (23) is identical with that given by 
Burger!! using a different method. It has also been pre- 
viously obtained by yet another method by Dr. H. 
Levine, to whom the author is indebted for the communi- 
cation of unpublished results. 

In working out the next approximation to (23) it is 
evident that account must be taken in the asymptotic 
expansion (14) of the second term, which has not so far 
come into the calculation. This complicates matters 
somewhat, but further results have been obtained. These 
are stated, together with a very brief outline of the 
procedure, in the next section. 

2.5. Further Approximations for the Case of E-Polariza- 
tion 

To the order of approximation so far considered it 
was adequate to replace (14) by (15). To get further 
approximations further cylindrical waves must be added 
to (15) to take account of terms in (14) other than the 
first: moreover, in the plane y = 0, the leading terms of 
the asymptotic expansions of these cylindrical waves 
must be inversely proportional to successively increasing 
powers of kr; . This process must likewise be applied to 
the other partial scattered fields which arise at each 
subsequent stage of the calculation. 

A series of waves of the type required can in fact be 
obtained by repeated differentiation with respect to 
ky, of the wave E, = H,‘?)(kR), where R denotes dis- 
tance from (4d, y.), yo subsequently being put equal to 
zero. If the nth wave of this series is denoted by K,,, 
(15), for example, is replaced by 


e—tkr 


S22 
v (kr) ey 


: —1/4ir s 10 
= — OE (Ket SK + BS Ke + oe), (24) 
Vr 8 128 
where, on 6; = 0, 
ew thr 


K,.(n1, 61) (25) 


(bry) t1/2 ; 
Since a K, wave is obtained by a number of differ- 
entiations of an H,‘?) wave, the solution for a half-plane 
irradiated by an K, wave can be found by a number of 
differentiations of the solution for a half-plane irradi- 


11 A, P. Burger, Aeronat. Res. Inst., Rep. F157, Amsterdam; 
1954. 
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ated by an H,(?) wave, references to which were given 
in Section 2.4. In principle, therefore, an indefinite 
number of terms of the asymptotic development of the 
field in inverse powers of kd can be worked out. The 
analysis becomes progressively heavier at each stage, 
but the following expression for the field in the forward 
direction has been obtained, !? 
el/4im 


er aL E ob ie 2 (2) juan Oe 
V (20) kd - (kd)32 
2 Crs 1 2) —1/4in 
+ Fe? VC i 


—4ikd _ 5 of cea) | 


esikd —fre-ika 


(kd) 5/2 


—2ikd ew tkr 


v (kr) ’ 


te 3 1re 
ar (kd) 


and, correspondingly, 
transmission cross section 


(26) 


f, al bv} (2) cos (kd — im) i 2 cos (2kd) 
vg (kd)3/2 Re)? 
1 (2) cos (3kd + 41) — frcos (kd + 37) 
or (kd) 5/2 
1 sin (4kd) — $x sin (2kd) 
oe? (kd)§ 


Tv qT 


(27) 


0s cea} | 


2.6. The Case of H-Polarization 


If we consider the correction to the analysis given in 
Section 2.3 for the case of H-polarization, it is at once 
evident that the leading correction term is a higher 
order in (kd)-! than that for #-polarization. For the 
field in y = 0, x < 4d scattered by P+ when excited 
by the incident wave (2) alone is 


1/ kri 
Eo 7s ae 2 FIV (kr: \ 
1 Lv Gril+ i 
el/sim e—ikri 
oo eRe 28) 


(where Z is the intrinsic impedance of free-space), H, 
being, of course, zero; and a comparison of (28) with 
(14) shows that the contribution to the field arising 
from the interaction of P+ and P-— is less for H- 
polarization than for £-polarization by a factor of the 
order (kd)-}. 

The excitation of P— by the field (28) can be worked 
out from a single differentiation of the known solution 
for the incidence on a half-plane of the cylindrical wave 
for which H, is given by the H,'*) function. In this way 
the radiation field in the forward direction containing 
the next approximation to (12) is found to be 

en l/4im 


i 
w E ied diem) eae 


+ of (eay-7} | 5 a 


ellin ewtkd 


hoicox 


, (29) 


12 The author does not regard it as inconceivable that there 
should be an error in the last two terms of (26) arising from a slip 
in the calculation. 
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associated with 
transmission cross section 


1 cos (kd + }7) 
V (27) (kd)*”? 


The formula (30) has also been previously obtained 
by Dr. H. Levine (unpublished) using an independent 
method. 


2.7 Numerical Results 

In this section it is convenient to talk about the 
transmission coefficient rather than the transmission 
cross section. The former is just the latter divided by d. 

The formulas (23) and (30), divided by d, should 
give good approximations to the transmission coefficients 
for E-polarization and H-polarization respectively for 
kd >> 1. Evidently as kd increases indefinitely they 
both tend to unity in an oscillatory manner, but the 
latter approaches this limit much the more rapidly of the 
two. 

Using an eigenfunction method, Skavlem!® has been 
able to make calculations of the transmission coefficients 
which are apparently exact to five figures for values of 
kd up to 20. For £-polarization, Burger!! has shown 
that the numerical values yielded by (23) agree well 
with those given by Skavlem, the discrepancy only 
becoming greater than about 1 per cent for kd < 4. 

Likewise, calculations based on (30) agree well with 
the relatively few given by Skavlem for H-polarization, 
the discrepancy only becoming greater than about 1 
per cent for kd < 3. In this case, however, Skavlem 
appears to have been misled by having made calculations 
with kd > 3 only for the values 4, 8, 16; for he remarks 
‘“....the transmission coefficient varies in a rather 
monotonic way with only one minimum and no maxima,” 
and illustrates with a figure showing the variation going 
in this way. In fact the earlier results of Morse and 
Rubenstein, '4 although confined to values of kd less than 
about 8, indicate that the transmission coefficient does 
oscillate about unity in accordance with (30). 


= a ie + of (ea) # J. (30) 


3. THE CIRCULAR APERTURE 


Quite recently a number of measurements of the field 
in the plane and on the axis of a circular aperture on 
which a plane wave is normally incident have been re- 
ported, and various methods have been suggested for 
predicting these fields. In particular, Andrejewski® has 
made computations, based on the rigorous solution in 
terms of spheroidal functions, for some values of ka up 
to 10, where a is the radius of the aperture. 

The method discussed in the present paper, in its 
crudest form neglecting interaction, has been applied to 
this problem by Mr. R. F. Millar. The details of his 
analysis, together with numerical calculations on aper- 
tures of different radii, will be reported independently 

13S, Skavlem, Arch. Math. Naturvid., 51, p. 61 ; 1951. 


4 P. M. Morse and | ee Rubenstein, Ph s. Re 154 a aD: 
895 ; 1938. z els ‘ 
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Fig. 2— | Ez |? as a function of x/a for ka 
curve = present theory, dotted curve 
Andrejewski. 


10, y = z = O. Solid 
exact calculation by 


elsewhere. But as an indication of the extent to which 
the method succeeds typical results are shown in Figs. 2 
and 3: 

Let the plane of the screen be y = 0, the aperture 
x? + 2? = a’, and the incident plane wave E* = (0, 0, 
e””), Then in figure 2 | EZ, |? in y = 0 is plotted against 
x/a, for g = 0, when ka = 10. The full line curve is 
obtained from the present theory by a numerical evalua- 
tion of the integrals involved, whilst the dashed curve is 
that due to Andrejewski> and may be reckoned exact. 

In Figs3 | ie |? on the negative y-axis is plotted 
against —y/\ for ka = 3m (A being the wavelength). 
The full line curve is obtained from the relatively simple 
formula given by the present theory, the solid dots are 
from measurements by Andrews‘ and the open dots from 
measurements by Ehrlich, Silver and Held.!® 

It has already been remarked that the formulas for 
the field in the aperture given by the present method 
can be compared directly with those suggested by 
Andrews.‘ They differ somewhat. And the point where 
the effect of the difference seems to be greatest is at the 
center of the aperture. Here the present method gives 
(in agreement with Frahn®) 


; (31) 


whilst Andrews’ formula, and also Bekefi’s!® method, 
give 

meee lee ay (32) 

16M. J. Ehrlich, S. Silver, and G. Held, Jour. Appl. Phys., 


vol, 20, ps 636; 1955. 
18 G, Bekefi, Jour. Appl. Phys., vol. 24, p. 1123; 1953. 
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-y/r 


Fig. 3— | Ez |?2asa function of —y/d for ka = 3x7, x =z = 0 


Solid curve = present theory, solid dots = experimental points 
due to Andrews, circles = experimental points due to Ehrlich, 
Silver, and Held. 


It must be admitted that by and large the experi- 
mental results (for example, those of Andrews‘ and of 
Ehrlich, Silver and Held!*) seem to favor (32) rather 
than (31). The latter, however, is closer to Andrejewski’s 
exact value for ka = 10, and should, one suspects, be 
the limit of the correct expression as ka > ©. 


4, COMMENTS 


It is apparent that some more general results than 
those mentioned here could be obtained. For instance, 
in the case of the slit the whole analysis could be carried 
through for an obliquely incident plane wave, or for 
line or point sources. Again, for the circular aperture a 
better estimation of the edge currents might be derived 
by treating each pair of diametrically opposite edges as 
a slit, thus allowing to some extent for interaction across 
the aperture. Unlike the approximate method discussed 
in Section 3, this should lead to a correction term to the 
transmission cross section of geometrical optics. Clearly, 
also, other smooth apertures, such as an elliptic one, 
could be treated. 
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On Discontinuous Electromagnetic Waves and the 
Occurrence of a Surface Wave 
B. VAN DER POL 


Summary—Two problems are considered: (1) The field around 
a dipole free in space. Contrary to the usual treatment, where the 
moment of the dipole is considered to vary harmonically in time, 
here the moment is assumed initially to be zero but at the instant 
t = 0 to jump to a constant value, which it further maintains. (2) 
The same dipole is placed vertically on a horizontal plane separating 
two media of different refractive index. It is shown that the resulting 
disturbance on the plane is composed of two space waves and one 
surface wave. First the Hertzian vector at a distance p from the 
dipole is zero. At t = ft, the disturbance arrives there through the 
less dense medium, and slowly begins to rise till, at the moment 
t = t., when the disturbance has had time to reach the same 
distance through the second (denser) medium it reaches its final 
static value and further stays constant. During the transitory interval 
t;<t<t, the disturbance is found to be representable, apart from a 
constant, by a pure surface wave. 

The two problems are solved with the help of the modern form of 
the operational calculus based on the two-sided Laplace transform. 
The analytical tools of the operational calculus needed are explained 
in a separate paragraph. 


INTRODUCTION 


N 1888, Hertz, in a classical paper,! gave a solution 
of Maxwell’s equation for free space, with a singu- 
larity (simple pole) at the origin. This solution is at 

the base of all modern calculations concerning the 
radiation distribution of antennas. 

In his derivation Hertz made use of rectangular 
co-ordinates. A more modern version of the same prob- 
lem, but in spherical co-ordinates, was published by 
Sommerfeld? in 1948. 

The problem in question, in modern terms, concerns 
the field round an infinitesimal dipole of moment 
P = e-l, formed by two equal and opposite charges 
+eand —e at a distance / apart. 

Lorentz’ encountered the same mathematical problem 
in his theory of electrons. 

It is usual in this problem to assume the moment P 
of the infinitesimal dipole to vary harmonically with 
time, thus simulating the oscillatory moment of a radio 
antenna. 

It is the purpose of the present note to study two 
problems: 

1. The field in free space round a dipole whose moment 
P, assumed initially to be zero, but which, at the time 
t = 0, suddenly jumps to a constant value 1, which it 
further maintains. This dipole moment therefore has the 
mathematical representation P = U(t) where U(t) is 
the Heaviside unit function as represented in Fig. 1. 


} International Telecommun. Union, Geneva, Switzerland. 

1H. Hertz, Ann. der Phys. vol. 36, p. 1; 1888—Gesammelte 
Werke II, vol. 147, Leipzig, Ger.; 1914. 

2A. Sommerfeld, “Vorlesungen ueber theoretische physik, 
band III,” Elektrodynamik, pp. 150-155; Wiesbaden, Ger.; 1948. 


3H. A. Lorentz, “The Theory of Electrons,” 2nd ed., p. 56; 
Leipzig, Ger.; 1916. 


Fig. 1 


Physically this may be. interpreted as the sudden 
separation, to a certain small distance, of two opposite 
charges which originally coincided; and the study of the 
resulting electric and magnetic fields. The very different 
behaviour of these fields near the dipole and further 
away thus becomes more evident than from the usual 
oscillatory treatment. 

2. The problem in which this same dipole, with a dis- 
continuous moment, is placed vertically on an infinite 
horizontal plane, which separates two media of different 
refractive index. 

The latter problem is analogous to, say, a vertical 
transmitter placed on a flat earth, with the difference 
that the dipole moment of the transmitter does not vary 
harmonically with time, but is represented by U(t). 

The solution of the latter problem shows the presence 
in the plane z = 0 of a typical surface wave, 1.e., a wave 
satisfying the two-dimensional wave equation. 

Contrary to the usual treatment of an oscillatory 
dipole, where extensive use is made of complex function 
theory, the present problems (1) and (2) both appear 
to be amenable to a treatment in the real domain only, 
in the sense that no complex integrations are necessary. 

In the following we will make a free use of the ideas 
and methods of the modern form of the operational 
calculus,‘ as developed in the book quoted below. 

A short resumé of the operational tools needed here is 
given in the next paragraph. 


OPERATIONAL METHODS 
If a function of the time h(t) be given 
(== << phe ace) 


and which we call the “original,’”’ we obtain its ‘‘image’”’ 

f(p) by means of the two-sided Laplace transform 
+0 

f(b) = pf iS e h(t) dt, (1) 

provided that the function h(¢) is such that there exists 


in the complex p-plane a band a < Rep < 8B in which 
this integral converges. 


* B. van der Pol and H. Bremmer, “‘Operational Calculus Based 
on the Two-Sided Laplace Transform,’’ Cambridge Univ. Press, 
London, Eng.; 1950. 
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We write the relation (1) in short 


f(b) = hd), 


h(t) = f(e), 


If h(t) happens to be different from zero only on the 
interval a < ¢ < b then the integral (1) automatically 
| reduces to 


a < Rep < 8, 


a < Rep < 8. 


b 
OA pf e * h(t) dt. 


In particular, if h(t) = U(#), then 


+00 +00 
I f(b) = | e* U(t) dt = pf Cre diet 1 (1a) 
I -—0 a 
so that we have the simple correspondence: 
1= U(i), Rep > 0, (2) 


or, in words, the unit function U(t) has, as its image 
in the p field, the function 1. 
From (1) it follows that, if 


f(b) = hd), 
| then the following ‘“‘shift rule” is generally applicable 
ye iN a <aRep =< 8, (3) 


| where X is a positive or negative real constant. Inci- 
| dentally, this is not generally true if the operational 
_ calculus is based on a one-sided Laplace transform. 

_ From (3) it follows at once that the retarded (or 
| advanced) unit function has the following image 


== Ut — X), 


a < Rep < 8B, 


Rep > 0. 


Similarly the Dirac delta function 6(¢) has as its 
| image 


+00 +0 
i pf e'5(t) dt = | 15(t) dt = p, 


and hence 
p= (4), 


A DrpoLe oF Moment P = U (t), IN FREE SPACE 


=a < Rep < +. 


We first solve this, rather simple, introductory prob- 
| lem, as the ideas used in its solution will be applied later 
| on to the more complicated problem discussed in the 
| next section. 

| The basic formulas for the magnetic force H, and 
| the electric components £, and Fy, around a dipole of a 
general moment P (in the usual notations) are to be 
found in Sommerfeld’s lectures.2 They can be written 
in the following form: 


2 
Br cin 0 {0 ies ee 
Cc r? d(ct) r (ct)? 
4rE, = 2030} tp +42 ae) \ (4) 
r? r? A(ct) 


il 1 oP (Nb oat Se ig 
rE, =cino {i pyloP 41 oP 
ae a {3 a r? (ct) r O(ct)? 
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The argument of P has to be taken retarded as 
P = P(t — r/c). These field components are derived 
there by differentiation from a Hertzian vector II (which 
derivation will not be reproduced here). This vector is 
given by 


tet =} p(s“). (5) 
ta 


C 


It satisfies the wave equation 


(7 ~ 0). (6) 


and if we transform 7 operationally, so that, e.g., 


aie =) Rep 70, Omen) 
and if we assume II to have the image f(p), then (6) 
becomes 


(A PD) ae Oe Tze) (7) 


If the moment P is a unit function, (5) becomes 


Ar =! P(- ") sie Pe pine pest 
r C r C r r : 


Further (7) shows that we immediately obtain the 
operational image for our functions (such as II (x, y, 2, 4) 
or the field components of E and H) from the usual 
expressions, pertaining to an oscillating dipole with time 
factor x hak if with the standard notations, we replace 
in (4) 0/dt by —iw, then write —tw/c = 
replace 2k by —p. This procedure amounts to the same 
as replacing directly 0/(0(ct)) by p. 

Thus from (4) we obtain the following images. 


—tk and finally 


4rE, ser rose}i+F+o} (4a) 


4nrk, == e ” sin 6 path +t, 


7r3 te iP 


—*r takes account of the necessary 


where the term e 
retardation. 
Hence (4a) constitutes the final solution of problem 
(1) in operational form. It remains to be interpreted in 
the 7 (or #) field. With the aid of the exposition in the 
previous section we find at once the “translation” of 


(4a) to be 
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» = sin 0 {0 
c 


| 
yy 
| 


+ DG —1r) 
yp? 


4rk, = 2 cosa} U(r — r) oe s(t — 1r) 
tT te 
? 1 1 
47, = sin 6 {5UG —r) +—<d6(7 — 7) 
r? pe 
Loy 
+-6' (7 - nt 
r 
+0 \ (8) 
Le 
+-6'(7 - nh. 
r 
Thus we see that, fora moment P = U(t), and near 


the dipole (and therefore considering the terms with 
r-3 only), both E, and E, contain a term of the form 
U(t), i.e. a unit function similar to the time function 
of the moment of the dipole itself. This corresponds to 
the static solution. But all three components H,, E, 
and &, also contain a term with a delta function 6(7 — 7). 
For large distances (which correspond to what is usually 
called the radiation field) only the terms containing a 
factor r~! are of importance, They are present in the 
components Ey, and H, only, and contain as time func- 
tions the ‘‘derivative’”’ of a-delta function 6’(7 — 1). 

These results are shown in Fig. 2, where the two (or 
three) time components present in the different field 
components are represented symbolically. As we saw 
above, their relative importance in each case depends 
on the distance 7 from the transmitter. 

It therefore follows that what we notice at a large 
distance from the dipole (the terms with factor r~} 
only) corresponds to the second derivative of the electrical 
moment of the dipole. 

This fact is thus much more clearly brought out for a 
dipole moment of the form U(t) than for a sinusoidal 
excitation. 


A DrpoLe oF MoMENT U (t) PLACED VERTICALLY 
ON A HORIZONTAL PLANE WHICH SEPARATES 
Two DIFFERENT MEDIA. 


This problem is classical in radio when the moment 
of the dipole is considered to vary harmonically in 
time. It was first solved by Sommerfeld® in 1909. How- 
ever here we wish to treat the case where the moment 
is a unit function U(t). Again, we won’t give the full 
derivation of the problem here, but shall borrow from 
Sommerfeld’s investigation (as expounded, e.g., in his 
lectures on electromagnetic theory”) the solution for an 
oscillating dipole. 

Further it will appear that all the essential points of 
our solution are already brought out if we do not intro- 
duce any absorption either in the first or the second 


5A, Sommerfeld, Ann. der Phys., vol. 28, p. 287; 1909—and 
vol. 81, p. 1135; 1926. 
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Fig. 2 


medium, thus considerably simplifying our analysis. 
The present problem therefore may be visualized as the 
propagation of waves from a discontinuous point source, 
placed at the plane separating, e.g., an upper half space 
which is empty and a lower half space of glass or a similar 
substance. 

With Sommerfeld, we introduce again a Hertzian 
vector having a vertical component only. In the first 
(upper) medium with a refractive index m,? = ¢,, it is 


II = 


and solves the wave equation pertaining to the first 
medium (with k,?) 


(A + k,?)T, = 0 
Similarly, in the second (lower) medium it equals 
Il = We i 
and there it solves 
(A + ke?)I, = 0 


The boundary conditions, together with the condition 
at infinity yield as the classical solution in the first 


medium (zg > 0) in cylindrical co-ordinates and with the © 


Puanasa 


IIi(p, Z) ns [Pea J (Xp) rdd. 6 
ky? + k? ) N 


classical notations p? = x? + y?, 7? = 
(9) 


® For reasons of symmetry we have here changed the normaliza- 


tion slightly. Sommerfeld, in his lectures, uses the factor 1/2k,? | 


where above, in the first member of (9), we take (k,? + k22)—}. 


7B. van der Pol, Jahr. fur Draht. Tel. u Tel. vol. 37, pp. 
152-156; 1931. 


In (9) the denominator N is given by 
SS uf 1 
N Reavy Xe poet Pew = be 


Throughout the square roots are defined as having 
their real part positive. 


Before proceeding to use operational methods for the 
discontinuous excitation, we first introduce in (9) an 
artifice we found in 19317 and which will appear to be 
basic for the following treatment. It consists of writing 
1/N as the following integral (which is easily verified) 


u=kz 
1 kiks 1 1 
— a SS SESE = ss 
Ne bit — ket AJ Rie \/« pee (LO) 
© —1 
» where 
h? k,? ke? 


| Hence the complete solution in the first medium can be 


given the form of a double integral: 
A=0O 
kik 
Th(p, 2) = ELSIE AN a 
k,? — Rp? 
A=0 
fy : d d (11) 
ws 2 ddd. 
u=ki ite (2 mM 


This is the form of the solution for an oscillating dipole. 
We now transform it into the operational image per- 
taining to a dipole of moment U(#). Again, as in problem 
(1) above, we introduce the variable 7 = ct. We again 
transform 7 operationally as in (6a) and assume Rep > o. 


| We further introduce the (real) refractive indices 
| m2 = €,, m2 = e. As before, we therefore have to 
| replace 
| tk, by — pny, ’ 
| tke by —pm2, 
| and, according to (10a), 

: n\n 

th by -p-———— 

Vin? + ni? 


| The latter refractive index, corresponding to h, we shall 
| further write 


V/BULD) 


—— (11a) 
V ni? + ne? 


= N12. 


Applying these transformations to (11) and changing 
at the same time the integration variable u to u = tpp, 
we obtain the following image for IIi(p, 2): (Re p > 0) 
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Zo 


co 
; a A ee nin 
IIi(p, 2) = ext Mee IG J (Ap) n,2 i 2 
A\=0 : 
v=n2 1 


LA Vara d eae ; Nid Nee (12) 
N12” 

Thus (12) constitutes the complete solution, in opera- 

tional form, of our problem (2), and it remains to be 

interpreted in the original language for 7 = ct. 

The latter problem is materially simplified, while 
still maintaining all essential points, if we limit ourselves 
to a consideration of (12) for z approaching zero from 
above:z = +0, i.e. of the behaviour of IIi(p, 0) in the 
plane separating the two media. We thus find from (12) 


v=ne 1 
NN 


SSS = d 
ny — no? / y2 a 
v=ni 2 
N12 


Tli(p, 0) = 


The latter integral is known and equals (1/p)e~?”, so 
that (13) becomes 


v=n2 1 
mine 1 pe d —— 
Z 
Ny? — No? p Lisl Pod 1 
ven 


N12? 


Tli(p, 0) == (14) 


We now integrate (14) by parts, using (11a), and 
obtain 


-» 1 v=ne 
, NN Ofna pees 
IIi(p, 0) = ‘9 2 2 
UR = 10; p Lye. 1 
2 v=n1 
Nie 
v=ny —pvp 
e = 
nyn2 nye ?™ 
+ Pp 5 dv ; 
eget ny? — ne | ne p 
v=n1 2 
N12 


ay x<=nep 
_ ne é : 
ny te = + of jE 2 dx ’ (15) 
mip 


where, in the last integral, we have replaced the integra- 
tion variable »v by x = vp. 

With the aid of the operational data contained in the 
second section above, it is now an easy matter to find 
the ‘original’ of (15). We further assume that the 
optical density of the second medium is larger than that 
of the first, i.e., m2 > m,. From (3a) we see that the 
first term in the bracket of (15) has as its original 


age 


n 
oe U(r = Nop), 
N2p 


which function, therefore, is zero for tr < m2p, but at 
7 = nop, it jumps to the (subsequently constant) value 
(2,/n2) 1/p. Similarly for the second term in (15). As to 
the last term in (15), this happens to have exactly the 
form of our definition integral as given by (1) and (1a). 
As here # relates to 7, the original has to be interpreted 
as the function which equals 


1 
2 
Die oy ane 
N12 
as long as 7 is comprised between the limits 7 = m p 
and + = 2p, whereas the function equals zero outside 


this interval. With the aid of our U(t) function, we can 
therefore write for the original of the last term of (15) 


1 
2 
= 
N12 


Hence the complete original of (15) becomes 


-U(r — mip)- U(n2p — 7). (16) 


nin nz 1 
HCO 0) ee Ore) 
noe — ny ni p 
ny, 1 
-=—U (7 — mp) 
Ne p 


1 
= rae U(r — mp)-U(mp —7)) (47) 
N12” 


where, as before, 7 = ct. 

Clearly the first two terms correspond to “space 
waves’ which here degenerate into two discontinuous 
jumps, first at 7 = mp upwards with a magnitude 
no?/(n22 — 1?) 1/p and later, at 7 = nep downwards 
with a magnitude 2/(m2? — m,?) 1/p. After r = nop 
we are therefore left with a constant magnitude 

Wee Nile ek 

ny? — np p 
These jumps of the two space waves (at a fixed distance 
p from the dipole) but as a function of r = ct are depicted 
at the top of Fig. 3, where, at the instant 4; = n,p/c the 
first space wave is seen to cause a jump upwards and 
at the later instant fp = nep/c the second space wave is 
seen to cause a second jump, but of different magnitude, 
downwards. 

As to the last term (7?/m12? — p?)—!/? in (17), this 
clearly represents a typical surface wave, as it has the 
form of a solution of the two-dimensional wave equation, 
which, as is well known, corresponds to the three- 
dimensional potential equation, if in this latter we 
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total sum 


Fig. 3 


change one linear dimension by ict. Thus a_three- 
dimensional potential is 


(x2 ot yy? + fa) ie = (p? a xo eal. 
and hence a two-dimensional (surface) wave is 
(p2 — Cee — (p? a Ep, 


which is exactly of the form found here. Moreover the 
refractive index associated with the surface wave is 
given by m2. = miM2/~/ny?+n2? which is symmetrically 
built up of the two refractive indices ; and m2 of the two 
corresponding media. The latter fact constitutes another 
reason for calling the last term of (17) a surface wave. 
Now let us investigate its behavior. According to the 
factor U(r — mip) it comes into being only at r = mp, 
1.C dtd -=ih1 = toh. 
At this instant it suddenly jumps to the value 


nN; 


—1/2 
(r?/m32? — p?)—1? = (= p= ) 
N12? 


Tits anarl 
1) =—-, 
Ni p 
or, with the over-all factor taken into account, it jumps 
downwards at t; = n,p/c from zero to the value 


gésl ce state) lyse 
p 


N12No? 


No? 1 


(FES IO 

This jump is exactly equal in magnitude, but of 

opposite sense, to the jump at the same instant made 

upwards by the space wave. Afterwards the surface wave 
is for a certain duration represented by 


Nino 


(7¢/ms? — p21? (18) 

Ne? — ny 
but at r = mep corresponding to ¢ = te = nop/c it must 
suddenly disappear, according to the last factor 
U(n2p — 7), because, after this time, the argument of 


this U-function becomes negative and therefore the 
function itself becomes zero. At this latter instant 
t = ty the value of (18) has become 
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nN\N2 1 Ge = 12”) ee 


—1/2 
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uy ny 1 


Hs? = ny" p 


No? — ny? p NN»? 


| and, as it has suddenly to become zero, its jump upwards 
| equals the latter amount. But, as we saw, this amount 
| also equals the jump downwards by the space wave at 
| the same instant ¢ = 
| continuities compensate each other. 


to. Hence the two pairs of dis- 


The described behavior of the surface wave is depicted 


| in the middle of Fig. 3. At the bottom of the same figure 


the total function (17) representing the addition of the 


| two space waves and the surface wave is also shown. 


From the above it is seen that the total phenomenon 
behaves as follows: 

1. Before the moment ¢ = ¢; (7 = 
II(p, 0) is strictly zero. 


nip) the function 


2. At this moment it begins to rise, without any 
discontinuity in the function itself, according to the 


expression 
nN? {! 
nN»? — n17\p 


n/N 
Ee ee 


which, in its.time behavior, is typical for a surface wave. 


3. At the time ¢ = fe (r = mep), when the disturbance 


| has had time to reach the distance p through the second 


(denser) medium, (19) has become equal to 1/p this 
being the final steady value which is further maintained 
and which corresponds to the electrostatic potential 
theory. 
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A physical explanation of the phenomena may be 
given in the following way. At the moment ¢ = ¢; , when 
the disturbance first reaches the distance p through the 
first (less dense) medium, it cannot immediately obtain 
its final steady value 1/p, because energy will initially be 
lost to the second (denser) medium. This process is 
only terminated when sufficient time has elapsed (up to 
t = tp), after which the disturbance has reached the same 
distance p through the second medium. Thereupon the 
final steady value of 1/p is maintained. 

It is of interest that in the transitory period t; < t < te 
the behavior of II,(p, 0) is, apart from a constant term, 
entirely governed by a pure surface wave. 

Finally, as to the normalisation introduced above, it is 
easy to note from (15) that the behavior of II(p, 0) near 
p — 0 is as follows: 


Lim pII(p, 0) 


p—0o 
Be N\NnN2 ( 
nN? — ny” \ne 


Hence, very near p = 0, II(p, 0) behaves as 


-™ +0)= tua) 


nN, 


Gy Oe=t nue), 
p 


and this expression correctly describes the unit function 
behavior of the dipole moment. 

We shall not derive here the field components H,, 
F, and Ey (as was done in our first problem) as differ- 
entiations of II,(p, z) with respect to either the time or 
the co-ordinates does not materially change its character 
of a surface wave in the transitory period. 

In conclusion it may thus be said that during the 
transitory period t; < ¢t < tz the surface wave is very 
much in evidence. In fact, apart from a constant, the 
surface wave is the only disturbance present. 
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The Excitation of a Perfectly Conducting 
Half-Plane by a Dipole Field* 


A. E. HEINST 


Summary—Starting with the solution of two scalar problems 
in diffraction theory derived by MacDonald in 1915, it is shown 
that the following problem may be solved. An electric or magnetic 
dipole is situated in the presence of a semi-infinite, perfectly 
conducting, thin plane. This problem may be solved by appealing 
to an appropriate representation of the electromagnetic field. When 
the formulation is complete, we are left merely with a two-dimen- 
sional Poisson equation. The method serves to show why some 
orientations of the dipole are simpler to handle than others. 


INTRODUCTION 


T HAS recently been demonstrated by Senior! that 
one may discuss the effect of an electromagnetic 
dipole field in the presence of a semi-infinite, 

perfectly conducting half plane of zero thickness. The 
analysis of the problem is carried through by synthesizing 
the corresponding plane wave solution. Surprisingly 
enough, this problem had not been treated adequately 
before Senior, since among other things, the nature of 
the field at the edge of the half-plane had not been 
taken into account. On this score, a minor modification 
of the recent work of Heins and Silver? would show that 
with the use of an appropriate representation, the field 
components would have the appropriate orders at the 
edge. 

_ We shall show here that we may derive the solution to 
this vector problem by appealing to the solution of two 
known scalar problems. This can be done by using a 
representation of the electromagnetic field which permits 
the determination of the components of the electric and 
magnetic fields parallel to the edge of the half plane in 
terms of the two scalar problems which we shall describe 
later.* It will then be found that the other component of 
the electric field tangent to the plane is determined up 
to an unknown function which satisfies the Poisson 
equation in two variables. The method we employ 
demonstrates, incidentally, why the cases in which 
there are no components of the electric or magnetic fields 
parallel to the edge of the half plane are so simple. 


FORMULATION OF THE PROBLEM 


Consider a perfectly conducting half-plane of zero 
thickness, -» <x < ©,y >0,z2 = 0in whose presence 
there is located an electric dipole whose electric field 
components may be written as 


* This paper is based on research conducted in part under a 
contract between the Office of Ordnance Research, Dept. of the 
Army, and the Carnegie Institute of Technology. 

i eoneee Institute of Technology, Pittsburgh, Pa. 

T. B. A. Senior, “The diffraction of a dipole field by a ac 
peeriais half- plane,” Quart. Jour. Mech. 
pp. 101-114, 1953. 

2A. E. Heins and S, Silver, ‘‘The edge conditions and field 
representation theorems in the theory of electromagnetic diffrac- 
tion,’ Proc. Cambridge Phil. Soc., vol. 51, pp. 149-161, 1955. 

3H. M. MacDonald, “‘A class of diffraction problems,”’ 


London Math. Soc., ser. 2, vol. 14, pp. 410-427, 1915. 
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2 2 o°F 
(a) 22 Re eee (1a) 
Ox? Oxdy Ox0z 
oF oF o°F 
(b) aha Mele (1b) 
Oyox dy? Oyoz* 
2 p} F 
(itelicg cat lilt sana eg (1c) 
20x dydz 02? 
Here F = exp [ik | r _ ro ||/k|r — fo 


vector whose components are (xo, Yo, 20) and locates 
the source point. We note the absence of a component 
of the magnetic field in each of the cases in (1). 
We are concerned here with the solution of the Max- 
well equations 
VxE = ikH (2) 
and 


VxH = —7tkE, @) 


where H is the magnetic vector and E is the electric 
vector. Here k = 27/\, i = ~/—1 and the time de- 


pendence exp (—ikct) has been suppressed. [c is the 


velocity of light in units of length and time consistent 
with those of the space and time variables.] We seek 
solutions of (2) and (3) in which the x and y components 
of the electric field vanish on the half-plane -— © < 
x < ©, y > 0, 2 = O, and which have as a source any 
one of the three fields described in (1). There are con- 
ditions at infinity which basically describe the Sommer- 
feld radiation condition, but we shall not give them here. 

The electric field at any point in space is given by the 
representation 


E(x, y, Z) = E, =i [ck(nxH) » 
sh 
4+ (nxE)xV'$ + (n-E)V'4] da’, 


where nis the unit normal vector to the plane and E, is 
the vector with components (1a),*(1b) or (1c) and 
@ = exp[ik|r — r’||/4r |r — r’|. Since nxE vanishes 
on the half plane, we have that 


E,= Ess +f Bz — (n-E) of | aa’ (4) 
sh Ox’ 
and 
: Od , 
Ey = Boy -| Bz + (n-E) a) da (5) 
sh dy’ 
with 2’ = 0. J, and J, are the respective discontinuities 


of H, and Hy, on the half plane —« < x’ < wo, y’ >0, 
= 0. Eq. (4) may be transformed by an integration 
by parts into 


Ey Ea / Ez + ade (mB) | da (4a) 
sh Ox’ 
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This integration by parts is permissible since differentia- 
tion with respect to x’ will not affect the order of E-n 
at the edge of the plane and n-E as well as ¢ approach 
zero at | x’ | — ©, y’ # 0. An integration by parts in 
(5) gives us 


si sale do ,, 
Ey = Ew + ik | Jyda — (n-E) | 22 da’. 
sh 0 oy’ 


The additional term in the integration by parts drops 
out because of the facts that J, is integrable at the origin 
and ¢ vanishes at infinity. In view of the fact that the 
y variation of ¢ appears in the form y — y’, this last 
equation may be written as 


od y 
f° nes ~ [B29 


-| lik ie J,da — (n-E)|¢ da’ + b(x,2) (Sa) 


_ where 0 is an aribtrary function of x and z. 

There is a second representation which expresses the 
_ tangential components of the magnetic field in terms of 
the tangential components of the electric field and the 
normal component of the magnetic field on the plane 
—~ <x < ~, y < 0,2 = O. Instead of choosing ¢ 
with a source at P(x, y, z) = P’(x’, y’, 2’), we choose a 
_ function ¢* whose z’ derivative vanishes on the plane 
2 = 0. That is, we take 


g* ae $(x, y; Z) =e o(x, y; ae) 
_ Then for z, > 0, we have for z > 0 


|\H=H.+H + il [ik(n «E)9* 
ap 
— (nxH)xV'¢* — (n-H)V'¢*| da} (6) 


_ while for z < 0, we have 
WH = -| [ik(nxE)¢* — (nxH)xV’¢* 
ap 
— (n-H)V'¢*] da'. (7) 


Here the integration is carried out over the aperture 
—-0 <x < wo,y < 0,2 = 0. The change in sign which 
_ occurs in the representation (7) is due to the change in 
direction of the outer normal. The vector H, is the 
| vector derived from E, through the Maxwell equations, 
| while H,’ = H.(x, y, —2). In view of the fact that the 
fact that the 2’ derivative of ¢* vanishes, (6) and. (7) 
_ provide us with x components; 


ie — da hs = Ds heart 
‘ og* , , 
— il Es ey as dx’ dy’,z > 0 (8) 
ap 


| and 

. ag* / 

|H,= —- TEE A SED dxdy’, 2 <0 (9) 
ap 


x 


respectively. In view of the continuity of H, in the 
aperture we are left with 


! 9 le +f Ez ae Hy 
ap 


* 
Oe | dx’ dy',z = 0. (9) 
Ox’ 
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An integration by parts casts (9) into 


jae J Ez I =o] Ode, (aly 
ap Ox! 


a form which is similar to the (4a). 


THE IDENTIFICATION OF THE REPRESENTATIONS 


In order to find £,, H, and H, at any point in space, 
we first examine two scalar problems. Consider a point 
source at the point P,(x., Vo, Zo) in the presence of a half- 
plane —~ < x < ~, y > 0, 2 = O. We require the 
solution of the scalar wave equation 

0? ‘i 0? 

ay, ay | Ov 

Ox? Oy? 02? 
which vanishes on the half-plane and satisfies the 
radiation condition. An application of Green’s theorem 


will give us 
rors fal 


where [dy/dn’] is the discontinuity of d¥/dn’ on the 
screen. This problem has been solved by MacDonaldé 
almost forty years ago and we denote its solution by 
W,. W, has the explicit form Jp — Is where 


+ ky =0 (11) 


oy 
12 
a (12) 


. eo) 
(ark | H,)(RR cosh y) du, 
2/ up 


Vrr ta) 


cos 3(6 — ap 


: 2 
LR = arc sinh 
and y? + g2 = r?, ee + Zor _ Pee Wo = 7%, COS Oe y= 
rcos 6,2 = 7 sin 0, Zo = 7..sin 0, and 


R= /@ — #.)* + (y — 90)? + @ = 20)2 
Further 


. fee) 
je Hl Hy(kS cosh p) du 
2 THS 


~ 
I 


| @ 2a 7) eae.) 


ROT SON ape 
Bs = are sinh 4 F008 L(g +4 ant 


We now examine a second problem. Find the solution 
of (11) subject to the fact that its normal derivative 
vanishes on the screen and satisfies the radiation con- 
dition. Thus if z, > 0, we have for z > 0 


porter] Re vist (13) 
ap = On! 
and for z < 0, 
v Oe (14) 
ap on} 


where F” = F(x, y, —z). Clearly, because of the proper- 
ties of ¢*, d¥/dz vanishes on the screen. Such a function 
y may be given in terms of Jp and Is. We call such a 
function “, and we have ¥, = Ir + Is. 


296 


Let us now compare E, with (11). We have that [for 
case 1c] 
Or, 
OX ,0Z5° 
since differentiation of (12) with respect to x, and 2, 
will provide us with an equation of the same form which 
E, satisfies. Similarly, 


E,= + 


y 
(| E,dgp = B(x, y, z) — Pan 
or 
Joey — oe = Be ’ 
Oy OV0Zo 


where for the present B is undetermined. Since ¥, = 
0n/7r),r—0, Ez = 0(\/7), r > 0. Upon comparing (8) 
and (9) with (12) and (13) it is clear that 
jg ep ee 
OVo 

and since &. is bounded for r — 0, so will H, be bounded. 

We now have enough relations to form a differential 
equation for 0B/dy. The divergence condition for E 
gives us 


Py nonvigectciB oe tO ig aE. p ae, 
ax20z, dy? dy2dz, a2 , 
The Maxwell equation 
tkH = VxE 
gives us the condition (on the x component) 
We aah ie 
OVo Oy dydz 0VOZ0Z ; 


Upon eliminating F&, from these last two equations, 
we have 


({+4)2- ate atu, 
Oy? 02?/ dy Ox*dydZ> Oy? 025 
or, PES 
0y0z,02? “8y.02" 
or 
(= + oe = ee oan | (14) 
ON 75 027). OY Oy.0Z2 <dYAZ> 


Eq. (14) simplifies considerably after the evaluation of 
the right side. We have that 


2 2 
B2 Ove pe oe = Dept eine 
OY .02 OVOZ 2 
cos 22 — (r+r)? MO — (t+ os 
2 dR, R2V rr, IG OL gate Riv rr, 


where R; = V (x — xo)? + (r + 7,)?. Since the left side 
of (14) is expressed in terms of y and z alone, it is clear 
that a measure of simplification might be attained if we 
express all operations in terms of 7 and 6. This then 
gives us 
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1s) 


1a) ap 
r Or 


3? 
(ante 

ar? r? 362) ay 

_ tk sin 6/2 cos 60/2 0?H ,\») (BR)). 
J Tro or? 

This is a Poisson equation for 0B/dy. The solution 
to the homogeneous equation is inadmissable since it 
does not obey the Sommerfeld radiation condition. 
The nonhomogeneous solution may be obtained quite 
readily and is 


0B _ ik sin 6/2 cos 6,/2H [kRi| 


oy V Ir o 
Hence E, is determined and with the aid of the 
divergence condition for E we may determine F,. Or, 
is we wish, 0B/dy may be eliminated from the differential 
equations at the beginning of this section and a differ- 
ential equation similar to (15) will be encountered. 
Clearly for 7, ¥ 0, 6 ¥ O or 27, E, = 0(1/V7r), r 0. 


(15) 


A SECOND POLARIZATION 
We now examine the case in which there is no com- 
ponent of the magnetic field parallel to the edge of the 
screen, that is (1a). In this case we have 


02 
a + me), 
OGoe 
moo 0A 
: Oxdy oy 
and 
laly = @ 


Here A is unknown and is to be determined. As in 
the previous case, we employ the divergence condition 
on E and the Maxwell equations. From the divergence 
condition we obtain 


07A 


dy? ze 


a ( 2 aw, 
(= i) wit + 
axe (= *" axdy? 


From the Maxwell equations we obtain 


oy dz0x0y 


Upon eliminating A we obtain 


3? 0? 0? 0? 

Bee 

Oye oz 0xdz \ dx? 
0? 3 0? 
a(S) 
0xdz \dy? ~— az? 


OOS 
0xd0z 


es)" 


or 


E, ap os 


where C is an arbitrary harmonic function in y and z. 
Clearly C cannot satisfy the radiation condition and hence 
vanishes. From this it follows that 0A/dy vanishes as a 
consequence of the divergence condition. The remaining 
components of H may be determined without difficulty. 
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A Critique of the Variational Method in Scattering Problems’ 
D. S. JONESt 


Summary—lIt is shown that the variational method of dealing 
with the integral equations of scattering problems is equivalent to 
solving the integral equation directly by Galerkin’s method and 
using the standard formula for the amplitude of the scattered wave. 
The second method also satisfies the reciprocity theorem. It is 
therefore suggested that the reciprocity theorem be used as the 


basis of approximation without the introduction of variational 


formulas. 

The error involved in using an approximate solution is discussed 
and it is shown that only a special set of approximations can lead to 
accuracy at low frequencies. Some ways in which bounds for the 
error may be obtained in special problems are also given. 


INTRODUCTION 


HE FACT that an integral equation can be 
formulated as a variational principle was stated 
as early as 1884 by Volterra! but it has not been 
used for practical calculation in scattering problems until 
recent years, when Schwinger discovered that the 
amplitude of the scattered field is closely related to the 


quantity whose variation has to be considered. (In 


connection with small-amplitude sound waves see Levine 


| and Schwinger,’ and in connection with atomic collisions 


see Schwinger.) The essence of the variational method is 
that, if a good approximation for the field is inserted in 


_ the variational expression, an improved approximation 
| for the scattered amplitude should result. One particular 


way of choosing the approximation, that given by 
Levine and Schwinger,” is to expand the field in a set 
of functions and solve the simultaneous linear equations 
resulting from the variational principle for the coeffi- 
cients. It will be shown in the following that this is 
exactly equivalent to Galerkin’s method of solving the 
integral equation and, furthermore, that only by expand- 
ing the field in a special set of functions can accuracy 
be obtained. Also this solution satisfies the reciprocity 
theorem. 

Another way of approximation is to choose for the 
field an expression which is physically plausible and/or 
mathematically simple and insert it immediately in the 


variational expression. It will be shown that this is 
' equivalent to choosing an approximation which satisfies 
_ the reciprocity theorem. 
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_ of Mathematical Sciences, New York University, and has been made 
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19(122)-42. 
+ Univ. of Manchester, Eng. At present on leave of absence and 


| with the Institute of Mathematical Sciences, New York University, 
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1V. Volterra, ‘Sopra un problema di elettrostatica,’’ L. Nuovo 
Cim., vol. 16, pp. 49-57; 1884. 

2 H. Levine and J. Schwinger, ‘‘On the theory of diffraction by 
an aperture in an infinite plane screen. I.’’ Phys. Rev., vol. 74, pp. 


_ 958-74; 1948. 


3 Quoted in W. Kohn, ‘‘Variational methods in nuclear collision 
problems,” Phys. Rev. vol. 74, pp. 1763-72; 1948. 


It appears, therefore, that fundamentally the use of 
the variational method is to ensure that the reciprocity 
theorem is complied with. Since the reciprocity theorem 
is easily written down, it is obviously simpler to formu- 
late our analysis in terms of it than to introduce the 
variational principle. The advantage is mainly one of 
clarity for, once the equation(s) to determine the ap- 
proximation have been obtained, the labor required to 
calculate the scattered amplitude is the same by either 
method. 

The equivalence of the variational method and Galerkin’s 
method* 

The mathematical problem encountered in scattering 
may be stated as follows: Given a function f and operator 
L find a function g such that 


Tamiale. (1) 

The function f is determined by the incident field 

and g can be regarded as a suitable source distribution. 

The equation is supposed to have a unique solution. 
Examples of (1) are 


aie Ro r’) dr 


for one of the boundary conditions in diffraction by an 
aperture, and 


flr’) = o(r’) + J _Vinje(nye(r, 9) de 


for atomic collisions or scattering by a dielectric obstacle. 
In these equations 
el r—r’ | 
V(r, r’) 5h a aT ’ 

4rr | r—fr’ | 
S is the area of the aperture, T is the volume of the 
scatterer and V is the potential of the scattering particle. 
(For the dielectric obstacle V is essentially a measure of 
dielectric constant.) 

Often it is the scattered field at some distance from 
the obstacle and not g itself which is of primary concern. 
The amplitude A of the scattered field may be written 


A = (f',g) = (2, f’) (2) 


where f’ is some suitable incident field and (f’ ,g) means 
the inner product of f’ and g. For example, the amplitude 
of the far field in the direction of the unit vector n is 
obtained correctly if we define (f’, g) by 


(f’, g) = il of Blt) dr 


4Some results similar to those of this section have been ob- 
tained independently by Lippmann. See B. A. Lippmann, ‘‘Varia- 
tional Formulation of a Grating Problem,’”’ N.D.A. 18-8. 

5 Eq. (1) and the following analysis are applicable to vector field 
problems on regarding f and g as vectors and L as a vector operator 
but no specific example will be quoted. 
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for the aperture problem or by 


y= f rov 


for the atomic collision and take f’ = are (A different 

choice of f’ would lead to some other quantity, the near 

field for example, but would not invalidate the following 

analysis provided that it was a possible incident field.) 
Let g’ be such that 


(r) dr 


ieee (3) 
Assume that LZ is a symmetric operator such that 
(hy ) Lh») — (he ’ Lh). (4) 
Then, from (3), (4) and (1), 
Of ah FE) 
= (2, Lg) 
= (27,5) 
or 
A = (f’, 2) = (f, 2) = (¢’, Lg). (S) 


This is the reciprocity theorem which exists for most 
scattering problems. 

By an obvious use of this theorem, we can write 

Domi) a 
(g, Lg’) 

It can be confirmed that the necessary and sufficient 
condition for (1) and (3) to be satisfied is that this 
expression for A is stationary for independent small 
variations of g and g’ about their correct values. 

Other variation principles are available (see, for 
example, Kohn*) but will not be considered here. 

To demonstrate that the choice of an approximation 
to make (6) stationary is equivalent to Galerkin’s solu- 
tion of (1) we shall consider first the special case in 
which f = f’ so that g = g’. This corresponds, for ex- 
ample, to the problem of the circular aperture in a 
normally incident plane sound wave with the scattering 
observed in the direction of propagation of the incident 
wave. In this special case 

2 
(3 Lg) 

Let G, , G, , -+: be a set of functions each of which is 
independent of the others and each of which satisfy any 
conditions, e.g., edge conditions, imposed on g. If an 
infinite number of G,, G, --: is used, the set is also 
required to be complete. Now try an approximation G 


to g given by 
= eG, (8) 


where the sum may involve either a finite or infinite 
number of terms and the constants c, are to be deter- 
mined. We shall now prove the following: 

Theorem 1: The necessary and sufficient conditions 
for the expression in (7) to be stationary for small varia- 
tions of G are 

(f, G,) = (Ga, LG) (n = 0, Leela (9) 
G then satisfies (f, G) = (G, LG) and A = (f, G). 


The importance of this theorem lies in the fact that 
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equations (9) are precisely those obtained by substituting 
the expansion (8) in (1) and taking the inner product of 
both sides with G, , which is Galerkin’s process. Then 
A may be calculated directly from its original definition 
(2) because the approximation satisfies the reciprocity 
theorem. Obviously this direct method of setting up the 
equations is to be preferred to determining them via the 
variation principle. It should be remarked that, if we 
make a one term approximation so that G = c,G., the 
reciprocity theorem is satisfied if (f, Go.) = ¢.(G., LGo) 
and (f, G) becomes (f, G.)?/(G. , LG.) which is the same 
as would be calculated from (7). 

We proceed now to prove the theorem. The first 
variation of (7) with g = G when c, becomes ¢, + 6¢y is 


$2 f, als > Gabe.) (GUO 2G, ay(te, 2 Gricn)\ 


(G, LG)? (10) 
Suppose now that equations (9) are satisfied. Then (10) 
vanishes if (f, G) = (G, LG). Now 


1.0 ~ (ec. = (tae) 


on account of (9); hence 
(f, G) = (G, LG) (11) 


so that the first variation is zero. Equations (9) are thus 
sufficient for (7) to be stationary. 

Suppose now that the first variation is zero for inde- 
pendent éc, . Then 

(G) LG) (f,Gao= Cf, G)(LGN Gaye eee 

These equations are homogeneous in the constants 
Co, C1, ... + Hence if there is one solution there are any 
number of the form Cc, , Cc, ... where C is a constant. 
There is therefore a solution in which 


(G, LG) = (f, G). (12) 


Such a solution satisfies (9) and also the reciprocity 
theorem. The necessity for the equations has therefore 
been shown. 

On account of (11). and (12), A 
theorem has been proved. 

The corresponding theorem for the more general 
expression (6) will now be stated. No proof will be given 
since it runs parallel to that of Theorem 1. We take G’ 
to be the approximation to g’ and try 


Val 
= > cn’Gm', 
m 


this series containing as many terms as (8). Then 

Theorem 2: The necessary and sufficient conditions 
for the expression (6) with g = G and g’ = G’ to be 
stationary for small independent variations of G and G’ 
are 


= (f, G)-and the 


Chop Gay) = Gag) (Gn =20; le 
and 

Of. Gy = (LG Ge 
G and G’ satisfy the reciprocity relation (f’, G) = 
(G, LG’) = (f,G’). The value of A is either (f, G’) or 


(f’, G). 
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The accuracy of the approximation 

To determine a good approximation it is necessary to 
specify precisely what is meant by good. This involves 
stipulating the behavior of the operators and functions 
in some manner. We shall choose the behavior which is 
appropriate to a perturbation. Attention will be concen- 
trated on the case f = f’ so that A = (f, g) and the 


reciprocity theorem takes the form (f, g) = (Lg, g). 


Let a be a parameter such that 
(a) for some range of a 
L=L,+ ali + aly +: 
if =o et af; a af + 
meetoe te ORT er fe 
G=G + aG'+ aG+.:--, 
(b) the only solution of L.k = Oish = 0, 
(c) (Ai, Lphe) = (Lyhi, he) for all p. 
When «a is small we are writing the operator L as one 
which is slightly perturbed from L,. If a measures the 


ratio of the linear dimensions of the obstacle and the 
_ wavelength and L, is the static operator, then we are 
_ considering the low-frequency behavior. It has been 
shown by Magnus‘ that assumption (a) is justified for 
_ the problem of a low-frequency plane wave falling on a 


circular aperture. 
If we substitute the formulas of (a) in (1) and equate 
the coefficients of powers of a the equations to determine 
g are 
P) 
> Ly—-18, = to (p = 
v=0 


Oo Ra 


| If the inverse of the operator LZ, is known g can be 
_ found, in principle, correct to any power of a. Assump- 
_ tion (b) ensures a unique solution. 


The approximation G is to be determined so that the 
reciprocity theorem is satisfied, i.e., so that (G, LG) = 
(f, G). Equating the coefficients of the like powers of a 


| in the expansions of both sides, we obtain 


Pee) 7 ~ 

> =(¢. Ly-rsG') = > (¢, i (pa= iO ele 2)) 
r=0 s=0 r=0 

or 

D 


on account of (13) 
Now we are going to approximate (f, g) by (f, G). 


p-r 
» (GC, 1 COIN? bs) (ESA) = 0 


s=0 


(14) 


| Both quantities can be expanded in powers of a and the 
coefficients of a are the same if 


> Gare teri n0: (15) 


_ Consequently the first P terms of (f, g) are given cor- 
_ corectly by the approximation if (15) holds for all p < 


P — 1. 
Let us now suppose that Gm = gm(m < M). Then, in 


| (14), we can replace G’ by g, in all the inner products in 


6 W. Magnus, ‘Infinite matrices associated with diffraction by 


an aperture,” Quart. Appl. Math., vol. 11, pp. 77-86; 1953. 
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which p — r < M, for in these the second member is 
identically zero. Also G’ may be replaced by g, in all 
inner products in which r < M. By this means G’ is 
replaced by g, in all inner products in (14) provided that 
pb < 2M + 1. Hence, after a use of assumption (c), 


Dial 
» > Cae ee G — gs) = 0 (p < 2 Viet 1) 
r=0 s=0 
or 
DQ =U 
> er, ee ms gs) = 0 (p Ss 2M sine 1) 


s=0 r=0 
on interchanging the order of summation. This equation 
becomes, on taking account of (13), 


p 
> pe Ge) O28 Fd) 


which is the same as (15). Thus if G” = gn(m < M) 
the first 27 + 2 terms of (f, g) are given correctly by 
the approximation. 

If we carry out a similar analysis with p = 2M + 2 
we find 
2M+42 


> (fom+o-—ss G Pat gs) 
s=0 


+ (GM — gy.,, L.G4*" — Logusi1) = 0 


so that the (2M + 3)rd term of (f, g) is given correctly 
only if 


(Ga oi Ge eee ey) nO (16) 


This result enables us to obtain some information which 
is particularly applicable to the low-frequency behavior. 
At low frequencies, where L, is the static operator and 
a is purely imaginary, the following additional assump- 
tions hold in most scattering problems: 

(d) LZ, operating on a real function produces a real 
function for all 9; 

(e) if 2 is real and (k,L,.h) = 0 then kh = 0; 

(f) f, is purely real for all p. 

With assumptions (d) and (f) it is easy to see that 
all g, and G? are real. Hence if (16) holds, assumption 
(e) shows that G“t! = gy,4,- In particular, this ap- 
plies if M = —1. 

Consequently we have shown: 

Theorem 3: The sufficient conditions for (f, G), G 
satisfying the reciprocity relation, to give correctly the 
first 2M + 2 terms of the power series expansion of 


(J.<g)eare 
Gm = 2m (m < M) 


when assumptions (a) to (c) are satisfied. If, in addition, 
assumptions (d) to (f) hold, the conditions are also 
necessary. 

The corresponding theorem for the more general case 
is not so powerful. It is 

Theorem 4: The sufficient conditions for (f’, G) or 
(f, G’), G and G’ satisfying the reciprocity relations, to 
give correctly the first 2M + 2 terms of the power 
series expansion of A are 


CMs ong (Oa (m < M) 
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when assumptions (a) to (c) hold with appropriate 
addition to (a) for G’ and g’. 

The proof is similar to that for Theorem 3 and will 
not be given. 
The low-frequency behavior 

In this section we shall consider the case f = f’ when 
assumptions (a) to (f) hold. These assumptions are 
specially applicable to the low-frequency behavior and 
we shall make particular reference to the process em- 
ployed by Levine and Schwinger.’ 


Assume that G = » 


m=0 


CmGm Where the G, are real, 


independent of @ and defined in a similar way to those of 
Theorem 1. The constants c,, are determined by equations 
(9). One hopes to obtain an approximation which is reason- 
able over the whole frequency band by a suitable choice 
of Gm. By means of Theorem 3 we can say what this 
choice must be for the low-frequency end. While we 
cannot guarantee from this work that the choice will 
also be appropriate for the high-frequency end, we can 
say that, at any rate, it is not precluded. 

Suppose that we desire that this approximation G 
gives the first 2n + 2N + 2 terms of (f, g) correctly at 
low frequencies, N being an integer. If, in particular, 
n = 0 we want to make WN as large as possible. Now, 
when the first 2n + 2N + 2 terms of (f, g) are correct, 
it follows from Theorem 3 that G” = g,(m < n+ N). 
But G”™ can be expressed in terms of G,, Gi,..., Gn. 
Hence the first 2n + 2N + 2 terms of (f, g) can be 
correct only if G,, Gi, ... , G, are linear combinatious 
Ole ee, 2156-2. fetn OL, alternatively,a2,., 214.6 - > 
Zn4n linear combinations of G,, Gi,..., Gr. 

If, in addition, we require the first 2n + 2N + 2 
terms to be correct for all 1 then, on taking n = 0, 
Zo, £1, ***, gy must be constant multiplies of G,. 
Taking m = 1, we deduce that gy+; must be linear com- 
bination of G, and G,. From n = 2, gy+2 must be a 
linear combination of G,, G; and G, and the process 
continues. 

Thus the maximum number of terms which can be 
obtained by a one element approximation to G(n = 0) 
is determined by the first g, which is not a constant 
multiple of g.. 

Consider now the application of these results to the 
problem considered by Levine and Schwinger. In that 
problem f; = 0, Li = 0, so that g; = 0, but ge is not a 
constant multiple of g,. Hence N = 1 and the maximum 
number of terms of (f,g) to be obtained from the ap- 
proximation G = c,G, is 4 and can be obtained only by 
choosing G, = g,. From G = c¢,G, + c,G; we can obtain 
6 terms provided that G, is a linear combination of g, 
and gz. Similarly, a suitable choice of G» will give 8 
terms of (f,g) and so on. The choice of G, made by 
Levine and Schwinger is in fact the one dictated by the 
accuracy considerations above. Of course, it is not neces: 
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sary to make their particular choice of G; to ensure 
low-frequency accuracy; we can choose any linear com- 
binations of g, and ge so long as both are included. 
Similar remarks apply to any G, and, in general, we 
would choose those that are most convenient for dealing 
with (9). 

Finally, there is one thing to be careful of in the use of 
Theorem 3. The statement of accuracy in this theorem 
depends upon L and therefore upon the accuracy with 
which L is approximated. Thus, when the inner products 
in (9) have to be evaluated approximately (as often 
happens), care must be taken that this evaluation does 
not vitiate Theorem 3. Only if the constants in (9) are 
obtained correct to O(a’”t') at the low-frequency end is 
Theorem 3 available. 


Bounds for the error 

Although the analysis of the preceding section indi- 
cates how the trial function must be chosen, it does not 
give a precise estimate of the error nor does it state the 
range of a for which the approximation is good. In prac- 
tice, it may well be more desirable to use an approximate 
field for which it is possible to say that (f, g) is estimated 
correctly to (say) 10 per cent for a certain range of 
wavelength than to insist that the field satisfies the 
reciprocity theorem and gives (say) 1 per cent accuracy 
over an unknown range. We shall now show how an 
estimate of the error can be made in certain circum- 
stances. 


Let y = g — G where G is some approximation to g. 
Then 
foyer = (Les y) ease ey) 
or 
(f,°2) "= GG hy Saye (17) 
Since 
Ly =f,— LG (18) 


the second term may,also be written as (G, f — LG). 
It is easy to see from (17) that 2(f, g) — (g, Lg) isa 
stationary expression for (f, g). 

If G satisfies the reciprocity theorem the second term 
in (17) is zero and the error made bythe approximation is 
(y, Ly). This result sometimes enables us to state the 
sign of the error. For example, if all quantities are real 
and L is positive definite, we see that (f,G) is a lower 
bound to (f, g). 

Even if G does not satisfy the reciprocity theorem the 
only term which cannot be calculated in (17) is the third 
because the second can always be evaluated by means of 
(18). An estimate of the goodness of the approximation 
therefore requires only an estimate of the third term 
in (17); this estimate depends essentially on being able 
to deduce properties of y from a knowledge of Ly. There 
does not appear to be any method which we can say 
will be generally applicable because the operator and 
functions occurring are usually complex but we shall give 
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two methods which are available in suitable circum- 
stances. 
Firstly, suppose that it is possible to say 
| (1, ha) |? S (hr, hi*)(he , he*), 
where the star indicates a complex conjugate and sup- 
pose, further, that there is a » > 0 such that 


ae any.) 
for all y which can arise. Then 
1 
Goes ye Can Choa) 
LM 
Since » and Ly are both known this inequality gives 


an estimate of the error. We may also determine the 
accuracy of the other approximations. For (f’, zg) = 


(f’, G) + (f', y) and 


LP MPS 2 Fy, Lv) 
all quantities are known on the right-hand side of (19). 
A second method, related to that used by Kato? in 
problems of atomic collisions, depends upon adjusting 
the incident field until a prescribed scattered amplitude 
is obtained. The scattered amplitude corresponding to 
the original incident field can then be deduced im- 
mediately. Let v be a complex constant such that, if 


(19) 


yf =e’, (20) 
Ge) =F 1 (21) 
Since g° = vg we see that (f, g) = 1/». 
Consider. now G chosen so that 
(f, G) = 1. (22) 


Let G@ = of — (L — 1)G = v’f — MG where v’ isa 
complex constant. G’ is considered as an approximation 
to g’. Then 
CeG—.C)) =e 5LG —y'f) =(L¢.,.G) =v = mr’ 
on account of (20), (21) and (22). Hence 

yv=v’4+(@4,G-@)4+(¢ —G@,G—G’). (23) 
We can regard the first two terms as giving an approxi- 
mation to v, the third being the error. 

To estimate this error, we introduce the equation 

(1 + A)Mo + 6 = Af (24) 
where (1 + A)(f, ¢) = 0 and A is a non-zero constant to 
be chosen later. We assume that non-zero ¢ can be ob- 
tained only for a discrete set of real \ of which X, is a 
typical one, ¢, being the corresponding solution. Since 


(nr, Pm) a —(On Ar 1) (bn ’ Mém) 
: ATO e 
a (rm oP 1)(M¢, ’ pm) Fr rea ’ $m) 


we choose A for each \, so that 

(dm , gn) — Onn 
where bnm = O(n # m), = 1(n = m). It will be assumed 
that the ¢, form a complete set. 


7T. Kato, “Upper and lower bounds of scattering phases,” 
Prog. Theor. Phys., vol. 6, pp. 394-407; 1951. 
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Define the constants a, and 6, by 
(G — G’, bn) = 
and 
(2° — G, on) = dn. 
Then 
b, =(f — Me’ — vf + MG, $2) 
= (M(G — ¢°), $n) 
because of (24); thus 
b, = (G — 8’, M¢,) 
1 0 
= arpa tcmictoane 
on account of (21) and (22). Also 
a, = (LG — Le’, dn) 
= (G — g°, L¢,) 
165 o 
aor fey, op ee 
= —),bn- 
Therefore 
ania orem fe Gespies Sa ees 
( —C,6- 6) = Sab = - Soa 
and 


(G — G’,G — G’) = eee 
If, now, we can say that a, is real for all , it follows 
that 


-—(G-@,6-G) < @-G,G-@) 
+ 


Bd (CALE (6) 
)\— 
where A+ is the smallest positive \, and \_ is the nega- 
tive \, of smallest absolute value. (Note that \, cannot 
equal zero for any n.) Since G’ is known in terms of 
v’ and G we have obtained an estimate for the error in 
using the first two terms of (23) as an approximation to 
v. The accuracy of G’ as an approximation to g’ may also 
be obtained from 


(g° ea Ga 2° ms G’) = >. 


This enables us to determine the error in quantities 
Sucheasul) area). 

In practice this method may not be at all easy to 
apply because of the many restrictions. We have first to 
verify, in any particular problem, that the ¢’s satisfy 
the conditions imposed and then that G and v’ can be 
chosen so that a, is real. (The latter condition is, at 
any rate, complied with when f and ZL are real.) Then 
A+ and \A_ (or bounds for them) must be determined. 
Fortunately, great accuracy is not required here because 
we make (G — G’, G — G’) as small as possible by taking 
the best choice of v’ among those values which keep a, 
real. 
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The Mathematician Grapples With Linear Problems 
Associated With the Radiation Condition 
C. L. DOLPH} 


INTRODUCTION 


S$ THE paraphrased title of von Karman’s lec- 
ture (30) indicates, the complete solutions to 
the problems to be discussed here are not yet 

known. Still it seems appropriate to use the occasion of 
this URSI Symposium to direct attention to some recent 
progress as well as to some of the as yet unresolved 
problems connected with the mathematical foundations 
of several of the techniques which have been and are 
being employed to obtain information in scattering 
problems. 

While a wide choice of topics would be necessary for a 
complete discussion, considerations of time and space 
make a complete survey impractical. Consequently, our 
discussion will be concentrated on three topics; normal 
mode theory, backward scattering by the Schwinger 
variational principle, and a ‘“‘Dirichlet’’ principle for 
the wave equation. These subjects are inter-related. In 
the case of the first two, it is the Sommerfeld radiation 
condition which is the source of the difficulties while the 
third has been chosen as a possible way of avoiding it, 
or at least, as a way of transferring the difficulties else- 
where. Even in the case of these three topics, our aim 
will not be completeness. Rather, we shall concentrate 
on progress which is unlikely to have received attention 
as yet, either because of its recent occurrence or because 
of its limited availability. 


THE Non SELF-ADJOINT EIGENVALUE PROBLEM 
OF NoRMAL MopE THEORY 


Very frequently in scattering problems, it becomes 
either convenient or necessary to treat the Sturm- 
Louville problem for a differential equation of the form 


— [a(x)y’’ + [b(x) — Ac(x)]y = 0 (1) 
where the appropriate boundary conditions at infinity 
require an outgoing wave; for example, perhaps, 


asx )o BY (x) —>0; 


Problems of this type already occur in Sommerfeld’s 
book (28) on partial differential equations (cf. the Ap- 
pendix devoted to a new method of determining the 
Green’s function exterior to the sphere) and they are 
closely related to the Watson transformation. During 
the late war, much effort was devoted to the determina- 
tion of the complex eigenfunctions and eigenvalues of 
problems of this type, as a reference to Kerr (9) will 
show. These problems are difficult because, in the 
language of the mathematician, they are not self-ad- 
joint, and a general theory for nonself-adjoint trans- 


lim 
x—> @ 


{ University of Michigan, on leave for 1955-1956 with Uni- 
versity of California and the Ramo-Wooldridge Co. at Los Angeles. 


formations does not exist. A very good idea of some of 
the difficulties and frustrations which result from this 
fact can be gained from reading Hartree et. al (7). 

In fact it has been only very recently that mathe- 
maticians have realized that these problems are capable 
of rigorous treatment and that the type of results given 
by Marcuvitz (14) can be stated under precise conditions. 
The questions of interest include: What are the appropri- 
ate boundary conditions? Where does the spectrum lie 
and when will it be discrete? What are the expansion 
theorems and the completeness relations? 

In general the methods that have been used in an 
attempt to obtain answers to these questions are con- 
ceptually similar although they may be phrased either 
in concrete or abstract language. The differential equa- 
tion (1) is first transformed into the canonical form 

—y" + [a(x) — Ny = 0 (2) 
and a resolvent constructed for some value of ) not in 
the spectrum. The subsequent discussion is based on 
the determination of the projections associated with the 
resolvent via the Cauchy integral formula in either a 
concrete or abstract form. 

The first definitive work seems to be that of Phillips 
(21) who showed that in the case of real q(x), the classical 
limit point-limit circle argument of Weyl (31) could be 
extended to the case with boundary conditions y(0) = 
0 and limit x2 ay(x) + By’(x) = 0, where the ratio 
a/B could be complex. In the limit point case, the 
second boundary condition is inessential in that only 
one possible interpretation exists, that of a self-adjoint 
problem with a real spectrum. In the limit circle case, 
the spectrum is discrete and lies in the upper or lower 
half of the complex plane depending upon whether the 
imaginary part of a/@ is less than or greater than zero, 
respectively. In addition, Phillips made a start toward 
an expansion theory and gave an example in which the 
spectrum, while discrete, was not confined to any strip 
parallel to the real axis. 

Since then, his student Sims! has made a thorough 
study of the case where g(x) is complex-valued as it 
would be in a conducting medium. Because his results 
are as yet available only in his unpublished dissertation 
(27), we would like to indicate them in some detail. 

One begins as in Titchmarsh (29) by considering a 
finite closed interval r, 6’ on which g(x) is complex 
valued and continuous with the property of having 
finite limits at [r and b’]. One constructs the fundamental 
family of solutions ¢(x, \) and 6(x, A) to (2) with the 
properties that 

‘Dr. Allen R. Sims is now a Research Engineer in the Missile 


Systems Division of the Lockheed Aircraft Corporation, Van Nuys, 
California. 
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o(r, A) = sin a.; 6(r, A) = cos a, 
¢’(r, A) = —cos ao; O'(r, A), = sin ao, 
and considers the combination 
V(x, r) = A(x, A) + 1(A, b’)O(x, d), 
on which the boundary condition 
ay + BY’ = 0 is imposed at x = 0’. 
Then as in the Weyl theory [cf. Titchmarsh (11)], if 
z= a/f, 
1= —(62 + 6’)/(g2 + ¢’) 
is a nonsingular linear fractional transformation which 
maps the lower z-plane into a circle Cy(A) in the /-plane. 
Now, if 0’ is allowed to approach infinity,? a ‘‘limit- 
circle,” “‘limit-point’” geometry is shown to exist for 
Im(\) > 0 in the sense that if b’ < b” then C,’(A), 
Cy(A) so that Cy(A) either tends to a circle Ca(A) or 
a point in the /-plane. The radius of the circles Cy (A) 
is given by 


Zi 
ry(A) = {—sinh 2Im(a,) + 2 | [Im(A) 


— Inlg(x)] | ¢ |? dx}-! (3) 
Now if Im(g) < 0, Im(a.) < 0, and Im(d) > 03, 
if M(A) is a point interior to all circles, and if 


W(x, A) = M(A)o(x, A) + A(x, d) 
then y is a solution of (2) and the equation 
Shape Cie ea 
oe) 
has a solution for an arbitrary f(x) such that | | f |? dy 


exists. Furthermore, 


ih Lo, d) [*Zm(x) — Img] dx < 2 (4) 


Therefore, a fortiori it follows that 


ip | v(x, d) [Pax < 2, (5) 


Three different cases are now possible at infinity, 
so that a schism exists between this theory and that 
of Weyl. 

Case 1. y is the only square integrable solution of (2). 
This is a limit point Case, since the radius given by (3) 
will go to zero. 

Case 2. There exist two linearly independent solutions 
to (2) which are square integrable in (r, ©), namely 
y and ¢ but there is just one solution y which is square 
integrable on this interval with weight function Jm(A) — 
Im(q(x)). Thus this is also a limit point case in that the 
radius defined by (3) again goes to zero. 

Case 3. There exist two linearly independent solu- 
tions to (2) square-integrable on the interval [r, ©] with 
weight Im(A) — Im(q(x)), hence a fortiort, square- 
integrable with a unit weighing function. This is a 
limit circle case since the existence of the second integral 
implies that the radius as defined by (3) will have a 
finite limit as b’ > o. 

2 The same results are also true if b’ is allowed to approach any 


finite value b for which the differential equation problem is singular. 
3 In scattering problems, Im(g) and Im(a) satisfy this hypothesis. 
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The new phenomenon is represented by Case 2. 
That it can actually occur is furnished by the examples 


2 
q(x) = — (« = i) at the point x = © 
and 
5 4 , : 
q(x) = (& _ ) at the singular point x = 0 


Furthermore as in the usual theory, these results 
can be extended to the double singular interval (a, bd) 
where a = —o and b = o are admitted. There are 
then six essentially different cases. If we let the first 
number refer to x = a, the second to x = 3, these six 
cases Can-be- described *ase(l=5 1s. (ie e2)en (ions) cenwee)s 
(2; 3) sanda(3, 3): 

Of course, for the doubly singular interval (a, b) there 
will exist a function m(A) playing the same role at 
x = aas M(d) does for x = 0b. For simplicity we will 
describe the nature of M(A), but, of course, correspond- 
ing statements are true about m(A). In Case 1, M(A) is 
uniquely determined. In Case 2, M(A) is a meromorphic 
function, and in Case 3, there exists a class of mero- 
morphic functions M(A). In all cases there exists at least 
one analytic M function and in Case 3, an analytic M 
function can be found such that M(\,) = M, where 
M, is an arbitrary point of an arbitrary limit circle 
Cw(Xo). Moreover it can be so chosen as to take all its 
values on the boundary of the limit circles Cw(A.). 
In Cases 2 or 3, M(A) has a pole at \,, if and only if 


icc sal ON tee Die W(x, A)e(x, A) dx = 0 


for all \. The order of this pole is one greater than that 
of the zero of the entire function 


iE ¢?(x, r) dx 


at d. Also if \; and d2 are two distinct poles of M(A) then 
lee) 
i g(x, 1) (x, Ax) dx = 0. 

In order to describe Sims’ results on the nature of the 
spectrum and the type of boundary conditions which 
are needed, it is necessary to introduce the following 
definitions. Let 

Wo(x, X) ="m(A) G(x, A) + A(x, A) 
¥i(x, A) = M(A) d(x, A) + A(x, d) 
W (u,v) = u(x)v'(x) — u’(x)v(x) 
wr) = MA) — ma) = Wilhr, vo) 


R.(d) = [w(d)}-¥i (x, d) [iv A)f() dt 
+ po(x, vf Wilt, \) f(é) dt. 


X = the space of all square integrable functions on 
GSS 
D* = the space of all functions fin X, such that f, f’ 


are absolutely continuous, and (—f’” + qf) 
isin X. 
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JG es gee afl 
D, = the space of all functions f such that f is in 
D*, and Wa(¥i,f) = Wao, f) = 9. 
Loy = Kf for jin 


U(A) = I By Sa ALI 


For the following definitions, let \, be arbitrary, 
Im(\.) > 0, and let f. be an arbitrary element of X. 
Then let 


A(f, x) = [wA)'Welf, yilx, 5 c(f) -[ Sf o dx. 
g(r) = Alwo(x, d), Aol + C[U(Ao)Po(x, d)] 
for Im(A) >0 
C(f, x) = —C[U(A.)Ro(a)f] [gy] 
for g(A) ¥ 0, Im(A) > 0 
RiA)f aa R(A)f ta (AGH A) o(x, d) 


D, = the set of functions f, fin D*, such that A(f, A) + 
CUO) fen) = 0. 

Then in the cases (1, 2) and (1, 3) one obtains a 
well-defined problem for each initial pair f, , Ao. 
Specifically, Sims proves the Theorem: Let ZL; f = 
Kf for fin D, , then the resolvent of Li is Ri(A); Ri(A)X = 
D,, U()D, = X; the resolvent set of Zi contains all 
of the upper half \-plane except for zeros of the analytic 
function g(A). These zeros are in the point spectrum 
of L,. Similar results, although somewhat more com- 
plicated, can be stated in the cases (2, 2), (2, 3), and 
Ges): 

It should be noted that a new phenomenon has again 
entered this theory in that one sees from the definition 
of D,; that membership in the domain of a well-defined 
problem ordinarily depends upon behavior of the ele- 
ment in question throughout the whole interval (a, d) 
and not just at the end points. That is, the ordinary 
notion of the boundary value problem in the real 
case has disappeared. It therefore becomes important 
to answer the question: when will a boundary condition 
domain occur? That is, in general, D,; depends on 
C[U(A) f, 4] which depends in turn on the behavior of fo, 
f throughout the interval (a, ©). Certainly D, will equal 
D, if f. = 0 so that membership in D, will then depend 
only on the behavior of f at x = o. In fact, for the 
Cases (1, 2) and (1, 3), Sims prove the following Theo- 
rem: Let D be any domain determined by X, and f,. 
Then D will be a boundary condition domain if and only 
if there exists a number a@ such that f, = ay.(x, do). 

Again similar though more complicated results can 
be stated in the cases (2, 2), (2, 3) and (3, 3). 

In addition, in these last three cases, Sims was able 
to prove that the spectrum of L, was a pure point 
spectrum consisting of discrete points in the lower half 
d-plane. 

It is easy in some cases to see heuristically why such a 
“definiteness’”” property must hold for the discrete 


‘The physical significance and occurrence of these global 
domains should be investigated further. 
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eigenvalues. Thus if A, y(x, 6) is a solution of the eigen- 
value problem 


= eden aay 
y(a) = 0 
4 (Oty b) 8 (6) 
[a radiation condition corresponding to traveling waves 
of the form exp i(x — a#)], then it follows that 


b b b 
-| yy"! dx +f q(x) | y |? dx = af Lyles 


and 
b 6 
[oy ae = oy - | | y’ |? dex 
b 
= i}9@[? - fly! Pax 


Thus, taking the imaginary part of both sides of this 
equation, we have 


b 
=| 9(0) 2 + f tac | » tax 
= mr [| 9 * ar. (7) 


Consequently, if Imgq(x) < 0 for allx,a <x < 
and if the radiation condition (6) is valid in the limit as 
b — o, then (7) implies that Jm(A) < 0. 

While the work of Sims is definitive in regard to the 
question of boundary conditions and type of spectra 
that can be expected under a given set of such condi- 
tions, many questions concerning expansion theorems, 
convergence criteria, and completeness relations are 
still open. Most results so far obtained in this direction 
have been confined to theorems relating to a finite 
interval (a, b). The basic difficulty consists in finding 
suitable asymptotic estimates for the eigenvalues, no 
easy task in general, as the example of Phillips referred 


to earlier clearly indicates. Thus, for example, if we 
define our domain of definition by 

D** = the set of functions f, f in D* such that 

Wat, ¢) an WiC, y) = 0 
where 
g(a, d) = siN a; ¥(d, d) = sin Bo 
y'(a, \) = —cos ao; ¥(b, ) = —cos Bo 

and assume that g(x) remains bounded at x = a and 


x = b, then Sims was able to show that there exist at 
most a finite number of zeros of the Wronskian of the 
resolvent of multiplicity greater than one; that if g(x) 
and qa are given in the boundary condition, then this 
Wronskian can have zeros of order greater than one if 
and only if the other parameter 6 of the boundary con- 
dition is chosen from a certain countable set whose 
limit points are a discrete set contained among the 
points 0, + ” in the complex 6-plane. Moreover, for any 
€ > 0, one can find an N(é) such that each open rec- 
tangular region —§ < » < &, (b — a)-2(m + 34)?r? <p 
< (b — a)~-2(n + $)?2r?, X = pw + wy, contains one and 
only one A, , and each X, is so contained for n > N(é). 
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From this, one can prove the following theorem about 
weak convergence. Let f be in D** and let g be any 
element of X. Then 


b 
i fede = S Calf)Cale) 
b 
Cui) = if ele, dw)f(e) dex, 


and where X, is a zero of the Wronskian of the resolvent. 
One can further prove a completeness relation which 
states that if f is in D** (so that f is in X) then 


b foe) 
[lsleae = >C.(NC.Af), 


where C, is defined as before but where it should be 
noticed that 


where 


Caf) # C,(f). 


Finally, if f is in the domain of definition of the 
resolvent then the series 


D CalAen(x) 


will converge uniformly but not absolutely to f(x) as 
long as the boundary conditions are not chosen from the 
exceptional set leading to multiple roots of the Wronskian 
of the resolvent. 

Similar results obtained by more abstract methods 
are due to Schwartz (24). Since these have already been 
reviewed in detail (in Math. Rev.), we will not comment 
further on them here. The methods of Schwartz have 
been modified and supplemented by Kramer (10) to 
yield similar results under more general conditions. 
Finally, for the finite interval, attention should be 
called to the report by Friedman and Mishoe (5) who 
obtained interesting results when f(x) was a function of 
bounded variation. 

The real case of interest, however, in scattering theory 
is that of the semi-infinite interval. Here the only 
treatment of expansion theorems seems to be that of 
Naimark (18), which, while very complete, is un- 
fortunately limited to cases where the discrete spectra 
consist of a finite number of points. Naimark assumes 
that this will be the case by requiring either that the 
following integral will exist for some e > 0; 

ioe) 
if exp (€x) | q(x) | dx < @, 
te} 
or that the integral 
(oe) 
Hi ae | q(x) | dx 
ie} 
exists. Under these circumstances the continuous 
spectrum is furthermore confined to the positive real \ 
axis. If one sets \ = s?, lets 0 be a complex parameter, 
and denotes in the usual fashion the asymptotic solutions 
as follows: 

yilx, s) ~ exp (isx) for Im(s) > 0Oasx —> & 

y* (x, s) ~ exp (—isx) for Im(s) < Oasx > ~ 
and if 
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A(s) = y’(0, s) — 6y1(0, s) for Im (s) > 0 
A*(s) = y*’(0, s) — y*1’/(0, 5) for Im(s) < 0 
y(x, s) = A*(s)y, — A(s)y*, for Ims < 0, 


yilx) = y(x, sx) for s;, or responding to an eigenvalue, 
then under these circumstances the resolvent is a 
bounded integral operator whose kernel K(x, ¢, \) can 
be represented by 


yalx) ye) 


Kx, (F d) Te Bet, » | aeae 


_ 1% _ x, s)x(f s) ds 
2nd o (8? — A)A(s)A*(5) 
for any \ not in the spectrum, where the integral con- 


verges uniformly and absolutely. Similarly, one obtains 
an expansion theorem of the form 


zo GE) aay) 
BOE =) Vie ie Deed) % A(s)A*(s) Gene) 


where 


ak -{ g(x) ye(x) dx (9) 


ie) 


lo.) 
a(s) = il g(x) y*(x, s) dx (10) 
Oo 
when g is integrable on the interval (0, ~), g’ exists and 
is absolutely continuous, (—g’’ + gg) is square-integrable 
on (0, ~), and g’(0) = 6g(0). Also for functions g 
satisfying the conditions just stated and for an arbitrary 
square integrable function / on the interval (O, ~), he 
finds 


arb 


if g(x)h(x) dx = 2 | eas 
° 1 k 


sell / * _a(s)B(s) 9, 
2r Jo A(s)A*(s) 


where az, Bz, a(s)B(s) are defined similar to (9) and 
(10). In (8) the integrals converge absolutely and uni- 
formly in x while in (11) they converge absolutely. 
Naimark also discusses similar theorems when a de- 
generacy can occur in the finite discrete spectra. 

In view of recent progress, it is to be hoped that it will 
not be too long a time before the remaining gaps in our 
knowledge of problems of this type will be filled. 


(11) 


THE VARIATIONAL PRINCIPLES OF MacFARLANE 
AND OF SCHWINGER 


In 1944 MacFarlane (13) observed that the method 
of Rayleigh-Ritz could be employed to determine the 
complex eigenvalues of the normal mode problem. Sub- 
sequently, the same method was employed by Pekeris 
and Ament (20) for the same purpose. The fact that a 
variational principle exists for this nonself-adjoint eigen- 
value problem is remarkable and may be explained by 
observing that while the problem is nonself-adjoint in a 
Hilbert space with a Hermitian inner product, it is 
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formally self-adjoint in a vector space with a symmetric 
inner product. Thus, as has already been observed by 
Sommerfeld (28) and as we have exhibited it here ex- 
plicitly in the case of Sims expansion theorem, the com- 
plex-valued eigenfunctions are orthogonal in the sense 


i yulx) M(x) dx = dy . 


a 


This leads to the conclusion that the Rayleigh quotient 


| yl—y” + g(x)y] dx 
3 (12) 


R(y) = er) 
J y? dx 


is stationary at an eigenvalue of the normal mode prob- 
lem, where y(a) = 0. 
Somewhat more generally, one can consider making 


R(y, 2) = { i ; (y’s’ + gyz) dx 


lim 


lee) 
— i, eOx0)}/ [ade (13) 
stationary as a function of y and gz. From the identities 


+ qyz) dx — iy(b)2(b) = 2(y’ — zy) [2 ; 


[t-” + g(x)y] dx = y(2' — iz], 


+f of-2” + gz] dx, 
one readily sees that in addition to obtaining 
Sree Gy A= wNY) 
for functions satisfying y(@) = 0, one also obtains the 


adjoint problem as a necessary condition for (13) to be 
stationary: 


pe ete det oN dali Gf tcket 5) 70: 
rI— 0 


In both cases the identities given above make it clear 
that the radiation conditions enter as natural boundary 
conditions. 

During these same war years Schwinger had developed 
his now famous variational principle and _ successfully 
applied it first to the interior problems associated with 
obstacles in wave guides [cf. Saxon (23)] and then to a 
whole series of exterior scattering problems, in collabora- 
tion with Levine (25). In the simple scalar case, that of 
backward scattering from a plane wave incident on a 
closed obstacle, it is well known that the stationary 
value of an expression of the form 


es MI oe 
IJ Rls, De(s)e(t)dsdt 
is proportional to the value of the complex amplitude 
function of the backward scattered wave, and where the 
kernel is (exp tkr)/r for the boundary condition of total 
zero scalar potential on the obstacle. 

In the most general Scwhinger case, we desire to make 


(a, ¢’)(a’, ¢) (15) 
(ky, 9’) 


(14) 
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stationary where in an appropriate inner product we 
have that 
(ke, ¢') = (¢, k’¢’). 
The necessary conditions for the stationary value lead 
as in the second formulation of MacFarlane’s principle 
to the adjoint equations [cf. (15, (16)] 
a=k 
and 
a’ = . 
For the sake of simplicity we will confine our attention 
to the symmetric formulations (12) and (14). Even with 


this restriction both principles have the disadvantage 
that little is known about the nature of their stationary ~ 


points for exterior problems. Thus, while it is classical 
that the Rayleigh quotient has a minimum for its 
stationary value for many self-adjoint problems, and 
while necessary and sufficient conditions are known for 


the Schwinger principle [usually in reciprocal form to ~ 


that stated in (14)] to take on a minimum for its sta- 
tionary value [cf. Saxon (23) and Kato (8)], the complex- 
valuedness of the functions involved in (12) and in (14) 
in connection with a symmetric rather than a Hermitian 
inner product leave the nature of their stationary points 
in doubt. 

Until these open questions have been answered, these 
principles are of value only as a relatively easy way of 
obtaining engineering answers, the validity or reason- 
ableness of which must then in turn be verified either 
by comparison with an exact solution or by experiment. 

In the case of MacFarlane’s principle there is the hope 
that the ‘‘definiteness’”’ property of the eigenvalues dis- 
cussed in the first section can be used to provide a partial 
answer to these questions. Unfortunately, a corre- 
sponding property does not appear to be available for 
the Schwinger Principle in general. 

In the case of MacFarlane’s principle, a first step in 
understanding the nature of the stationary point was 
taken by Dolph, Marx, McLaughlin (3) in that they were 
able to give a characterization of the imaginary part of 
the eigenvalues, for a finite dimensional analog of (12) 
when the eigenvalues were all confined to one half of the 
complex A-plane. That is, if we allow ourselves to ex- 
trapolate from our present knowledge of expansion 
theorems and completeness relations, we would expect 
that at least in Sims’ cases (2, 2), (2, 3) and (3, 3) there 
would be theorems similar to those he derived for the 
finite interval. In that case, if y were an approximating 
function, it could be expanded in the series of complete 
(symmetric) orthogonal eigenfunctions y,(x) 


y = > 29(x) 
so that (12) would reduce to 
RO) = Rain, +) = (Sra De2). 06) 
1 1 


The property of rendering (16) stationary is, moreover, 
equivalent to the real problem of making the imaginary 
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part of the numerator of the Rayleigh quotient stationary 
subject to the requirement that the denominator be 
normalized. That is, it is equivalent to making 
ioe) 
)= > VX? a Vr) Stee RORY 
k=1 


I (2, $m, Tks 
stationary subject to 
(17) 
and 


co 
> 0% = 0 (18) 
1 
where 2, = x, + ty, and Ay = we + iv;,. 

In any finite approximation, the requirement that v, < 
0 or that »; > O enables one to characterize the », = 
Im (Ax) successively as ‘‘saddle points” in appropriately 
chosen orthogonal subspaces. While this characteriza- 
tion is not stated by Dolph e¢ al. (3) in a suitably in- 
variant form for immediate application to the infinite 
dimensional situation, put in a suitable form it would 
lead to an error estimate from one side for the imaginary 
parts of the complex eigenvalues of the normal mode 
theory. It would differ from the corresponding estimates 
obtained by the intrinsic maximum-minimum char- 
acterization of real eigenvalues for the Rayleigh quotient 
in that even the first vy, would be a maximum-minimum 
and the others would be similarly obtained successively 
rather than by an intrinsic process. 
_ Even this much seems beyond reach in the case of 
| Schwinger principle. In order to state our reasons for 
| believing this to be the case, we will proceed in a manner 

analogous to that recently used by Chambers (1) in his 
discussion of the relation between the Rayleigh-Ritz 
principle and that of Schwinger in the real positive- 
definite case. Let us imagine that we have a set of func- 
tions (¥.) complete for the Schwinger case. We think of 
|| them as orthogonalized with respect to the kernel k(s, ¢) 
| in the sense that if x.(s) = | k(s, é)¥x(¢) dt then 


I xx(s)yn(s) ds = dy. 

|| Thus, if g is any approximating function, we may think 
ie.e) 

> z.W.(s) with coefficients 


} 1 
|| 2, given by z, = [ v(s)xz(s) ds. Similarly we may think 
_ of the known function f as expanded as 


f= > fixs(s), 


with coefficients given by 


fe = J f(s)¥a(s) ds. 


If these expansions are inserted into (14), it becomes 
[ee] 2 eo 
S(yv) = S(zi, 22,°°: ) -( S fx) / pd B70" (19) 
1 1 


Now if we introduce any complex rotation in which 


Zz) = Sy isi a5 


of it as expanded as g = 
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and where we choose 2)’, 23’, :-- to preserve 


foo) eo 
DG => fe 
1 1 
as may always be done, then (19) can be written in the 
form 


S(ar,22,°°+) = [ole > (&)45 0 = 


co 
> of? © @0) 
d 
which is easily recognized as a highly degenerate form of 
(16) in which only one eigenvalue, w, occurs. The prob- 
lem of making (20) stationary is equivalent to the real 
problem of making either the real or imaginary part of 
the numerator of (20) stationary subject to a normali- 
zation of the denominator. If again we use the imagi- 
nary part letting w = o + i7, 2, = x, + ty, we must 
make 

tL (ex)? (Viele zoos (21) 
stationary subject to (17) and (18). Eliminating x,’ and 
yi’ by these last two relations leads to the free problem 
of making 


eft — Slr)? — On)I} — 20S ary 


stationary. The solution to this problem is x,’ = y;’ = 0, 
ifjwP=er+r?s OR = 12) > Thusfrom (7) 
and (18) we find x;’ = +1, y;’ = 0so that the stationary 
value of (21) is 7, leading to the stationary value w of 
(20). Although as in (16), this stationary point is again 
a ‘‘saddle’’, we do not know how the “‘saddle’”’ is oriented 
since we have no a priori knowledge about 7 or a, the 
quantities we are trying to determine; in contrast to 
the situation with regard to MacFarlane’s principle 
where we know that all the »;, are, for example, positive. 
A similar situation obtains if we use the real part of (19). 

Thus, while, in the case of MacFarlane’s principle, it is 
immediately possible to reject all approximating func- 
tions which lead to approximate eigenvalues whose 
imaginary parts are of the wrong sign as well as to hope 
to obtain a one-sided estimation for these imaginary 
parts, in the case of the Schwinger principle, nothing 
similar appears possible and we may be above or below 
the true real and imaginary parts of the stationary value 
in a completely arbitrary way and these will probably 
differ from approximation to approximation. 

The situation is further complicated for both prin- 
ciples in that expansion of trial functions in terms of a 
complete set of known functions is probably best in- 
terpreted as a bi-orthogonal expansion in a Hilbert 
space with Hermitian inner product as can be seen 
from (13) or (15). While we can, at least in some in- 
stances, expect Parseval relations, as the work described 
in the first section indicates, there appears to be no 
analog of Bessel’s inequality to insure that the remainder 
in any finite approximation goes to zero in a uniform 
fashion. It is not even known under what circumstances, 
if any, one can state a generalization of Bessel’s inequality 
similar to that to be found on page 206 of Riesz-Nagy 
(22). 
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So far our discussion has been limited to the case of 
backward scattering. The situation is even more obscure 
for arbitrary angles of incidence and reflection. In fact, 
there appears to be ng analogs to the ‘‘definiteness”’ 
property associated with MacFarlane’s principle in any 
of the Schwinger cases except that of forward scattering 
where the familiar relation between total cross section 
and the imaginary part of the transmitted amplitude is 
encountered [cf. Morse and Feshbach (16)]. In the 
scalar case with (exp z7kr)/r as the kernel, this ‘‘definite- 
ness’’ property can also be derived more directly by use 
of Lemma 3 of Miller (17). 


NEVANLINNA’S DIRICHLET PRINCIPLE 


In our discussion up to this point, we have emphasized 
some of the difficulties which result from the complex 
radiation condition as well as some recent progress in 
coping with them. In this section we should like to 
discuss still a different approach which, in one form, 
avoids the complex radiation condition altogether, and 
which, in another form, offers considerable promise of 
furthering our understanding in its presence. 

In a series of papers beginning in 1952, Nevanlinna 
(19) began the development of a general theory of 
indefinite self-adjoint forms in Hilbert space with a view 
of deriving a ‘‘Dirichlet Principle’ applicable to the wave 
equation with Cauchy initial data as well as to interior 
boundary value problems for elliptic partial differential 
equations such as the scalar wave equation. Unfortu- 
nately, to date the only detailed application of his 
methods has been made by his student, Louhivaara (12), 
who treated the second class of problems mentioned 
above. For these problems the theory of Nevanlinna is 
not really necessary since they lead to problems in- 
volving semi-bounded operators in Hilbert space and 
hence can be treated by, for example, the methods of 
Friedrichs (6). Nevertheless we will describe briefly 
both the general ideas underlying Nevanlinna’s work 
as well as the application by Louhivaara in the hope of 
attracting other research workers to its interesting 
possibilities. 

In the case of an interior boundary value problem for 
Laplace’s equation, say 

V?u = 0 in a domain (22) 
and 
u=f (23) 
on the boundary, Dirichlet’s principle says in effect 
that the solution may be obtained by minimizing the 
Dirichlet distance between f, considered as extended 
to the interior of the domain, and the linear space V 
of all functions which vanish on the boundary of the 
given domain. 

That is, the solution is given by u = f — v, where v 

is the function in V rendering the integral 


D(v) = Jf (fe — v2)? + (fy — vy)?dxdy (24) 
a minimum. In addition, 
D(u,v) = | { (us + u,vy) dx dy (25) 
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may be considered as a scalar product of the functions 
u, v, and from the identity 


[fue + uyv,) dx dy = [ot dr - ff dx dy (26) 
n 


it follows that the solution of the boundary value 
problem (22) and (23) is orthogonal in this sense to the 
linear space V. 

Some of these geometrical properties are preserved in 
more general problems but not all. Thus for the corre- 
sponding problem of the scalar wave equation in an 
interior domain where, for real k, 

(V2 + k?)u = 0 (27) 
and where 


a, (28) 
on the boundary, the identity corresponding to (26) is 


ik (vz, + Vy, — kvu) dx dy 


= [o2as - [foc + k?)u dx dy 
on 


which shows that the orthogonality property is pre- 
served but the quadratic form corresponding to (24) is 


if (v,2 + 0,2? — k? v?) dx dy (30) 


which is no longer positive-definite so that the notion of 
‘distance’ loses its immediate meaning. 

Similarly for the wave equation-u, — uz, = O—we 
use the one dimensional form for simplicity—the 
relations corresponding to (26), 25 are 


(29) 


(uju, — VzU,)dx dt 


= [ow. dt + pou ae ff oun — Uzr), dxdt (31) 


it (u,2 — uz?)dx dt. (32) 


Thus, if in this case we can determine an appropriate 
domain on the boundary of which it is reasonable to 
require that v = 0, once again we will have an orthog- 
onality property. Although he has not yet published 
any results in this direction, Nevanlinna indicated in a 
lecture given at the University of Michigan in the 
summer of 1953 that he believed he knew how correctly 
to determine this domain in order to permit the applica- 
tion of the general theory we now sketch. 

In each of these last two cases, it is easy to obtain a 
majorant for the indefinite quadratic forms involved. 
For example we note that for (3.0) 


| (lel? + [ay lt = #0 Pde dy| 


< (v,? + v,? + k? v?)dx dy (32) 
while for (31) 
i (uP — v,")dx a| < i (v,? + v2?)dx dt (33) 


These in turn induce majorants for the associated bi- 
linear forms (29) and (31). More generally, then, Nevan- 
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linna presupposes that he has a self-adjoint bilinear 
form Q(u, v), Q(v, uw) = Q(u, v) which can be majorized 
by a positive-definite form E(w, v), self-adjoint again in 
that E(v, u) = E(u, v), and with the property that 
| O(u, v) | < E(u)E(v). 

Let us now think of E(w) as the unit form in a possible 
Hilbert space. In our examples, E would be given by 
(24) for the Dirichlet problem and by the right-hand 
sides of (32) and (33) respectively. If this can be done, 
then for fixed v, Q(u, v) is a bounded linear functional 
and as such it can be written as an inner product of u 
and some element g of the Hilbert space: 

Q(u, v) = E(u, g) (34) 
[cf. for example, Riesz-Nagy (22)]. If we now allow v to 
vary, then g will vary linearly with v and we may write 
g = g(v). It turns out, as is well known, that g(v) is a 
linear bounded self-adjoint transformation whose spec- 
trum is confined to the real \ interval —1 < A < 1. 
(The self-adjointness of g follows from that of the forms 
Q and £). If the spectral decomposition of g can be 
found, then by (34) this decomposition will induce a 
spectral decomposition of the form Q(u, v). In particular, 
note that if A, v are eigenvalue and eigenfunction of g, 
g(v) = dv, then (34) reduces to 

Q(u, v) = AAH(u, v) (35) 
for all u, which we recognized as a necessary condition 
that A, v are eigenvalue and eigenfunction respectively 
of the form Q—that is, \ is a stationary value of Q(u)/ 
E(u). Furthermore the spectral decomposition of the 
induced operator g enables one to project an arbitrary 
vector in the Hilbert space into three orthogonal spaces, 
the space spanned by the projections associated with the 
negative spectrum of g, the space spanned by the pro- 
jections associated with the positive spectrum of g, and 
the residual space associated with \ = 0 on which, from 
(35), Q(u, v) = 0. If this residual space is empty, then 
each element in the Hilbert space has a unique Fourier 
decomposition in terms of the above decomposition. Of 
course in this brief sketch, we have left much unsaid, 
concerning such things as: When can this be done? When 
is the result independent of the majorant? etc. The reader 
is referred to Courant-Hilbert, (2) for details in the 
positive definite case and to the above quoted works by 
Nevanlinna. 

In order to render these abstract ideas somewhat 
more concrete, consider the problem formulated above 
for the scalar wave equation. For this problem, (34) 
becomes 


[fs + uyy — k®uv)dx dy 
ac [flue + uyg(v)» + k®ug(v)|dx dy. 


This we may transform by integration by parts to the 
form 


gue et tas - ff uve + k?)vdx dy 
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= pu Kas = [[ece + k)g(v)dx dy. 
on 


Thus, if we use the standard technique of this theory, 
[cf. Courant-Hilbert (2)] and introduce a space of func- 
tions which vanish in a strip near the boundary of our 
given domain, as well as the space D, consisting of those 
functions which are limits of sequences of functions 
from our previous space in the sense that 


H(¢n — ¢) -| (gn — 9)? dx dy > 0; D(gn — ¢) 


-| { (@n — v2? + (on — ¢),? | dx dy > 0, 
then our operator g(v) will be defined by 


[fav + k?)g(v)dx dy = [fu + k*)vdx dy, 


for all functions u in D,. To determine the spectral de- 
composition of g(v) we therefore consider the eigenvalue 
problem corresponding to (35): 


Qu, v) = i (u2v2 + Uy, — Ruv)dx dy 


= x, (U2Vet Uy, + k2uv)dx dy 
= NQ(u, v) + 2kH(u, v)] 


for all win D, . Now this can be transformed to the form 
2k?\H(u, v) 
0) 
Q(u, 2) = 
or, if we add k?H(u, v) to both sides of this last relation, 
to the form 


D(u, v) = Q(u, v) + k?H(u, v) = wH(u,v), (36) 
where 
(1 + A) 
= kR2 
e Tee 
or, 
ip 
37 
many (37) 


this verifies the fact that d is confined to the interval 
(-—1 < A < 1). This last problem however is in turn 
equivalent to the eigenvalue problem for the differ- 
ential equation 

Vee + Uyy a hu = 0, 


whose corresponding Rayleigh quotient is 
_ [{o2t v,? dx dy 

J [ v°dx dy 
where D(v), H(v) are positive definite. Thus, the results 
of Chapter VII of Courant-Hilbert (2) guarantee the 
existence of a denumerable spectrum, wi < pe < - 
with associated eigenfunctions 9; , v2, --- . If we denote 
by un the value corresponding to d, as given by (37), 
and if for simplicity we assume that k? # pa, n = 
1, 2, --- then if y is any function in D, , we may think 
of it as expanded in these eigenfunctions: 


== > (CADE (és, -| yw, dx dy = Hy, v) 
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so that (36) implies 


Qu, u) a > (Mn i. k?) | Cr |? 


un>k 


(oe) 
ape, Ware ee (38) 
un<k 

Thus, to solve the first boundary value problem for 
the scalar wave equation, we define v = u — f (where 
we again think of the boundary function f as extended 
to the whole domain), so that v is in D,, and make 
Q(f — v) stationary. By (38), we can first project 
(f — v) into the space of eigenfunctions associated with 
An > 0. In this subspace Q(f — v) is bounded from below 
and the usual processes of the direct methods of the 
calculus of variations will guarantee the existence of a 
minimizing function, say (v+). We can then project 
(f — v) into the space of eigenfunctions associated with 
An < 0. In our case this is a finite dimensional subspace 
and there is no difficulty in seeing that —Q(f — v) will 
again have a minimum here, say for (v—). The solution 
of the boundary value problem will then be given by 
u = (v+)+ (v—)+f,and the stationary value of Q(f —v) 
is clearly seen to be given by the difference of the 
minima associated with the positive and negative eigen- 
values \, . Finally if k? = wu, for some n, then dA, = 0 is 
an eigenvalue of Q(u, v) = 0 and we must consider the 
space spanned by the eigenfunctions associated with 
it. In this case, the solution to the boundary value 
problem is unique up to an arbitrary additive function 
from this space, if the problem has a solution at all. 
A necessary and sufficient condition for it to have a solu- 
tion is that Q(f, ¢) = 0 for all functions ¢ in the space 
spanned by the eigen functions associated with A = 0. 

While the above theory is adequate to handle interior 
problems it must be extended for exterior problems. If a 
similar program can be carried through for the time 
dependent wave equation, as Nevanlinna has indicated 
it can, the results will be most interesting. Certainly one 
can anticipate that the spaces associated with the 
positive and negative values of d will both be infinite 
dimensional and for an exterior problem we will be faced 
with a continuous spectrum in all probability. On the 
other hand, this approach avoids the complex radiation 
condition altogether and substitutes for it the in- 
convenience of a knowledge of initial conditions. Un- 
fortunately, I have not been able to see even formally 
exactly how this theory would work in this case because 
of the difficulties associated with the domains of de- 
pendence of hyperbolic equations. Moreover, while the 
Sommerfeld radiation condition does cause many mathe- 
matical difficulties, initial conditions are also unknown 
in most problems of physical interest. In view of recent 
progress, some of which we have described in the first 
section, in understanding nonself-adjoint problems, it 
might be more useful to attempt a generalization of 
Nevanlinna’s procedure for these problems. I would 
therefore like to conclude this report by a few pre- 
liminary notions as to how this might be accomplished. 
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For the sake of simplicity we will limit our discussion 
to consideration of the boundary value problem for the 
scattered potential. However, should the idea we are 
about to state prove fruitful, it could equally well be 
applied for the determination of the scattered amplitude 
as indicated by Levine in part II of (11). 

The basic representation theorem employed by both 
Nevanlinna and Friedrichs (34) may be applied whenever 
the bilinear form Q(n- v) appropriate to a given problem 
can be majorized by a self-adjoint quadratic form E(u). 
However, if a quadratic form Q(u, v) is non self-adjoint, 
that is, if Qi(v, vu) ¥ Q,.(u, v), the transformation g(v) 
will not be self-adjoint and we cannot, therefore, be sure 
that there will be a spectral decomposition associated 
with it. If there is, then the spectrum will be confined to 
the unit circle in the \ plane. It is my conjecture that in 
a great many cases of physical interest the non-self 
adjoint linear transformation defined by (34) will fall 
into Dunford’s (4) classification of ‘‘spectral’’ transfor- 
mations and that it will therefore be possible to use its 
spectral resolution to discuss the more general type of 
stationary point associated with such a non-self adjoint 
Q. Whether the general situation will require the con- 
sideration of the four spaces associated with the quad- 
rants of the spectral circle or whether some definiteness 
property such as occurs for MacFarlane’s principle will 
cut this number down to two, is not clear. The answer 
to this and similar questions will have to await the 
development of a rigorous general theory. 
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Diffraction by a Convex Cylinder” 
JOSEPH B. KELLER} 


Summary—the leading term in the asymptotic expansion for 
large k = 27/), of the fields reflected and diffracted by any convex 
cylinder are constructed. The cross section of the cylinder is assumed 
to be a smooth curve which may be either closed or open and ex- 
tending to infinity. The method employed is an extension of geo- 
metrical optics in two respects. First, diffracted rays are introduced. 
Secondly, fields are associated with the rays in a simple way. The 
results are applicable when the wavelength is small compared 
to the cylinder dimensions. 


I. INTRODUCTION 


S AN APPLICATION of a general method 
which has been devised for the asymptotic 
solution of diffraction problems,! we will treat 

the two-dimensional problem of diffraction of an arbi- 
trary wave by a cylinder. For simplicity we will first 
consider an incident cylindrical wave. The field u will be 
assumed to be a scalar satisfying the reduced wave 
equation (V2 + k?)u = 0 and vanishing on the cylinder. 
Later we will consider the vanishing of du/dv on the 
cylinder, and also the impedance boundary condition. 
Finally we will treat an arbitrary incident wave. The 
cross section of the cylinder will be assumed to be a 
smooth convex curve. If it extends to infinity (like a 
parabola) we will call it open; otherwise we will call it 
closed. For the case u = O on the cylinder we may 
interpret “ as a component of electric field parallel to 
the cylinder generators, the cylinder as a perfect con- 
ductor, and the surrounding space as a homogeneous 
medium. The asymptotic solution to be obtained is the 
asymptotic expansion of u with respect to k = 27/Xd 
as k tends to infinity (i.e., as the wavelength \ tends to 
zero and the frequency tends to infinity). The first term 
in this solution is just that obtained from geometrical 
optics. Thus the solution may be thought of as an 
improvement upon geometrical optics. 

The method to be employed involves several simple 
steps. First the rays—incident, reflected and diffracted, 
are determined in Section II. Then the field associated 
with each ray is computed by essentially geometrical 
methods in Section III. In Section IV the results are 
assembled. 

When applied to a circular cylinder in Section V the 
result agrees exactly with that obtained by Franz? and 
Imai* by asymptotic expansion of the exact solution. 


* The research reported in this article was done at the Institute 
of Mathematical Sciences, New York University, and has been made 
possible through support and sponsorship extended by the U. S. 
Air Force, AF Cambridge Research Center, under Contract No. AF: 
19(122)-42. 

t Inst. of Math. Sci., New York Univ., New York, N. Y. 

1 J. B. Keller, “The Geometrical Theory of Diffraction,” Proc. 
Symposium on Microwave Optics, McGill Univ., Montreal, Que., 
Can.; June, 1953. 

_ 2? W. Franz, “Uber die Greenschen funktionen des zylinders und 
der kugel,”’ Zezt. fur Naturf., vol. 9a, pp. 705-716; 1954. 

3], Imai, ‘““‘Die beugung elektromagnetischer wellen an einen 

kreiszylinder,’’ Zezt. fur Phys., vol. 137, pp. 31-48; 1954. 


In fact this comparison is used to determine a certain 
factor in the present method. In Section VI the result 
is applied to diffraction by a thick screen and by a 
wedge terminated by part of a circular cylinder. In 
Section VII diffraction by a parabolic cylinder is con- 
sidered and exact agreement is found with the results of 
Rice which are based upon asymptotic expansion 
of the exact solution. In Section IX the total cross 
section of the cylinder and related matters are discussed. 

The method of this paper is closely related to the 
procedure used by Franz and Depperman? in their ap- 
proximate treatment of diffraction by a circular cylinder. 


II. RAY TRACING 
Incident Rays 


Since the medium is homogeneous, the incident rays 
are straight lines emanating from the source P of the 
incident cylindrical wave. Since no rays can penetrate 
the cylinder, there is a region called the geometrical 
shadow, which is devoid of incident rays. 


Reflected Rays 


Each incident ray which hits the cylinder gives rise to 
a reflected ray according to the law of reflection. Be- 
cause the cylinder is smooth and convex, exactly one 
reflected ray will pass through each point not in the 
shadow. No reflected ray will reach any point in the 
shadow. Thus one incident and one reflected ray pass 
through each point outside the shadow. These two rays 
coincide for points on the shadow boundary. Neither an 


‘incident nor a reflected ray passes through any point in 


the shadow. 
Diffracted Rays 


The general definition of, and certain results per- 
taining to, diffracted rays have been given elsewhere. ! 
Therefore we will describe here only those special aspects 
which are pertinent to the problem under consideration. 
The diffracted rays which occur in this problem may be 
characterized by the following extension of Fermat’s 
Principle: The diffracted rays connecting the points P 
and Q are those curves which render stationary the Fer- 
mat integral (i.e., the optical length, or here, ordinary 
length) among all curves connecting P and Q and 
having an arc on the cylinder. It is easily seen that these 
rays consist of the tangents from P and (Q to the cylinder 
plus that portion of the cylinder which connects the 
points of tangency (see Fig. 1). If the cylinder is closed 
there are two portions connecting these points of 
tangency. Only that portion which is a smooth con- 

4S. O. Rice, “Diffraction of a plane radio wave by a parabolic 
cylinder,’’ Bell Sys. Tech. Jour., pp. 417-504; March, 1954. 


®’W. Franz and K. Depperman, Ann. der Phys., vol. 10, p. 
361; 1952. 
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tinuation of the tangents yields a ray. However, in 
addition to this diffracted ray there are infinitely many 
others connecting P and Q. Each of these differs from 
the above merely in encircling the cylinder a finite 
number of times. 


Fig. 1—The two rays diffracted from P to Q around a closed cylinder. 

The upper ray consists of a straight segment of length p,; from P 

to the point of tangency P;, an arc of length ¢ from P; to Q; and a 

straight segment from Q; to Q, re at Q;. The lower ray is 
similar. 


Applying the preceding results to the present problem, 
we see that each incident ray which is tangent to the 
cylinder gives rise to a diffracted ray. There are either 
one or two such incident rays if the cross section extends 
to infinity, and exactly two if the cross section is closed. 
These are the grazing rays which bound the shadow. 
Each of the diffracted rays produced by these incident 
rays travels along the shaded surface of the cylinder. 
From each point of each of these surface rays a diffracted 
ray splits off along the tangent to the cylinder. Thus the 
shadow is covered by diffracted rays,—singly if the 
cylinder cross section is open and doubly if it is closed. 
The diffracted rays through each point Q are the (one 
or two) tangents from Q to the cylinder. In the case of 
cylinders of closed cross section, each point outside the 
shadow is also reached by two diffracted rays, since the 
surface ray continues around the cylinder into the lit 
region, then into the shadow again, etc. (see Fig. 2). 


Fig. 2—The set of diffracted rays produced by a single incident ray. 
The incident ray is tangent to the cylinder and the diffracted rays 
are also tangent to it. 


For such cylinders each diffracted ray actually consists 
of an infinite number of diffracted rays which have 
encircled the cylinder different numbers of times. The 
diffracted rays account for the field in the shadow 
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region. In the case of closed cylinders they also account 
for certain diffraction effects in the lit region. 


III. FrELD CALCULATION 


Field Associated With the Incident Rays 


The optical form of the principle of conservation of 
energy states that in a steady-state (i.e., time-periodic) 
field the flux of energy is the same at all points of a 
narrow tube of rays. Furthermore this flux is propor- 
tional to the square of the field amplitude multiplied by 
the cross-sectional area of the tube and by the velocity 
of light at the point. Now in a cylindrical wave the 
distance between neighboring rays is pd@ where p is the 
distance from the source P and dé is the angle between 
the two rays. In a homogeneous medium the velocity is 
constant. It follows that for a cylindrical wave in a 
homogeneous medium the amplitude A satisfies A? pd6@ = 
A,°d@. Here A, denotes the amplitude on the ray in 
question at unit distance from the source. From this 
equation we obtain A ././p for the amplitude of a cylin- 
drical wave at a distance p from the source P. 

To determine the phase we note that in optics the 
difference between the phases at two points on a ray is 
just w/c, multiplied by the optical distance between the 
points. Here w is the angular frequency of the field and 
Co is the velocity of light in vacuum. If p is the distance 
between the points and c is the constant velocity of 
light in the medium, then the optical distance is just 
Cop/c and the phase is wp/c = kp = 2rp/dX where k = 
w/c = 2/d. Thus knowing the phase at one point on a 
ray, we can find it at any other point on the same ray. 
If we assume that the phase is zero at the source p = 0, 
we find that the phase at a point with coordinate p is 
kp. Thus the field associated with an incident ray at a 
point with co-ordinate p is, 

AG 
tine ~ 7, ite - (1) 


The field (1) is not a solution of the reduced wave 
equation. Instead it is the first term in the asymptotic 
expansion with respect to k, of such a solution. Addi- 
tional terms can be found by the method of, but will 
not be considered here. 


Field Associated With the Reflected Rays 


In order to determine the field associated with a re- 
flected ray, it is necessary to know the field on the in- 
cident ray and the conditions to be satisfied at the re- 
flecting surface. We have already constructed the in- 
cident field. We must now impose the boundary condi- 
tion that the field vanish at the surface. Then at the 
surface, the reflected field is the negative of the incident 
field. Therefore, at the surface the amplitudes of the 
reflected and incident fields are the same. However, the 
phase of the reflected field differs from that of the in- 
cident field by a. Thus the phase of the reflected field at 
a distance s from the surface along the reflected ray is 
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just the phase of the incident wave at the surface (kp’) 
plus z plus ks, i.e., (Rp’ + ks + 7). Here p’ denotes the 
co-ordinate of the point of reflection. 

To find the amplitude of the reflected field at a distance 
s from the surface alonga reflected ray, we must consider 
a narrow tube of reflected rays containing the ray under 
consideration. In the present two-dimensional problem, 
it suffices to consider a pair of neighboring reflected rays. 
It is clear that two such reflected rays generally intersect 
if extended backward into the cylinder (see Fig. 3). 


1 


Fig. 3.—The reflected rays produced by a pair of parallel rays 

incident at angle 6 on a cylinder. The reflected rays intersect at the 

distance a = 6/2 cos 6 from the point of reflection, where 0 is the 
radius of curvature of the cylinder at that point. 


Let us denote by a the distance from the point of re- 
flection to the point of intersection. Then if d@ denotes 
the angle between the two rays, the cross-sectional area 
of the tube they bound (i.e., the distance between the 
rays) is ad6@ at the reflecting surface and (a + s)d@ at 
the distance s from the surface along a ray. If A(s) de- 
notes the amplitude of the reflected field at s then the 
energy principle employed above yields 


cA?(s)\(a + s)d@ = cA ,?ad0/p’. 
From this we find A(s), which is given by 


A, 
A(s) = Vi CF aa's) 2/7: (2) 


In (2) p’ is the distance from the source to the point of 
reflection. In case the neighboring reflected rays are 
parallel, (2) applies with a—! replaced by zero (i.e., the 
rays intersect at infinity) and A(s) remains constant 
along the reflected ray as in a plane wave. 

Eq. (2) shows that in the present two dimensional 
problem the amplitude A(s) diminishes inversely as the 
square root of the distance from the point of intersection 
of neighboring rays. Such an intersection point is called 
a caustic point, and the locus of such points is called the 
caustic of the ray system. The amplitude given by (2) 
is infinite at a caustic. However, the caustic does not 
occur on the real parts of the rays, but instead on their 
fictitious backward extensions. Therefore, in the present 
problem no difficulty due to a caustic arises. Of course 
the singularity of (2) implies that the energy principle 
of geometrical optics, from which (2) was deduced, is not 
valid at a caustic. 

Before (2) can be used, the distance a must be deter- 
mined. To find a we note that neighboring normals to 
the reflecting surface meet at a distance b from the 
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surface, and 0 is called the radius of curvature of the 
surface at the point under consideration. For an incident 
plane wave any two neighboring incident rays are 
parallel. If they make the angle ¢ with the two neigh- 
boring normals, then a = 3b cos ®@ (see Fig. 3). This 
value of a is the focal length of the reflector for the 
particular point and angle of incidence considered. Now 
for an incident cylindrical wave we have from the 
mirror law of optics 


1 2 


a (3) 


a bcos@d p’. 


The reflected field can now be obtained by combining 
our result for the phase with (2) and using the above 
value of 1/a. Then we obtain 


A, as a ik( /4-3) 
Urep ~ — 1+ + — rpg CS 
vi Vv Al bcos@ pp’ 


The reflected field (4) which has been computed by 
the principles of geometrical optics, is not a solution of 
the reduced wave equation. Therefore it is not a com- 
plete representation of the reflected field. We expect 
it to be the first term in the asymptotic expansion of the 
reflected field with respect to k. Additional terms have 
been determined,® but will not be required here. 


Field Associated With the Diffracted Rays 


Consider a diffracted ray which originates at a point of 
tangency P, and leaves the cylinder tangentially at 
another point Q, (see Fig. 1). Let pi be the co-ordinate 
of P,, and let ¢ be the length of.the ray from P,; to Q,. 
Then the phase of the incident field is kp; at P; and 
Rk(p:1 + t) at Qi. At a point a distance s along the 
diffracted ray from Q, the phase is k(p; + ¢ + s). 

If the cylinder is closed, there are two points, P; and 
P», at which diffracted rays originate. If the co-ordinate 
of P2 is pz then the phase of the diffracted ray originating 
at P2 and leaving the surface at Qe is k(p2 + ¢ + 5S). 
Here ¢ denotes the length of the ray from Pz to Qe. 
For the closed cylinder there are infinitely many values 
of ¢ corresponding to the same pair of points P; and Q; 
(or Pz and Qe). These values differ from each other by. 
multiples of T, the length of the cross-sectional curve of 
the cylinder. They correspond to rays which encircle 
the cylinder a finite number of times. 

Let us denote by A(s, t, P1, Q:) the amplitude of the 
diffracted field on a ray originating at P; and leaving 
the cylinder at Q, . First we will consider the dependence 
of A on s, the distance along the diffracted ray from the 
surface. To this end we must consider the cross-sectional 
area of a tube of neighboring diffracted rays. In the 
present two-dimensional case this is just the distance 
between two neighboring diffracted rays. Now two such 
rays interesect on the cylinder since they are tangent to 
it. Therefore the distance between two: such rays is 


_ *J. B. Keller, R. M. Lewis, and B. Seckler, ‘‘Asymptotic Solu- 
tion of Some Diffraction Problems,” Res. Rep. EM-81, Inst. Math. 
Sci., New York Univ., New York, N. Y.; June, 1955. 
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sd6 where dé is the angle between them. By the energy 
principle applied to this tube, 


AXX(s, ip P, ’ Q,)sd6 = AZ: ys We ’ Q1) dé (5) 


If we set A(1, #, Pi, Q:1) = a, Pi, Q:) then this 
yields 


(¢,'Pr4 Qi) 
are (6) 


From (6) we see that A decreases like s—!/?. However, 
on the cylinder, where s = 0, A becomes infinite. Thus 
(6) does not apply on the cylinder, which is a caustic of 
the diffracted field. 

In order to determine a(t, P; , Qi) we observe that at 
each of its points the diffracted ray sheds a ray along 
the tangent to the surface. This tangent ray must 
take some energy away from the diffracted ray on the 
surface. This energy must be proportional to the energy 
of the surface ray at the point of tangency. The pro- 
portionality factor may depend upon the local properties 
of the surface. Therefore, we assume 


da(t, Pi, Qi 
dott, Pr Os Se natyP:, 0). (7) 


Here a(t) is the proportionality factor. From (7) we 
find 


a(t, P,, Q:) = a(O, P:, Q:) exp (- a(r) dr]. (8) 


To determine the coefficient a(0, P: , Qi) we first note 
that it must be proportional to the amplitude of the 
incident field at P; since this field produces the diffracted 
ray. Apart from this dependence, a(0, P:, Q:) must be 
symmetric in P; and Q, . This symmetry is a consequence 
of the reciprocity theorem for u which states that the 
field produced at Q by a source at P is the same as the 
field produced at P by a source at Q. When applied to 
the asymptotic expansion of u, which we are construct- 
ing, this theorem implies the symmetry referred to above. 
Finally, we note that the diffraction processes at P; and 
Q, are independent of each other. This means that any 
changes in the cylinder shape at P will produce corre- 
sponding changes in the field whatever the shape of the 
cylinder at Q;. Consequently a(0, Pi, Q:) must be a 
product of a function of P; and a function of Q,. Thus 
we have 


A(s, t, Pie, Oy) = 


oO 


A 
a(0, Pi, Qi) = ven B(P1)B(Qi). (9) 


The function B(P:) or B(Q;) is independent of the 
nature of the incident wave, in the small wavelength 
limit with which we are dealing. This is so because only 
that part of the wave near P; or Q; plays a role, and 
every wave is locally plane. 

Collecting our results we have for the field diffracted 
by a cylinder with an open cross section 


A .B(P:)B(Qi : 
Udite eee exp [— if a(r) dt 


+ ik(p. +¢+-s)]. (10) 
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If the cylinder has a closed cross section then ¢ takes 
on the values ¢ + mT, m = 0, 1, 2,---. Therefore 
Uaigg is the sum of terms of the form (10), one for each 
value of m. This sum is just a geometric series, which 
can be summed at once. In addition there is another 
such sum corresponding to the rays originating at P2. 
Thus, for a closed cylinder 


A .B(P:)B(Q:) 
V psi 


hh 
exp (- f a(r) dr + tk(p,) + ty + 51)] 


{1 — exp (-f- a(r) dr + ier) 


a A .B(P2)B(Qz2) 
Vp 


252 


Uaitf ~ 


exp [- [aw dr + ik(p2 + te + 52)] 


; {1 Ase (-f- Pip a eri} (11) 


In (11) ¢; denotes distance along a ray from P; to Qi, 
and s, distance along a tangent ray from Q,. Corre- 
sponding definitions apply to ¢2 and se. 

In order to complete the determination of waits we 
must determine B(P;) and a(t). These quantities are 
related to the field on and near the caustic (i.e., the 
cylinder surface) where the expansions (10) and (11) 
fail. Therefore, we must make use of some other form of 
solution valid on the caustic in order to determine these 
quantities. However this solution need not be a solution 
of the present problem. It need only have the same kind 
of caustic as does the present problem. Thus to deter- 
mine a(¢) we require a solution which represents a wave 
traveling around a curved cylinder. For this purpose an 
exact solution describing a wave traveling around a 
circular cylinder of radius 6 is obtained in Appendix I. 
Then (10) is applied to the same cylinder. The two results 
are found to agree provided a = a(b) has the value (12). 
We assume that a is the same function of b(¢) when 6 
varies. 

The result is that there are infinitely many values of 
a given by 

Qn = —1tk1/8h-2/87,, (12) 
where 
tr = U3a(n + ¥))2/e"/3, mn = 0,1,2,---. (13) 
The diffracted fields corresponding to these different 
values of a may be called the modes of the cylinder. 
Since various modes are possible, we must replace (10) 
and (11) by sums over the various modes. The coeffi- 
cient B(P:) must then depend upon the mode, so we 
will denote the coefficients by B,(P:). Now we replace 
(10) and (11), which give the fields diffracted respec- 
tively by an open and a closed cylinder hit by a cy- 
lindrical wave, by 
A em tits) co 
Uditt ier 2 B,(P1)Ba(Qi) 


t 
exp fir,t | b-2/3(r) dr] (10a) 
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A oe (p1th+s1) 


i.e) 
Ma rag dts 


p51 n=0 


(P:)B,(Q1) 
exp mist b-2/8(7) dr] 


ie 
{1 — exp [ikT + irae | b-2/8(z) dr] }—} 


A sere ti tsa) co 


eave B(P2)B(Q2) 
exp fir [| b-2/8(7) dr] 


a; 
{1 — exp [kT + irgbt? f b-2/3(7) dr] }-1. (11a) 


These results must now be completed by the deter- 
mination of B,(P,). As we have seen a,(t) is independent 
of where or how the diffracted ray begins. B,(P1), on 
the other hand, depends essentially on the way in which 
the diffracted wave is produced by the incident wave. 
Therefore to determine it we must consider the solution 
of a problem in which a wave is incident upon some 
cylinder and produces a diffracted wave. From this 
problem we will determine B,(P:) which will depend 
upon the local geometry (i.e., curvature) of the cylinder 
at P, . For this purpose we will make use of the solution 
corresponding to a plane wave incident on a circular 
cylinder. We will assume, of course, that the dependence 
of B,(P;) on 6, , the curvature at P;, is just that deter- 
mined from the solution for a circular cylinder, i.e., 
Bah )) = BA). 

We could determine both B,(P:) and a,(b) from the 
solution corresponding to a plane wave incident upon a 
circular cylinder. However, it seemed preferable to first 
determine a,(b) and then to determine B,(bi) sepa- 
rately in the manner indicated above. In this way the 
physical significance of the two quantities is made more 
apparent. Furthermore, the determination of a,(b) was 
based on a relatively simple solution of the wave equa- 
tion, while that of B,(b1) depends upon a more compli- 
cated solution. 

In Appendix II, (11a) is applied to a circular cylinder. 
The result is found to coincide exactly with that of 
Franz’, which is obtained by asymptotic expansion of 
the explicit solution of this problem, provided that 
B,(d) is given by 


B,(b) = bung nV 8x } 


14 
PY) UC a 


Here A’(6!/8 | Ta | ) is the derivative of the Airy integral 
© 
A(6/3|7,|) = J cos (28 — 6/3|7,| 2) dz. (15) 


7 Franz, op. cit., eq. (25a). 
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IV. Tue Tota FIELD 


With the determination of B, , the calculation of the 
field is complete. We may now summarize our results by 
writing 


U = Uine + Ure 1 Maite - (16) 
Anas 
Wine ae ee (17) 
Vp 
Uref —~ =A AG ais as ae 5) uae Ot, (18) 
b cos ? 
For an open cylinder 
Maite ~ [STA CaR Essar 
[e.e) t 
> Cy exp frat | b-2/3(7) dr]. (19) 
For a closed cylinder 
EVO: Cee R1/1b(P1)b(Qi avec Qe) > CR 
diff V hss p1 Ss 
th 
exp fit [ b-718(7) dr] 
T: 
{1 — exp [ikT + inab [ 0572/3) dz] }- 
4 A bi [b(P2)b(Qs)] Veeitortoton Ds &, 
V 2ksops Rsope 
exp fief b-2/3(7) dr] 
qe 
{1 — exp [skT + inh | b-2/3(7) dr|}— (20) 
tr = 3[3r(m + $]?/e*/3 (21) 
Cy = w/2{3(61/3)[4’(61/3| 7, | )J2}-2. (22) 


For n = 0, 1 the values of C, and more precise values 
of r, are 7% 
To el S557 SACs 71 


C, = 0.9107193, Cy 


3.2446076e /8 
0.6942728. 


l| 


(23) 
(24) 


In (18) p’, band ¢ are the distance from the source to 
the point of specular reflection, the radius of curvature 
and the angle of incidence at this point respectively, while 
s’ is distance from this point. In (19) and (20) P, and 
P, denote points of tangency at which the diffracted 
rays originate, b(P,) and b(P2) denote the radii of curva- 
ture at these points and p;, p2 denote the distances of 
these points from the source. Qi and Qz2 are the points 
at which the diffracted rays leave the surface, s; and sz 
are the distances from these points to the field point 
and 0(Q:), 6(Qe) are the radii of curvature at these 
points. The distances from P; to Q; and from P» to Q2 
along the cylinder are denoted by #; and fe respectively. 

The results (19) and (20) become infinite on the cyl- 
inder since on it s = 0 (or 5; = sz = 0). To obtain a 
finite value for the field on and near the cylinder, we 
again make use of the exact solution for a wave traveling 


a Se ee ee, eee 
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around a circular cylinder. In Appendix III we compare 
this solution with (19) specialized to a circular cylinder. 
This shows us how to modify (19) in order that it yield 
a finite field on and near the circular cylinder. Then we 
assume that this same modification applies for any cyl- 
inder. In this way we obtain for the per near an open 
cylinder, instead of (19), c 


uait ~ 2°! 


Oo pikimtits) > B,(P1)B,(Q1) 


Pi 


{[k-1b2(¢)]2/37, 
exp {irnk!/3[b-2/3(¢)5 + [ioe dt} } 


“ 
COSi\ee 
4 


The corresponding expression for a closed cylinder con- 
sists of two terms of the above form. However, each term 
in the summation is multiplied by 


eam g3/2]-1/4 


= (Bb) *(2(Kb)1"%r5 = estore (25) 


B 
[1 — exp (kT + irae f b-2/3 dr)]-1 


For s? < <|+,| (#7-1b?)2/3 we see that each term in (25) 
is proportional to k’®. On the other hand, each term in 
(19) is proportional to k-!/§, Thus we see that the dif- 
fracted field near the surface is of the order k!/® greater 
than that away from the surface. This is exactly the be- 
havior to be expected at a caustic.® 


V. DIFFRACTION BY A CIRCULAR CYLINDER 


As an application of our results, let us determine 
uae for a circular cylinder by using (20). Let the source 
be at (R, 0), the observation point at (7, 6) and let A, = 


_ Vi/8rk. Then utilizing the results of Appendices 1 and 
_ 2, we find that (20) becomes 


exp {ik[(R?— 2) 1/24 (r2 — b2) 1/2] +in/12} 
4k(R? = AMES a == b2)1/4 


Udift ~ Vilar 
(kb) 1/3 


exp {i[kb + (kb)'/5r,J0} + exp {i[kb+ (kb)'/37,] (27 —0)} 
. 1 — exp [2mi[kb + (kd)!/37,]] 


(26) 
exp {i[kb+ (k+6)'*r,][cos(b/r) + cos“(b/R)]}. 


The above choice of A, corresponds to the incident 


| field 1/4 HR). 


It has already been pointed out that the preceding 
result for the field diffracted by a circular cylinder with 
a cylindrical incident wave agrees exactly with the 
asymptotic expansion of the known solution.” In (2) 


_ the reflected field was determined also, but only for an 


incident plane wave, and then only at great distances 
from the cylinder. Our result (18) coincides with the 
value given in (2) this case. Similar agreement is found 


| with the results of Imai,’ who treated a plane wave 


Oy Kay | and J. B. Keller, ‘‘Asymptotic evaluation of the field 
at a caustic,” Jour. Appl. Phys., vol. 25, pp. 876-883; July, 1954. 
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incident upon a circular cylinder. His results for both 
the reflected and diffracted fields are given only at 
great distances from the cylinder. 


VI. DIFFRACTION BY A THICK SCREEN WITH A 
CIRCULAR END 


Asa second application of our result, let us consider the 
diffraction of a cylindrical wave by a thick screen with a 
circular end (see Fig. 4). The cross section of this screen 


2b 


Fig. 4—Reflected and diffracted rays produced by the rays from a 
line source when they hit a thick screen with a circular end. The 
width of the screen is 2b and the radius of the semicircle is 0. 


consists of the two lines x = +b, y < 0 and the semi- 
circle 7 = 6, 4 = 0), Formulas (17)3(18) -and=(19)eim- 
mediately apply to this problem. The radius of curvature 
is bon the semicircle and infinite on the plane. Since the 
points of tangency P; and Q; are on the semicircle, 
b(P1) = 6(Q,) = 6 and in the integral in (19) b(7) = 
If we express ft, p, and s in terms of the co-ordinates R, 
6’ of the source and 7, 6 of the observation point, then 
the diffracted field becomes 
A (kb) 1/399Pl(R2— BY 2+ (72—b2)" 2+[tx /12] 


Uditf ~ 


V 2k(R? — BZA (72 =— eal (27) 
> Cette +b)" | 8-8 —cos(b/r) —cos(/R)], 
n=0 

The diffracted field occurs only at points through 
which diffracted rays pass. These points are those for 
which the inequality @ — 6’ — cos~!(b/r) — cos—!(b/R) > 
0 is satisfied. 

The above result also applies if the screen is replaced 
by a wedge with a circular end. In this case the two 
lines may be any two tangents to the circle. Neither 
this problem, nor that of the screen, has been solved 
previously so we have no other results with which to 
compare ours. 

It should be observed that the reflected field given by 
(18) is discontinuous on the ray reflected from the point 
where the circle and the straight side of the screen meet. 
This is due to the fact that the radius of curvature is 
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discontinuous at this point. An asymptotic expression 
different from that found here applies on this line. This 
is also the case on the shadow boundary, where the 
present result is invalid. The expansion on and near the 
shadow boundary in this problem has been considered 
by Artmann.? 


VII. DIFFRACTION BY A PARABOLIC CYLINDER 


As another application we will consider the diffraction 
of a cylindrical wave by a parabolic cylinder. Let the 
cross section of the cylinder be the parabola x? = 
4h(h — y) (see Fig. 5) and let the source be to the left 
of y = 0. Again the results (17), (18) and (19) apply. 


Fig. 5—A ray incident tangentially on a parabolic cylinder and one 
of the resulting diffracted rays. 


The radius of curvature of the parabola is d(x) = 
2n[1 + (x«/2h)?]3/2. If x,, and x denote the x-co- 


ordinates of the points of tangency P; and Q, , then we 
have, assuming x; < x, 


male aa bio 
AG) poate 


h log <— 
a og {= + 


| 
wiles 


J eealre 
x 2h 


x + [x? + 4h2]1/2 
[Gey ante 


Before inserting these expressions into (19) we can 
simplify them by introducing the angle 26 and 2y. 
These are respectively the angles (measured clockwise) 
between the positive y-axis and the incident and dif- 
racted rays, i.e, the tangents to the parabola at P, 
and Q, . From the tangency condition we have 


= (2h)"/3 log 


(29) 


cot 26 = — ae 
2h 


x 
cot 2y = ——. (30) 
2h 
°K. Artmann, ‘‘Beugung polarisiertenlichtes an biendenendlicher 
dicke im gebiet der Schattengrenze,”’ Zeit. fur Phys., vol. 127, pp. 
408-494; 1950. 
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Now we find 
—cot 2y + csc 2y = tan y. 


pln 
(31) 


A corresponding relation applies with x, and @ in 
place of x and y. Also the expression above for the 
radius of curvature, becomes 
b(P3) = 2h csct26; b(O;)*=" 2h -esc* 2Y5 (Ge 
Now upon inserting the above expressions into (19) 
we obtain 


o 


V 2ksp1. 


. x xy in 
k = 2y — — 20) -- as 
exp E (or. +s t+ ; re y 5 csc 26) D 


> c,{ 2 “| iRhtir CRN (33) 


eh tan 6 


This result (33) for the diffracted field is valid only in 
the region covered by diffracted rays. If the source is to. 


Uaitt ~ (2kh)1/3[csc 20 csc 2y]!/2 


‘ 


the left of the y-axis, as we have assumed, this is the 


region y > 6. The angle 26 and the distance p; are con- 
stants determined by the location of the source. The 


angle w and distance s locate the point at which wgig is ; 


evaluated. 

Suppose that the polar co-ordinates of the source and 
observation points are respectively R, 6’ and 7, ¥’ with 
the positive x-axis as polar axis. Nowif RR >>h,r >>h 
then we see that 6’ ~ 37/2 — 26,’ ~ «7/2 — 2¥, R~ 
pi — x’/2 csc 26 and r ~ s + x/2 csc 2y. Then (33) 
becomes 


° 


Der ce 1/3 | ! 11/2 
Uaits yas (2kh)*/3[ — sec 6’ sec p’] 


met +H 
exp | ie Healers 


co yp’ oe 9’ = d F 
O ys zal ——— Can (Y = ) tan ¢ = }i BRR ehh a (34) 


The region covered by diffracted rays is now defined by 
y’ > 0 — . : 

The expression (34) for wi can be compared with 
the result of Rice* provided that we specialize (34) to 
the case of an incident plane wave. To do this we omit 
R'” from the denominator, replace R in the exponent 
by x; = 2h tan (6’/2 + 72/4) and denote the incident 
wave by e~*@s® +98!) The plane wave is then propa- 
gating in the direction 6’ + a. The comparable result of 
Rice was obtained by asymptotic expansion of the exact 
solution, which is a series of products of parabolic cyl- 
inder functions. It is given in his equation (7.14). 

We find that (34) and Rice’s result agree exactly 
provided we correct what appears to be a slight error in 


his result. He gives an expression for the s-th zero of the | 
parabolic cylinder functions which may be written in — 


our notation as 


n, = i[kh + (2kh)*/3)7,.] — 1. 
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We find agreement if we replace the —1 by —3. This 
change makes Rice’s expression for the zero agree with 
the results of Schwid!° which are considered to be cor- 
rect. Rice mentions the discrepancy between his and 
Schwid’s results. We have found an error in Rice’s an- 
alysis, which when corrected leads to the — 4. There- 
fore we conclude that this change should be made in 
Rice’s result and that then his and our results agree 
and are correct. 


VIII. NoRMAL DERIVATIVE AND IMPEDANCE 
BOUNDARY CONDITIONS 


The preceding method applies directly to the corre- 
sponding problems in which either the normal deriva- 
tive of u vanishes on the boundary or else wu satisfies the 
impedance boundary condition du/dv = ikZu. In the 
latter case the impedance Z is a given characteristic of 
the cylinder, which may vary with position on the 
surface. In both cases the rays are the same as in the 
present case u = 0 and the incident field is unchanged. 
The reflected field (4) is changed by the replacement of 
the minus sign by a plus sign when du/dv = 0 since 
the phase is not changed by reflection in this case. In 
the impedance case the minus sign is replaced by the 
reflection coefficient (cos ¢ — Z)/(cos ¢ + Z). This 
coefficient is obtained merely by inserting the expres- 
sions for the incident and reflected fields into the im- 
pedance condition and solving for the reflection coeff- 
cient. The normal is considered to point into the cylinder 
and ¢ is the angle of incidence. 

In determining the diffracted field the only changes 
occur in the expressions for 7t,, B, and C,. For the 
normal derivative case (13) and (21) must be replaced 
by 

tr = 43a(n + De, n = 0,1,2,---. (35) 
The expression for B, needn’t be given since the final 
result contains only C,. C, is no longer given by (22) 
but instead by 


Cy = 7912{623| 74| A266] 7m /)}. (36) 
For n = 0, 1 the values of C, and more precise values of 


Taare 2* 


To = 0.8086166e"/? Ti 2.5780962e"/8 (37) 
Ge = 1.5322785 C, = 0.7851980. (38) 


In the case of the impedance boundary condition the 


_ appropriate values of 7, are determined by the equation 


PEO (Eb) ZH OCED), 
a(Eb) 


where vy = kb + (kb)!/8r. Upon using the expansion 
(A4) for H,‘)(kb) this equation becomes 


@pitan E = : ener | Lene? 


(39) 


(40) 


_ The roots r, of this equation are discussed-by Bremmer"?. 


10 N. Schwid, ‘‘The asymptotic forms of the Hermite and Weber 


|| functions,” Amer. Math. Soc. Trans., vol. 37, pp. 339-362; 1935. 


11H, Bremmer, “Terrestrial Radio Waves,” Elsevier, New York, 


| N, Y.—Houston, Tex., p. 39, eq. (14a); 1949. 
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It is to be noted that since 7, depends upon both 6 and Z 
it will generally vary with position on the cylinder. There- 
fore it cannot be taken outside the integral signs as in 
(19) and (20). 

The corresponding coefficients B, and C, can also be 
found by comparing the present solution with the 
asymptotic expansion of the exact solution for a circular 
cylinder. The impedance in the circular cylinder problem 
may be taken as constant and equal to the value at the 
point of initiation of the diffracted ray. Upon performing 
the necessary calculations we find 


C, = 13/2[62/8| 7, | A? + 3e"" (kb) Z A A. (41) 


These considerations complete the solution for the 
impedance boundary condition. The Airy function in 
(41) is evaluated at 61/3 | 7, | . 


IX. CONCLUSION 


We have given a method for constructing the leading 
terms in the asymptotic expansion of the fields reflected 
and diffracted by a smooth convex cylinder. The for- 
mulas were derived for an incident cylindrical wave. 
However, the method applies equally well to any 
incident wave. With minor modifications the results 
do too. Thus, for example consider formula (19) for the 
diffracted field. The factor A .¢'**!/v/ p; represents the 
cylindrical wave at the point of initiation of the diffracted 
ray. We need merely replace this by the value of the 
arbitrary incident wave at the corresponding point and 
(19) remains valid. A similar change applies to (20). 
Eq. (18) for the reflected field remains valid if p’ in the 
phase is replaced by the phase of the incident wave at 
the point of reflection. The p’ in the amplitude is the 
radius of curvature of the incident wavefront at the 
same point. 

The results of this method have been checked against 
asymptotic expansions of exact solutions for the circular 
and parabolic cylinders. Exact agreement has been 
found in the case of the boundary condition u = 0, 
mentioned previously, and also in the case of the bound- 
ary condition du/dv = 0. In the case of the impedance 
boundary condition agreement has been found only with 
the solution for the circular cylinder, since the parabolic 
cylinder problem has not been solved explicitly. 

Additional terms in the expansion of the reflected field 
can be computed by the method mentioned.® Further 
terms in the expansion of the diffracted field can be 
obtained by using the method of Friedlander and the 
author.!2 However, no procedure is yet available for 
determining the initial conditions required in that 
method. 

Some of the results of the present paper have also 
been verified in a different way by I. Kay and the 
author. We applied to an arbitrary cylinder the integral 
equation method used by Franz and Depperman' for a 

12 F, G, Friedlander and J. B. Keller, ‘‘Asymptotic expansions of 


solutions of (V2 + k?)u = 0, Comm. Pure and Appl. Math., vol. 8, 
pp. 382-394; 1955. 
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circular cylinder. In this way we again obtained the 
same value of a(t) as that given here. We also found 
that there is no diffracted field of the type considered 
here on a concave surface. This analysis is omitted since 
it is so similar to that of Franz and Depperman and 
also because the method of the present paper is much 
simpler. 

The asymptotic expansion of the field within a few 
wavelengths of the cylinder is given by a different 
expression from that valid further from the cylinder. 
In the same way, a different asymptotic expansion is 
required near the shadow boundary. It can be obtained 
from the results of Rice* or of Artmann.® However, since 
neither of their results is exact, the expansion valid near 
the shadow boundary will not be given here. An in- 
vestigation of this region based upon the exact solution 
for the circular cylinder is nearly completed. When that 
investigation is complete such an expansion can be given. 

The far field in the forward scattering direction is 
required for the determination of the total scattering 
cross section of the cylinder, and this direction is parallel 
to that of the shadow boundary. Therefore the total 
cross section cannot be determined until the expansion 
valid near the shadow boundary is known for an incident 
plane wave. By making use of the results of Rice, of 
Artmann, or the as yet incomplete calculation just re- 
ferred to, we find 


a ap ghel M 
2 h2/8g 


Here o is the scattering cross section of the cylinder 
(per unit length) and 2g is the geometrical optics cross 
section, i.e., g is the width of the cylinder normal to the 
direction of propagation of the plane wave. The radii 
of curvature at the two points of tangency of the incident 
rays are b; and dz and M is a constant which depends 
upon the boundary condition. 

From recent work of G. Kear on 
der we find for the constant M 


Ors aoe) (42) 


the circular cylin- 


Afe= 550148300 en ae=n0 (43) 
Ie ™ 0143 amie eee et! (44) 
Ov 


Applying (42) to the circular cylinder yields 


oO 
7 = 1+ M(kb)-2/8, 
ip (kb) 


It should be noted that the above result for the total 
cross section does not oscillate as k varies. Even the more 
complete expression for ¢ which contains the exponential 
terms of the diffracted field does not oscillate until Rb is 
nearly equal to unity. This is due to the fact that the 
diffracted rays must encircle the cylinder at least once 
before proceeding in the forward direction. In encircling 
the cylinder the field on these rays decays exponentially 
to such a small value that it cannot interfere with the 
field directly diffracted along the shadow boundary on 
the grazing ray. 
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The monotonic character of the correction to the 
geometrical optics cross section can be understood in 
terms of the results of Rice and Artmann. They showed 
that the shadow boundary is displaced toward or away 
from the shadow according as u = 0 or du/dv = O on 
the cylinder. The magnitude of the displacement is 
proportional to b1/%k-2/3, Since each shadow boundary is 
shifted, the above type of result for the cross section is 
to be expected. 

Finally, it should be pointed out thatthe methods used 
in this paper apply equally well to diffraction by three- 
dimensional objects and by objects with corners or edges. 
Diffraction by slits and by apertures of arbitrary shape 
has already been treated by these methods, and the 
results will be published soon. 


APPENDIX I. 


Determination of a 


In order to determine a, we will first specialize (10) to 
the case of a circular cylinder of radius >. Let 7 and @ 
denote the polar co-ordinates of a point at which the 
field is to be evaluated and let the origin be on the cyl- 
inder axis. Then s = (7? — 0?)!/?. The tangents to the 
circle from the point @ touch it at 6: = 6 — cos! (b/r) 
and 62 = 6 + cos! (b/r). We will consider only the ray 
tangent at 6,. Then since arclength on the cylinder is 
given by b@, we have ¢ = 64; + constant. The additive 
constant in ¢t depends upon P; , the point of initiation of 
the diffracted ray. Inserting these results into (10), and 
assuming that a(r) is constant, we obtain 


¢ 
(r2 — B2)1/4 


exp EG — 12 4+ Gk — aol 4 — cos-(*) | (45) 
r 


All factors which do not depend upon 7 or @ have been 
combined into the constant C. 
For comparison, let us consider the solution 


C’e”? Hy (kr). (46) 


For any constants C’ and »v, (46) is a solution of the re- 
duced wave equation. We will show: that it represents a 
wave traveling around a circular cylinder of radius 0 if v 
is determined by 


Udiff ~ 


Hv (kb) = 0. (47) 


The condition (47) is just the condition that the solution 
vanish on the cylinder. The function Hv is a Hankel 
function of the first kind of order v. 

In order to solve (47) we note that, since we will be 
interested in the asymptotic expansion of the soluticn 
for large k, the argument of the Hankel function will be 
large. Therefore we will replace the Hankel function by 
the first term in its asymptotic expansion for farge 
argument. It will turn out that v will also be large, so we 
will select an expansion valid when both the order and 
argument are large of the same order, i.e., when 


| (v — kr)/kr| << 1. 
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Such an expansion is the so-called tangent approxima- 
tion. 


25/4e—17 /4 


H,) (kr) ~ 
Wy mwil2(kr)/4(y — pr)i/4 


cos} - = [2( — ery(er-er, (48) 


If we use (48) in (47) we obtain the following values for uv 
v = kb + (kb)!/87,,. (49) 


In (49), 7, denotes a zero of cos {3/4 _ i/3[27]3/2}. The 
Tn are given by 


Ua 4[3a(n ar $))2/8e 7s, UU 0, 1; Mp Eee * (50) 


A table of values of 7, is given in [12] pp. 44-45, where 
more accurate values based upon the Hankel approxi- 
mation instead of (48), are also given. 

We have found that (46) is a solution of the reduced 
wave equation which vanishes on the cylinder if v is 
given by any one of the values (49). The asymptotic 
form of this solution near the cylinder is obtained by 
using (48) and (49) in (46) and noting that, except 
where r — 0 is involved, r may be replaced by 0. We thus 
obtain for 7 near 8, 


C'e” H, (kr) 


C'25/4 exp [—in/4 + ikbo + i(kb)!/37,,6] 
x1/2(kb)1/4[ Rb + (kb)'/37,, — kr|}/4 


cos ig = = [2(kb se C1) be encase, (51) 


At points 7 not near the cylinder we must use, instead 
of (48), an expansion appropriate to Hankel functions 
of large order and large argument, with the argument 
larger than, and not nearly equal to, the order. Such an 
expansion.!* When inserted into (46) it yields for r > ), 


Cle ET (kr) ~ C! Ved 
1tk 
(2 — BY) exp {ak (7? — 62172 
Appa (oy | Seo i (52) 
16 


Upon comparing (52) with (45) we see that the two 
expressions agree exactly if the constant C’ is chosen 
appropriately and if 


— iB 185-2197, (53) 


a= 


13 A. Erdelyi, ‘Higher Transcendental Functions,’ McGraw-Hill 
Book Co., Inc., New York, N. Y., vol. II; 1953. 
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APPENDIX II 
Determination of B(P;) 

In accordance with the method described above, we 
will determine B(P;) by first specializing (11a) to apply 
to a circular cylinder. We first note that in this case 
pi = po = (R? — 6?)!/? where R is the distance of the 
source from the center of the cylinder. Furthermore, if 
the exact incident wave is (1/4) H,()(kp) then 


1 
Sak. 

We now use these values of pi, p2 and A, in (11), 
and assume the source to be at 6 = 0. Then we obtain 
for the field diffracted by a circular cylinder upon which 
a cylindrical wave is incident, the result 


A, = (S4) 


eihl® —b?) ane (72—b?) 3) 


— 6 
1 
Uaitt ~ / B?,(6) 
Sak (R2 — 6?)1/4(72 — 6?)14 2 : 
{ ef, ) gif +O), 12" —6)} 
eo ikb+(kb) 47] [cos—1(b/r) +cos—1(b/R)] 
{ies Co ey 


(55) 


The result (55) agrees exactly with that of Franz’ 
based upon asymptotic expansion of the exact solution 
of this problem, provided that B,(b) is given by (14). 


APPENDIX III 


Field Near the Cylinder 

The diffracted field (10) which represents one of the 
modes in (19), reduces to (45) for a circular cylinder. 
Near the cylinder 7 is nearly equal to 6 and (45) becomes 
in terms of s and @ 


Uaite ~ a exp SF i| a + (bb) | 9 — | \ (56) 


The exact field (46) is given by (47) near the cylinder. 
In terms of s and @ (47) becomes 
eikbo-+i(kb) Seno 


peseclarhs oA 
cernan~ eV 2 
Virk Vb (b3h-*/8r, — 52/2 bY 
1 4 ps2 ]8/2 
aE H GS 5 vel cee 1/3 =| \ 
cos ie 5 (kb) (kb) 1/37 ; 


We note that although (56) becomes infinite as s 
tends to zero, (57) does not become infinite. Therefore 
near the cylinder (57) should be used instead of (56). 
The ratio of (57) and (56) is just the factor by which (56) 
must be multiplied to make it coincide with (57), and 
thus remain finite. We now assume that this same factor, 
which has been deduced for the case of a circular cylinder, 
applies to any cylinder. Applying this factor to each 
term of (19) then yields (27). In the same way (20) can 
be modified to apply near the cylinder. 


(57) 
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Near-Field Corrections to Line-of-Sight Propagation 
A. D. WHEELON}{ 


Summary—tThis study considers the line-of-sight propagation 
of electromagnetic waves in a turbulent medium. Interest here 
centers on the received signal’s phase stability. The field equation 
describing propagation through a region characterized by random 
dielectric fluctuations is first developed. Solutions of this equation 
which represent the scattered field are derived with ordinary 
perturbation theory. These solutions are next used to calculate the 
tms phase error for an arbitrary path in the troposphere. This 
approach includes both a three-dimensional and near-field descrip- 
tion for the multipath, scattered amplitudes, thereby overcoming 
the limitations of previous treatments. The phase correlation be- 
tween signals received on two parallel transmission paths is de- 
rived last to illustrate the role of overlapping antenna beams. 


I. INTRODUCTION 


CIENTISTS and engineers alike have displayed 

considerable interest in the recent success of micro- 

wave communication links operating well beyond 
the horizon. The propagation mechanism is presumably 
a scattering from turbulent fluctuations of the tropo- 
sphere’s dielectric constant.? As do all natural phenome- 
non, however, this scattering presents both opportunities 
and limitations. I shall focus this study on the restric- 
tions which such fluctuations impose on ordinary line- 
of-sight propagation. 

The reality of trophosphere scatter forces one to 
abandon the usual idealization of line-of-sight propaga- 
tion to vacuum transmission. One must now anticipate 
that both phase and angle-of-arrival scintillations will 
arise from random variations of the atmosphere’s di- 
electric constant. Such effects are evidently of prime 
importance when one asks for the ultimate accuracy of 
radio location schemes and high speed communication 
systems. The phase fluctuations on a single tropospheric 
path were first estimated using a rectilinear transmission 
(i.e., geometrical optics) approximation? as, 

(a?) ~ 7?(Ae?) us ‘ (1) 

2 

Where (Ae?) is the mean-square excursion of the di- 
electric constant from unity, J, is the turbulence scale 
length, L denotes the transmission distance and ) is the 
incident radiation’s wavelength. The contributions of 
multipath signals scattered by off line-of-sight turbulence 
structures can only be calculated with a full three- 
dimensional description of the scattered field. This ex- 
tension was made in a second study‘ using the cross 


t Ramo-Wooldridge Corp., Los Angeles 45, Calif. 

1H. G. Booker and W. E. Gordon, “A theory of radio scattering 
in the troposphere,’’ Proc. IRE, vol. 41, p. 401; April, 1950. 

2F, Villars and V. F. Weisskopf; Phys. Rev., vol. 94, p. 232; 
1954. 

3 R. B. Muchmore and A. D. Wheelon, ‘‘Line-of-sight propaga- 
tion phenomenon, I. direct ray.’’ Proc. IRE, vol. 43, pp. 1437- 
1449; October, 1955. 

- 4R. B. Muchmore and A. D. Wheelon, ‘“‘Line-of-sight propaga- 
tiof_ phenomenon, II. scattered component.’ Proc. IRE, vol. 43, 
pp. 1450-1459; October, 1955. 


section approximation. This latter approach relies on 
asymptotic expansions for the outgoing waves and is 
valid only when one measures the field at great distances 
from the scattering centers—as in scatter communica- 
tion. 

Line-of-sight propagation, however, ‘is influenced by 
all turbulent ‘‘blobs” on the path, including those just 
next to the receiving antenna. The following develop- 
ment removes the distant field restriction by providing 
a field description valid throughout the transmission 
volume. Calculations of phase error and phase correla- 
tion are based on an expansion of the total field in powers 
of the dielectric fluctuations; corresponding to treating 
single, double, triple, etc. scattering as successive ap- 
proximations. The incident field is assumed to be a 
simple plane wave and the received signal is to be meas- 
ured with a moderately well-defined antenna pattern. 
Using principally the single scattering approximation, 
analytic expressions are then derived for the signal 
stability on an arbitrary path. 

We shall frequently wish to facilitate and illustrate 
our calculations with typical turbulence parameters. 
Direct measurements of the troposphere’s dielectric 
excursions with an airborne microwave refractometer® 
give several parts in 10°. The associated scale length 
seems to vary between one and five hundred feet. For 
continuing reference, we shall choose /, = 200 feet and 
(Ae?) = 10~!?, quite arbitrarily. Herbstreit and Thomp- 
son will subsequently describe a series of most interesting 
experiments which were established to measure line-of- 
sight signal variations directly. The path length in 
these experiments is almost 20,000 feet and the principal 
transmitter frequency 1,000 mc. We shall use these 
values in concert with the above to provide theoretical 
estimates for the rms phase errors on a single path and 
the phase correlation between parallel paths. 


IJ. THE PROPAGATION EQUATION 


One may represent the troposphere’s electromag- 
netic properties by a single phenomenological parameter 
—its dielectric constant. We shall therefore concentrate 
our first effort on developing the field equations which 
describe propagation through a dielectric medium. Let 
us decompose the time and space-varying dielectric 
constant into its mean (unit Gaussian) value and a 
stochastic function to describe turbulent fluctuations of 
the medium: 


°C. M. Crain, A. W. Straiton, and C. E. vonRosenberg, “A 
statistical survey of atmospheric index-of-refraction variation,”’ 
Trans. IRE, vol. AP-1, no. 2, p. 43; October, 1953. 

° J. W. Herbstreit and M. C. Thompson, ‘‘Measurements of the 
phase of signals received over transmission paths with their elec- 
trical lengths varying as a result of atmospheric turbulence,” in 
this issue. Also Proc. IRE, vol. 43, pp. 1391-1401; October, 1955. 
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e(r, t) = 1 + Ac(r, #). (2) 
The anticipated deviations from plane wave, phase 
stable transmission arise from the random variation 
eee 1Q—° 
The starting point for any realistic description of 
electromagnetic propagation is Maxwell’s equations. We 
shall consider these relations in a region characterized 
by unit permeability and the dielectric constant (2). In 
the lower atmosphere permanent charge and current 
densities are both sensibly absent, so that 


c Ot 
gota (4) 
G Ot 
\Wovs) = (0) \WolD) = (5) 
where, 
3 = /4 anh iD = ae. (6) 


The magnetic field may be eliminated in this system to 
yield: 

yep a Sona hy 7.72) (7) 

9: 942 wb} ‘ 

Time derivatives here operate principally on E, since 
the atmospheric fluctuations represented by Ae are con- 
considered very active if they rearrange themselves in a 
fraction of a second. If we denote the propagation con- 


stant by K = w/c = 27/X, the resulting equation is 
[V2 + K°11 + AdJE = V(V-E£). (8) 
We recognize the anomolous refraction effect in K?Ae. 
The phase scintillations produced in a plane wave by 
this term have been investigated previously.* This same 
term’s ability to scatter energy completely out of the 
primary (plane) wave implies that volume elements 
which do not lie directly on the rectilinear path can also 
contribute to the received signal’s stability. Our interest 
will center on this latter problem. Before we can proceed, 
however, we must provide a brief interpretation for the 
divergence term V(V-£) in (8). If we combine (6) and 

(7), one finds, 

VeE=-— ! 


€ 


E-Ve (9) 


so that the gradient of this expression becomes: 


V(V-E) = E(x. ve) ~ 1 B.v)Ve 


€ € 
1 1 
— — (Ve-V)E — —Vex(VxE) . 
€ € 


Since each of these terms is already of order Ae, one may 


replace E with the incident plane wave E, = E.je'*’. 
V(V-E) ~ E,e** fat ix Kiev. +12geh. 
dy e’ Oy € Oz 


Squares and derivatives of Ve may usually be neglected 
in comparison with the normal gradient. 


ee) 
€ OY 


V(V-E) ~ kE.e** (10) 


323 


This vector is directed along the incident field’s propa- 
gation path, so that its composition with the primary 
wave distorts the phase front. This is simply equivalent 
to bending the incident beam, and its dependence on 
the normal gradient of € provides contact with a similar 
result of geometrical optics. We must now contrast (10) 
with the anomolous refractive term in (8). The ratio of 
their magnitudes is R = 27d/Ae: de/dy, so that one may 
disregard the divergence term in (8) unless Ae changes 
by its rms value in one wave length. Correlations of the 
major turbulence-sponsored dielectric excursions over 
hundreds of meters’ ensure that this is quite a good 
assumption for radio frequencies. The central result of 
our discussion is the familiar linear propagation equation 


[V2 + K°1 + AblE = (11) 


III. SOLUTION FOR THE SCATTERED FIELD 


We shall now turn our attention to solving the propa- 
gation equation (11) for the scattered field. This task is 
complicated by the appearance of the stochastic variable 
Ae. We shall proceed as though this were an ordinary 
function of position, taking ensemble averages only at 
the end to recover the solution’s statistical properties. 
We shall assume that the Ae represent a Gaussian process 
with zero mean. The ensemble average of the product of 
n such variables may thus be expressed in terms of the 
space correlation function and mean-square dielectric 
fluctuation alone. 


(Ae) = 0 
(Ae(r;)Ae(r2)) = (Ae?)C(711 — 72) 
(Ae(71)Ae(72)Ae(r3)) = 0 
(Ae(r1) Ae(72) Ae(r3) Ae(74)) 
= (Ae*)?-[C(r1 — 12)C(rs — 14) 
+ C(r — 13)C(re — ra) + C(ri — 14)C(r2 — 713)] 
so Be: 


(12) 


We shall frequently wish to illustrate our results with 
concrete examples. To provide a consistent basis for 
comparison, we chose the Gaussian model: 


C(R) = eR (13) 


to represent the atmosphere’s turbulent aspects. The 
“blob coupling constant’’ (Ae?) is a number like 10-12, 
and provides a convenient expansion parameter. 


Iterative Solution 

To solve our fundamental field equation (11), we 
shall first adopt the philosophy of the quantum mechani- 
cal Born approximation. Its basic idea is to remove the 
term k?Ae to the right-hand side and use plane wave 
(Ae = 0) solutions to initiate an iterative solution. The 
result is a power series expansion in Ae; the zero order 

’ Detailed descriptions of turbulent structures indicate that an 
entire spectrum of blob sizes is present, each with its characteristic 
dielectric excursion (Ae ~ /?/%), This corresponds to an eddy decay 
scheme in which the initiating turbulent blobs subdivide until 
frictional forces just absorb their energy (see ref. 2). Although this 
lowest state has a scale size of the order of millimeters and is thus 


comparable with a wavelength, its intensity is sufficiently reduced 
to make it a small effect. 
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term of which is simply the incident wave. The term 
linear in Ae describes single scattering; the quadratic, 
double scattering, and so on. We first recognize that the 
solution of (11) characterizes the total field E;. 


[v2 + KE = — K°AcEr . (14) 

This equation may be inverted directly by introducing 

Green’s function and the homogenous solution added to 
give: 

Ey(R) = E.(R) + K* [ drG(R, )ac(r)Er(), (15) 


where the integration region V includes all volume 
elements which contribute to the scatter. We separate 
the total electric field into the incident plane wave Eo 
and a scattered component E£, . The integral term in (15) 
evidently describes this scattered field. In the first ap- 
proximation, #y in the integrand is adequately given 
by the incident field, so that if ¢ denotes the angle 
between E, and the scattering direction, the amplitude 
of &, is simply: 


E,(R) = K? i d7G(R, r)Ae(r)Ed(r) Sin § + O(Ae’). (16) 


The Green’s function appropriate to our problem 
satisfies, 
[v2 + KIG(R, ) = 


—O( eae 7) (len) 


and the outgoing wave condition of Sommerfeld, 
lim,_,0 [0/dr — iK]G(R, r) = 0. Explicit and transform 
representations for G(R, r) are: 


G R 1 ek |R—-r| a 

( , r) = ar Ree ( ) 
G(R, r) = if a ee. 

Saat) stepeeeas 


respectively. The second form incorporates a small 
imaginary term which directs one round the denomina- 
tor’s poles so as to represent outgoing waves. 

1. The Cross Section Approximation. When one 
measures the field only at very great distance from the 
scattering volume V, one may employ the cross section 
approximation. This approach exploits an asymptotic 
expansion for the Green’s function in (16) and is particu- 
larly well-suited to “‘scatter propagation”’ calculations, 
in which the common beam transmission volume V is 
midway between the sender and receiver.! If we denote 
the incident and scattered propagation vectors by K, 
and K, respectively, it follows that 

iKR 
G(R, r) = tie we Kir 
R 
If the incident plane wave is written E, = E,e'*” one 
may compute the total power scattered to R with the 
aid of (16) as, 


| £,(R) |? 
| E. 
Be 


PaO (sie) (20) 


2 


: ale arf d3re't "—™ Ne(r,) Ae(rs) 
sin (£1) sin ({2), (21) 
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where g = K, — K, and | Ky = 27/ a 
This solution depends on the random Ae, so that one must 
yet average both sides on their ensemble. If one uses the 
second of relations (12) and a simple change of variable, 


the customary expression for the scattering cross section © 


per unit volume, per unit solid angle emerges. 


E, 
(ae) | dpe? C(p) sin? (6) (22) 


a 167? 


The cross section corresponding to the Gaussian model 
(13) is 


_Va r 
r= — (ae) sin* (f) 2 By 


Oy Ce); sin? (6/2), (23) 


where @ is the angle included between K, and K,. 
Since 1, >> d at radio frequencies, the scattered power 
is concentrated very strongly in the forward direction; 
the cone of “significant energy’”’ having a half opening 
of \/27/, radians. 

The scattering cross section finds several important 
applications. For instance, one may now compute the 
ratio of scattered to direct powers for line-of-sight 


propagation as 
/ 
P(R) ~ J dv ee . 
IE, fa 


where the primed volume integration restricts that 
process to the receiving antenna’s acceptance pattern. 
A conical antenna with half angle 8B << 1, looking 
through Z meters of uniform turbulence described by 
(23) measures 


nes 
Jee 


(24) 


PIN 12(Ae?) 


sin? (¢) E = |, (24) 


Such estimations are always marred by the restriction 
that one measures this power only at great distances 
from all scattering centers. It may sound a bit paradox- 
ical that we treat the near field of the blobs so carefully, 
while using a mere cutoff for the antenna pattern. Since 
the blobs are probably ten or more times as large as the 
receiving dishes, however, their far-field angular distri- 
bution is not realized so soon and we are evaluating the 
largest effect first. Detailed theory of receiver-medium 
coupling will be published soon. 

2. Symmetrical Theory. We shall now turn to a fuller 
description of the scattered field. The power received at 
R may be computed without resorting to an asymptotic 
expansion for G(R, r). In fact, one has only to square 
(16) and average directly over the Ae. 


» et Ko. (r2— nC( | OSD | ) sin (1) sin (fo). (25) 


| The correlation function now knits ‘the two volume 


integrations together on an equal footing and thereby 
_ retains the manifest symmetry of the problem. The cross 
section approach averages the power scattered from a 
region of order /,3 about a particular point and then 
sums the contributions of all such points in the beam. 


| Our new casting provides a satisfactory description of 


the singly-scattered field at all points in space. While 


| its formal and conceptual advantages are evident, the 


computational hazards have increased correspondingly. 
We shall postpone an exemplary calculation until we 
discuss phase fluctuations of the received signal—a 
quantity of considerably more interest. 
Multiple scattering corrections to the field may be 
derived by pursuing the interaction procedure outlined 
above. This process is now complicated, since volume 
elements which do not lie in the receiver’s beam may 
take part in the first 1-1 scatterings. Strictly speaking, 
one should run the iterated volume integrals over all 
space for which (Ae?) exists. The vigorous concentration 
of scattered energy in the forward direction described 
by our cross section (3.12) assures us that such scattering 
combinations are not likely to be important. The doubly- 
scattered wave correction to (3.14) may be written out 
with the help of (3.1). 


CPA) 
Soa 


= Kae) [ arf d®7oG*(R, r1)G(R, re) eh" C(ryre) 


+ lca} f nf orf ars d®7,G*(R, r)G(R, ro) 
4 V 


+ G*(ry13)G(rara)e*Ke—r) «| C(rir2) C(rara) 
+ C(rirs) C(rers) + C(rirs) C(rers)]. (26) 


The second-order term here is exceedingly small com- 
pared with the first; so that one is led to regard first- 
order perturbation theory as a sufficient tool. Actually 
the series is an asymptotic one, in the sense that it 
converges for the first Z//, terms and then begins to 
diverge. The utility of such representations for actual 
calculations is well known’ so that we shall not labor 


_ the point here. 


| Physics,”’ 
pp. 434; 1953. 


IV. LINE-oF-SIGHT PHASE STABILITY 


A quantity of central interest for line-of-sight trans- 


| mission is the rms phase error. We shall imagine a plane 


wave to fall on a region of turbulent dielectric, as shown 


| in Fig. 1. An elementary approach to a calculation of 
_ phase stability is to consider only the energy which is 


propagated along the antenna’s axis.*? The Laplacian 


Oe, M. Morse and H. Feshbach, ‘‘Methods of Theoretical 
McGraw Hill Book Co., Inc., New York, N. Y., vol. I, 


9P. G. Bergmann, , Phys. Rev., vol. 70, p. 486; 1946. 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


iC = K4(Ae? ithe anf d'roG*(R, r1)G(R, 72) 
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INCIDENT 
PLANE 
WAVE - E, 


RECEIVED 
POWER 
PATTERN 


Fig. 1—Multipath propagation via single scattering. 


operator in (11) may then be specialized to a single 
direction (s) and the WKB approximation® applied to 
give: 

iy 


ae (14612 


EL) =O) “(yeaa 

The random phase fluctuations are recognized in this 

exponential form and correspond to alternate accelera- 

tions and retardations of the incident wave in traversing 

the stack of turbulent laminae. One now squares and 
averages this quantity over the Ae with (12). 


(27) 


- 
(a2) = mee ) ( asf ds5C\(| oh =" OH) |). (28) 

With the Gaussian correlation (13), this becomes, 
(at) = Vr wae) SE, (29) 


although one should note that the result here is relatively 
insensitive to the actual correlation function employed.? 


# = 2K 


Fig. 2—Vector voltage diagram for superposition of multipath 


signals, x is the path difference. 


The scattered field also contributes to the phase 
stability of the received signal. Off-axis turbulent blobs 
project a portion of their scattered energy into the 
receiving antenna. The greater propagation distances 
associated with these “kinked’’ paths implies phase 
delays for each such contribution. Their composition 
with the direct signal is illustrated by the vector voltage 
diagram of Fig. 2. The corresponding phase error is 
given by the ratio of the scattered field’s out-of-phase 
component to the primary signal £, . 
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Im(E,(R)). (30) 


oS 
| Eo 

One may now substitute the first-order approxima- 
tion (16) for H, and introduce the usual incident plane 
wave. 


apa », _Aelr) : K 3 31 
a rina = Ai sin[K(R — r) + Ko-7]. (31) 


To evaluate this expression, we choose the origin to 
coincide with the receiving antenna (R = 0) and erect 
a system of spherical co-ordinates on the antenna’s axis, 
as in Fig. 1. 


K2 L B 2x 
ts ad re J drr Hi dé sin of doAc(r) 
Tv oO oO oO 


sin[Kr(1—cos6)]. (32) 


Here L is the transmission distance and 6 denotes the 
half-angle of the reception beam. 

The mean value of a vanishes identically, since 
(Ae) = 0. Its mean square fluctuation survives and is 
given by a six-fold integral, 


K4 L B 
(a?) => l6r2 (Ae?) dryry d0,; 
Tv o oO 


Qa L 8B 2a 
sin af asf arg. d62 sin af dd. 
sin [Kri(1 — cos 6;)] sin [Kro(1 — cos 62)]C(Riz). (33) 


Ri is the scalar distance between the two volume ele- 
ments (1) and (2). 


Ip Re ite aime 
— 2rire[cos 6; cos 02 + sin 6; sin 02 cos (¢1 — ¢2)]. 


(34) 


We shall assume a good directional receiver B << 1, so 
that small angle approximations may be used in (33) 
and (34). If one sets 7; = 1.x and re = l,y, with M = 
L/l,and p = l,/X, it follows that 


(at) = & (aet) 


M M B B 2a 2x 
to) ° to) to) (0) to) 


sin (px6,?) sin (py0o2)e e924 022 
—26:6:cos (¢:—¢2)]. (35) 


This integral is a formidable one and a Monte Carlo 
machine sampling procedure immediately suggests itself. 
Automatic digital computation is made extremely 
difficult, however, by the very rapid oscillations of the 
phase (sine) terms and encourage one to attempt the 
integrations by analytical devices. 

We shall evaluate the multiple integral (35) in several 
interesting limits. The pertinent quantities are BM and 
Bp. The first describes the ratio of the beam’s largest 
(conical) radius to the scale size, and is essentially a 
measure of the number of blobs in the receiving beam. 
We found in (23) that 1/p = A/al, ~ ¥ represents the 
cone angle of significant scattered energy from a single 
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blob. Those blobs which project a measurable amount of 
energy into the receiver must therefore lie within a 
beam of half angle y. The effective receiver cone is then 
the lesser of these angles, so that p8 must be considered 
carefully. | 

1 Bie | 


When this condition obtains one may replace the 
entire second exponential in (35) by unity and perform 
the angular integrations analytically. 


M M 
(a?) = spr(ae) | ax| dye *—" 


x 


In the usual physical situation, the scattering beam is. 
much smaller than the receiver’s beam (p8 > 1), so: 
that » and not £8 should appear in the answer. The, 
trigonometric terms in (36) each oscillate very rapidly. 
(pB > 1/MB) with average values of 3. The resulting 
integrations give. the rectilinear result, 


(a?) = Vr MpXAe) 


= Vir (Ae). (37) 
To understand this coincidence physically, we note that 
the greatest conical radius seen by the receiver is less 
than one scale length, so that the beam sees only small’ 
sections of whole blobs. This sequence of turbulent’ 
“plugs” appears as a stack of almost uniform turbulent: 
laminae to the receiver and the problem is substantially. 
one dimensional. Bremmer’s derivation’ of the first: 
WKB approximation from a continuous single transmis- 
sion (forward scattering in one dimension) picture pro- 
vides the necessary contact between the two methods, 
of calculation. | 

The opposite limit, p8 = B/y < 1 can be evaluated 
directly by using small argument expansion for the sine 
terms. This corresponds physically to being always in. 
the near field of both the blobs and antenna. Close to the: 
receiver, however, one cannot use a simple (8) cutoff for. 
the antenna pattern, so that we shall omit this case. 


2. BM > 1 


The more difficult problem occurs when the receiver 
sees several blobs across the width of the beam. This is 
the situation in the Cheyenne Mountain experiments® 
for which BM ~ 10. Scintillation then arises from a+ 
genuine three-dimensional scattering mechanism and: 
the angular co-ordinates in the second exponential of. 
(35) cannot be ignored. The azimuthal integrations may) 
be performed to give 42?J,(2xy0,62), which in turn we 
approximate by its asymptotic form. (The rather more 
accurate interpolation formula, I,(u) = e“/W1 + 2ruis! 
not required here since the factor xy6,@2 handles the 
singularity at the origin.) | 


{ 


© H. Bremmer, paper im “Theory of Electromagnetic Waves,” 
Interscience Publishers, New York, N. Y., p. 105; 1951. 


| 
| 
) 


i 


42 = 


(a?) ae (se) | ax | au dy Vv? — ure7* 
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Ke?) - 7 (be) [ ax | ay ao, | dO» 


V xy0:02e*—™ sin [px6,2] sin [pyd.7Je"—™". (38) 


| The principle contribution to the x, y integrals comes 


from the diagonal x = y. We introduce a factor Wz to 


4 account for the effective cross span of this ridge, !! 


M B 8 
] (a?) (and pe(ac) | dx | ao, [ d0.V 6,6, e716)? 
| {cos [px(01 — 82)(01 + 62)] — cos [px(A,2 + 022)]}. 


(39) 

The experimentally observed increase of phase scintil- 
lation with distance leads one to expect (a?) to vary 
about as M. The x integral must thus depend on running 
over the large range (1), and not on gathering contribu- 
tion from small x. When x is large, however, the expo- 
nential term is very small unless 6, and 62 are nearly 
equal. We may estimate this coalescence directly by 
rotating the co-ordinates 7/4 radians: u = 6, — 6) and 
6, + 65 6 


| (40) 


For large x, the principle contribution to the u integral 
comes from small values, so that one may eliminate u 
from the v limits, square root, and second cosine. With 


cos (pxuv) — cos E us S Ee 


_the condition BM > 1 one may now relax £ to infinity 


in the wu integration to find, 


| Z\~ pt 2 ms he 
Ka?) =~ a (Ae?) dxx dvu 


J i due *™” | cos (pxuv) — cos ey (40) 


The second cosine oscillates rapidly and gives zero 


| integral, if p6?M > 1. The remaining integrations give 


(a2) = 4p°M Vx(1 — &7?) (Ae), (41) 


which is exactly the result predicted by cross section 


| theory.‘ In the limit p8 > 1, it differs from the rectilinear 


| result (30) only by a factor 3. 


al 


When the scattering angle y = 1/p is greater than the 


beamwidth, one derives the 8-dependent result, 


(at) = Ent SH pH(ae (42) 


This stronger dependence on the frequency is of 


considerable importance for high resolution antennas 


or small turbulence scale lengths. Other inequalities 
amongst the transmission parameters may be evaluated 
from (35) by similar integration techniques. 

The approach given here has the advantage of pro- 
viding an accurate near-field description. Since blobs 


which stand close both to the axis and receiver have 


small path differences and large scattered amplitudes, 


1 Using the formula. 


M M _fmM 
j| dx] dyf(x, yle"¥-D?_ ~ vf dxf(e,*%) for M>>1. 
| co) oO oO 


32/, 


their phase effect is undoubtedly quite large. Previous 
treatments’ of this problem based on the cross section 
approximation suffer in this critical region. For line-of- 
sight propagation, the added computational burden 
of our symmetric formulation seems fully justified. 
The sufficiency of first-order perturbation theory is 
argued for by the discussion of (26). 


V. PHASE CORRELATION 


The use of two-spaced antennas to observe the same 
transmitter has proven a powerful tool in tropospheric 
investigations. The phase correlation between two 
antennas, spaced D meters apart normal to the trans- 
mission path, depends only on the ratio D/I,. If both 
the single path phase error and phase correlation between 
two adjacent paths are measured simultaneously, one 
can determine the two phenomenological scattering 
parameters /, and (Ae?) at once. 

To provide a theoretical estimate of this correlation, 
one may go to several levels of sophistication. The 
simplest is that employed in reference (3) to discuss two 
parallel, rectilinear paths. From Fig. 3 and (28), 


2 ie L 
(aa) => a (ae) | as, f ds» C(V (5; c $2)? + D2) 


(43) 
so that with the turbulence model of (13), 
(ara) _ —D*/l 4? 
(xi == (2) é 6 (44) 
| INCIDENT | | 
PLANE WAVE 


Fig. 3—Coordinates for calculation of phase correlation between 
parallel transmission paths. 


The normalized phase correlation is thus a rapidly 
decreasing function of D/l,. Such a treatment neces- 
sarily neglects the overlapping region of the two receiver’s 
(diverging) antennas patterns; an effect which should 
tend to increase the correlation (44). A short investiga- 
tion shows that the cross section approach precludes 
such a calculation by its very assumptions, so that we 
must immediately use the symmetrical theory. 
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One may properly include these common volume 
elements by simply averaging the product of two 
disjoint a’s. If we establish a system of spherical co- 
ordinates on each receiver’s pointing direction, one has 
from (32): 


K4 L B 
— 2 
(aa2) = l6r2 (Ae ae hata ii do, 
2a UB 8B 2a 
sin a | ao, | ars | db sin a | dds 


sin[Kri(1 — cos 6;)] sin[Kra(1 — cos 62)Je""/" (45) 


The distance between typical volume elements in 
beam (1) and (2) is now a rather complicated function 
of all the variables. 


Ryo? = D* + 7:2? + re? 


— ¢2)| 
(46) 


— 2ryro[cos 6; cos 62 + sin 6; sin 42 cos (¢, 
—2 D[rn sin 6; cos $1 — 72 sin 62 cos ¢5] . 


The role of the overlapping conical antenna beams 
may be inferred from this form. The essential com- 
petition is between terms which are (at most) of order 
(LB)? and those of order LGB D. If both are much less 
than /,”, the rectilinear result (44) is rightly regained. 
If 2L8 is less than D, the two beams do not overlap 
and one expects few corrections to (44). It is only when 
both beams see common scattering volumes (¢ = 
D/l, < 2M) that a significant modification should 
arise. These conditions are represented mathematically 
by keeping the first and/or second square brackets in 
(46). 

We again assume 6 < 1 and proceed with the evalua- 
tion of (46) according to the value of BM, utilizing the 
abbreviations introduced after (34). We shall actually 
calculate the phase correlation piz = (aia2)/(a?) as a 
function of g = D/I,, by dividing with the appropriate 
mean square value from section IV. 


1.68M<1 


For small beamwidths, one may replace the factor of 
rire by unity in (46) and perform the azimuthal integra- 
tions directly. We focus our efforts on values of pB > 
1/8M, so that with (37): 


com 
(ay aril ax [ any [ dé af’ d0202e Go) 


sin (px612) sin (py22)I [2gx0,]I[2qy82). (47) 


Quite a large range of receiver spacings is covered by. 
q < 1/6M, for which small argument expansion may be 
used for the Bessel functions and the integrals performed 
analytically. To first order in q?, 


pa = [1 dingy Yul 


sin (pMB?) le (48) 
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Since BM < 1 and p8 >> 1, M/p is less than unity 
and the calculated correction to (44) is small. This is in 
agreement with our previous arguments, since here g > 
BM. Larger values of g are quite rare, so that we proceed 
directly to the next limit. 
Tae oY EE 

When BM > 1, we may encompass a rather large 
range of g, while satisfying the condition for overlapping 
beams, BM > g. Both exponential terms in (46) must 
now be retained and the first azimuthal integration can 
be performed immediately. 


2a Qn 
- 08 —¢2) —29qx8. 2qy82 cos 
=f io. | dye 2xy6102 cos (¢1—g2) —2gxO1 Cos 1 +2qy62 COS p2 
to) to) 


2 
—2qx8; 
= anf doe gx81 COs 1 


° | 


I 
) 
) 


To[2y02V x20;2 — 2gx6, cos ¢1 + q]. 


One may safely resort to the 7, function’s asymptotic 
form and invoke the inequality BM > gq to expand the 
troublesome square root. The second integral can thus 
be done to give 


27? 


a yy 
—_—c T\2q(x01 + y6e)], 
V0 A [2q(x6, 42) 


= (49) 
which is independent of the order of integration em-| 
ployed. When this result is substituted into (45), the 
form is that for the mean-square phase shift, except for 
two new factors: e-” and J,[2¢(x@, + y62)]. We proceed 
to collapse the x — y integration as before and rotate 
the 6; coordinates by 7/4. With the approximations used 
in section IV and p@ > 1, 


p? 


(iy MV a é 
M 28 8 
/ dxx i duvI {2qxv] J due~*” cos (pxuv). (50) 


-_¢ 


When «x is large, the 6 limit of the u integration may be 
sent to haces 


pi aoe all def dvyl [2gxvje7?' 


The v integral may now be done analytically if one recalls 
that p6 > 1, which allows 28 to be relaxed to infinity if 
p> M, 


(51) 


When q is less than one and M < p, one may expand 
the exponential to find, 


4 VM? 
pease a(t — 3 *) 1 0(¢2). 


Overlapping antennas patterns are thus seen to enhance 
the phase correlation over that which would be calculated 


(52) 
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for parallel, disjoint paths. The result is independent of 
8, since the scattering cone again serves as the effective 
beamwidth. 

When g is greater than one, the integration of (51) 
needs be performed numerically. Setting x = Mz brings 
out the essential dependence on 2M/p. Upper and lower 
bounds for the correlation are given by: | 

eat < pe = ii dze? P2M/e" < OB bal ea (53) 

oO 
and provide a very good estimate if 2M/p is small. 
When this ratio is one-sixth, the geometrical optics 
result (44) is verified to within ten per cent over most 
of the range on g. The integration scheme which leads 
to (51) breaks down when 2M /p reaches one and a new 
approach is required. The possible combinations of 


yas) 


transmission parameters are too numerous to be dealt 
with exhaustively here. We content ourselves with 
having studied those cases which correspond to the 
propagation measurements mentioned at the outset. 
Further work should probably be directed toward cor- 
relation functions other than (13), so as to test the 
sensitivity of this broader theory to the assumed proper- 
ties of the turbulence structure. 
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On the Scattering of Waves by an Infinite Grating” 
VICTOR TWERSKYt | 


Summary—Using Green’s function methods, we express the 
field of a grating of cylinders excited by a plane wave as certain 
sets of plane waves: a transmitted set, a reflected set, and essentially 
the sum of the two “‘inside’”’ the grating. The transmitted set is 
given by y. + 2EC,G(6., 0.)¥., where the y’s are the usual 
infinite number of plane wave (propagating and surface) modes; 
G(6,, 00) is the ‘‘multiple scattered amplitude of a cylinder in the 
grating” for direction of incidence 6, and observation 6, ; and the 
C’s are known constants. (For a propagating mode, C, is propor- 
tional to the number of cylinders in the first Fresnel zone corre- 
sponding to the direction of mode v.) We show (for cylinders 
symmetrical to the plane of the grating) that 
G(6, 80) 3 g(8, 90) 

+ (Xv — Sdv)C.[g(6, 9r)G(G, 40) 

+ g(8, LSS 6»)G(x — Oe, 6o)], 
where g is the scattering amplitude of an isolated cylinder. This 
inhomogeneous “sum-integral’’ equation for G is applied to the 
“Wood anomalies” of the analogous reflection grating; we derive 
a simple approximation indicating extrema in the intensity at wave- 
lengths slightly longer than those having a grazing mode. These 
extrema suggest the use of gratings as microwave filters, polarizers, 
etc. 

I. INTRODUCTION 

The scattering of waves by gratings (i.e., structures 
which are periodic in one dimension) is of interest in 
many branches of physics and engineering. Gratings 
are used widely as spectrum analyzers and as “open 
reflectors,’ and such applications are more or less 
adequately treated by simple approximations of the 
boundary value problem arising from Maxwell’s equa- 
tions. Thus the presence of the spectra may be deduced 
from Fresnel theory,! and a “‘single scattering’’ treat- 
ment often suffices to predict the “modulation” intro- 
duced by a particular choice of grating elements.’ 
Also, certain characteristics of the grating as a simple 
reflector follow from a “‘static approximation.’’ 

However, aside from the fact that more rigorous 
expressions may be desirable for the above applications, 
there are certain phenomena which the simple approxi- 
mations fail to predict. Such approximations indicate 
that continuous radiation resolved by a grating should 
yield an approximately uniform intensity-wavelength 
curve in a given spectral order. Thus they do not ac- 
count for the ‘‘Wood anomalies’’* (dark and bright, 

* This work was performed under Signal Corps Contract No. 
DA-36-039-sc-31435. 

i Elec. Def. Lab., Sylvania Elec. Prods. Inc., Mountain View, 
Calif. 

1F, M. Schwerd (1835); see E. Mach, ‘Physical Optics,’’ Dover 
Press, New York, N. Y., p. 291; 1953. 

2C. Schaefer and F. Reiche, Ann. Phys., vol. 35, p. 817; 1911, 
gavea ‘single scattering’’ treatment of a grating consisting of a finite 
number of circular cylinders; i.e., they treated each cylinder as 
isolated from the remainder. 

3H. Lamb, ‘‘Hydrodynamics,’’ Dover Press, New York, N. Y., 
p. 537 ff; 1945, treated an acoustic wave and rigid circular cylinders. 
‘R. Gans, Ann. Phys., vol. 61, p. 447; 1920, treated both polar- 
izations for arbitrary conducting circular cylinders, 

4R. W. Wood, Phil. Mag., vol. 4, p. 396; 1902: vol. 23, p. 
310; 1912, Phys. Rev., vol. 48, p. 928; 1935. L. R. Ingersoll, 
Astrophys. Jour., vol. 51, p. 129; 1920, Phys. Rev., vol. 17, p. 
493- 1921. J: Strong, Phys. Rev., vol. 49, p. 291; 1936: CC) H: 
Palmer, Jour. Opt. Soc. Amer., vol. 42, p. 269; 1952. Pronounced 
anomalies for E-polarization perpendicular to the elements were 
investigated by all the above; apparently fainter ‘‘parallel anom- 
alies,” although mentioned by Wood, were investigated only by 
Palmer. 


narrow bands observed primarily for white light polar- . 
ized perpendicular to the elements of certain reflection | 
gratings), or for related phenomena which suggest the | 
use of gratings as microwave filters, polarizers, etc. : 

Rayleigh® noted, in connection with Wood’s original 
data, that ‘‘anomalies’’ might well occur for wave- - 
lengths having a spectral line in the plane of the grating . 
(the “Rayleigh wavelengths’): at these wavelengths, ; 
the ‘‘secondary waves’ are all in phase at an element | 
(e.g., at normal incidence, the grating spacing equals ; 
an integral number of such wavelengths). Later measure- ; 
ments found that the intensity-wavelength curve of | 
many anomalies had a sharp edge at a Rayleigh wave- , 
length, followed by a minimum and maximum at longer 
wavelengths; other anomalies were more complex (as 
determined by the particular grating elements), and 
their appearance differed in the various spectral orders. 
These anomalies are ‘‘surface wave’’ effects, or, equiva- 
lently, ‘‘multiple scattering’ effects; their analysis 
requires more careful treatment of the boundary value 
problem. 

The field of an infinite grating excited by a mono- 
chromatic plane wave consists essentially of an infinite 
set of plane waves; some of these waves are “propagating 
modes,’’ and these carry energy in specific directions; the 
remaining are “surface waves,’’ which are exponentially | 
damped normal to the plane of the grating. The existence ; 
of these waves follows from the periodicity of the struc- : 


ture; i.e., the field must be representable as a Fourier ; 
series, and this has been the starting point of most | 
investigators; in particular, Rayleigh® first applied this | 
procedure to the ‘‘corrugated grating,” and Ignatowsky’ } 

/ 
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5 Rayleigh, Phil. Mag., vol. 14, p. 60; 1907. 

6 Rayleigh, Proc. Roy. Soc., London, vol. A79, p. 399; 1907, 
and C. T. Tai, Tech. Rep. No. 28, Cruft Lab., Harvard Uni 
versity, Cambridge, Mass., 1948, treated perfectly conducting | 
surfaces with ‘‘square wave’. profiles, or, more generally, profiles 
which could be represented by Fourter series. This was extended to ” 
absorbing surfaces by W. Voigt Géttinger Nachrichten, pp. 40 ff, : 
1911, U. Fano, Ann. Phys., vol. 32, p. 393; 1938, and K. Artmann, 
Z. Phys., vol. 119, p. 529; 1942. More recently, B. A. Lipmann, 
Rep. 18-8, Nuclear Development Associates, White Plains, N. Y.; ) 
1953, treated the perfect conductor by Green’s function methods. 

7W. v. Ignatowsky, Ann. Phys., vol. 44, p. 369; 1914, con- | 
sidered the general transmission grating, showed that his result | 
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to a grating of arbitrary infinite cylinders. However, this 
is merely the start of the analysis; it is the amplitudes of 
these waves which must be determined. Rayleigh,® 
and others, obtained series representations of an ori- 
ginally infinite set of algebraic equations involving the 
mode umplitudes and the amplitudes of the Fourier 
components of the surface profile. Ignatowsky’s’ ampli- 
tudes were expressed in terms of the current distribution 
on one cylinder, and the equations for the current were 
approximated both analytically, and heuristically in 
series and in closed form. Schmoys,’ Sollfrey,”? and 
Lipmann® used the Schwinger variational approxima- 
tion. Karp,’ and Twersky’ used heuristic physical 
approximations in order to express the mode amplitudes 
in closed form in terms of the scattering amplitude of an 
isolated cylinder. 

In connection with the Wood anomalies, Rayleigh® 
treated a perfectly conducting grating, and found that 
his representation of the perpendicular polarized ampli- 
tudes diverged if there was a grazing mode; Fano‘ 
considered the same range for a nonperfectly conducting 
grating; Artmann® pointed out that Fano’s result was 
unrealistic, and derived an alternative, convergent series 
representation. There is no doubt that Artmann’s 
expressions for the maxima correspond to the maxima 
of the usual Wood anomalies; although Artmann does 
not consider the associated minima (lying between the 
Rayleigh wavelengths and the maxima), these may also 
be treated using Rayleigh’s model. Fano also presented 
a general expression (suggested by a quantum mechanical 
analogy) which could be adjusted to fit the described 
anomalies, and he was also the first to stress the role of 
the surface waves. Twersky’ gave an “‘orders of scatter- 
ing’ treatment of the anomalies for a finite grating 
(perfectly conducting semicylinders on a plane); the 
extrema were interpreted as occurring at wavelengths 
which optimally fulfilled the conditions that each order 
of scattering be a maximum, and that successive orders 
be either in or out of phase. Here a suggestion made by 
Wood,‘ and originally elaborated by Artmann,® was 
developed into a “vibration curve’’ method based on a 
discrete analog of the Fresnel integral. 

In the present paper, although we do not attempt a 
comprehensive treatment of the anomalies, we derive a 
relatively simple expression indicating their primary 
features; here the interpretation is essentially in terms 
of surface waves. More generally, whereas previous 
writers expressed the mode amplitudes initially in terms 
of either an integral equation or an infinite set of algebraic 
equations, we derive a somewhat more tractable “‘mixed 
representation.’’ Our procedure, which is essentially an 
extension of Karp’s, is the following: 

In Section II we review the two-dimensional Green’s 
function treatment of an arbitrary cylinder. Here we 
define the ‘‘scattering amplitude of an isolated cylinder,” 
g(6, 0), which specifies the far-field response in the 
direction @ to a wave incident in a direction 0,; for 
later convenience we assume the cylinder has a sym- 
metry plane parallel to its generator. This function g is 
assumed to be known, so that we may proceed directly 
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to the novel features of a grating composed of such 
cylinders (the grating having the same symmetry plane 
as its components). 

In Section III we develop a variation of the usual 
Green’s function treatment of the grating. (We impose 
the radiation condition on the wave scattered by an 
individual cylinder, rather than on the field scattered by 
the grating as a whole; it is shown that both procedures 
are equivalent.) We introduce the ‘“‘multiple scattered 
amplitude of a cylinder in the grating,’ G(6, 6.), and 
derive a plane wave representation of the total scattered 
field of the grating, such that the plane wave amplitudes 
equal 2C,G(@,, 6,). For the propagating modes, C, is 
proportional to the number of elements in the first 
Fresnel zone (here two strips) of mode v; each mode is 
proportional to the wave scattered as a group by the 
elements in half the first Fresnel zone appropriate to 
that direction. The complete representation of the field 
consists of three sets of plane waves: a transmitted set, 
a reflected set, and essentially the sum of the two “‘inside 
the grating’’. (A form similar to this last set was first ob- 
tained explicitly by Lipmann.*®) 

The aim of the paper is then to express G analytically 
in terms of g. For this purpose we represent the total 
field at the surface of a cylinder in the grating as a sum 
of three terms: (1) the incident plane wave; (2) the 
difference of a discrete set and its analogous continuous 
set of plane wave modes; and (3) the wave scattered by 
the cylinder. The continuous set of plane waves equals 
the scattered cylindrical wave; we subtracted the first 
and added the second in order to represent the total 
field at the scatterer as some collection of plane waves 
plus one scattered cylindrical wave. From this form 
(and the superposition principle) we may immediately 
represent G(6, 6,) as the sum of g(0, 6.) plus a set (over v) 
of terms of the form g(6, 0,)CyG(@y , 60). (An approxima- 
tion of this result, with the entire set replaced by two 
grazing modes, was obtained originally by Karp.’) The 
set itself, the sum over propagating and surface modes 
minus the analogous integral, is what simplifies this 
inhomogeneous “sum-integral’’ equation for G(@, @.); 
i.e., the surface terms are in general negligible if the 
spacing is moderately large compared to wavelength; the 
exceptional cases, for which one or two surface modes 
are very large, correspond to the Wood anomalies. 

Having derived a representation for G, we extend it 
(by the image method) to represent the corresponding 
scattering amplitude of a protuberance in a reflection 
grating. (Thus the reflection grating treated by Ray- 
leigh® corresponds to reflecting the results for the trans- 
mission grating of perfectly conducting, rectangular 
cylinders.) 

In Section IV, we derive certain scattering theorems 
fulfilled by the G’s; these theorems and their single 
scattered anologs are used to motivate the analysis of 
Section V, and to check approximations. We apply the 
results to obtain approximations for the transmission 
and reflection coefficients of a grating for which only one 
or two modes propagate. However, the principal applica- 
tion is to the Wood anomalies of a perfectly conducting 
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reflection grating with symmetrical elements; the ap- 
proximations obtained for polarization perpendicular to 
the elements indicate well defined extrema of the type 
mentioned previously; for parallel polarization, however, 
only a trend seems indicated. In general, the presence of 
an intense grazing mode seems to be the only explicit 
requirement for the appearance of the anomalies. 

Thus our model is in essential accord with the data 
of Wood,‘ Ingersoll,4 and Strong, but does not account 
for the marked parallel effects observed by Palmer.* We 
believe that the discrepancy arises from our perfectly 
conducting ground plane; i.e., the field of an arbitrary 
protuberance and an incident wave polarized parallel to 
the ground plane must vanish in a direction parallel to 
the plane. Thus, since Palmer observed parallel anoma- 
lies only for gratings having a marked parallel polarized 
component at grazing, we infer that his gratings did not 
have a highly conducting surface; e.g., perhaps the 
bottoms of the grating grooves were uncoated, or poorly 
coated with metal. (Palmer’s data should be directly 
interpretable by extending Artmann’s® results for an 
imperfectly conducting grating to the case of parallel 
polarization.) 

In Section VI we specialize the above general results 
to a grating of circular cylinders, and to the analogous 
reflection grating. We also give approximations of the 
transmission and reflection coefficients for perfect con- 
ductors with radii and spacing small compared to wave- 
length; our results for perpendicular polarization are 
different than those of Lamb and Gans,’ our ratio of 
reflection coefficient to transmission coefficient for normal 
incidence being more than twice their value. 


II. THe SINGLE CYLINDER 


The two-dimensional problem of the scattering of a 
plane wave (electromagnetic or acoustic) by a cylinder 
parallel to the z axis is specified by a solution of 

(V2 + k*)y(r) = 0, V2t=f0n* 0 (1) 
subject to prescribed boundary conditions on the 


cylinder’s surface. In the region external to the cylinder, 
the solution is to be of the form 


¥(r) = ¥(r) + u(r), 


where y,,. is a plane wave 
ikx cos 6o0+iky sin 00 


y.(r) ae = Cre) (3) 


and where u(r), the corresponding scattered wave, is 
to fulfill the radiation condition, i.e., u(r) is to be an 
outgoing cylindrical wave as r > ©; the suppressed 
time factor is e-. The internal field, which we do not 
discuss explicitly, is to be bounded. 

The wave function y is the velocity potential for 
the acoustic case of small amplitude vibrations; for the 
electromagnetic case, yY equals either E, or H,. The 
boundary conditions on y follow (from the original 
acoustic and electromagnetic equations) after selection 
of the physical constants of the cylinder, and the direc- 
tion of incident polarization. Once these are specified, 
we may construct auxiliary equations whose solution 
(at least in principle) lead to Y; however, this is not our 


k = 27/X, (2) 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


purpose. Instead, we assume that the problem of the 
isolated scatterer has been solved explicitly, and seek 
to solve a more complicated scattering problem in terms 
of this known solution y, or in terms of an auxiliary 
function which we shortly define. 

Initially, we consider a cylinder which is symmetrical 
with respect to the yz plane, but which is otherwise 
arbitrary; see Fig. 1 for the geometry, and for definition 
of the co-ordinates used in the following. Later (Section. 
V), we restrict discussion to cylinders with inversion | 
symmetry (i.e., symmetrical to both yz and xz planes); 
finally (Section VI), we apply the results to the circular 
cylinder. 


a 


Fig. 1—Scattering of a plane wave by a cylinder symmetrical with 
respect to the y, z-plane. r, 9 and p(s), y(s) are polar co-ordinates 
of an observation point and a point on the surface respectively. 
n is the normal out of the surface and s is the co-ordinate around 
the perimeter. We also user = x + y,p =§ +>. 


We apply Green’s theorem to the pair of functions 
u(p) and G(r, p), where G = iH(k|r — p|)/4 is 
the two dimensional free-space Green’s function; i.e., 
(V? + k?)G = —é(r — p); H. is the Hankel function of the 
first kind; and 6 is the Dirac 6 function. Integrating over 
the volume external to the scatterer, we express u(r) as 
an integral over the scatterer’s surface (the surface 
integral at infinity vanishing because of the radiation 
condition): 


ug [He ir pileup 


— u(p)OnH(k| r — p|)] ds = {H.(k| r — p|), u(p)}; 
(4) 
the operation { }, here defined, represents a surface 
integral over one scatterer in all that follows. We find 
it convenient to add {H.(k|r — p|), ¥.(p)} = 0 to 
(4); for future reference, we interpret the vanishing of 
this surface integral in terms of the vanishing of the 
equivalent imtertor volume integral—the volume integral 
vanishes since it contains no source of wy, . Thus we write 
u(r) = {H(k| r — pl), ¥@)}. (4a) 
If kr )) 1,7) p, then 

H(k| r—p |) ~ (2/imkr) 2? cos (e—9)1 

— H(kr)e~* cos (y—6) 


u(r) = 


(S) 
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The corresponding asymptotic form of « may thus be 
written 


u(r) ~ H(kr)g(8, 86), (6) 
ROO er WG 85), (7) 


The scattering amplitude g(6, 6,) indicates the far- 
field response in the direction 6 to plane wave excitation 
of direction @,. As a consequence of the reciprocity 
theorem, we have in general g(6, 0.) = g(r + 6.,7 + 8). 
In addition, because of the symmetry of the scatterer, 
we have 


g(6, 6.) az g(1 “ss 6, Ui 6.) 

= {eilres et, wip, x — 0.)}, (8) 
and also ¥(p(¢), t — 0.) = W(p(r — 9), 00). 

It is also convenient to introduce the amplitudes 
ft (4, 1 aa 60) — g(8, 00) aie g(8, Uae eee ) 
= fear 70,05). 99) 

These amplitudes (twice the symmetric and antisymmet- 
ric components of g with respect to reflection of 6 or @, in 
the plane of symmetry), are in themselves the scattering 
amplitudes of a boss (i.e., a protuberance) on a perfectly 


reflecting plane. The total wave functions for the boss 
problem, 


¥(r, 90) ag ¥(r, Ta 90) =ot Vo af us = VF; 
Vo = eff cos (0+60) . (10) 
6.) = u(r, 0.) + u(r, r — 8.) 


~ Hkr)f (0, x — 


Af, (i 
90), 


satisfy the same boundary conditions on the scatterer 
as W; in addition, 0,¥, = 0, and ¥_ = 0 on the plane 
x = 0. Of course, we may also construct f’s such that 
f, and f_ correspond to different boundary conditions on 
the scatterer as well as on the plane; e.g., for a perfectly 
conducting boss on a perfectly conducting plane we 
require 0, ; = 0 on both the scatterer and plane, 
for E-polarization perpendicular to the generator; and 
yw_ = 0, for parallel polarization. In the following, it 
will be clear from the context whether both f’s satisfy 
the same or different conditions at the scatterer. 

Although the scattering amplitude g is given in (7) in 
terms of the surface values of ¥ and 0,, it is in general 
simpler to obtain better approximations (or measure- 
ments) of the first function. More explicit representa- 
tions than (7) exist for the elliptical cylinder, and the 
special case of the circular cylinder has received par- 
ticular attention in the literature; however, representa- 
tions of g suitable for practical purposes for many cases 
of physical interest are still to be discovered. Disre- 
garding this, we assume in the following that g is known, 
and treat it as a “parameter” of the grating problem. 
By so doing, we can seek a formalism for the grating 
independent of its particular components, and concen- 
trate on the novel features of the many-body scattering 
problem. 
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IIT. THE GRATING 

We consider the two-dimensional problem of the 
scattering of a plane wave by a grating composed of an 
infinite number of parallel cylinders; see Fig. 2. The 
cylinders are identical to that of the previous section, 
and corresponding points of adjacent cylinders are sepa- 
rated a distance d along the y axis. We write the total 
field as 


on) =A + UN, UN = > ulr— sd), 


s=—0 


St) Opec 1a em (i) 


where the total scattered wave U is expressed as a super- 
position of the waves scattered by the individual cyl- 
inders. The wave scattered by the sth cylinder is to ful- 
fill the radiation condition that it be outgoing from s 
as | r— sd | — o. The total field &(r) satisfies the same 
wave equation (as do its components) in the region 
exterior to all scatterers, and the same boundary condi- 
tions at all scatterers as ¥ of the previous section. The 
total scattered wave U(r) is to fulfill the radiation condi- 
tion that it consist of outgoing waves (here plane waves), 
and that it be bounded asry > ©; it will be shown that 
this is already insured by the radiation condition on u, . 


(x,y) 


“A= 
j 5 
ae 


Ze 


Fig. 2—Scattering of a plane wave by an infinite grating of identical 
cylinders. We use|r — p —sd|2 = R,2 = (xn —£)? + (y—9 - 
sd)?, where § = pcos/, n = psinl. 


The radiation condition on u,(r — sd) allows us to 
specify U without performing a limiting process, and 
with no more physical insight than that required by the 
problem of a single scatterer. Thus for the ‘‘central 
cylinder” (at whose origin the phase of the incident 
wave is zero), we apply Green’s theorem to u,(p) and 
G(r, p). Integrating over the volume external to all 
scatterers, we obtain initially 


ult) = & {Hk |r — p.|), uolp.)}. 
= {H.(k|r — p|), wo(e)}, (12) 


where the final integration is over the surface of the 
central cylinder; the integral at infinity vanished be- 
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cause of the radiation condition on u,; the integrals 
of u. over the remaining cylinders vanished because 
the equivalent internal volume integrals contained 
no sources of u,. Because of this last consideration 
we may also add {H(h lr—p | | M3 ux(p)} =n (Qanetes 
to u.(r); thus we may write 


u(r) = {H.(h|r — p|), b0(p)}, (12a) 


where ®,(p) represents the total field at scatterer 0—all 
integrals we added to (i2) to obtain (12a) vanish since 
Yo, Ui, etc., have no sources within surface 0. Similarly 
the wave scattered by the sth cylinder is obtained by 
replacing 0 by s, and r by r — sd. Thus, in general, 


u(r — sd) =-{H.(k|r — sd — p||), %(0)} 
= SON N ( | Pee, pe p || i) ,(p)}, (13) 
where &,(p) = e782 @ | (p), the total field at the sth 


scatterer, differs from that at the zeroth only by the 
phase factor introduced by the incident wave. 

Proceeding as for (6), we write the asymptotic form 
of u, as 


u(r) ~ H(kr)G(6, 60), (14) 
where 
GRO.) =—=n(lene ne Cay Sh (py Ca)\y) 
pcos (yg — 6) = —cos 6+ nsin 6, (15) 


is the multiple scattered amplitude of a cylinder in the 
grating. Because of the symmetry of the grating, the 
present function G has the same symmetry property as 
the single scattered amplitude g of (7): 
G(6, 0.) = G(r — 0, r — 4.) 

=i Cue Vt eo i(pyex—i0s))., (15a) 
We show shortly that it is this function which char- 
acterizes the exact solution of the grating; then, we seek 
to specify G solely in terms of its single scattered value 
g. Note that ®,(p(y),  — 6.) = ®.(p(r — ¢), 90) is 
also symmetrical. 


From (11) and (13) we write the total scattered wave 
as 


tee > ul, = > ene aes), ®,(p)} 


=i py 09) 


© . . 
> H(RR,)e*? sin i 


s=—0 


>= 


Re=|r—sd—p|?=(x—8)?+(y—n-sd), (17) 
where (1/4) = is the Green’s function for the reduced 
problem. The present representation of U is in terms of 
cylindrical waves. In order to obtain a plane wave 
representation we use® 


Hae |r ~p - sal) = 1 f° 


Tv 


(Q— #)-17 


8 W. Magnus and F. Oberhettinger, ‘‘Formeln und Satze fur die 
Speziellen Funktionen der Mathematischen Physik,’ Springer, 
Berlin; p. 40; 1948. This text is hereafter referred to as MO. 
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exp [ik(y — 7 — sd)t + ik| x — €| (1 — #17] dt, (18) 
where (1 — #)!/2 = i(f2 — 1)!/? for ¢ > 1; this insures 
that the integral converges. Substituting (18) into (17), 
we note that the sum over s equals the periodic Dirac 6 
function 

> 


s=— 0 


[.e) 
= 2m > i(: oa sin On on a) 
eh kd 


i aS hice 


e tksd (t—sin 00) 


(19) 
Integrating over ¢ in the new form of (17), we obtain the 
known result (MO, p 62) 


co 
> = 79 > Ce u sin 0y+ik|x—&| cos oa 


y=—00 
Cy = (kd cos 0.) eo 


where . 
sin 6, = sin 6, +2mv/kd = sin 0. + vd/d, 
cos 6, = (1 — sin? 0;))/ Cm 


The angles 0, are the usual ‘‘diffraction angles’’ of the 
grating. The “propagating modes’’ correspond to 
| sin By | < 1, or equivalently tov. < v < v+, where 
|v. | <) (Tesemein65)9d / Ne | ve+ 1 | . The nonpropa- 
gating modes (the “surface waves’’) correspond to the 
remaining values of v; for these modes we have cos 6, = 
1 (sin? 6, — 1)!/?, in accord with the convergence re- 
quirement on the integral in (18); this form of cos 6, , 
which insures fulfillment of the radiation condition on 
U, is thus fixed by the radiation condition on us(r — sd). 

Substituting (20) into (16), we obtain 


Ut, 6.) = 2EC, { fom sta to rele tl cos toe a (6 Out oan 


Hence if x > £2 = a, then from definition (15) it 
follows that 


@ = Wo = U= Wo = 2zUCwWyG (Oy ’ 6), ; 
Wy = elk cos Ore) se Sa! (23) 
Similarly if « < —a, then 


®@=y,+ 2ECwWrG(4r Sh oe 


Poi Sey eer. <a 


If | % | — o, then only the propagating modes persist; 
here of (23) is the total field transmitted by the grating, 
and ® — y, of (24) is the total reflected field. For 
| x | — © these expressions could have been written down 
directly from the physical requirement that de ~**# sin % 
have the period d in y, and from elementary considera- 
tions based on Fresnel zones; note that 2 Vy, sec 6, 
is the width of the first Fresnel zone (here two strips) of 
mode v, and d—! is the number of scatterers in unit 
length of grating—each propagating mode is propor- 
tional to the wave scattered by the central element of 
the zone appropriate to v, and to half the number of 
elements in the zone. 

The above plane wave representations differ from 
those of previous writers®’ in the way the amplitudes 
have been expressed. Thus the usual ‘transmission 
amplitudes” of modes 0, »v, etc., equal our 1 + 
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2C.G(O0, 90), 2CyG(6» , 6.), etc. The present resolution 
of these amplitudes isolates the incident part of the field 
from the scattered part, and regards the scattered part 
as made up of a ‘‘Fresnel factor’ 2C, times the multiple 
scattered amplitude of one cylinder. The utility of this 
will be indicated in the following. 

On the other hand, for —a < x <_a (“inside the 
grating’’, but not within a scatterer), we may write 


@=y,.+ U = vo + 2EC[yoGz (6, , 0) 
ate YoGr(r = 0, ’ 60)], | x | < a, (25) 


where G, and Gr are “incomplete scattering ampli- 
tudes’, L and R indicating paths of integration corre- 
sponding to x > and x < & respectively. Thus, in this 
region, the scattered field at x consists of the forward 
modes of the left part of the grating, and the back modes 
of the right part. (Lipmann® was the first to obtain a 
similar representation for the field within the valleys 
of a corrugated reflection grating.) 

We now seek a more explicit representation for the 
G’s than given by (15). We add and subtract the wave 
scattered by the central element to the total field at its 
surface: 


®=y.+U=y7.+(U-—u4u.) +4, (25a) 


where U is given by (22), and u, by (12a). We first re- 
write U — u, wholly in terms of plane waves; the re- 
sulting expression, which may be regarded as the solu- 
tion for an isolated scatterer excited by a superposition 
of plane waves, may be ‘‘solved”’ for the G’s by inspec- 
tion. 

We rewrite H,(k | fr—p |) of (18) as the integral 
analogous to the sum of (20). Thus letting ¢ = sin 6, = 
sin 0, + 2apu/kd, we obtain 


Hae|r- el) =2 | 


Ceo» sin Oy tik|x—E| cos Oy, du, 


C, = (kd cos 0,)—!. (26) 


Substituting (26) into u. of (12a), and then subtracting 
the result from (22), we write U —u, as the difference 
of the discrete and continuous spectra: 


U—u.= SIG ei oun sin Oy+tk|x—€| pcoezs ®,(p(¢), 60)} 
= S2C [Gr (» , 80) + PorGr(4 — O , 8)],| %| < a, (27) 


where the operator S is defined as the difference of the 
sum and integral operations, 


S - foe = fo add ou — - 1. 08) 


y= 
p=— 00 

It is clear that contributions to U — u, vanish asymp- 

totically with v and uz. 

We now use the restriction that the scatterers are 
symmetrical with respect to the yz plane. Because of 
this, the grating itself is symmetrical, and consequently 
(27) must be unaltered if we reflect both the directions 
of incidence and observation. Thus replacing 6 and 6, 
by their supplements (so that ¥, becomes yy, , etc.), we 
rewrite (27) as 


335, 


U— uu = S2Cy[brGri(O , Uy oe Bo) 
+ WoGr (x — 0, 7 — 00), (29) 
where R’ and L’ are the images of the previous paths L 
and R respectively. We now reflect the integration 
variable (i.e., replace § by —£, or ¢ by 7 — g) in the 
integrals involved in the G’s, and use the symmetry 
property ®,(7 — 9, t — 6.) = ®(g, 0.,); thus we obtain 
U — tte = S2C[oGr(4 — by , 00) + YoGr(O , 90)]; 
(29a) 
Expressing U — u, as the mean of the two forms (27) 
and (29a), we obtain finally 
U— 4, = SCly.G(0,, 8.)  ¥.Gr — Oy, 0), 
|x| <a, 


|x| <a, 


|x| <a. 


(30) 


where the present kernel is also the mean of the kernels 
of (23) and (24), i.e., of the forms on opposite sides of 
the grating.? Although both U and u, may diverge in- 
dividually with v or » — ©, their difference remains 
finite. 

The field at the central scatterer may therefore be 
written 


&,= Vo ae SColvrG (Oo, CP) =F WrG(r oe A», 60)|+ Uo; (31) 


it consists of the original plane wave, the difference of 
sets of discrete and continuous plane waves, and the 
outgoing scattered wave. Since this form is identically 
that for an isolated scatterer excited by a superposition 
of plane waves, the corresponding scattering amplitude 
of u, is given by a superposition of the scattering ampli- 
tudes of the single cylinder. Thus by comparison of (31) 
with (2) and (7), we write directly 
G(6, 6.) = 2(@, 6.) 
+ SC,[g(8, 6)G(Ov , 90) 
= (8, Tees 9y)G(r "Oe 5 9.)]. (32) 

The leading term of the amplitude is the corresponding 
single scattered value; the remainder corresponds to the 
effects of multiple scattering. We have thus represented 
G as the solution of an inhomogeneous ‘“‘sum-integral’’ 
equation. 

The symmetric and antisymmetric components of G 
with respect to reflection of one angle, 


F (0, « — 00) = G(6, 0.) + G0, x — 0.) 
= Fi(x — 6, 0.), (33) 
may be expressed in terms of an analogous relation in- 


volving their single scattered values f .. as defined in (9). 
Substituting into (32) we obtain, for either F+ or F_, 


the somewhat simpler relation 


® It should be noted that the reflection pracedure leading to (29a) 
is equivalent to replacing 6, by  — 6, in {} of (27). This replace- 
ment could perhaps have been done directly, since the definition of 
sin 0, in (21) applies equally well for sin (# — @,); this arbitrariness 
was resolved for |x| > a by the radiation condition, a condition 
not necessarily limiting the field for |x| < a. Thus in distinction 
to the “‘outgoing’”’ form (27), we may interpret (29a) as the “‘in- 
coming’’ form, and regard (30) as the “‘standing wave’ form— 
much in the same fashion as we interpret H,“ + H, = 2J, in- 
side a cylinder. If this consideration is valid, then (30) is not neces- 
sarily restricted to symmetrical scatterers. 
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F(@, t — 0.) = f(0, 7 — 80) 
+ SC,f(0,  — 6») F(a — Oy, 60). (33a) 


The F’s are in themselves the appropriate scattering 
amplitudes of a boss in the reflection grating (bosses on 
a perfectly conducting plane) of Fig. 3. The total field 
for this grating is given by 

O. ao to aa , 4. ) 

ie Yo se D> vo CoP a (Oo; TUR 60), 


where the original excitation is taken as +y, for the 
two cases. (For electromagnetics, the two cases plus and 
minus correspond respectively to £ polarization per- 
pendicular and parallel to the generator of the reflection 
grating; for this application, the two f’s satisfy different 
boundary conditions at the single cylinder as determined 
by the polarization. If the bosses are perfectly conduct- 
ing, then the present grating is equivalent to the per- 
fectly conducting corrugated grating.°) 


x >a, (34) 


Fig. 3—Scattering of a plane wave by a reflection grating of bosses 
(protuberances) on a perfectly reflecting plane. 


Before discussing the relations (32) and (33) for G 
and F further, we derive certain theorems which the 
amplitudes fulfill; these are used to motivate the analysis 
of Section V, and to check the approximations. 


IV. SCATTERING THEOREMS 


The various relations we consider in this section follow 
from one theorem; however, we initially derive certain 
special cases by means of the energy principle because 
of the physical insight this leads to. For simplicity, this 
section is restricted to nonabsorbing scatterers; the 
material may be extended by introducing appropriate 
“absorption cross sections.” 

The total time-averaged energy flux (normalized 
through division by the flux density of the incident 
wave) may be written as I = Re (6*V®/ik). If the cyl- 
inders are nonabsorbing, then V-I = 0 everywhere, and 


consequently {V-I dr = /I-ds = 0; ie., there is no 
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average energy outflow from any enclosed volume. We 
choose the volume bounded by x = + and y = 
+d/2. The integrals over the faces y = +d/2 cancel 
because of the periodicity of pow,* , and because of the 
oppositely directed surface normals; the periodicity also 
eliminates the interference terms in the integrals along 
yatx = 
x— + ©, and indicating the corresponding scattered 
modes by V, and V, , we therefore obtain 


Yo*dWo/tk + > Vo¥deVo/ik . 
= (Wot Vo)*dx(ho + Vo)/ik + >’ Vo*dsVo/ik, (35) 


where only the propagating modes exist in the sums, and 
where &’ indicates v ¥ 0. We substitute 
Vo = 2CwrG(O , 00), Co = (Rd cos O)71; 
thus, since 0,~,/1k = WY, cos 6, , etc., we obtain 
— Re G(8., 8.) = > Col | Gl , 6.) |* 


U4 
+ | G(r — 6, 0) |?], >= mo (36) 
v=v_ 
This theorem states that the energy flux lost from the 
incident wave by interference with the central trans- 
mitted mode of the grating appears in the transmitted 
and reflected modes. 

Applying the same procedure to the reflection grating 
[here the volume is bounded by x = 0 (where I-* = 0), 

and , = ©] we obtain the analogous theorem 


— Re F(6,,  — 8.) = > C.| F(@,, + — 8.)|%. (37) 


If the cylinders are symmetrical with respect to the yz 
plane, then the definition of F together with theorems 
(36) and (37) lead to 


— Re G(6,., 7 — 4.) 
= 2 Re > C,G*(6,, 6.)G(0., 7 — 60). (38) 


For comparison, we note the corresponding theorems 
for an isolated cylinder! 


2n 
— Re g(6,., 6.) = eke i | 2(@, 0.) |? d6 
2nrJ o : 
w/2 
== | g(9, 0.) |? + | g(m — 6, 6.) |2] de, (36a) 
2a —1/2 . 
— Re f(@., 7 — 4) 
1 x/2 
= | f(@, » — 6.) |2d0, (37a) 
27 —7/2 
— Re g(6., a CP) 
1 n/2 
= Re- i g(0, 0.)g*(0,  — 0.) d0; (38a) 
T —1/2 


+o. Using the two forms (23) and (24) for - 


the first (or second) expression multiplied by 4/k | 


equals the total scattering cross section per unit length 
of cylinder (or boss); i.e., the power scattered out of 
the incident wave by unit length of cylinder (or boss). 
(Our definition of g differs from the usual one. We de- 
fined g by dividing the far field scattered wave by the 
asymptotic value of H,(kr) rather than by r%e”” as is 


V. Twersky, Jour. Appl. Phys. vol. 25, pp. 859; 1954. 
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customary; our motivation is that the present definition 
allows us to interpret the right side of (36a) as the 
average of | g |? over all values of 6; similarly (36) may 
be interpreted as the corresponding average over the 
discrete propagating values.) 

We may rewrite (36a) etc., in terms of » = kd (sin 0, 
— sin 6,)/27: 
@ Ke & (90, CP) 


wy 
=f Cll em 0 > I Lele = On 60) 


My = kd(+1 — sin @,)/22, (36b) 
etc. The essential difference between the unprimed and 
primed equations is thus that the former indicates 
scattering in certain discrete directions, and the latter a 
continuum. Since the number of propagating modes is 
of the order of kd, it is clear physically how the result 
for the grating goes over to that of the isolated scatterer 
as kd > ow. 

In our representation, the central transmitted mode 
of the grating is written as the sum of the incident and 
scattered components. We recast our results in a more 
familiar form by introducing the “‘transmission’’ and 
“reflection amplitudes”’ 

ty == Ont + IGA CAGE y 6.) 

Cou e2 CoG Ge — Opi Oo) yn 39) 
_ where 6,. is the Kronecker 5. In terms of these ampli- 
tudes, we write the transmitted and reflected fields as 


| $=7¥,+ U = Re ee 

?, = (tpes DO eee —a. (40) 
We also rewrite theorems (36) and (38) as 

cos 65 = > (| 2 + | 1 |2) cos 6, 


=1,i= > (7, —R,)-i, (Al) 
Re >, ty*ry cos 0, = O, (42) 
where 
| t, |?) R= 175/20; 
v,v = ticos6, +jsin 4, (43), 


are the normalized Poynting (or acoustic) intensities of 
the individual modes, and |I,|? = 1 is the incident 
value; (41) thus expresses continuity of the summed 
modal components of energy flux normal to the plane 
of the grating. The utility of the ‘‘no coupling” relation 
(42) may be illustrated for the case of one propagating 
mode: thus (41) states | |? + Rab = 1; adding the 
result Re f*7 = 0 of (42) gives |¢ +,7| = 1, which 
restricts the amplitudes instead of merely the inten- 
sities. 
Similarly for the reflection grating we introduce 


Pv = vo + 2CpF(O., 7 — 9.) = ty + ry, (44) 
and write 
&, = > po, (45) 
cos 0, = > py |? cos 0, = —I.-i = DAR ei 
R, =| po |*. (46) 
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The above may be extended to take into acccunt 
absorption of energy by the cylinders (i.e., dissipation 
as heat), by adding the absorption cross section of one 
cylinder in the grating to the right sides of (35) and (36), 
and by adding the analogous function to the right side 
of (37). These functions, say P for (36), may be specified 
in terms of their single scattered analogs together with 
g and G; for our present purposes, however, we may 
simply add P to the right side of (36) in order to obtain 
its analytical representation. 

We now derive a theorem which includes the previous 
as special cases. We rewrite the previous ®(@,) as ®,, 
and similarly we write 6(@,) as ®, , where the subscript 


indicates the direction of arrival of the incident wave. 
We have 


by = wy +2 D>, C.G(O2, 9a, «>a, (47) 
and the corresponding expression containing G(r — 6,, 
6), for x <—a; also (V? + k?)6, = O in the region 
external to the scatterers. 

We apply Green’s theorem to the pair of functions 
®,* and #, in the volume bounded on the outside by 
x = +o, y = +d/2, and on the inside by the surface 
of the inclosed cylinder. Again, we assume that there is 
no absorption; i.e., that either © or 0,® vanishes at the 
surface of the scatterer (here a perfect conductor), or 
else that (V? + h?)® = 0, Imh = 0 inside the scatterer 
(here a perfect dielectric). Consequently 


| [a,Av7, — ,V?6,*] dr = 0 — $ [3,99 (o./ik) 
d 


+ 6,V(,/ik)*|- ds = 0; ia a Oy ere 


; (48) 


The integration is performed as previously (i.e., the 
only functions of the integration variables are again 
Y»*y,), and we obtain 


—G(6,, Ov) — G*(O,, 0,) = 2 > GAG* 6; 0)G(Gi584>) 


+ G*(r — 0,, 9,)G(r — 04, »)}. (49) 


If we allowed absorption, then the surface integral. in 
(48) would also extend over the surface of one cylinder, 
and the right side of (49) would contain a corresponding 
function P,, ; the special value P,, corresponds to the 
absorption cross section of a cylinder in the grating for 
the angle of incidence 4, . 

From (49) we obtain the previous relations: if 6, = 
6, = 6,, the result reduces to (36); if 0, = 7 — 6, = 4, 
and if the amplitudes are symmetrical to reflection, we 
obtain (38); these two special cases lead to (37). We 
may also obtain (37) more directly by specializing the 
reflection theorem analogous to (49): 

SCA er ae OA Chee 


= 2 DS C,F* (05, x — 0,) F(z;  — 0s)? (80) 


this result decomposes into two forms of (49). 
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The theorem analogous to (49) for an isolated cylinder 
may be written as! 


1 
=e00- Oy) a g* (Oy ’ 6,) os | 
T 


2x 


g*(, 8,)g(9, ) 48 


oO 


1 x/2 
/2 


ae 


+ g*(r — 6, 6,)g(r — 6, 0v)] dd; (49) 


this reduces to —2 Re g(6,, 6,) if the cylinders have 
inversion symmetry. Similarly the analog of (50) is 


—f(0,; x — 6.) — f*(6., 7 — 8,) 
a ated 
= — f*(0,  — 0,)f(0, 7 — Oy) dé, 
a J) —x/2 
which reduces to —2 Re f(6,,  — 6,) for symmetrical 
bosses. (This last relation applies to a boss on a per- 
fectly reflecting plane; the special form (37a) relates the 
scattering cross section of the boss to its scattering 
amplitude in the direction of specular reflection of the 
plane. An analogous theorem for a scatterer at the inter- 
section of two right-angled planes may be obtained from 
the above by replacing 7 — 6, in (50a) by 7 + 6y, etc., 
and by replacing the lower limit of the integral by 0; the 
appropriate amplitudes are superpositions of four imaged 
g’s. A special case of this theorem relates the scattering 
cross section to the back scattered amplitude.) 
Finally, we may rewrite (49) and (50) in terms of 
amplitudes analogous to those of (39) and (44) as 


(50a) 


>: (acleietan tes) COS.0,, =| 0s lop = Sap 
+ 2C,G(@, ; 98), toa = -2C,G(a — 0, 02). (51) 
> Pan Pav COS 0, = 0; 
Pop = Sag + 2C,F(0., 7 — Og). (52) 


If there are » propagating modes, or equivalently n? 
values of pag of interest, then (52) gives n? relations 
between 1 pairs of p’s. 


V. THE SCATTERING AMPLITUDES 

We now consider further the expression for the 
scattering amplitude derived in Section III. We split 
the range of the operator S = X, — [ dp of (32) in 
two. We write S = S, + S,, where the first corresponds 
to the propagating waves, and the second to the surface 
waves. Noting that the complete integral operation in- 
volved may be written 


(oe) 4/2—10 dé 
Heclals mene 
—0 —x/24+i@ 2a 


and that the propagating part equals 


«/2 
: Os Bet eels Rs 


Qa) -x/2 
1 2x 

= af 2(6, ¢)G(¢, 6.) dg, (53) 
Taae 


we rewrite (32) initially as 


11 R, Glauber and V. Schomaker, Phys, Rev., vol. 84, p. 667; 
1953. 
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G(6, 60) = 2(6, CP) aF L(g, G) 
x2 
os J 2(8, v)G(, 6) de, 
27 J o 


L(g, G) | 


= SCi[e(, 0)G(, 00) + (8,  — O)G(4 — Oy, 6)], 
S.= D> doSs ene 

We introduce the ‘transformed single scattering. 
amplitudes” 


(8, 60) = (4, 60) ec 5. aly, 60) dg, oF 


which we rewrite operationally as 


aie [g(6, v) + 276(y — 6)]Z(y, 80) dy = g(8, Ao) 


> Pg=g, (SSa) ! 

where, by P-! (whose existence we assume) we mean | 
the inverse of the integral operation on the left. Similarly | 
we may write (54) operationally as | 
PG =g+ L(g, G), : 
G= Pp -P L(gG) mae cleel (ay 


I 


g = P-'g, 


nq 
¢ 


(54a) : 
Consequently, we obtain | 
G(0, 00) = g(8, 0.) + SC[z(0, 0,)G(4, , 0) | 

| 


+ 3(0, x — 6,)G(e —6,;8)]|, S= De Si (56) 
Dp S) 


where S excludes the continuous “‘propagating range.” 
The original form may be recovered by dropping the | 
bars; however, the transformed amplitudes are more con- 
venient to work with. We illustrate this in the following. — 
We restrict discussion to cylinders with inversion : 
symmetry, and show that for this case g(6, 6.) is imagi- 
nary, provided the cylinder is nonabsorbing, and the 
angles real. Thus we write 


Maat ae Seeeet aC aoe es fia) | 
1 2a 
oP ors ib 2*(8, v)g(y, 80) dg]. (57) 


Hence, since we assumed inversion symmetry, we. 
may use theorem (49) for g(y, 6) = g(6, ¢). Conse- 
quently, the integral in (57) equals —Re g(@, 0,), and 


2(8, 80) = | p-! |% Im g(8, 8.). (58) 


The fact that g is imaginary for this case will facilitate 
application of the energy theorems of the preceding 
section. For simplicity we also restrict the following 
discussion to nonabsorbing scatterers. 

We may represent the nonpropagating part of (56) 
as a series by means of the Euler summation formula??: 
thus 


SM, = (x ma [ ana, 


aa os M 
S = ae ie dé 
x/2+ivs =x/2tio NC * 
B / B at 
+ [28m — 5) Man’ + i mn Vinge (59) 


*G. H. Hardy, “Divergent Series.” Oxford University Press, 
Oxford, p. 318; 1949, 
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where M, represents the kernel of (56); v4. + 1 are the 
first nonpropagating modes, and +(2/2 — iy.) are the 


_ corresponding values of 6; the B’s are the Bernoullian 


polynomials. (We have ignored terms at ©.) Successive 
terms of the series involve higher powers of Cy 
(hd cos 8m)~', and consequently the surface terms are 


small provided that 4 d > 1, y+ — 0. On the other hand, 


the above indicates that difficulties may arise if, e.g., 
r/2 — t+ 4/2 — te > 1/2, Cm — ©. However, 


_ although we expect interesting effects in this range,‘ 


the behavior at « = 0 must be representable by 7/2 — 
e— 7/2 (i.e., the limit from the propagating side of the 


| spectrum), for which case Cn & (4h d) 2, m = 


vi + 1, is small, and the surface waves negligible. Thus, 
since we expect essentially the same formal behavior for 
either limit (7/2 — ¢, 7/2 — ite; « > 0), we may heu- 
ristically approximate (59) by the leading nonpropagat- 


_ ing terms for certain applications, or even neglect them 
| completely for others; more generally we retain all of 


| S,. (The special case of isotropic scatterers is treated 


further in Appendix A.) 


Rather than work directly with (56), we find it 


simpler to discuss its components, i.e., the analogous 


relation for the reflection grating: 


| F(0, + — 60) = f(9, * — 6,) 


+ SCf(@, 7 — 6,) F(x — 
F(6, 7 — 


Py Bo), 
80) = G(6, 6.) + G(6,  — 8); 


fa.(8, US ae 60) = 2(6, 60) = 2(8, LO ae CP) 
. = fs(8, ites PB) a al 


a/2 s 

RE 4 — o)fs(9, 7 — 80) de, 
; (60) 
where f is regarded as known; here we used the fact that 
g has the same symmetry properties as g (as follows 


_ from (53) and (55)). 


For brevity, we rewrite (60) as 


F, = fao + SC fF, (61) 


Tine = va?) 


| where the second relation holds for bosses symmetrical 


to the xz plane; because of the symmetry restriction and 


_ the restriction to nonabsorbing scatterers, f is imaginary, 
_ at least for real angles. The corresponding expression for 
_ the reflection amplitudes is 


B= bun + 2C Fe = 850 + Cfso + SCSur s (62) 
| or, equivalently, 
Pp Suo ap Zo =F SZyy Py 
rps Cifs = 2y, cast ; (62) 
cos 6, 


_ where the z’s may be regarded as ‘“‘impedances.’”’ The 


corresponding transmission and reflection amplitudes 


_ of the transmission grating are given by 


a peteat aye) ) ly 09 Pre p,.). (03) 
We consider first heuristically the special cases when 


t, = 


_ only one and two modes are retained; then we consider 


the general case and the Wood anomalies. (One of our 
purposes in treating these special cases is to deduce 
certain additional properties of the f’s.) 
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If we keep only one mode in (62) (i.e., if 
ad =sinids) As 1 


and if we neglect the surface waves), then we obtain 
simply 


Ppeaier agen ay uals 
1-2 
- _ f(0,r — 6) 
22 Coke. >U“——— 2 64 
of kdcos 8 c 


for this case the grating is equivalent to a plane char- 
acterized by a “normal impedance’”’ proportional to z 
(i.e., 6/0, is a constant at x = 0). Since 2 is imaginary, 
| p |? = 1 as required by the energy principle. If z is 
small, then p © 1 + 2z + 2z?, where the term in 2? 
must be retained in order to fulfill the energy theorem. 
In order to consider the range 6 — 7/2 (grazing 
incidence), we must first specify the limiting behavior 
of f... It is clear physically that f_ and f, (the amplitudes 
of an isolated scatterer) behave quite differently for this 
range; the essential difference is that, as 6 = 7/2 — 
« — 2/2, the plane wave excitation vanishes like é? 
for the first, and is nonvanishing for the second. From 
this we infer that f, shows the same dependence on 
angles in the limit as is shown by ¥. + ¥.. More 
generally, since 
Vn + Vn 2. ek? Ee Cie aoe a fue a] 


1 

—> Q¢fh? sin om Ee cos 6 cos i icy 
as either 0 or 6m — 7/2, we assume 
(fimo) = O(e) > 0, (fmm)~ = O(e?) > 0; 

(fv)*, (fmm)+ nonvanishing. (66) 

(It may also be deduced directly from theorems (49a) 
and (50a) that the real part of (fmm)~ vanishes essentially 
to the second order of (fm,)~ aS Om —> 1/2, and also that 
the plus cases are finite; there is of course no question 
about (fmm)+ since its real part relates to twice the 
scattering cross section of the cylinder.) Consequently, 
Since Zmy = Cmfimy , Cm— (Rde)—! we have for all v 


Zr = O(6) =? 0) any t= OG) race, 


On = 


Tv Tv 
5 oe (66a) 

Returning to (64), we thus see that 27 — 0, zt — 
as 6 — 7/2, and consequently p+ — +1. In view of our 
definitions, the incident wave for the reflection grating 
is +y, for the two cases (corresponding to polarization 
1 and || to the generators of the bosses); hence both 
polarization components have undergone phase changes 
of z on reflection; i.e., as for a conducting dielectric 
plane. 

The corresponding amplitudes for the transmission 
grating are 
fe 8a pr pa) = l eete )7D 

= [1 — Cg — g,))/D, 

= $(ot — p) = (@* — 2 )/D = 22,C/D; 
(Ute) (ieee) ea ee) (eC), 


: 
| 
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=. (qe 0) we 8) 
fe a 2(8, TA fie CD) a g(r a 6, 6). (67) 


It may be shown that | ¢|? + |7|? = 1, and also | t + 
r|? = 1 in accord with the statement following (43). 


£& = 2(8, D) 


If we keep two propagating modes of (62), then we 
obtain 


= (1 = 40O = il a A)/D, Pir 2Ze1/ AG 


A — [aed 5 D => 1 10.08 mane ap NG (68) 
210211 
or, equivalently, 
He 1+ nes 2210 
° {tet ee 1 (ia (ieee 
x= Zao mee pie azaleas (69) 
{1 — 211 = Sih 


which fulfills the energy relation 1 = | p.|? + | o:|? 
cos 6;/cos 6,; this may be shown by using zo: = (cos 6;/ 
cos 6,)210 , and the fact that zis imaginary. If 6; = 7/2 — 
e — 1/2, then 2.:-, 21.7 — 0, so that x- — 2,,-; hence 
pi. — 0, and the result reduces to the one mode case. 
On the other hand, 2;,+, 211+ — ©, so that 


xt > Bo 1 — Zo1210/Zo0211] 


is imaginary; hence | p.|? = 1, and | p, |? cos 6: = 0. 
This result p+ differs from the one mode case, in that 
its phase is influenced by the mode at grazing emergence. 
If mode 1 is nonpropogating, then x must in general be 
imaginary in order that | p,|? = 1 (we also have the 
special cases x — 0, © and p, — —1, +1); hence sae 
is imaginary, and f.: is real or imaginary. From this it 
follows that fmm is imaginary and that f,, is real or 
imaginary, where m represents a surface mode; since we 
use this in the following only to infer that f,,,? is real, 
we may consider all f’s to be imaginary in order to 
facilitate discussion. 

We now treat an arbitrarily large number of modes; 
we assume that the f’s are at least moderately small, and 
imaginary, and seek series expansions of (61). If there is 
no mode near 7/2, then C, = (kd cos 6,)~! is small, and 
we may in general expand (61) by a Neumann iteration 
procedure starting with f,,. Thus 
(SE oe Seviia ta Seakay 

= roy Gt OF-5) OS pas Be ine 3 (70) 
which may be interpreted in terms of ‘‘orders of scatter- 
ing’’ (if we remove the bars). 

In accord with the energy theorem (37), a consistent 


approximation to lowest order requires that we retain 
Py oo Sone Me De f,, ; thus 


Re F, & Re SG f he 1. =3— De lifeale 
1S | fra aaa) 
where, in the above and in all that follows, we use the 


plain & to sum only over the propagating modes. 
Equivalently, we have 
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ig Sal EE Gp ee LOS Gide oe pe PLACs fey | 
| po|2 1 + 4C.?| foo |? + 4Co > Cufuo | 


= 1 = AUC. > C, fol? PN ESN ACS (72) 


Hence, 
theorem (38) is fulfilled. The analogous expressions for 


the transmission grating are given by 

igre 20 eon 20 yy Ce ereeecen eal 

lt, ~~ 2C,2,0 = 2G0( 0,5, Bo), ‘ ' 

r~ 2C,20 = 2Cear ars, 90) ; (72a), 
| t.|2?1+4| Cokoo|? — 4C. >, Gl | Bae +i| Zvoe| 2k 
le |? 4 | Col | |? 4] Cae’ |? 
For simplicity we restrict the following discussion largely 
to p and f, and use the terminology of the reflection’ 
grating. 

We note that, even to lowest order, our results differ’ 
significantly from a single scattering approximation in’ 
that they contain f instead of f. The presence of f (unless! 
it were imaginary) would give rise to a term Re f... ra 
(71); such a term in F, would be incorrect physically’ 
since it represents the scattering cross section of a boss! 
(and therefore indicates omnidirectional, or “‘inco-! 
herent,’ scattering, instead of discrete scattering losses). 
The numerical difference in retaining f instead of f, how-. 
ever, is in general small, since we have assumed a large) 
number of propagating modes; thus using f instead of f 
in (71) introduces the error term (Z — [du) » 2(Re C, fuo)?. 

If there is a propagating mode near 7/2, say Om 
1/2 — e, then from (66) we see that (Cmfym)~ remains 
finite, but that (Cnfym)+ — O(e-!) — «. Hence the above 
expansion suffices for F_ (provided that f_ is indeed 
small), but an alternative expansion is required for Fy . 


’ 


We recast F, in a form giving convergent results for 


6 = 1/2 by suppressing mode m explicitly. We write 

yi ri Tee a Cmipml mn at SC he 
where the prime indicates the exclusion of mode m. 
Solving for F, we obtain 


pee Porat C Medd Es, 
1 = Gifs 
and substituting this result back’ into (73) gives the 
reduced set of equations 


B= pt 5 Cpe, 
Pn =u + 


(74) 


Cm pe. 
tronCafies 
To lowest order in p we obtain (71) and (72) with f 
replaced by p. 

If now 6m — 7/2, Cn > ©, we Spuaw 


(Deeg ye aad Pa (Spas — Jups (76) 
where we used (66) for the behavior of fm, . Hence, in 
general, we may iterate 

Be ag Pro ata SG ey Oa (77) 
essentially as for the preceding case. Thus, to lowest 
order 


(75) 


(73). 
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’ 


Peril C.Pyo\2, 2 (78) 
The ratio of the present result to that of (72), 
bso | ads | Souk Lenka : 
ee Eorauah i 
may be greater or less than unity. 
The wavelengths for which the above applies fulfill the 
condition 


| pot |2 1 4, 2 C,| bo, 


(79) 


; , 27m 
Sin We = il = sin 6, + ’ 
h,d 
Ao = (1 — sin @,) d/m. (80) 
These, and the corresponding set for sin 0. = —1, 


are the Rayleigh wavelengths.°® 

Now, instead of 6, = 2/2 — € as above, we consider 
Om = m/2 — te (i.e., the case of a surface mode near 
1/2); this mode, although absent in the energy relations, 
makes its presence felt by its modification of the propa- 
gating amplitudes. We consider first the case F = Ft. 
Ignoring temporarily the obvious “‘resonance’ at 
Cufmm — 1 = 0, we see from (75) that the leading term 
of F, may vanish: 


erie ee \s 
F,% bao foe ? 


€ — Em 
ere (81) 
tk df,o tk d 
We may write 
Pyo 2 Cheer c, 
I = x = ——— }, (82) 
ee € — Em 


where we assume ¢, < e, for discussion purposes, and 
also that e, and e,, are independent of e. We find 


ol - 2(e a é,) (€, i Em) 
O€ (e a= Em)? 


which vanishes at e = ¢, corresponding to the minimum 
value (81). Since 


(83) 


T : my é 
sin 6, = sin|— — ze}/= sind, + —wY1+-, 84 
€ ‘) d pet 


we have 
of _ dim 00 ; e— 0, A— Ao. (83a) 
OA Oe de 


Hence to this order of approximation, the intensity- 
wavelength curve is vertical at e = 0 (ie., at the Ray- 
leigh value \ = X.), and the intensity drops to zero at 
the distance 


de,” Te,” 


tin TS Gl a SUA OO, 


on the long wavelength side of }, . This is in accord with 
the ‘‘first half’’ of the anomaly described in the intro- 
duction. 

(We note that the ‘two mode’”’ formalism of (69) may 
also be used for the case of two propagating modes 
(0, and » = —1) plus a third nonpropagating mode 


ry 2 No = (85) 
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(m = 1), by replacing the previous z,, by »,, = Cp, - 
Thus we see that p, vanishes if yno = 0, as above, and 
also that there is no difficulty for the case 1 — Crnfinm — 0, 
€ > Em .) ; 
We now consider the range 1 — Cunfinm © 0. We sub- 
stitute =a 
Pou ak Cmi mJ mp 
deme cat cane 


into (75), and obtain 
F, = bel d les y (87) 
where F,, is given in (74). Substituting this value of 


F, into Fn of (74), we solve for fF, , and substitute it 
into (87). Thus we obtain 


Fw Cr iat 
‘ 1 One, ai CES Chan 


(86) 


fomtne 
SiC tate 


> — 


(88) 


which indicates a maximum in the intensity curve at the 
wavelength 


Am — ro = Em? d/2m, em = fmm/ike. (89) 


The vicinity of A,» corresponds essentially to the 
“second half’ of an anomaly. At \m we have 
Doma 1 + Dowie = (SGpiee =, 2G iD: 
py = 2C.u, oa 20. frtne Dy 


i) Bark S Ont ene OO)) 
or, equivalently, 
RK 2 _ _ 2008 bofim 
bi K+1 cos 0,fmo(K + 1) , 
/ 06 hen 2 
eo Sey | Re K = : (91 
eel Gene >| ]; (91) 


since > | 2, 
v=0 


2 5C0S0,/ COSI = 4Re K/| 1 a K |?, 


these results fulfill the energy principle. (If we take 
Am — Ao as a measure of the width of the anomaly, and 
approximate kd by k.d = 2m7r/(1 — sin @,), then 
(fmm/fnn)?(n/m)? indicates the relative width of anomalies 
corresponding to different \.’s.) 

Up to this point we considered the two “halves” of 
the anomaly separately; we obtain a more general form’ 
for F, as follows. We regard f,. + CmrnfimF'm of (73) as 
the inhomogeneous term of the equation, and iterate it 
once; and then proceed essentially as for (74), etc., to 
suppress the mth mode. Retaining only the leading term, 
we obtain r 

Pe fat ieee bap 
SS KG Pes = OSE 


(92) 


which possesses the essential features of the cases of 
interest. (A relation of somewhat similar form was sug- 
gested by Fano‘ on the basis of a quantum mechanical 
analogy.) 

The corresponding intensity ratio for the + case may 
be written 


fete eS i Se mere | ae 
te e—e, —T 


(ERS 
(€ — ém — B)? + A?’ 
T=i1A+B=S 5 Gum)? (93) 


z cos 6,(k d)?, 
where ¢, and em, as given in (81) and (82), are assumed 
positive. We have 

) (e, — €m)[(e — 


e, — B)(e — em — B) 


— A? 


i as [(e — em — B)? + A?]? ae 
which vanishes when 
ERGs erect 2B EAL aes tale, 
mn, $C > Cfum)? 
cos 6, (kd)?, 
B = —s,' Yur) (95) 


* sin v, (Rd)? 
If 


+}-bf 
€& — €m (ENEO 


Che pM es 
Sed feu«1, 06) 


and if we ignore B, then we obtain the previous cases; 
(96a) 
(Note that é€min depends on the spectral order v, but 
that €maz depends only on mode m.) More generally we 
have 
Emin © & + B — A?/(em — €,), 

€ maz & ém + B+ A2/(em — &). (97) 
The minimum intensity is ~ | f,,|?.@; the maximum 
is & » < €m for discussion 
purposes, so that the minimum fell at shorter wave- 
lengths than the maximum; however, we may also have 
€, > €m, and the maximum at shorter wavelenghts. The 
sign of 0,J at e = 0 is determined by e, — em, and this 
indicates whether the intensity curve falls or rises to its 
value at dA... 

The previous discussion applies largely for Ft (polari- 
zation perpendicular to the elements of a reflection 
grating). For F- we use (66) and replace ¢, by 78, , etc 
Thus Te of = we ieee 


aw) ~ 
Emin ™~ &) € max ~ Em- 


-|F oy es ea = 7/\ 
Same (98) 
€ (= €* 


where 8, , etc., which are real and independent of ¢, are 
also assumed to have the appropriate magnitudes to 
justify the procedure leading to (92). We replace e—! by 
B in (98) and proceed essentially as for (93): 

1 
6.I- « (B yeh, cam D)(6 a Bm al D) — CG, B =) 


€ 


(99) 


etc. It seems clear that, in general, the values of € cor- 
responding to the roots of the equation 0,J- = 0 are not 
compatible with the requirement « << 1; thus only a 
trend towards the anomalies exists. To lowest order, 
~ 1 + «(Bm — B,), and consequently F- > f,., 
e — 0;1.e., unlike the case of Ft, the original Neumann 
expansion (70) suffices at the Rayleigh wavelengths. 
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We may also treat the case where there are two modes 
near the plane of the grating, ie, when Om ~ 1/2, 
6, © —727/2; 
anomalies.* Thus we write 
F, = ee aie Cmfoml m ae Crfonln a 6 dul yb? 
where the double prime indicates the exclusion of m and 
n, and proceed essentially as previously. Solving the 
pair of simultaneous equations for F,, and F, , and then 
substituting the results back into (100), we obtain the 
reduced set of equations 


fray BEA SLAG bad 
Tose o fou ae Slo ee 
Gol fri lis Colin ate ancien 
(1 = Cufre(laGa en nee 


(Essentially the form of the leading term F, © T,., 
but containing g instead of f, was obtained originally for 
the transmission grating by Karp’ through elementary 
considerations, and by Twersky’ by means of an “‘orders 
of scattering series;’’ the C’s were not the same functions 
we use here.) 

The Rayleigh wavelengths for this case fulfill A, = 
2d/(m — n) = —2d sin 0,/(m + n), where n is negative, 
and | ~| > m. The simplest cases correspond to normal 
incidence; heré C,,.= Ca; fam = task isoe= fier and 
consequently 


Te = WD ale 


(101) 


mny 


Crfeee ata ihe) A 
Nc Caan + fn) 


We may now define €m = (fmm + fmn)/ikd, etc., and 
proceed essentially as for the case of one mode near 
grazing. Similarly the general case offers no particular 
difficulties. 

The treatment of this section indicates the essential 
features of the Wood‘ anomalies observed for perpendicu- 
lar polarization. The marked effects observed by Palmer# 
for parallel polarization are not indicated by our model, 
and this is most likely due to our perfectly conducting 
“ground plane’; 1.e., the plane insures that finm = f(2/2, 
a/2) vanishes, and so “‘suppresses’’ the anomalies. The 
essential requirement for anomalies seems to be that the 
field of an isolated boss be nonvanishing near grazing. 
(We also infer that Palmer’s gratings did not have a 
highly conducting ‘‘ground plane’, from the fact that they 
gave large grazing modes;‘ this follows from the single 
scattering theorems (49a) and (50a) applied to a finite 
grating as a unit.) 

The two polarizations compare as follows when 
9m —> 3/2: although the first Fresnel zone of the grazing 
mode becomes infinitely wide (Cm — (hd cos 6m)~1 > &), 
the amplitudes of the boss approach zero (F,+ — 
= (fn lon anla — 0, F,7- = Car — 0), and conse- 
quently both reflection amplitudes remain finite and 
nonvanishing. For the perpendicular case, the reflection 
amplitude becomes of the order unitye pm = 2CmFmn 
Df 8) foe and thus | Du |? becomes ‘‘intenser’’ than all 
but the central mode. However, since | Pm |? cos 0m — 0, 
this mode derives no time-averaged power from the 
incident wave in the limit 0, = 7/2. (Note that the 


this corresponds to the so-called double 


(100) 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


value of | oa COMESPONGING tO" Op finn = Le 1-e:, pa = 
—2fmo/SC,(fim)?, is smaller than the present value.) 
Although the corresponding functions for the two 
polarizations are of the same order in e, the perpendicular 
values are in general much larger. Thus if we assume 
mat fo/¢e = O(f*) < 1, then 

ey pal ira)? >> 8. 

For simplicity, we restricted discussion of the anoma- 
lies to the case of the reflection grating. However, the 
analogous bands may also occur for the transmission 
grating. Thus corresponding to (93) and (98), we now 
have 


2 
ee por (103) 
Because of the “‘background’’ provided by F-, the 
bands will not be as well defined as in (93); however, the 
pronounced maxima of F* should persist. 

We simplified matters by restricting discussion to 
symmetrical nonabsorbing scatterers, but the case where 
f is complex offers no particular difficulties. The material 
may be applied to a specific grating provided that f is 
known explicitly. In particular, we apply it to the circu- 
lar cylinder in the following. 


VI. GRATING OF CIRCULAR CYLINDERS 


In general, the scattering amplitude of a circular 
cylinder may be written as 


g(6, 6.) = 5, A,r = => 4, cosn(@ — 6,), (104) 
where, e.g., 
A= — Jn(ha) oY = Oat? =a: 
H,,(ka) 
A= LD) 0-0 = Oatre= as (105) 
H,' (ha) 


these correspond respectively to ¥ = £,, H, for the 
electromagnetic case of a perfect conductor (or to a free, 
rigid surface in acoustics); here the prime indicates dif- 
ferentiation with respect to argument. We note that 
the series of (104) converges for complex as well as for 
real values of the angles. 

We substitute (104) and a similar series for g into 
(55). Integrating and collecting the coefficients of e'”®, 
we obtain the transformed scattering amplitude 


oO — - 
Oro.) => Agee 


n=— 00 


= > A,cosn(6— 6), An= ; a (106) 
From (104) and (49a) we obtain — Re A, = | An|? 


for the general case of nonabsorption; for perfect con- 
ductors this result follows directly from the forms of 
(105). Consequently, for nonabsorbers 
[o.e} 
10) 22 oe 
n=— 0 |1 Se An |? 
is imaginary [as shown for the more general case in (5 7a)]. 


cos n(6 — 6.) (106a) 
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In particular, for the perfect conductor, we use (105) 
and obtain 

Anas J »(ka) sin (RG) 

‘N N,(ka)’ N ,' (ka) 

We now consider perfect conductors for ka « 1. To 


lowest order in ha we obtain for £ polarization parallel, 
perpendicular to the axis 


Ae (107) 


te 10 ° = vik 
£1, (8, 60) ml 2 log (2/yka) oF O(ka) Ay Ue Hecal 
£1 (0, 0.) = — iniie) i [1 — 2 cos (6 — @,)]; (108) 


to this order of approximation, g = g. 

We first use these expressions to determine the reflec- 
tion and transmission coefficients of a grating such that 
ka << kd < 1. For simplicity, we apply the heuristic 
form (67) (which neglects the surface waves) directly to 
g, ;on the other hand, we first modify g,, to take into 
account the major effect of the surface wave. Thus we 
replace g,, by 


ZI 11 


Tay A RE HEA (109) 
1+ 4g) \1 


2 log (d/a27) 
where we approximated J of (127) of the Appendix 
by its logarithmic term. 

Thus substituting g; and g; into (67), we approximate 
the transmission and reflection coefficients for a grating 
of perfectly conducting wires such that ka << kd < 1 
by, 


; 1 : 1 
T\\(9) = | tu |? © || = 
as 1-9? 
Z 2 
Ri\(9) = | ru? © =< _, 
as 1+ ¢ 
E iy 
ee 
Qar/ 


— (Q/2)A(1 + 2 cos 26)? 
iO + Ao [(4 at — | 
— Q{(1 + 2 cos 20)? — 1] 
1+ @ 

—i10(1 + 2 cos 26) © 

1—i0+(Q/2)|(1 + 2cos 20)? — | 
i Q?(1 + 2 cos 26)? . ge Tes 
1+ Q?? : Ad cos 6 


Note that not only is | ¢|? + |7|? = 1, but also|¢ + 
r | = 1; thus both energy theorems are fulfilled. (The 
parallel case has been treated numerically without the 
restriction a << d by Honerjager’ and others.) 

The case of normal incidence was originally treated 
by Lamb,? and Gans,? by means of a “‘static approxima- 
tion’’. Our results for the || case reduce to Gans’ at this 
special angle; however, our results for the | case for 
6 = Oare nee different. Thus we have 


utile 9Q” 
T, (0 , R (0) = -O= 
Ui eoreay o Onmr aga Sa 


iC a ue [ES 


R, (8) =|ni[=| 


(110) 


eiGhie) 
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and they have 

ee rs 

1+ A402 1 + 40? 

Hence our value for K/T is more than twice theirs 
(essentially 9/4), and this factor should be measureable. 
We believe that the discrepancy arises from their neglect 
of the monopole term of the single cylinder; i.e., from 
Lamb’s results it follows that the “‘scattering amplitude” 
of the grating (proportional to our G(6, 6.)) differs only 
in sign for the forward- and back-scattered directions. 
More explicitly, Lamb’s treatment is based on the flow 
of a fluid past a rigid cylinder; for this case the scattering 
amplitude (which corresponds to that of a simple 
diopole or double source; see Lamb,* p. 76) is propor- 
tional to 2 cos 6. On the other hand, we see from (108), 
that when a wave excites a cylinder, the lowest-order 
terms include both a monopole and a dipole and that the 
amplitude is proportional to 1 + 2 cos 6. Thus for the 
wave problem, the scattered intensity is proportional to 
9 and 1 in the back and forward directions; for the fluid 
flow problem, the intensity is proportional to 4 in both 
directions; essentially this difference is indicated in the 
above two approximations of the multiple scattering 


(112) 


problem. 
In general we substitute g,, into (56) and obtain 
~ gi 
Gua 1+ G,S¢C) = ———_—., 
i ak SC] Toh, oe: 
C, = ere Js po (23) 
kd cos 9, 


where SC, is discussed in the Appendix. The Wood anoma- 
lies are particularly simple for this case. Thus if there is 
one mode (m) near grazing (propagating or nonpropa- 
gating), then 


Sac Ge 


Ie i =" |7, 
cos? 6 


tol? = poh mide agli He. a 


= 1 of ree ey - > ——_. oot (114) 


where the sum includes only propagating terms. Here 
o = (1 — sin 6.) d/m is the 
Rayleigh wavelength. If there are two grazing modes, 
mandn = —| n | , then we replace e by ee’/(e + €’) 
where e”? = e | n | /m; for this case \) = 2d/(| n | +m). 
The Wood anomalies are thus simple minima, the energy 
‘missing’? in the spectral orders “appearing” in the 
forward transmitted wave; 1.e., the grating is transparent 
for Ao. 
For perpendicular polarization, we write 


€10,05) = Ff, + f-), 
pike et — 2sin 6 sin 0 
: p 


where f, are the components of g symmetric and anti- 
symmetric with respect to reflection of one angle. Before 
discussing this case, we introduce the analogous func- 
tions for the reflection grating of perfectly conducting 
semicylinders on a perfectly conducting plane. 


v4 
SS Shh Cae 


cos 8, cos 0 


als (115) 


— 2 cos @cos @, 
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The transformed amplitudes for the reflection problem 
are obtained by superposition of appropriate forms of 
(106). Thus 


fale, r— 06) = > Ante en’ uu ein(n—8)] 


23 Aero) ae a 


(Note that here fe is the symmetric component of g, , 
and that f_ is the antisymmetric component of gj); i-e., 
the two present f’s satisfy different boundary conditions 
on the cylinders as well as on the planes.) The limiting 
behavior of (116) for y, 6 — 2/2 is in accord with (66). 


If ka < < 1, then to the order of (ka)? we obtain (115) } 
with the sign of f_ reversed; we refer to the function for ° 


the boss as f_’ = —f_ and treat both cases simultane- 
ously. 


For perpendicular polarization, f;, the discussion of 


} 


| 


(93) applies. For the present case we have for 6, = 


r/2 — te, 
2 
e, = mi) =U) <<a 
2kd 


We20 (12 —* cing, le eine) 
: 1 — 2 sin 6, sin @, : 
Tr = i025" (1 — 2 sin @,) a 
cos 6, 


(117) 


where we ignored terms of the order ¢?Q in em, etc. 


Using sin 6, = sin 6, + 2vr/kd, and the above, we may 
compute J = | F,/f,.|? of (93) as a function of X fora 
given spectral order. We note that the form of the 
anomaly for a given wavelength range may be quite 
different in its different spectral orders. 

For simplicity, we neglect the remaining surface terms 
in the following. The intensity ratio at the Rayleigh 
wavelength is given by 


ra (*) Lo (1 — sin 6,)(1 — sin @,) 
Em 


1 — 2 sin @, sin 6, 
The minimum and maximum values are approximately 
Im I 


— Gy 


LininieZ ~~ D ta yY | 2 


E al (1 — 2 sin 8, gin 8.) 
(1 — 2 sin 6,)(1 — 2 sin 6.) 
> (1 — 2 sin af (119) 


cos 6, 


and they occur approximately at € = ¢, , €m respectively. 
(Note that since « = | ele only positive values of «, of 
(118) give minima.) Using (89) and (118) we find that 
the maximum is displaced from the Rayleigh wave- 
length by 

m(ma)4 
eget — sin 0,)? 


where we replaced k? by k.”. 


Am — No ~ Od ~ 
2m 


For parallel polarization, f_’, the discussion of (98) | 


applies. Here B, = ¢,~/e? is identically zero, and 


T- 
Bip Sen 0s Ae y= 107 S cos 6 aaa 2a 
€ 


e2 


(118) 


(120) 
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We have 
Tae | 1— A 

1 — (20 + Ade 
The maximum of this expression occurs for 

e(2O)}e et « 
but this is not compatible with the original conditions. 
To the present order of approximation we have 

~1+ 40¢4,e€-0; 
thus there are no anomalies for this component. 


The above is for f_’; i.e., for the reflection grating; for 
‘a —f_’ of the transmission grating, we change the 


(122) 


(123) 


| sign of Bm. 


The transmission grating may be treated by using the 


above values and the form of (103): 


2 


6, 
a, — 6,’ i) 
—«, —T 


=(Q#/4) | (—1 + 2 sin 4, sin 6.) £ 
€ 


—— (F5 —= 1e 
+ 2 cos 6, cos @,|?. (124) 


Consequently much of the detail of the anomaly in the 


symmetric component will be lost through interference, 


but the maxima should persist. 
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APPENDIX: ISOTROPIC SCATTERERS 
The special case of isotropic scatterers (e.g., ®, = 0, 


ka > 0, g — —J.(ka)/H.(ka), for a circular cylinder) 
_ was treated in detail by Honerjager.’ For this case g and 


G are independent of angles, and consequently (32) re- 
duces to 


G = gl + 2GSC] = Z 


——_-___ 125 
1-26.56; a) 


_ where both D>, C, and ire dv of SC, diverge individually. 


The real part of 246, dy equals unity [see (53)]; in the 
vy + kd sin 0,/27, w > ~, 


imaginary part we put w 


_and write 
Cal dw ges ie ta 
mw J kd/2n [w? — (kd/2m)*]/? 7 kd 
Es 211 tog 2H iS Se pee (126) 
T 4r v=1 
| where y = 1.781 --- ; here we used log w = RE = 


1 


| log y (as in MO, p 2). Hence writing v+ for the limiting 


propagating modes [see discussion after (21)] we obtain 


lee) 
i| iv) G& 
-—2 


= > (ed)? — (kd sin 0, + 2vn)}-1”* — 1 — 4; (127) 


ve 


co 


2(S - 


=00 
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Lies 2(1; ae Io_ ate Io4), 
If kd (3 5) ] 
Tr, ==|\1 —i Pals 
: | a Ar : 2 a 2 
co 
Tht = > {[(Qvr + hd sin 6,)? — (kd)*]-1? — (2vn)-1}, 
|v|+1 


where the final sum is essentially of the form & (v)-, 
and therefore converges rapidly. If | vt | Seal tiene! 
may be neglected; on the other hand if kd — 0, then I 
may be approximated by the logarithmic term. 

An alternative form of (127) follows from the physical 
statement of the problem; i.e., from the fact that an 
isotropic scatterer is an elementary line source whose 
radiation characteristics are completely specified by H,. 
Thus the first equality of (125) may be interpreted as 
stating that the amplitude G equals a term arising 
“‘directly’”’ from the incident wave, plus a term arising 
from the waves originating at the remaining scatterers. 
Both terms are proportional to g, the response of an 
isolated scatterer. The second is also proportional to the 
multiple scattered amplitude G, as is required for self- 
consistency, and to a factor which must be equal to the 
distribution of the remaining elementary sources. Thus 


[e.@) 
25Ci-= 2 » H,(skd) cos (skd sin 6,). 


s=1 


(128) 


The equality of the right sides of (128) and (127) is well 
known (MO, pp 59, 60); the usual derivation of the 
more convergent representation (127) is based on re- 
garding (128) as the appropriate limit of = of (20) 
minus H,, and this was essentially implicit in our 
procedure. 

We note that the real part of (128) may be deduced 
directly from the energy theorems (36) and (36a). For 
isotropic scatterers these theorems state 


y+ 
ReG+1|G|? > C,=0,Reg=—|g|?, (129) 


These relations, together with G as given in (125), give 
directly 


vt 
2°Re SC, = 2 > G— 1. 


The generalization of (128) for arbitrary circular 
cylinders, follows from an initial expansion of all waves 
in terms of complete sets of cylindrical functions. Using 
Reiche’s result,? we may express the total field in the 
same form as (23) and (24); for this case the multiple 
scattered amplitude is given by 13 


fe) 
COND N 4 a EOAA” (130) 
n=—-0 
Bio=vAg ent 
ioe) (o0) ; 2 
ae Bs > HeeaGkayle (= 4) —m 
m=— 0 s=1 


an esha sin a) } 
where A, and B, are the “‘single’’ and ‘“‘multiple scat- 
tered coefficients’; e.g., An —J,(ka)/H,(ka) for 
y Ovate7 a. The case of normal incidence was 
treated by Ignatowsky.’ 
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Measurement and Analysis of Instantaneous Radio 
Height-Gain Curves at 8.6 Millimeters over Rough Surfaces 
A. W. STRAITON} anp C. W. TOLBERTT 


Summary—By the use of an array of ten vertically-spaced 
antennas and a rotating wave guide switch, a portion of the height- 
gain pattern for a short radio path was obtained as a function of 
time for a wave length of 8.6 millimeters. 

In the analysis of the data taken across a small lake, the reflec- 
tion from the water is assumed to be made up of two components. 
One component is a constant value equal to the median signal re- 
ceived at the antennas over the sampling period and the other 
component is a variable signal of the proper phase and magnitude 
to give the measured total signal at each instant. 

The angle of arrival, phase and magnitude of the fluctuating 
signal are obtained for a short sample of data and their character- 
istics described. 


INTRODUCTION 


N STUDIES of the reflection characteristics of 8.6 

millimeter radio waves,!~’ it was found that a direct 

wave and a single constant ground reflected wave 
were not adequate to explain the nature of the resulting 
height-gain curves. In a previous paper‘ the resulting 
signal for propagation over a rough water surface was 
studied in terms of a reflected wave whose magnitude 
and phase were variable. 

Although the major features of observed signals on 
two radio paths were explained by this method, it was 
realized that this approach did not provide a complete 
picture of the reflection from a variable rough surface. 

In order to shed more light on this problem, an antenna 
system was constructed for obtaining a portion of a 
height-gain curve in a very short interval of time. This 
report describes this antenna system and the method of 
analysis of the first samples of data obtained with it. 


ANTENNA SYSTEM AND RECEIVING EQUIPMENT 


The chief features of the system were a ten antenna 
array, a rotary waveguide switch, and a heterodyne 
receiving system. The antennas as used for this experi- 
ment were circular horns with a length of 53 inches and 
a mouth opening of 14 inches. The antennas were fixed 
rigidly in a frame with a separation between antennas of 
4 inches and are shown in Fig. 1. The antenna beam- 


t Elec. Engrg. Res. Lab., Univ. of Texas, Austin, Tex. 

1A. W. Straiton, A. H. LaGrone, C. W. Tolbert, C. E. Williams, 
“Preliminary Study of the Reflection of Millimeter Radio Waves 
from Fairly Smooth Ground,” Elec. Engrg. Res. Lab., University 
of Texas, Rep. No. 60; February 29, 1952. 

2 A. W. Straiton, J. R. Gerhardt, A. H. LaGrone, C. W. Tolbert, 
“Reflection of Centimeter and Millimeter Radio Waves from the 
Surface of a Small Lake,” Elec. Engrg. Res. Lab., University of 
Texas, Rep. No. 63; May 15, 1952. 

3A. H. LaGrone, and C. W. Tolbert, ‘‘Reflection Studies of 
Millimeter and Centimeter Radio Waves for Gulf of Mexico Paths,” 
apa Res. Lab., University of Texas, Rep. No. 64; October 
31, ; 

‘A. H. LaGrone, A. W. Straiton, H. W. Smith, ‘‘Synthesis of 
Radio Signals on Overwater Paths,”’ Elec. Engrg. Res. Lab., Uni- 
versity of Texas, Rep. No. 71; April 30, 1954. 
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ROTARY JOINT 
(CIRCULAR POLARIZATION) 


SYNCHRONOUS 
MOTOR 


ANTENNAS 


Fig. 2—Schematic drawing of waveguide switch. 
| 
width was 10 degrees and horizontal polarization was , 
used throughout the test. 

The rotary waveguide switch is housed in the cylinder 
directly back of the antennas in Fig. 1. This switch is 
shown schematically in Fig. 2. The rotary arm turned 
at twelve revolutions per second, thus sampling each 
antenna twelve times per second. | 
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Fig. 3—Sample of original recording. 


The receiver was of the heterodyne type using a 
QK291 klystron as a local oscillator. The output of this 
receiver was applied to the vertical plates of an oscillos- 
cope with a photographic attachment. During recording 
intervals, the photographic film was drawn continuously 
_ through the camera and the pulses resulting from switch- 
Ing succeeding antennas to the input of the receiver were 
| recorded consecutively on the film. The envelope of 
| these pulses provided the height-gain curves for each 
interval of one-twelfth of a second. A sample of the 
_ original recording for several cycles is shown in Fig. 3. 
_A marker signal indicated the transition between the 
top and bottom antennas. The antenna system was 
adjusted so that equal signals were received at each 
antenna with the array turned horizontally. Relative 
calibrations were made by attenuating the transmitted 
_ signal in known steps and comparing the levels at the 
| various antennas. Minor corrections thus obtained were 
later applied to the recorded data. 

The transmitter employed another QK291 klystron 
as a cw source with an output of approximately 20 
| milliwatts. 


TRANSCRIPTION OF DATA 


For transcription purposes, the data were projected 
| on a screen on which there was mounted a movable 
| cursor. As this cursor was moved across the screen to 
| follow the data, it drove a potentiometer which controlled 
the voltage applied to an Esterline-Angus graphic re- 
corder. By following the signal indicated for a single 
antenna, a plot of signal strerigth versus time for the 
given antenna was reproduced on the E-A recording 
paper. This paper was then passed through a totalizer 
and the statistical distribution of the signal for each 
antenna was obtained. This distribution was plotted on 
_ Gaussian probability paper and the points were found 
to fall approximately along a straight line. The median 
_ values of the individual signals were read from this line. 
_ The data that can be obtained from this transcription 
_are the median signal for a given run for each antenna 
and the magnitude of the signal at each antenna in each 
frame. These data will be used later in the analysis. 


DESCRIPTION OF MEASUREMENT CONDITIONS 


The data analyzed later in this paper were taken 
on a radio path over Lake Austin in November, 1954. 


GEOMETRIC ANGLES = a 
PHASE DIFFERENCE: p= 74.20 
at AMBIGUITY ANGLE =: 4.85° 


Fig. 4—Path geometry for run analyzed. 


The transmitter was operated at heights of 5 feet and 
10 feet above the water surface and approximately 10 
feet back from the edge of the water. The receiver on 
the opposite shore of the lake was 1,425 feet from the 
transmitter and approximately 2 feet back from the 
water’s edge. The center of the antenna array was 
operated at heights of 5 feet and 15.4 feet above the 
water surface and the antennas were spaced 4 inches 
apart. For reference purposes, the antennas are numbered 
consecutively from the top. The angles to the trans- 
mitter, to the geometric reflecting point and to the two 
edges of the lake are shown in Fig. 4 for the arrangement 
used to take the data analyzed in this report. These 
angles are measured from the center of the array, but 
they would vary only slightly from antenna to antenna. 

A number of measurements were made on this path 
with mean angles of separation between the direct and 
reflected ray of 0.5 degrees and 1.0 degrees for various 
water surface roughness. The analysis will be primarily 
concerned, however, with a 100 second run taken under 
rough water conditions using the geometry shown in 
Fig. 4. The wind speed at the time was approximately 
20 miles per hour producing small, choppy waves with 
an approximate height of 4 inches from maximum to 
minimum. Height markers on a pole were photographed 
but the position of pole near shore did not appear to be 
representative of the wave surface. The water surface 
condition, similar to that at the time of the measure- 
ment, is seen in the background of Fig. 5. 
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LEE LOD i eae: 


Fig. 5—View of water surface. 
VeEcTOR MODEL OF SIGNAL STRENGTH 


In considering the characteristics of the signal re- 
ceived at a given antenna, let us assume that the total 
signal, 7, is made up of a direct wave, D, a constant 
reflected wave, C, and a variable reflected wave, J. The 
combination of D and C remains constant at each 
antenna during the run, but varies from antenna to 
antenna. The components are shown in two sequences 
of the vectors in Figs. 6(a) and 6(b). The variable com- 


D 


(b) 


Fig. 6—Vector model. 


ponent of the signal may be broken into two components, 
one, J,, in-phase and the other, J, , 90 degrees out-of- 
phase with the constant reflected wave. If the amplitude 
of the constant reflected component is in error, this 
would be compensated for by a shift in the value of J,. 


SOLUTION FOR VARIABLE COMPONENT 


In the solution for the variable component of signal 
strength, the data available are the instantaneous and 


the median values at the ten antennas and the geometry 
of the path. The basic assumptions in the analysis are 
as follows: 


1. That the height-gain function obtained from the 
median signals at the ten antennas can be represented 
by combining the direct wave and a single plane reflected 
wave in the proper magnitude and phase. 


2. That the instantaneous variable signal can be ap- 
proximated by a plane wave over the interval covered 
by three antennas. This plane wave may be described 
at a given instant by its magnitude, its angle of arrival, 
and its phase relative to the direct or reflected wave. 
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Fig. 7—Height gain curve for median data. 


To the median values of the signal levels at the ten 
antennas, a height-gain curve was fitted as shown in 
Fig. 7. It is noted that a very godd fit is obtained by 
using a reflection coefficient of one and a phase separa- 
tion between the reflected waves received by two ad- 
jacent antennas of 60.0 degrees; i.e., a complete lobe 
includes 360/61.0 or 5.90 antenna spacings. This change 
in phase between the reflected wave at adjacent antennas 
is in agreement with that calculated from the path 
geometry. It is noted that the two waves assumed 
provide a good fit of the measured data except for 
antenna 8. This discrepancy is believed to be due to 
calibration errors for this antenna. Only the instantane- 
ous signals received at antennas 4, 5, 6, and 7 are used | 
in the analysis for the variable component after the 
height-gain has been obtained from the median values. 
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If the direct and the constant reflected waves are 
drawn in their proper phase relationship as shown in 
Fig. 6(b), the variable vector for a given antenna 
and a given frame will have one end at the origin and 
one end at the arc of a circle with radius T drawn from 
the end of the C vector. 


If now, the direct wave vector for the’three adjacent 
antennas, D;, Ds, and D,, are superimposed as shown 
in Fig. 8, the three constant reflected components, C; , 
Cs, and C;, will be as shown. The total signals for the 
three antennas, 7; , T,, and T;, for a given frame are 
used as radii and arcs of circles are drawn with center 
at the end of C;, Cs, and C;, respectively, as shown in 
Fig. 8. 


1 
i2e ARG W@ 20 2 


Fig. 8—Vector diagram for solution ror variable component. 


Under the plane wave assumption, the variable compo- 
nents of reflected wave, J;, Js, and J;, will be equal in 
magnitude and uniformly spaced. The solution for J; , 
I,, and I; is obtained by selecting one of the concentric 
circles on which equal arcs are cut off by the circles 
formed with 7;, 7s, and J; as radii. From the chart, 
the common magnitude of J;, Z., and J;, their phases 
relative to each other and their phases relative to the 
direct or constant reflected waves may be measured. 


RESULTS OF ANALYSIS 


Seventy-five consecutive frames were analyzed out of 
a run of approximately 1,200 frames or 100 seconds. 
This set of seventy-five frames represented a time inter- 
val of about six seconds. 
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Fig. 9—Vector diagram for solution using two sets of three antennas. 


In order to provide a check on the plane wave as- 
sumption, the analysis was carried through separately 
using antennas 4, 5, and 6 and using antennas 5, 6, and 
7. The nomogram for the solution of one frame using 
the two sets of antennas is shown in Fig. 9. Data for all 
the cases obtained from this analysis are summarized 
in Figs. 10, 11, 12, and 13. Of the 75 frames considered, 
good agreement between analysis for the two sets of 
antennas was found in 28 cases. Fairly good agreement 
was obtained in 25 cases. A solution was obtained for 
only one set of antennas in 12 cases and a solution was 
obtained with neither set in 11 cases. The magnitude of 
I is plotted in Fig. 10 as a function of time with the 
vertical line joining the solutions obtained with the two 
sets of antennas. It is noted that the cases where no 
satisfactory solutions were obtained all fall in the part 
of the cycle when the magnitude of J is near a minimum. 
This would indicate that all of the undefined cases are 
those for which the variable component is very small. 
In the statistical analysis given later, the magnitude for 
these cases is taken as zero. 

The phase difference between adjacent antennas may 
be converted to angle of arrival by considering the wave 
length and the separation of the antennas. The conver- 
sion factor by which the phase difference is to be divided 
to obtain angle of arrival is 74.2. The corresponding 
ambiguity angle is 4.85 degrees. Since this angle is 
fairly large compared to the geometric angles involved, 
it is felt that this ambiguity would cause no confusion. 

The angle of arrival is plotted in Fig. 11 as a function 
of time with the two solutions again joined by vertical 
lines. 
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Fig. 10—Magnitude of J as a function of time. 
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Fig. 11—Angle of arrival of variable component as a function of time. 
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Fig. 12 shows the distribution of the components of 
I, in-phase and 90 degrees out-of-phase with the fixed 


se 
(o) 
Se 
ow 
ees 
53° 
i j 
(e) 
cous tes 
2 
Ww 
gs 
(=| 
53 
5 6 
= 5 
56° 
oe 
oO 
i?) 
2 
at ae 
ae 
[=| 
sro) 
a ee 
nay 
mu Ov 
Ss 
0 
oO 
Chan Sa 
a 
(eo) 
N 
(=>) 


reflected component, plotted as a function of time and _ fluctuat 
Fig. 13 shows the statistical distribution of these points 
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Fig. 12—Magnitude of Jz and Jy as a function of time. 


the J, component has a displacement from zero of 
—0.3 of the direct wave. The distribution of the total 
fluctuating term is essentially the same as the J, com- 
ponent. 


CONCLUSIONS 


From the analysis described in this paper, it appears 
possible for this example to represent the fluctuation of 
the radio signal over a small height interval, as measured 
on a path over the rough surface of a small lake, as the 
vector sum of three plane waves. These waves are as- 
sociated with the direct wave, a constant reflected wave 
and a varying reflected wave. 

In the example studied, the component of the varying 
signal normal to the fixed reflected component was 
found to be Gaussian distributed about a median value 
of zero. The component of the varying signal in-phase 
with the fixed reflected component was found to be 
Gaussian distributed about the value of minus 0.3 of 
the direct wave. 

Tests are under way for further measurement with 
the ten antenna system between drilling platforms in 
the Gulf of Mexico. Associated water wave measure- 
ments should make possible correlation studies of the 
nature of fluctuations and the characteristics of the 


water waves. 
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Measurements of the Phase of Signals 
Received over Transmission Paths with Electrical Lengths 
Varying as a Result of Atmospheric Turbulence 
J. W. HERBSTREIT} anp M. C. THOMPSONt 


Summary—A system for the measurement of the variations 
in effective lengths of radio propagation paths is described. The 
observed path-length instabilities are considered to be caused by 
the same atmospheric turbulence responsible for the existence of 
VHF and UHF signals far beyond the radio horizon. Preliminary 
results obtained on 172.8 mc and 1046 mc along a 3-1/2 mile path 
are reported. It is pointed out that measurements of this type should 
provide a powerful tool for the study of the size and intensity of the 
refractivity variations of the atmosphere giving rise to the observed 
phenomena. 


INTRODUCTION 


HE STABILITY of the phase of a signal propa- 
gated through the inhomogeneous atmosphere 
is important in considerations of the ultimate 

accuracy of radio direction finding systems and of the 
bandwidth capabilities of the medium. The spatial and 
temporal variations of the refractive index of the 
atmosphere!~* are now considered to explain the ex- 
istence far beyond the radio horizon of useful vhf and 
uhf signal strengths much greater than are expected in 
the absence of such scattering. The magnitude and the 
spatial distribution of these inhomogeneities have been 
the subjects of both ground and airborne measurement 
by a number of investigators. ® Their results have been 
shown to provide a basis for the explanation, at least in 
a qualitative manner, of the transmission loss observa- 
tions made over long propagation paths.*’ The subject 
of this paper is the measurement of the effect of these 
inhomogeneities on the stability of the electrical path 
length (phase of arrival relative to the transmitted 
phase) of electromagnetic waves as they pass through 
the lower regions of the atmosphere. Theoretical as- 
pects of the electrical path length stability have been 
treated in several papers.* 1° 


{ National Bureau of Standards, Boulder, Colorado. 

1A. P. Barsis, J. W. Herbstreit, and K. O. Hornberg, ‘‘Cheyenne 
Mountain Tropospheric Propagation Experiments,’’ National 
Bureau of Standards Circular 554; January 3, 1955. 

2H. G. Booker and W. E. Gordon, ‘‘A theory of radio scattering 
in the troposphere,’ Proc. IRE, vol. 38, pp. 401-412; April, 1950. 

3H. Staras, “Scattering of electromagnetic energy in a ran- 
domly inhomogeneous atmosphere,” Jour. Appl. Phys., vol. 23, 
pp. 1152-1156; October, 1952. 

4C. E. von Rosenberg, C. M. Crain, and A. W. Straiton, ‘“‘Atmos- 
pheric Refractive-index Fluctuations as Recorded by an Airborne 
Microwave Refractometer,’”’ presented at URSI Spring Meeting, 
Washington, D. C.; also Elect. Engrg. Res. Lab., University of 
Texas, Report 6-01, 1953. 

5H. E. Bussey and G. Birnbaum, ‘‘Measurement of variations 
in atmospheric refractive index with an airborne microwave re- 
fractometer,’’ NBS Jour. Res., vol. 51, pp. 171-178; October, 1953. 

6 W. E. Gordon, “Radio scattering in the troposphere,” Proc. 
IRE, vol. 43, pp. 23-28; January, 1955. 

7J. W. Herbstreit, K. A. Norton, P. L. Rice, and G. E. Schafer, 
“Radio wave scattering in tropospheric propagation,’ 1953 Con- 
vention Record’of the IRE, Part 2, pp. 85-93. 


The National Bureau of Standards Cheyenne Moun- 
tain transmitting location 9,000 feet ahove sea level on 
the brink of a steep cliff overlooking the city of Colorado 
Springs (altitude 6,000 feet) was chosen for an initial 
study of the effects of the turbulent atmosphere on the 
phase of radio waves passing through the lower regions of 
the troposphere. Instrumentation has been developed to 
measure (1) the variations in the phase difference of the 
signals at the two ends of a single path and (2) simul- 
taneously the variations in the phase difference between 
the signals arriving over the first path and those arriving 
over an adjacent path. In addition, instrumentation re- 
ported previously! has been developed to measure the 
very small changes in the amplitude of the received 
signal which occur within the radio horizon due either 
to scattering or to these phase variations. The use of 
these two types of instrumentation is expected to make 
possible the evaluation of the parameters important in 
the interpretation of scatter-type propagation mecha- 
nisms particularly when used in conjunction with micro- 
wave refractometers and other meteorological equip- 
ment under a variety of atmospheric turbulence con- 
ditions. 
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Fig. 1—Single-path measurement system. 


DESCRIPTION OF PHASE MEASUREMENT SYSTEM 


The system for measurement of direct phase varia- 
tions along a single path is shown in block diagram in 
Fig. 1. One transmitter on a nominal frequency of 1,046 


mc is located at each terminal of the path and the fre- © 


quencies are held to approximately two parts in 109 


§ P. G. Bergman, “Propagation of radiation in a medium with 
Fyn inhomogeneities,’ Phys. Rev., vol. 70, pp. 486-492; October, 


9V. A. Krasilnikov, ‘“‘The effect of the coefficient of refraction 


in the atmosphere upon the propagation of ultrashort radio waves,” | 


Izvestiya Akademic Nauk, USSR, Seriya Geograficheskaya i Geo- 
fizich, vol. 13, pp. 33-57; 1949. 

_ 10 A. D. Wheelon and R. B. Muchmore, ‘‘Line-of-Sight Propaga- 
tion Phenomena,” Ramo-Wooldridge Corp. Res. Lab. Rep., 1954; 
oe Stee presented at URSI Spring Meeting, Washington, D. C.; 

ay, : 


_ transmitters, 
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Fig. 2—Duplexer-mixer schematic. 
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Fig. 3—Path-difference measurement system. 
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Fig. 4—Cheyenne Mountain 1,046-mc phase measurement system. 


over a period of several hours. The frequencies of these 
T, and 7J:, are so chosen that their 
difference is approximately 9 kc. At each terminal a 
directional antenna is used together with a duplexing 
system such that each antenna simultaneously transmits 
one frequency and receives the other; the duplexer- 


_ crystal-mixer combinations are designated 7,R, and 


T2R,. These mixers are adaptations of coaxial bridge 
type directional couplers arranged with the antenna as 
one leg of an almost-balanced bridge, the crystal mixer 
being in the null portion of the circuit when observed 
from the transmitter, and in the high sensitivity portion 


when observed from the antenna. Thus only a very 


small portion of the high-level local transmitter energy 
appears across the mixer, a much larger portion being 
transmitted by the antenna; simultaneously a large 
portion of the energy received by the same antenna from 
the distant transmitter appears across the mixer. The 
circuit is illustrated in Fig. 2. A coaxial tuning stub is 
used as one capacitive arm of the bridge and also 
provides a dc return for the mixer. 

The variations in the relative phase of the two 9 kc 
signals appearing at the output of the two mixers, one 
at each end of the path, are equal to twice the variations 


in the electrical length of the path. In order to make the 
phase comparison, the 9 kc signal appearing at T)R. 
is transmitted as a modulating signal on a 100-mc FM 
auxiliary transmitter to the other end of the path where 
it is received by a 100-mc auxiliary receiver and com- 
pared in phase by means of a recording electronic phase 
meter with the 9 kc signal detected in duplexer mixer 
TR, . 

In the two-path measurements illustrated in Fig. 3, - 
the signal from the single transmitting system, 7;, is 
received on each of two receiving systems R; and R,, 
some three miles distant from T,. The two heterodyne 
receivers consisting of crystal mixers and audio amplifiers 
employ a common local oscillator which is actually the 
same transmitter, T2, used in the single path measure- 
ments. The spacing of antennas A» and A3 has been 
varied from 20 to 500 feet. The phases of the 9 kc 
signals from receivers R,; and Ry are compared in a 
separate electronic recording phase meter to record the 
variations in the difference in effective electrical path 
length of the two paths p; and pp. 

A block diagram of the complete system which inte- 
grates the two types of measurement (single-path and 
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Fig. 5—Terrain profile Cheyenne Mountain summit to Fort Carson. 


two-path) is shown in Fig. 4. An analysis of the system 
performance is given in the Appendix. 

In order to study the effect of frequency on the effec- 
tive electrical path-length difference an almost identical 
two-path system is in operation at 172.8 mc using equip- 
ment previously developed by E. Florman to determine 
the velocity of radio waves.!! In addition, the University 
of Texas has operated a path-difference system at 9,375 
mc for short periods on closely adjacent paths in con- 
junction with the NBS 172.8 and 1,046 mc measurements. 

11F, Florman, ‘‘A measurement of the velocity of propagation 
of VHF radio waves at the surface of the earth,”’ Journal of Research 


of Nat. Bureau of Standards Report vol. 54, No. 6, pp. 335-345; June, 
1955. 


PRELIMINARY RESULTS OF MEASUREMENTS 


The National Bureau of Standards phase measure- ° 
ment system has been operated over a path from Chey- | 
enne Mountain, Colorado, to Fort Carson for several ’ 
periods of a few days each during the period from 4 
December, 1954, through April, 1955. The instrumenta- 
tion has been undergoing continuous development to 
eliminate various sources of phase instability, the most 
serious of which has been the temperature instability of 
the transmission lines originally employed between the 
two spaced receiving antennas at the Fort Carson re- ‘ 
ceiving site. Much of this phase instability has been 
eliminated by burying the transmission lines under ap- - 
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Fig. 6—Sample phase and refractometer recordings taken on 2140 
Cheyenne Mountain to Fort Carson, Colorado path, March 15, 
1955. (Antenna spacing of 500 feet for double- path measurements. ) 


| proximately one foot of earth; however, steps have been 10 Sooo 
taken to eliminate essentially all transmission lines from ° individual 2-minute sampling periods 
| the 1,046 mc phase difference measurements by the ENE ue St aca CUES Cees 
| installation of two separate single-path systems from 
which the path difference may be directly determined. 
The geographical and terrain configuration of the 
path under study is shown in Fig. 5. The length of the 
direct path between the two sites is about 18,000 feet 
_and the difference in elevation is approximately 2,900 
feet. Simultaneous phase measurements have been made 
| (1) over a single path at 1,046 mc, (2) at 1,046 mc on 
_two paths with receiving antennas 500 feet apart, (3) at 
172.8 mc on two paths with receiving antennas 500 feet 
|apart, (4) at 9,375 mc on two paths with receiving 
antennas 500 feet apart. Simultaneously refractive index 
variations 25 feet above ground were measured at the 
Fort Carson site, and wind speed, wind direction, rela- 
tive humidity, temperature and barometric pressure at 
both the upper and lower sites. Color photographs have 
been taken looking along the path at intervals of five 
| rea to record the existence of visible atmospheric 
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Standard Deviation of Phase Difference Measurements in Dearees 


phenomena such as clouds, dust, and precipitation. an 
In order to illustrate the type of data obtained, short ata Fi ae PN ion 

samples of four kinds of records taken simultaneously 

bi the NBS equipment are shown in Fig. 6; these 

records are believed to be representative of the results Fig. 7—Standard deviation of phase difference measurements vs 

to be expected with equipment difficulties minimized. radio frequency. Cheyenne Mountain to Fort Carson, Colorado 


Fig. 7 gives results of phase difference measurements path, 3:04-3:21 PM, March 18, 1955; antenna spacing 500 feet. 


Frequency in Mc 
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as a function of frequency for a short sample of data 
taken from a period when 9,375-mc data were being 
recorded simultaneously with those on frequencies of 
172.8 and 1,046 mc; the 9,375-mc data were taken by 
the University of Texas. The standard deviation of 
phase differences, og, was obtained for each of six 2- 
minute sampling periods mentioned above. At the time 
these data were taken, the antenna spacing on all three 
frequencies was nominally 500 feet. It is evident that 
gq Was observed on this occasion to be very nearly di- 
rectly proportional to the radio frequency in accordance 
with current theoretical predictions.*—!° On other occa- 
tions this linear frequency dependence of og was not 
found, but it is possible that equipment difficulties were 
responsible for these deviations from prediction. Further 
measurements with improved systems are planned for 
this summer with transmitters on Pikes Peak, and an 
opportunity will then be afforded for a further check of 
this frequency law and of other theoretical predictions. 
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Fig. 8—Correlation coefficient of instantaneous phase difference 
vs time displacement. Cheyenne Mountain to Fort Carson, 
Colorado path, 3:16-3:18 PM, March 18, 1955. 


In Fig. 8 the correlation coefficient is shown for one of 
the 2-minute sampling periods as a function of relative 
time displacement of the two records being compared. 
Going from south to north, the 1,046 mc, 172.8 mc, and 
9,375 mc antenna systems were located on the baseline 
in that order, with approximately 50 feet separation 
between centers. The average wind speed was approxi- 
mately 7 feet per second and essentially normal to the 
path. For the 50-foot system spacings, time delays of 
about 7 seconds in the correlation coefficients would be 
expected provided the atmospheric inhomogeneities 
which caused the changes in phase difference were moving 
with the average velocity of the wind. It is seen in Fig. 
8 that the time delays corresponding to maximum 
correlation are of the correct sign, but their magnitudes 
are not in agreement with the above hypothesis. 


A further variable which may be important in certain 
applications of systems depending upon the phase 
stability of propagation paths is the rate of change of 
electrical path length. Results of this type are also 
obtainable from these data. 

Although the measurement of the meteorological 
factors considered important in producing variations in| 
the effective electrical path length have been made at 
both ends of the propagation path under study, little or 
no correlation has been found thus far between the} 
meteorological data and the radio data. Of course, it 
should be realized that a complete knowledge of the} 
meteorological conditions in the volume of space along’ 
the path would be necessary to define adequately the} 
propagation conditions. It is expected that refracto-\) 
meter measurements taken in an aircraft flying along} 
the path will be more representative in this regard. 


CONCLUSIONS | 


A system of measuring the variability of the effective/ 
length of the electrical path has been developed by the}; 
National Bureau of Standards. This system measures} 
simultaneously (1) the variations in the effective elec-5 
trical length of a single propagation path and (2) the} 
difference in effective electrical lengths of propagation’)! 
paths from a common transmitter to each of two spaced}: 
receiving antennas. These two sets of simultaneous 
phase measurements are expected to provide valuable? 
data for the study of the nature of the refractivity/ 
variations of the atmosphere. 

Wheelon and Muchmore!® have derived theoretical} 
expressions for the mean square phase variations of the[ 
direct wave which contain as parameters the frequency, } 
the mean path length, a mean scale of turbulence and the}|} 
mean square variation of the refractivity along the path. ; 
Wheelon, in a paper presented at this symposium?? has 
derived expressions, depending principally upon the 
scale of turbulence, for the correlation of the effective! 
electrical path lengths expecttd on two neighboring j 
propagation paths. These theoretical derivations arep 
based on various models of the turbulent atmosphere} 
designed to explain scatter-type tropospheric propaga- 
tion. Thus, our measurements of the variability of | 
electrical path lengths provide a means for studying the J 
applicability of these assumed models of the atmosphere}. 
and provide a radio measure of their parameters. 


APPENDIX 


The system for the measurement of the variations in 
the electrical path length essentially measures the 
variations in the time of propagation over the path. 
Variations in the time of propagation may be consideredit 


A. D. Wheelon, ‘‘Near-Field Corrections to Line-of-Sight : 
Propagation,” presented at the URSI Symposium on Electro-|} 
magnetic Wave Theory, University of Michigan; June, 1955. | 
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in terms ot variations in the phase of arrival of the signal 
propagated with respect to a reference signal which has 
adequately stable phase characteristics. In the single- 
path system, signals are transmitted from both ends of 
the path. These same signals are also used as the phase 
reference signals after the time taken to traverse the 
path. This requires, in order to be able to measure the 
variations in transit time over the path, that the signal 
sources must have, over the transit time period, phase 
fluctuations which are small compared to the variations 
in phase of arrival introduced by the inhomogeneities of 
the propagation medium along the path. Since the 
signals are propagated in opposite directions, the transit 
times in two directions, even for the same time of transit, 
could conceivably be different particularly if changes in 
the medium occur nonuniformly along the path during 
the period of transit. There is a further complication 
introduced by the fact that the phase information for 
propagation in one of the directions must be transmitted 
to the point of phase comparison which requires an 
additional period of time. 


The operation of the phase measurement system may 
be explained in the following manner: A signal of 
angular frequency we leaves transmitter 7, at one end 
of the path and is propagated along this path toward 
the duplexer-mixer 7,R.. After being in transit for the 
time interval Af, this signal arrives at the opposite end 
‘of the path where it is received with the phase 
we(1 + 3)At, and is heterodyned with the signal of 
frequency w,(3) being transmitted from that end. The 
notation w2(1 + 3) indicates the frequency of trans- 
mitter JT, at time (¢ — At, — At3) while w1(3) denotes 
the frequency of T; at time (¢ — At;); ¢ is the time of 
phase measurement, and Af; is the time required for 
the mixed signal to be transmitted over the 100-mc link. 
The value of the difference frequency at 7 Re is 
[wo(1 + 3) — w,(3)]. Similarly, a signal of angular 
frequency w leaves transmitter 7, and traverses a path 
towards duplexer-mixer T2R, where it arrives at some 
time Afe later with the phase w;(2) At. and is heterodyned 
with a signal from the local transmitter 7; , having an 
angular frequency of w2(0) at this time. The value of the 
difference frequency at T2R; is [w2(0) — w1(2)]. 

In general, since the structure of the atmosphere 
between the two sites is undergoing continuous change, 
the transit times for the signals traveling in opposite 
directions will not be equal to each other even when the 
signals are transmitted simultaneously from the opposite 
ends of the path. This difference in the transit times has 
been indicated above by using Af; and Af. . 


The actual measurement consists of obtaining the 
difference in phase between the two difference frequency 
signals just described. Since the system requires that the 
difference frequency signal generated at 7\R:z be re- 
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turned to the other end of the path for comparison, this 
signal experiences the additional delay At3 which is the 
time required for its transmission over the 100-mc link. 
Thus the signals responsible for the final phase com- 
parison are those which were transmitted earlier by the 
interval At, + Ats for the signal from transmitter T~» 
and by Ate for the signal from the transmitter T,. 


The results of the above discussion may be sum- 
marized in the following equation: 


pi we(1 oo 3)(t aa At, r= Ats) = w1(3)(¢ ——d Ats) 
— [w2(0)t — w,(2)(t — Ate)] 
[we(1 + 3) — we(0)]t — w1(2) Ate — weo(1 + 3) Ati 


+ [wi(3) — wo(1 + 3)JAts + [w1(2) — w1(3)]2, 


ll 


(1) 


in which ¢; is the instantaneous phase difference between 
the two difference frequency signals measured at the 
location of transmitter T2 at reference time ¢; w2(0) 
is the angular frequency of transmitter TJ, at time ¢; 
we(1 + 3) is the corresponding value of we at time 
t — At, — Ats ; w(2) is the angular frequency of trans- 
mitter 7, at time ¢ — Af, ; and Afz is the transit time 
for a signal arriving at T2R, (from 7)) at time ¢. 


From (1) it may be seen that in the case where 
[wi(3) — we(1 + 3)] K we, the effect on ¢1 of variations 
in Ats may be neglected. This equation also illustrates 
the way in which the frequency stabilities of the trans- 
mitters 7; and T» directly influence the relation between 
the measurements and the propagation path behavior. 
In the system used for these measurements, At) ~ 
Ale a Aig 20) us, and wersn wien 2 me 0s radians 
per second. Under these conditions, [ws(1 + 3) — we(0)Jé 
will introduce an error of 0.14 degrees as a result of the 
interval At, + Atz; when the stability of the frequency 
we. is of the order of one part per 100 million. Since the 
interval Atg — At; may be made essentially zero, the 
term of [w:(2) — «,(3)|¢ will introduce negligible error. 
Thus the utility of the system is limited fundamentally 
by the ‘‘noise spectrum” of the frequency of trans- 
mitter 72. 


If the frequency drifts [wo(1 + 3) — we(0)Jé and 
[w1(2) — w1(3)|¢ are made sufficiently small, (1) becomes: 


(2) 


and the measured ¢; will be a function of the propagation 
path during the two intervals At, and At; , which do not 
coincide in time. A first-order correction may be made 
by inserting an additional time delay in the signal 
generated in duplexer-mixer T2R: equal to the delay 
involved in the transmission over the 100 mc link 
(At3). By introducing such a delay, an expression for ¢1 
is obtained similar to (2) but in which the two transit 
times are essentially concurrent. This delay also has 


$1 = —w1(2)Ate — wo(1 + 3)An , 
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the effect of decreasing the importance of the frequency 
stability of transmitter T, , but increases proportionately 
the influence of the frequency stability of transmitter 
T,. Preliminary experiments using such a delay line 
failed to show any significant differences in the measure- 
ments. However, due to equipment limitations simul- 
taneous measurements of both delayed and undelayed 
signals were not made and it is felt that the preliminary 
tests are, therefore, inconclusive. 

The development of an expression for the phase 
difference ¢;, over two paths of the same physical 
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length is much simpler since the signals travel along 
both paths simultaneously. Thus 
ba w(2)(¢ aoa Ate) = w1(4)(¢ a At4) 

[w1(2) — wi(4)]t + 01 (4)Ats — wi(2)At,, (3) 
where w;(2) is the transmitted frequency at time ¢ — 
Ate , w:(4) is the transmitted frequency at time ¢ — At, 
and Af. and At, are the transit times over paths p; and 
pe respectively. In this case it should be noted that there 
is only a very small second-order dependence on trans- 
mitter frequency stability to the extent that Af, differs 
from Af, . s 
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Conditions of Analogy Between the Propagation of Electro- 
magnetic Waves and the Trajectories of Particles of Same 
Spin with Application to Rectifying Magnetrons 
J. ORTUSIt 


_Summary—The object of this article is the study of the bi- 
univocal correspondence established by the Pauli principle between 


the internal energy of a particle and the frequency of the associated 
wave in media which are the seat of strong coupling between the 
particles and when their spins are in a favored direction. 

In Section I, the determinantal forms of antisymmetrical wave 
functions are investigated, these being valid both for crystals and 
for electronic plasmas. It is shown that, starting from this determi- 
nant, two complementary series of wave functions can be con- 
structed. Depending on the internal energy, two types of com- 
plementary particles are thus obtained: (1) free electrons associated 
with real waves, and (2) holes associated with evanescent waves. 

In Section II, a study is made of the mathematical analogy 
between the Schrédinger equation and the tropospheric propagation 
equation. It is shown that the potential energy can be assimilated 
to the refraction modulus and that the group velocity of the propaga- 
tion around the earth can be assimilated to the group velocity of the 
complementary particle. 

By a very simple correspondence, the real modes of propagation 
predict the formation of holes while the imaginary modes of propaga- 
tion predict the formation of free electrons. A special study is made 
of the analogy between the index barriers of the inversion layers 
and the potential barriers of the barrier layers. This analogy enables 
the existence to be predicted of purely electronic barrier layers 
without the need for any material support. 

In Section III, the rectification and photoconduction properties 
of these electronic barrier layers in magnetrons and in traveling 
wave magnetron detectors are considered. Their analogies with 
and differences from the barrier layers of p-n junctions are ex- 
amined. Finally, in the conclusion, the advantages and description 
of radar detection arrangements devised, on these principles, by 
the Compagnie Générale de T.S.F. in Paris, are set out. 


INTRODUCTION 


As is well known, particles are divided into two main 
classes: 

Particles not coupled together, known as bosons, cal- 
culated by the Bose-Einstein statistics. 

Particles coupled together, known as fermions, calcu- 
lated by the Fermi statistics. 

In the latter case, the particles obey the exclusion 
principle. Only two particles, of different spins, may 
occupy the same energy level. However, in numerous 
examples in physics, crystalline or noncrystalline media 
are considered, which contain electrons whose proper 
magnetic moment has a favored direction; e.g., in 
the presence of external magnetic fields. The study of 
such media is then conditioned by the study of the elec- 
tronic media in which spins are identical. 

In such media, the exclusion principle establishes a 
bi-univocal correspondence between the particle energy « 
and the frequency of the wave »v associated with this 
particle. This bi-univocal correspondence allows the 
decomposition, by the phase integral method, of the 


¢ Compagnie Générale de T.S.F., Paris, France. 


wave function of NW particles into its elementary com- 
ponents each defined by the frequency of the elementary 
wave. This frequency will represent, by the Einstein 
relation e = hy, the energy of the particle corresponding 
to this elementary wave and the amplitude of the 
elementary wave will represent the density of particles 
having this energy. 

In what follows, we shall use this bi-univocal corre- 
spondence in order to find analogies with the studies of 
tropospheric propagation. 

Both the crystalline media, in which the wave func- 
tions are periodic and are represented by space har- 
monics analogous to Fourier series,.and electronic media, 
with high space charge causing particles to be coupled 
together, will be considered; the wave functions in the 
latter media are then nonperiodic and are represented 
by space harmonics analogous to Fourier integrals. 

In Section I, we shall examine the general form of the 
wave function in such media and establish that they 
contain particles complementary to the free particles, 
associated with evanescent waves. In section II, we shall 
examine the mathematical conditions enabling analogies 
between the wave functions in these media and tropo- 
spheric propagation to be predicted. In Section III, these 
conditions will be utilized in order to predict the existence 
of electronic barrier layers, even in the vacuum, without 
any material support, and to study their properties in 
detecting magnetrons. ‘ 


I. GENERAL FORM OF THE WAVE FUNCTION 
IN MEDIA WITH COUPLED PARTICLES 


Anti-Symmetric Wave Functions 

Let us consider WN identical particles; e.g., N electrons 
in the same sublayer, in a system of N atoms first con- 
sidered as being infinitely far apart. Plotting as ordinates 
the energy of each electron (energy level diagram) and as 
abscissae the inter atomic distance, it is of course found 
that the N levels then merge in a single horizontal line. 

But, when the inter atomic distance is reduced, the 
energy levels are distributed over N values which are 
further apart as the distance d diminishes. These NV 
values constitute a band of energy levels. 

This theorem, which constitutes -auli’s exclusion 
principle, can very simply be interpreted physically. 
Each electron can be assimilated to an elementary 
resonator with a resonance frequency v and a stored 
energy e connected with »v by the Einstein relation 
e = hp. 

When the interatomic distance is very large, there is 
no coupling between the resonators which then all have 
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the same resonance frequency, and hence the same 
energy. 

When the interatomic distance diminishes, a certain 
degree of coupling arises between all resonators, because 
of the interpenetration of the associated waves. 

Because of this coupling, each resonator has its 
resonance frequency modified.~By analogy with the 
theory of coupled circuits, it is known that there are 
then WN different resonance frequencies, and, hence, N 
different values of the energy—with greater spacing as 
the coupling increases. 

This theorem is expressed by quantum mechanics. The 
possibility of distinguishing between two particles, when 
the spectral distributions follow a Gaussian probability 
law, is then defined, on the basis of the principle of un- 
certainty, by the possibility of expressing the wave func- 
tion in the form of a normal probability law. 


| TUR (x—z)? 
al age 
or 
Mt cS a » ev iny (I-2/V) (1) 
avr 
where a is the precision parameter of the normal law; 
(a2 = Ax), x is the mean value of the position x 


(x = vt), V is phase velocity, and v, is group velocity 
connected with V by the relation 
mVv, = mc? = « = hy. 

This possibility is excluded within an atom in which 
the distinction between the various electrons only 
expresses the existence of the energy levels of the various 
layers. It exists between the electrons of different atoms, 
well separated from each other. Two identical particles, 
i.e., particles capable of being interchanged without 
physical change in the phase configuration, can then be 
distinguished. 

In consequence, let ¥i, 2, --: Wy, °*: Ww be the 
respective wave functions of N identical particles, of 
same spin, in the corresponding space of each. 

Let us designate by ¢y the normalized wave function 
corresponding to the simultaneous presence of the N 
particles. When there is no interaction between the 
particles, the probability of simultaneous presence in 
each space is the product of the probabilities of presence 
of each particles in the corresponding space: 


ov = Kyive -:: ¥5 +++ Ww, (2) 
K being a normalization coefficient. 

Such a wave function is said to be symmetrical because 
the interchange of two particles leaves the function dy 
unchanged. 

Conversely, when a certain degree of interaction exists 
between identical particles, it is necessary to define the 
wave functions associated with the presence of a particle 
in the various spaces attributed respectively to the other 
N — 1 particles. 

These coupling functions are represented by the 
notation ¥;(k) with] # k. 
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The notation y;(j) represents the wave function 
corresponding to the proper space of the particle of | 
order j. | 

The expression of the wave function ¢y , when the 
coupling between the particles is suitable, is given in the 
form of a determinant: 


se oWi(R) + Wig) ++ WiC) 
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Wn (1)+ + -Yw(k)+ + -Yw(7)> > Yn (WV) 


K’ also designating a normalization coefficient 
Such a wave function is said to be anti-symmetrical § 
because the exchange of two particles modifies the sign 
of dy . It is clear that the exclusion principle is an im- 
mediate consequence of the determinantal form of the 
anti-symmetrical functions. If the particles of order 7 | 
and k have identical wave functions, including the 
coupling wave functions, the determinant then has two 
identical rows and is therefore zero. 
Complementary Particles — 

Let us also consider a number WN of particles of same 
spin obeying the exclusion principle. We have just seen 
the determinantal form of the wave function associated 
with the simultaneous presence of JN particles. 

An important problem is that of establishing the new 
form of the wave function when one particle is dissociated - 
from the other N — 1 particles. 


The dissociation of this particle implies that the | 


associated wave function ¢ is to be given the particular 
form u, of (1), representing the wave packets. 


Such a particle is said to be free. It is characterized 
— = 
by its velocity v, its momentum # and its energy e. 
These magnitudes are connected by the relation 
— — 


v = grad, «(p), (4) 
in which the gradient operator is applied to the repre- 
Samara 


sentative space of vector p. 


i 


Ws 


Fig. 1—Variation of energy and velocity with crystal momentum 
within a Brillouin zone. 


—> ! 
In a crystal, p is called crystal momentum. The func- | 
ak 


tion e(p) is represented in Fig. 1 within the Brillouin | 
zone. { 
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For the cross-hatched part of the curves, the following 
relations can be written: 


> = > 

Dip my 
p? 

aE yy (LC tel Pe 8 (S) 
2m 


where e€, is a universal constant and e, is the positive 
kinetic energy of the free particle. 
Also, the wave function has, for a proper solution, 


within the crystal, a Bloch function: 


= aed 
Vs = v(rjermersip? 


: (6) 


r designating the position vector, and v(r) a periodic 
function with respect to the crystal distance d. 

The Bloch functions, being eigenfunctions, can, in 
accordance with the weil-known properties of eigen- 
functions, be employed to represent the function as- 
sociated with the free particle [(1)] in the form of a 
series. 


= j=N 
unlr, ) = > ai(-¥y. (7) 


Similarly, these functions can determine, in accordance 
with the process examined in the preceding paragraph, 


the wave function u,(7, ¢) associated with the simul- 
taneous presence of the N — 1 remaining particles. 

If we consider the determinant of (3), where the 
terms y; are Bloch functions, [6], it is clear that each 
minor term M;, of this determinant represents an anti- 
symmetrical eigenfunction which is a solution of the 
Schroedinger equation associated tc the presence of 
N — 1 particles. It is then possible to establish the solu- 
tion! from a series of these eigenfunctions: 


u(r, t) = > bj(t)- M; . (8) 


Calculation further shows that 0; is no other than the 
complex conjugate quantity of a; : 

b; = a,;* (9) 

Also, because of the possibility of being able to add 
the eigenvalues corresponding to the eigenfunctions 
constituting the determinant, the eigenvalue of the 
energy of the eigenfunction M; is equal to 
Ey » (10) 
e, designates the constant total energy, and «,; is the 
eigenvalue of the energy corresponding to the eigen- 
function y; . 

By definition, we shall designate the eigenfunctions 
y; and M;, by the term complementary eigenfunctions. 

The particles whose wave functions are given by the 
series (7) and (8) will be designated as complementary 
particles. 

We have already examined the case of the particles 
defined by series (7). These particles are free particles 
(electrons or ions). The particles defined by series (8) 
are called holes in the case when the JN particles are 


1Shockley, “Electrons and Holes in Semi-Conductors,’’ Bell 
Labs. Ser., p. 442; 


SiG = Gil = 


361 


electrons, and deficiency ions in the case when the NV 
particles are ions. 

It is easy, using (9) and (10), to show that holes and 
deficiency ions have the following complementary 
characteristics respectively for free electrons and free 
ions. Their masses are of the same order of magnitude; 
their charges are of opposite sign. Eq. (4) is applicable 
to the complementary particles. But the (5) becomes: 


> —- 
pb = imv 
p? 
Bites avr nor rahe coi. SU ao alee (5 bis) 
m 


Similarly, the form of Bloch function (6) becomes 


i 
Wp = u(r)e? te. (6 bis) 

— 
The value of p being purely imaginary, the wave 
function y, represents a pseudo-periodic evanescent wave, 
and ¢«, is < 0. Similarly, the representative form of the 


evanescent wave packet associated with a hole circu- 
S 


lating at a velocity v, when the spectral distribution also 
follows a Gaussian probability law, is given by equation 


(1 bis) 
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Further, (10) shows that two particles of kinetic 
energy ¢, and e,; are complementary if the relation e, + 
€,.= 0 is verified, and so velocities are the same. 


II. CoNnbDITIONS OF ANALOGY BETWEEN THE 
TRAJECTORIES OF PARTICLES OF SAME SPIN 
AND TROPOSPHERIC PROPAGATION 


Decomposition into Real Modes and Evanescent Medes of 
the Tropospheric Field 

It is well known that the field of a tropospheric 
propagation, according to the classical calculation 
method, is given by a series of real or of evanescent 
modes according to the shape of the index profile curve. 
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Fig. 2—Variation of modified index N = n + 2/R or of M = 
(N — 1)-10% 


Fig. 2 shows curves of index profile giving, as a function 
of the height z, the modified index NV = n(z) + 2/R or 
the modulus of refraction M = (N — 1)10.° 

The solution giving the field at a point P at a distance 
d from the transmitter and at height z, is given by the 
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well-known Sommerfeld integral. The solution of this 
integral in the form of a series of modes constitutes the 
Fundamental Theorem. According to this theorem, the 
mode of order 7 of the vertical component of the hertzian 
vector (and, by differentiation, the electromagnetic field) 
is given, at great distance, by the formula 


etlnd 


Va 


-U(Z, bn). 


The function v represents the gain in height and its 
proper values determine the real or evanescent nature 
of the mode. It is given, with appropriate boundary 
conditions, by the solution of the differential equation 


Veet (Ro? N(2)? =a [n?)v =) Waid (25 = =, 


(7) 


(11) 


where X, is the wavelength. When uz, is real, the wave is 
real. The mode is called a Gamow mode. When u, is 
imaginary, the wave is evanescent. The mode is called 
an Eckersley mode. 

In the case of the standard atmosphere, the index N 
varies linearly as a function of z and it can be shown 
that, at a sufficient distance, only the Eckersley modes 
are possible. This happens whatever the dielectric con- 
stant and conductivity of the ground. 


Conversely, in the case of an inversion layer (the right 
curve of fig. 2), it can be shown that there exist Gamow 
modes created inside the inversion layer which acts like 
a waveguide. These modes are fairly independent of the 
dielectric constant and conductivity of the ground. 


Mathematical Conditions of Analogies 


In this Section, we shall show the profound analogy 
which exists between tropospheric propagation and the 
propagation of the wave associated with a particle when 
the potential energy depends only on the co-ordinate 
z, (II = I (@)| 

An elementary particle is defined by: 

the position O, 


SS 
the velocity v. 


the rest mass m, of electrons and holes, 
the internal energy €n = €, + €, in which 
€, is a universal constant equal to 5.10° eV, 
e, is the kinetic energy, positive for an electron, 
negative for a hole, 


€, is connected with v by the relation common to both 
elementary particles | é, | = mv". 

This relation, in the case of solids, remains valid for 
the centre of the Brillouin zone, corresponding to energy 
levels close to the Fermi level. 


Schroedinger Equation. The trajectory of the particle 
assumed to be on an axis O,, the associated wave, in 
cylindrical coordinates z and 7, will be represented by 
the expression 


vil(r, z)eien! = o(r, ze! nt — ket) : 
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in which 
Wn = kpc = ene 
An 
is the angular frequency, 
2 
k, = — 
Xz 


is the propagation constant. 
When bk, is very small compared to k,, the function 
¢1 must satisfy the Schroedinger equation 
81°Mn 
h? 


Ag; + (en — IIw)¢gi = 0 (12) 

According to the bi-univocal correspondence of 
energy and frequency in particles of same spin, to any ¥ 
mode of the function g, there should correspond a } 
particle, with the two following reservations: 

1. The eigenvalue e, must be a positive real number 
equal to the internal energy of the particle. 

2. To correspond to the solution of the stated problem, 
the associated wave must satisfy the uncertainty rela- 
tions relevant to that problem. 


In that case, the wave associated to the particle is 
similar to a wave carrying a signal having a Gaussian 


spectral distribution with A, as parameter and propa- & 


gated in a circular waveguide of O, axis whose radius } 
A, is of the order of the wavelength at rest. 


The energy is exponentially attentuated outside the 
guide. Inside it, there is a constant energy E,. This is the 
case of the particle at rest, when the wave length X, is 
infinite. When the energy is modified along a certain part 
of the guide having a Gaussian distribution with A, as 
parameter, one can speak of the circulation in this part 
of a particle. 


When the energy E, is increased, it is an electron 
analogous of a wave upon the sea. 

When the energy £, is decreased, it is a hole analogous 
of a vortex under the level of the sea. 

In cylindrical coordinates, the diameter 2A, of the 
guide is given by the uncertainty relation and its mini- 
mum is equal to the wavelength at rest. 

We have therefore: 


Onin ee (13) 
™M oC Ro 


\». wavelength associated with the particle at rest. 

To each eigenvalue e, there will correspond, under 
condition (13), a particle of velocity v, and mass m, | 
bound by the classical relations 


ag me es 
€nmr=aaGe Vn Mo Rn 
Jeo] = dred,’ D. tf sleet (14) 
CG. = M oC? Vn M nV n ie q 
oes Cla el As 2a 
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with the relativity condition 
En = Eo + & 
which gives 
Rye Vee ORs 

When e, is greater than €,, k,? is positive; the mode is 
real. The particle associated to the eigenvalue e, of (12) 
is a free electron (e, > 0) 

When e, ts less than €,, k,? is negative; the mode is 
evanescent. The particle associated to the eigenvalue e, of 
(12) is a hole (e, < 0), complement of the free electron 
of same velocity v,. 

Conditions of Analogy Between the Equations. Let us 
take up (12), separating the variables by making 


gilr, 2) = ¢(r)p(z)e"**. 
The Schroedinger equation is reducible to the two differ- 
ential equations: 


Cais SRT YET) (15) 
V6 
2 
ee 11 y = Go? BA Wem 0: = (16) 


h2 

o designating a constant. 

The first equation is integrable and has the solution 

6 ES Gab 
In actual fact, when considering the wave associated 
with a particle in the presence of P particles, it can be 
shown that the Bessel function J,(¢7) must be replaced 
by the function 
J lo(r — rp] eS 
ee 
J dor p| 

in which or, designates the Pth root of the function J,. 

In order that this function may represent a solution 
connected with determination of a trajectory, we must, 
in addition, have Av (min) equal to the distance ob- 
tained by the first two zeros of the function £1. 

If P is fairly large, it is readily seen that 


oAr (min) = z. 
Taking into account the value of Av supplied by (13), 
we have 


C = Re. 
Eq. (16) becomes, for this value of o, 
Dieses 
vy” +" [e, — U(z)ly — ka = 0. (17) 
Eo 


By a limited development, assuming k, K k., and 
Il(,) «e,, we have 


and 
(18) 


y+ Ee a ie) 
Eo 


Comparing (18) with the equation for tropospheric 


propagation (11), 


vw” + [k.2N(z)? — uly = 0, (11) 
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it is seen that (18) and (11) can be identical, when 
N(,) is close to unity, provided we set 


TI(z) 


En 


N(z) — 1 = M(z)10-§ = — 


in Hohe 

As will be readily seen, these relations are remarkably 
simple. Thus, apart from boundary conditions, a propa- 
gation problem can be assimilated to that of the trajec- 
jectory of a particle with a given potential energy II(,), 
when the following conditions are fulfilled: 

1. The potential energy II (z) 1s assimilated te the modulus 
of refraction M(z).* 

2. The group velocity of the propagation along the earth 
ts assimilated to the group velocity of the complementary 
particle along tts trajectory. 

But the solutions can be identical only if the boundary 
conditions are the same or if they have no great influence 
on the form of the solutions. 

In the case.of free particles, the boundary conditions 
are always verified, and there are no eigenvalues for 
€. 

In the case of bound particles, the boundary condi- 
tions require that e, as in the case of yw, shall take a 
group of eigenvalues én. 

Application of the Analogies between the Two Studies 

The application of this analogy consists of certain 
predictions relative to trajectories and, consequently, to 
transient phenomena and the mean free path of the 
particles bound to the function ¥,). In general, and 
within boundary conditions, , 

The Gamow modes, corresponding to real modes, will 
be assimilated to waves associated to the relevant com- 
plementary particles, i.e. to holes; 

The Eckersley modes, corresponding to evanescent 
modes, will be assimilated to waves associated to the 
relevant complementary particles; i.e., to electrons. 

The importance of the value of the index gradient 
stresses the important role played by the potential 
energy gradient, proportional to the electric field 


"a 1 
— EF = —grad II(z) = grad V(z); 
€ 


e designating the charge, negative for the electron and 
positive for the hole. We shall consider exclusively two 
particular cases of assimilation: 

1. Assimilation of the Standard Atmosphere 

This can be assimilated to a linearly variable potential, 
hence a relatively weak constant field. This is a very 
general case where the potential follows Ohm’s law. 

It has been stressed that the only possible modes of 
propagation are then the Eckersley modes, this being sc 
for any boundary condition. 

There results, by assimilation, the following principle: 

When, in a solid or in a vacuum, the electric field 
remains constant, only the electron particles can circu- 

2, is a universal constant which can be taken as a potential 


energy unit. We can also write M(z) = —2II(z) if I(z) is expressed 
in electron volts. 
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late under the influence of this field. No holes can be 
generated. 

2. Assimilation of Superstandard Atmosphere with an 
Index Barrier 

This case is assimilated to that of a potential with a 
sudden discontinuity. Fig. 3 shows two examples of 


Magnetron anode 


Gy 
—__» 
+ 


Rechtying conlact 


‘potential barriers.’’ The first is that of the potential 
barrier of an nm type semiconductor—metal contact or 
a p—n junction polarized in the direction of low imped- 
ance; the second is that of the potential barrier created 
by the narrow ring of space charge existing in a magne- 
tron in the cut-off state (Gutton-Ortusi theory).’ Fig. 3 
is similar to the classical curve of the index profile with 
an inversion layer of Fig. 2. 


It has then been stressed that, besides the Eckersley 
modes, certain Gamow modes are possible in that case 
for low values of 4». These modes are created by the 
passage into the inversion layer and are substantially 
independent of the boundary conditions. 


There results, by assimilation, the following principle: 


When, in a solid or in a vacuum, the electric field 
varies suddenly, some of the particles which cross the 
potential barrier consist of holes. These holes are com- 
plementary to electrons of low kinetic energy. They are 
created 1n the barrier layer representative of the potential 
barrier. 


Il]. THe ELectronic BARRIER LAYERS AND THEIR 
APPLICATIONS TO DETECTOR MAGNETRONS 


We have examined, in Sections I and II, the properties 
of the regions of space with very high electron density. 
These properties are very close to the properties of 
solids. In particular, the zones of sudden variation of the 
electric field constitute, even in vacuum, electronic barrier 
layers, generators of holes and are analogous to the barrier 
layers which exist in p—n junction in semiconductors. 


These barrier layers exist in positive grid tubes in the 
neighborhood of the anode. We shall study their proper- 
ties in magnetrons in the cutoff state or in traveling- 
wave tubes with crossed electric and magnetic fields. 


3 This theory is explained in: ““UHF modulation on waveguides” 
1947 Radio Convention of the British Institution of Radio Engineers 
20th May in Bornemouth, England; See also Onde Electrique, vol. 
27, pp. 307-312, August 1947 and Fechner, Ann. Radioelect., vol. 
28, pp. 83-105, April 1952. 
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Space Charge of the Magnetron in the Cutoff State [Fig. 
4a)] 
For its distribution, we shall take the hypothesis of 
H. Gutton and J. Ortusi.4 The space charge is concen- 


trated in a ring of very small thickness situated in the 


interelectrode space near the cathode [Fig. 4 (b)]. This 


ring of large charge constitutes an electronic barrier layer } 


with all the properties of the surface barrier layers of 
solids, but with the difference that it possesses a reso- 
nance frequency », given by the equation 
eH 
i 


(19) 


Vis = Oy = 


This electronic barrier layer possesses the same 
rectifying properties as the barrier layers on the surface 


of separation of two semiconductors; e.g., between two } 


regions of germanium with positive and negative im- 
purities (p-7 junction). 


Wo = eH 
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Fig. 4. 


Assimilation with a p-n Junction—Mechanism of Recti- 
fication 
1. Figs. 5 (a) and 5 (b) show this assimilation and 
explain the action of these two barrier layers, by the 
creation of complementary particles associated with 


evanescent waves [holes in Figs. 5 (a) and 5 (b)| and 


by their circulation during the positive phases of the 4 


ac voltage V. 
2. Figs. 6 (a) and 6 (b) show the circuit equivalent to 


the two barrier layers. The ratio R2/R, can reach 10.° § 


The p-n junction, fixed barrier layer, possesses a limit 
upper frequency w,. An ac voltage is developed at its 
terminals if wa << w,. The electronic barrier layer, 
mobile barrier layer, possesses a resonance frequency. An 
ac voltage is developed at its terminals if w # w,. 


3. Fig. 7 (a) shows a characteristic rectification curve 
of a p-m junction. Curve 1 corresponds to the circulation 
of holes. Curve 3 corresponds to a circulation of free 
electrons by Zener effect. Fig. 7 (b) indicates in full 
lines, the rectification curve of a magnetron, expected 


by analogy with Fig. 7 (a), when w # w, ; the origin O 
being situated on a point on the static curve of the | 


magnetron (shown in dotted lines). 


‘This hypothesis has been verified by the electron diffusion — 


experiments of Reverdin, Jour. Appl. Phys., vol. 22, p. 257-000; 
1951. The curve of Fig. 4 (b) and the various resonance frequencies 


of the ring have been calculated and verified by Fechner, Ann. 1 


Radioelect., vol. 29, pp. 199-220; July, 1952. 
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Fig. 6. 


4. Fig. 8 (a) shows the variation of the rectified cur- 
rent as a function of | V | in the case, rare in p-72 junc- 
tions, where the slope of Curve 3 is greater than that of 
Curve 1 of Fig. 7 (a). 

A curve is obtained which is rigorously linear for 
| V | < V, and a positive rectified signal Ip, [according 


to the conventions of Fig. 5 (a)] followed by the inver- 
_ sion of the signal corresponding to the Zener effect . 


Fig. 8 (b) shows the EXPERIMENTAL curve of the 


| variation of the rectified current as a function of | V | 
in a magnetron in the cutoff state (Ip, = AI,). This 


curve is identical to that of Fig. 8 (a). The region of 
positive linear rectification is obtained, in a full anode 
magnetron, for ac powers comprised between 107!” and 
10-° watts. It corresponds to the circulation of holes. 
The region of negative rectification corresponds to the 
circulation of free electrons by a breakdown effect of the 


barrier layer analogous to the Zener effect. 


Interpretation of the Experimental Curve of Fig. 8 (bd). 

1. The hypothesis of an electronic barrier layer with 
the properties of a solid allows of the complete prediction 
of all the characters of the experimental curve and of 
measuring the breakdown voltage V,. 
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2. The hypothesis of a barrier layer on the cathode 
can explain neither the resonance frequency, nor the 
inversion of the rectified signal. 


3. The hypothesis of the modulation of the ring can 
explain the phenomenon of resonance and negative 
rectification (the ring being very close to the cathode). 
It can explain neither positive rectification, nor its 
linearity for very weak signals. 

4, Finally, in positive grid triodes, the same phenom- 
ena are observed experimentally in the neighborhood of 
the anode when its voltage is near zero. The double 
rectification, first positive, then negative, of Fig. 8 (b), 
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is observed. The resonance frequency of the electronic 
barrier layer here depends on the anode voltage. 


Properties of Electronic Barrier Layers 

Their properties are those of solids, to which they can 
be assimilated. 

1. They present the phenomenon of rectification by 
barrier layer and emtssion of holes, as has just been seen. 

2. They present the phenomenon of dispersion of 
electronic waves under the action of an electron bombard- 
ment with a diffusion zone replacing the Bragg rings. 
This phenomenon was demonstrated by Mr. Reverdin.‘ 

3. They present the phenomenon of luminescence, 
under the action of fast electrons springing of cathode; 
i.e., they emit an ultra-violet radiation or even visible 
radiation, even in an extreme vacuum. This phenomenon 
is observed experimentally in cutoff magnetrons. 

4. They present the phenomenon of photoconductivity ; 
i.e., the hole current in the positive rectification zone 
can be greatly increased by the presence of an incident 
luminous flux. This phenomenon is observed experi- 
mentally. When the rectifying magnetron cathode is 
heated normally (1,000 degrees C.), an erratic and strong 
increase of the rectified current is observed which can 
be attributed to the presence of infra-red radiation. It is 
necessary to heat the magnetron cathode only to 450 
degrees C. to bring out weak signals. 

5. Fig. 9 shows how to utilize the photoconductivity 
of the electronic barrier layer in a traveling-wave tube 
with crossed electric and magnetic fields. The electronic 
barrier layer, shown dotted, comes into resonance by an 
uhf wave coming in from input U. The rectified hole 
current, measured between the anode and the sole- 
plate of the tube, varies when a flux of polarized light 
in the direction of the electron beam enters the inter- 
action space through an aperture K. The current varia- 
tion AJ is proportional to the luminous flux ©. 
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Fig. 9. 


CONCLUSION 


We have shown, both theoretically and experimentally, 
that zones with large space charge have properties 
equivalent to those of solids, with the advantage of 
being able to modify easily the velocities and the transit 
times of the positive or negative particles. 
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This tube has been associated with a video amplifier with} 
a 1-mc bandwidth. It was observed that a uhf signal (at} 


The electronic barrier layers have the same rectifying 
and photo-conducting properties as those of solids.; 
Further, they present the phenomenon of resonance. 


Use as a Rectifying Element # 

They have been used, at the Compagnie Générale de 
T.S.F. in Paris, in the design of a radar detecting system|t 
much more robust-than a mixer crystal. To this end, thet 
barrier layer of a magnetron in the cutoff state is em- 
ployed as in Fig. 4. In order to increase the uhf signal 
on the cathode and to push back the value of the voltage 
V, where the signal reverses [Fig. 8 (b)], various de-} 
tecting tubes have been studied, obtained by modifying} 
the cavities and interelectrode space of a multi-cavity: 
magnetron. 

Experiment has shown that the best magnetron de-} 
tector obtained is one with 4 very open cavities (Fig. 10).9 


~~ 
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Fig. 10. 


The anode and cathode diameters are very nearly! 
equal (16 mm and 13 mm at 3,000 mc). For this type of} 
tube, a particular orientation of the magnetic field) 
pushes back considerably the limit V, of linear rectifica-} 
tion and justifies the use of this tube in a radar receiver.|\ 


3,000 mc) of 2 microseconds vanished in receiver noise 
only when its amplitude was 146 db below 1 watt. Un- 
fortunately, the passband was very limited by the value 
of the magnetic field. It was of 2 to 3 mc with a fixe 
field, and of the order of 40 mc when the field was varies 
while keeping the same tube. The rectified signal, ex-) 
amined with a standardized Hewlett-Packard generator} 
is rigorously linear down to loss of the signal in noise. 
Advantages of Detection by Means of a Magnetron. De- 
tection by means of a magnetron presents three im-| 


portant advantages over conventional uhf detection by 
mixer crystal. 
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1. It does not require the use of a local oscillator or of 


| an IF amplifier. A simple video amplifier is sufficient. 


2. The noise factor, at 3,000 mc, is of the same order 


| as that of crystals. Sensitivity, for a 1-microsecond 
| pulse, is also the same. But, detection being rigorously 
_ linear whatever the frequency, sensitivity on millimetric 


waves becomes much higher than that of crystals. 
3. During a radar transmission, magnetron detectors 


| can withstand quite high powers. It is then unnecessary 


to provide a protection system, and a wideband TR with 
30-db decoupling is sufficient. 
Disadvantages of Magnetron Detection. On the other 


_hand, magnetron detection has the following disad- 
_ vantages: 


1. The pass band is not very wide and, at 3,000 mc, 


_ sensitivity for narrow pulses (less than 0.1 psec) is less 


than that of a conventional radar receiver. This dis- 
advantage diminishes on millimetric waves. 

2. The adjustment of the value and orientation of the 
magnetic field for increasing the inversion voltage of the 
signal V, so as to receive all near echos, requires a very 
stable circuit. 

3. The cathode temperature plays a very important 
role. With an ordinary cathode, it is observed that the 
weakest signal, observed above noise, is obtained for a 
temperature of 450 degrees C., at which the cathode 
does not glow. Below this temperature, the cathode has 
practically no emission. Above that temperature, infra- 
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red radiation from the cathode causes considerable 
noise which originates in the photoconductivity of the 
electronic barrier layer. In these conditions, the much 
underheated cathode operates in a temperature region 
where the electron emission is unstable. 


Detection by traveling wave tube with transverse magnetic 
field. These difficulties are much reduced when, instead 
of a magnetron, an equivalent traveling-wave tube is 
used (tube with crossed electric and magnetic fields as 
in Fig. 9). Noise introduced by the cathode can then be 
suppressed, and it is possible to produce a very large 
space charge enabling detection sensitivity to be con- 
siderably increased. 


Use as a Photoconducting Element 


Finally, electronic barrier layers enable the existence 
of photoelectric cells to be predicted in which no material 
element enters. No semiconductor is necessary to obtain 
the photoelectric effect. Although no experiment has 
been made, it would appear possible to obtain cells more 
suitable in operation than cells of the present type by 
avoiding the disadvantages inherent in the use of semi- 
conductors (presence of impurities, rapid variations with 
temperature, etc. --: ). 

The study of electronic barrier layers in vacuum there- 
fore appears to be a very important one, since they pro- 
vide a link between solid-state physics and electrons in 
a vacuum, 
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Scattering at Oblique Incidence From Ionospheric Irregularities 
D. K. BAILEYt 


ABSTRACT 


HE PURPOSE of this paper is to supply a re- 

view of the experimental investigations con- 

ducted by a research group at the National 
Bureau of Standards on the subject of oblique incidence 
ionospheric scatter at very high frequencies. Emphasis 
is placed on the results which contribute to further 
understanding of the behavior of the scattered signals 
and the physics of the ionosphere. The main topics dis- 
cussed are long- and short-term characteristics of 
scattered signals. Included under the latter are the 
results of simultaneous observations at closely spaced 
receiving points. Next experimental techniques are dis- 
cussed from which the heights of the ionospheric ir- 


¢ National Bureau of Standards, Washington, D. C. 


regularities can be deduced and results of their use at 
different seasons and times of day are given. It is found 
that all the scatter which could be observed with the 
available techniques resulted from irregularities in the 
E region of the ionosphere, and most of it came from the 
lower parts of the E region. The following section deals 
with the dependence of the scattering on frequency; a 
range of frequencies from 27.775 mc to 107.8 me is 
examined. The main part of the report concludes with 
the results of an experiment which gave information on 
the dependence of ionospheric scatter on the angle of 
scatter. A final section reviews the results of some 
simultaneous observations in Alaska dealing with the 
characteristics of ionospheric scattering in the auroral 
zone. This section emphasizes the different and new 
results from the Arctic. 


Summary—Heuristic relations are derived between the 
#specular reflection coefficient, R, and the radar echoing power of 
rough surfaces in which induced current elements are constrained 
to radiate equal powers in the reflected ray’s direction and back 
toward the radar. To the extent that currents in the surface and 


fields scattered by it are calculable through a self-consistent formu- 
lation, a simple Fresnel-zone computation of R shows that o,, 
|the radar area per unit area of mean plane, is proportional to | R? | 
i sin? 6, where @ is the angle incident rays make with the mean 
plane. It is plausibly assumed that large scatterers on the surface 
; cast shadows with “beamwidth” proportional to radar wavelength 
Ha; here the argument leads to o, « (| R?| sin? @)/\. In two ap- 
|}pendices the law c. = 4 sin? @ is derived for a lossless surface 
i obeying Lambert’s law, and a known self-consistent “solution” of a 
rough surface problem is examined by three generally applicable 
| criteria. 


HIS PAPER is concerned with a certain class of 

model rough surfaces, invented not because they 

resemble any surface of practical interest, but 
because their approximate effect on electromagnetic 
waves is calculable. In particular, for some of these 
models, one can readily obtain a relation between a 
specular reflection coefficient, R, and o,, the radar area 
| per unit area of the surface. 


We treat first a strictly two-dimensional case, because 
, the figures are easy to draw and because a specific case 
_has been worked out in some detail.! The model surface 
is built up of perfectly conducting half-planes parallel 
to the x = 0 plane of a rectangular coordinate system, 
all half-planes lying in y < 0 with edges in the ‘‘mean- 
plane” y = O (Fig. 1). We assume that the edges are 


P 


| 
| 
| 
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Fig. 1—A two-dimensional rough surface. 
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randomly and independently distributed along y = 0, 
so that NV, the average number of edges per unit length 
of x axis, completely describes the “‘statistics’’ of the 
surface. Then we let a plane monochromatic wave 
A exp [ik(x cos 8 — y sin 6)] fall on the surface from 
y > 0, and shall call this wave horizontally or vertically 
polarized according as its electric or magnetic vector is 
parallel to the s axis, i.e., to the edges. 


t+ Naval Res. Lab., Washington 25, D. C. 
| 1W. S. Ament, ‘Application of a Wiener-Hopf Technique to 
1 a Diffraction Problems,’’ NRL Report No. 4334; May 10, 
954, 
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|Forward- and Back-Scattering From Certain Rough Surfaces 
| W. S. AMENTt 


This plane wave causes currents to be induced in the 
half-planes; the currents in turn re-radiate fields travel- 
ing in various directions. By symmetry the superposition 
of all such fields in y > 0 forms, on the average, a plane 
wave propagating according to AR exp [tk(« cos 6 + y 
sin @)], where R is again the specular reflection coefficient 
of the rough surface, evaluated as if the ‘“‘mean-plane”’ 
y = 0 had formed a plane interface between two homoge- 
nous media. 

Ascribing a power density CA? to the incident wave, 
we infer that the power density of the reflected wave is 
CA? | R |? so that energy conservation requires R < 1. 
The remaining power CA?(1 — | R |? ) sin @ is scattered 
randomly by an average unit length of the x axis. Part 
of this power passes downward between the half-planes, 
and some fraction of the remainder is ‘“‘backscattered”’ 
in the direction of the source of the incident plane wave; 
the power may have flowed back and forth between 
several half-planes before finally returning into y > 0. 

We are concerned with the relation between the power 
backscattered per unit length of surface and the specular 
reflection coefficient, R. Of all the randomly scattered 
energy, the backscattered is the easiest to calculate 
because, in the chosen geometry, the current sheet 
supported by each half-plane must radiate fields sym- 
metrical with respect to the half-plane. The power 
radiated by the half-plane in the “‘backscatter”’ direction 
is then identical with that in the direction of specular 
reflection, and this is the key to establishing the relation. 

To relate R with the backscattered power density, we 
first assume that average specularly and randomly re- 
flected fields can be derived through a self-consistent 
formulation. That is, we assume that the field incident 
on a particular half-plane with edge at x, may be re- 
garded, to sufficient approximation, as the average field 
along (x. , y) in the absence of the particular half-plane. 
Thus the currents in all half-planes are effectively as- 
sumed identical except for the phase factor exp (zkx cos@), 
which contains the obvious dependance of the currents 
on the location of the half-plane’s edge. 


The second step in the argument is based on physical 
optics. We assume a line source at g = (—D cos 8, D sin 6) 
and a receiving antenna at p = (D cos 9, D sin @), with 
D = D(@,) so large that for 0 > 6, > O, any field 
reflected by the mean plane to p may be calculated by 
Fresnel zones to within preassigned accuracy. We 
further increase D, if necessary, so that all half-planes 
with edges in the first few zones can be regarded as 
illuminated by a plane wave with grazing angle 6. We 
then assume some amplitude factor, f, for the waves 
scattered per half-plane in the specular direction, and 
by symmetry, in the backscatter direction. Through 
Fresnel integrals we may then calculate R in terms of f, 
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and the back-scattered power is given directly in terms 
of f. Eliminating f, we obtain the desired relation. 

Quantitatively, we assume that the line source at q 
radiates a wave exp (tkr’)(kr’)—'/? to a point (x, 0) on the 
mean-plane at distance 7’ from g. This substantially 
plane wave is incident on (x, 0) at grazing angle 6’, and 
the point p is at distance 7’”’ and at elevation angle 6” 
from (x, 0). Under the illumination from g, the half- 
plane with edge at (x, 0) produces a field at p represent- 
able by 

G(cleran(6 204) expilee (recta IAC ues aa (1) 

where f(6’, 6’’) is a coefficient for scattering by a single 
half-plane in the 6’’ direction when the plane illumina- 
tion is from the 6’ direction. We now have 


R exp (12RD) /(2kD)}? = > Xa) average 
= vf d(x) dx. 


Evaluating the integral in the stationary-phase (Fresnel- 
zone) approximation, we obtain 


R = N(2z1)!/2f(6, 6)/(R sin @) or 
| f(0, 6) |? = k? sin? @| R|?/(2rN?). (2) 


Now the field backscattered to g by a single plate 
with edge near (0, 0) is approximately $(0) times a 
phase factor which varies rapidly with the edge’s dis- 
tance from (0, 0). Hence we may assume that the back- 
scattered power, per unit length of the mean plane near 
(0, 0), and on the average over all arrangements of the 
half-planes, is simply CN | (0) [2. Defining (for this 
two-dimensional case) the “radar length per unit 
length of surface,’’ as the dimensionless coefficient oz in 


(power backscattered, per radian, per unit 
OL length of surface) (3) 


1) 


tr (power density of incident wave at the 
surface point) 
we obtain from (2) 
_ (2nD) | 4(0) 7 _ 


ED) 2m | f(0, 0) |? /k 


= ksin | R?|/N. (4) 


Since 6, and D > D(@,) were arbitrary, this relation 
holds, in general, to the extent that the self-consistent 
formulation is valid. (The validity is examined, for a 
special case, in Appendix B.) 

Eq. (4) tells nothing about backscatter unless R is 
known; but for some extreme grazing incidence, deter- 
mined by 2 and WN, the surface should become a nearly 
perfect reflector, so that | R| & 1. Here 


oy ~~ 276?/(N)d) (& = 2x/n). (5) 


To a large degree, the very simple form assumed for 
the surface leads to the specific relation (4). Suppose 
that in a unit length in addition to the N half-planes 
per unit length already considered there were N’ plates 
with edges in y = 1. These new “higher’’ half-planes 
would contribute relatively importantly to R, giving 
some scattering F as compared with the f of (1), (2), 
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which is now assumed unaltered. Then R = Nf + N’F,é 
but o,<Nf? + N’F?. Here F and f depend in different 
ways on 8, so that no clean-cut law like (4) is possible.i 
But at extreme grazing incidence, only the currents in 
the ‘‘higher’’ half-planes may be significant, and 0,67) 
would still apply. | 

Now we turn to three-dimensional surfaces. The#l 
simplest analog of the vertical half-plane is now a thin 


wire lying in y < 0 parallel to the y axis; in the simplestd 


thin-wire rough surface, the wire ends are randoms 
distributed in the mean plane, y = 0. The statistics of 
the surface are specified through n, the average numberg 
of wire ends per unit area of the mean plane. The “‘sur-i 
face’ now acts as a Faraday screen, so that the wires 
have little effect at horizontal polarization. For verticals 
polarization each (sufficiently thin) wire is the locus of a} 
vertical current distribution having a radiation pattern |: 
axially symmetric about the wire. In particular, each }| 
thin wire scatters the same power in the “‘backscatter”’ |: 
as in the specular direction. . 

To obtain approximate solutions to the problem of } 
diffraction by this surface, we may again use the self-| 
consistent formulation to attack the plane-wave reflec-} 
tion problem. Each wire then has the same vertical} 
current distribution, with phase again depending on the|: 
x co-ordinate of the wire’s end through exp (zkx cos @).} 
Assuming a suitable dipole source at the point g =| 
(—D cos 6, D sin 6, 0) and a dipole receiving antenna at) 
p = (D cos 6, D sin 6, 0), we may again compute thet. 
average field at p by Fresnel zones, on the assumption) 
that D is so large that illumination of the wires is sub-') 
stantially uniform throughout all significant zones. 

The back-scattering properties of a three-dimensional § 
rough surface are conventionally defined through the! 
dimensionless parameter o, : | 


[Power backscattered per steradian per unit 
To area of the mean plane] _(6))) 


4a [Power density in the incident wave at 
the unit area] 


For the present parallel-wire surface we use steps similar 
to those leading to (4), and obtain: 


| Re | eosin 


i TN 


o 


At extreme grazing incidence (9 ® 0) we may expect# 
that | R| & 1, so that 


mr’ 
here the @-dependence is in agreement with that of the 
ideal Lambert’s-law surface discussed in Appendix A. 

Thus far the results have depended on only two para- | 
meters: 6 and N/k in (4) and (5), and @ and n/k? in (7)! 
and (8). We now construct a three-dimensional parallel- | 
wire surface from which a second k dependence of a4. 
may be deduced. The thin wires are parallel to the y axis 
and extend from y = 0 to y = — © as before, but this 
time they are arranged like the elements in cylinders, 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


as shown in Figs. 2(a) and 2(b). We assume that the 


adjacent wires in each “half-cylinder’’ are reasonably 


thin compared with their separation, so that each half- 


cylinder is built of a Faraday screen and is highly 
transparent to horizontally polarized waves. (The 
utility of this assumption will be made clear later.) Then 


the currents in each half-cylinder are constrained to 
flow parallel to the y axis, and the field re-radiated by 


each wire is axially symmetric about the wire, as before. 
For a nearly grazing, vertically polarized incident wave, 
the radiative interactions between the wires of a typical 
half-cylinder cause the half-cylinder as a whole to act 
approximately as a solid conductor. In particular, a 


single, isolated half-cylinder will cast a shadow of beam- 


width « (wavelength/diameter), like that of Fig. 2(d). 


Eo) mF) 
DIAM. 
| 

- = i = PLATES 
(a) (b) (c) 
o( [=D 


Fig. 2—Vertical structures producing plausibly related forward 
and backward scattering. In (d), the plausible polar scattering 
diagram for each of the structures includes a ‘‘shadow’”’ of beam- 
width @ proportional to (wavelength/diameter). 


Again invoking the self-consistent hypothesis, we 


| assume it approximately correct to regard the field in- 


cident on a particular half-cylinder of the surface as the 
average local field in the absence of the half-cylinder. It 


_is plausible to regard this average field as approximating 
_a bundle of plane waves propagating parallel to z = 0; and 


it is again plausible to regard resulting vertical currents 
in the wires of the half-cylinder as having complex 
amplitudes producing a combined radiation in the posi- 


_tive-x direction very like that of the forward radiation 


producing the shadow of the isolated half-cylinder. It is 
assumed even more plausibly that the radiation pattern 
in other than forward azimuths is independent of wave- 
length, as would be the case with large isolated, randomly 
corrugated or right-circular cylinders. We are then led 


to assume that the typical half-cylinder’s scattering 


satisfies 


Power scattered in specular direction, per steradian 


Power backscattered, per steradian 
« Diam/d. 


Assuming n’ randomly located half-cylinders per unit 


area of mean plane and following the previous steps, 


we are led to 
const : | R?} sin? @ 


oO 


\ - (diameter) - n’! 
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For grazing incidence, we again assume | R | ~ 1 so that 


const : 6? 


~~ 


™ + diameter - 


Fo 


ae (10) 

We can similarly derive results formally identical 
with (9), (10) for horizontal polarization, by assuming 
that the Faraday-screen material composing the vertical 
half-cylinders consists of thin, separated conducting 
plates parallel to y = 0 as in Fig. 2(c). 

In sum, the result (8) is plausible for vertical or hori- 
zontal polarization when the currents induced in the 
“surface’’ are constrained to flow vertically or horizon- 
tally, respectively. For half-cylinders having perfectly 
conducting vertical surfaces, currents can flow at some 
oblique angle with respect to the horizontal plane and 
the result (8) becomes, in the writer’s opinion, much less 
plausible. The radiation from a vertical dipole is verti- 
cally polarized and axially symmetric about the dipole. 
The horizontally polarized radiation of a horizontal 
dipole is symmetric (at least powerwise) about the verti- 
cal through the dipole but varies otherwise with azimuth. 
(The higher symmetry for the “‘vertical’’ current ele- 
ments makes (8) slightly more plausible, or at least more 
obvious, for vertical than for horizontal polarization, 
in the writer’s mind.) The radiation pattern of an 
obliquely oriented dipole is unsymmetric in the general 
vertical plane intersecting the dipole, and in particular, 
a dipole parallel to the ‘“‘specular’’ direction produces no 
radiation in that direction, but produces vertically 
polarized backscatter whenever 9 > 0. When the in- 
dividual current elements are constrained to radiate 
symmetrically in the two directions of interest, then it 
seems plausible to combine the effects of the interacting 
elements in the half-cylinder into the radiation pattern 
of Fig. 2(b); but this plausibility appears lost when not 
even individual elements radiate symmetrically. 


We therefore attempt no further detailed generaliza- 
tions, but close with some remarks about the rough 
surface problem in general. The rough ocean is probably 
the surface of greatest practical interest. Here the wind 
orients the surface, as a back-scatterer, so that the down- 
wind slopes near the wave crests are steeper than the 
upwind; the backscatter (as observed with airborne 
radars) is therefore considerably greater when the radars 
look into the wind than when they look downwind. (In 
addition, the microwave field between distant surface 
points is observed to be weaker than that predicted 
under the assumption of a smooth intervening ocean; 
hence the reflection coefficient of the rough ocean at 
nearly grazing incidence is of intrinsic practical im- 
portance.) The present randomly spaced parallel-plate 
surfaces may be ‘‘wind-oriented” by tilting all half- 
planes at some angle B with the y axis as in Fig. 3. 
Diffraction by this surface and by the analogous ran- 
domly distributed parallel wire “surface’’ can be formu- 
lated as Wiener-Hopf problems. The present symmetry 
arguments can be used to connect R with the randomly 
scattered power flux in the direction d of Fig. 3, but 
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other information (such as an approximate, analytic 
solution to the Wiener-Hopf problem) will be required 
for oy OF oo. 


The law> a, <6? for 6" << 1, while’ that of the 
Lambert’s-law surface, is in disagreement with other 
proposals that the limiting dependence should be as 6% 
or as 64. The present exponent 2 may arise because at 
6 ~ 0, the incident rays strike the vertical structures 
nearly normally, for which reason the backscatter per 
half-plane, wire, or half-cylinder approaches some 
maximum. (It is interesting to note, from Fig. 3, that 
only for vertical half-planes and for 6 = 0 is the “sym- 
metric” direction d that of geometric reflection by the 
half-planes.) The compensating effect is of course pro- 
duced by the fact that the geometrically illuminated 
area of any half-plane diminishes as 6. The writer’s 
guess is that the 6? law will obtain when the tilted half- 
plane problem is eventually tackled. 


SPECULAR 
DIRECTION 0 


INCIDENT 
RAY 


Sf 


Fig. 3—A ‘“wind-oriented’’ model rough surface. 


TILTED HALF - PLANES 


Finally, we stretch the plausibility argument to 
deduce a o, « 6 law for the general rough surface at 
extreme grazing incidence. When 0 < @ < 6, « 1 and 
the incident wave travels almost horizontally, it seems 
plausible to assume that | R| & 1 and that the illumina- 
tion of each important scatterer on the rough surface 
varies, with 6, in amplitude only (except for the obvious 
phase-factor). Then the Fresnel-zone argument leads to 
a, « 67. But the A-dependence of the scattering may be 
quite complicated, so that a 1/\ variation of o, is much 
less plausible. 


APPENDIX A 
THe LAMBERT’S LAW SURFACE AS A BACKSCATTERER 


We devote some space to the derivation of the law 
og, = 4 sin? (6) for the lossless ‘perfectly rough,” or 
Lambert’s law, surface as the erroneous law o, = 
2 sin (@) seems to permeate much of the classified 
literature on backscatter. 


A surface satisfies Lambert’s law of diffuse reflection 
if, under arbitrary illumination, a unit area of the 
surface scatters, per unit solid angle, a power propor- 
tional to the cosine of the (acute) angle between the 
direction of the scattering and the normal to the surface 
at the unit area. Thus a uniformly illuminated flat 
Lambert’s-law surface of finite area produces, at an 
arbitrary point p in space, a scattered power flux pro- 
portional to the solid angle the area subtends at 4, 
so long as the lit side of the surface can be seen from #. 
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Furthermore, the brightness (or apparent intensity) | 
of the area is uniform throughout the subtended solid | 
angle and independent of the position of p. 

Now consider a unit area dA of a lossless Lambert’s- } 
law flat surface, illuminated at grazing angle @ with 
parallel light of unit intensity. The total power incident | 
on dA is then dA sin (6). The power, scattered in a solid } 
angle d@ sin (a) da at azimuth ¢ and zenith angle a, | 
is 0 when 7/2 < a <7m, and J cos (a) sin (a) dd da 
when 0 <a < 2/2. Here J is some proportionality 
constant to be determined by equating the total scat- 
tered power with the incident power, dA sin (6). It 
follows that J = dA sin (6)/z, and the power £, per } 
unit solid angle, scattered back along the incident beam } 
is given by E = dA sin? (@)/x. If dA had scattered } 
isotropically, E would have been dA sin (@)/(47) and } 
o» would have been simply sin (0). If dA had scattered § 
isotropically on the lit side only, with no scattering into } 


| 


then E Sean have been dA sin (@)/(27) and « = 7 
2 sin (0) would have held. Dividing the actual E = } 
dA sin? (6)/m by dA/(47) we obtain o, = 4 sin? (@), as 
announced. ) 
The erroneous law o, = 2 sin (6) appears based on the 
idea that a unit area dA of the ideally rough surface } 
scatters uniformly over a hemisphere on the lit side of } 
the plane tangent to dA. This assumption leads to a 
contradiction with either the first law of thermo- } 
dynamics or with electromagnetic reciprocity, as fol- 
lows: Let p and gq be points equidistant from dA, with p } 
on the normal to dA and g in a direction making the | 
angle a@ with the normal. A dipole (parallel to dA) } 
radiating unit power from p would cause some back- 
scattered power P in the same dipole, and, under the | 
assumption, would cause the same power in a suitably | 
disposed dipole at g. By reciprocity, unit power radia- } 
tion from the dipole at g would cause P at the dipole | 
at p; by the assumption, the same power P is then | 
backscattered into the dipole at g. (Hence, oc, is in- J 
dependent of a, a contradiction already.) So that energy | 
may be conserved, the assumed uniformly scattered | 
power flux must be proportional to the power intercepted | 
by dA. Hence the power at g due to p exceeds that at | 
p due to g by a factor 1/cos (a), contradicting the con- | 
clusion from reciprocity. | 
One may argue that the reciprocity theorem has been ‘ 
misinterpreted by a factor cos (a) in the foregoing. 
The assumption of uniform scattering still leads to a | 
prediction contrary to the second law of thermodynamics. ‘ 
Suppose the illumination of dA is a hot wire of tempera- § 
ture T, at p. A certain power flux P, is then scattered | 
from dA along rays diverging from dA. As seen from 
q, the apparent size of the source of these rays is! 
dA cos (a), so that a suitable lens system at g can | 
focus a power CP, (C a constant) into a hole, of area | 
proportional to dA cos (a), cut into a thermally insu- | 
lated sphere which radiates only through the hole. — 
If the interior of the sphere is at temperature T and _ 
radiates through the hole according to the black-body 
law, the radiated power is proportional to T4 dA cos (a), 


i.e., to T4 times the area of the hole. Under equilibrium 
conditions, this power is equal to the power CP, entering 
he sphere. (The equilibrium T may be termed the ap- 
arent temperature of dA.) At equilibrium, T is propor- 
tional to the fourth root of sec (@) and can be made 
arbitrarily larger than T, by taking a@ sufficiently near 
a/2. Thus power flows from a colder source to a hotter 
isink, in contradiction to the second law. (It is seen that 
if the scattered power flux is proportional to cos (a), 
as in Lambert’s law, the‘ apparent temperature”’ of dA 
lis independent of a.) 

It may be objected that the radiation scattered by dA 
is at some finite mean wavelength, so that the image of 
dA must have some finite minimal size. But one may 
make the ray optics used above an arbitrarily good ap- 
proximation by assuming, at the outset, that all linear 
‘dimensions are sufficiently large compared with the 
mean wavelength. 

Finally, the law o,« sin (6) leads to the prediction 
that when a cube with ideally rough sides is illuminated 
solely by a flashlight held near the eye, the three visible 
isides should always appear equally bright. This signifi- 
icantly contradicts experience with cubes of any known 
substance. 


APPENDIX B 


DISCUSSION OF A PREVIOUS RESULT 


For horizontally polarized plane waves incident on 
' the parallel plate surface of Fig. 1, an approximate self- 
‘consistent solution valid for @6<« 1 and Q = N/k «1 
"has been derived by a Wiener-Hopf technique.1 The 
f(@, 6’) and R of (1) and (2) were found to be of the 
form 


f = (const) [a + Ve? + 2:0] (11) 
R = —[6 — Ve + 240]2/(2:0). (12) 


| Froin these and the present relation (4) was subsequently 
‘computed a P(6, 6’), the power, per radian, scattered 
‘by a unit length of the surface in the 6’ direction when 
a plane wave of unit power density is incident from the 
6 direction. 

_ It was then possible to examine the solution for satis- 
faction of the criteria introduced in Appendix A: energy 


-conserv ition, which requires that P, = (1 — | R2| ) 
sin @ —- ips P(6, 6’) do’ = 0; reciprocity, which requires 
| that P(6, 6’) = P(6’, 6); and the second law of ther- 
modynamics, which requires, loosely, that, for 6’ > 0, 
POs, 6’) < C(@) sin 6’, where C is some constant de- 
pending on 6. It was found that the residual power P, 
vanished identically in an approximation compatible 
with 6 «< 1; perhaps P, = 0 is an identity for self- 
consistent formulations, and its calculation amounts to 
a check of the algebra. But the reciprocity criterion was 
not met except for the obvious 0 = (rand toro s= 6, 
asymptotically for Q — 0, where electromagnetic inter- 
-actions between half-planes vanish. Finally, with 
P(6,0+) = P(6, 0) > 0, the second law was not satis- 
fied. 

The formulation gave an approximate current dis- 
tribution (6; y) in a typical half-plane. One can in 
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principle use 7(@; y) and J(6’; y) to obtain more accurat® 
expressions for the randomly scattered power by an 
extension of Schwinger’s variational principle to the 
present situation. Here reciprocity is satisfied auto- 
matically by the form of the variational expression, but 
whether P, will be found to vanish is not clear. 


Notes ADDED IN PROOF 


For a fixed plane incident wave, the current density at 
a fixed point in a fixed scatterer of the rough surface may 
be expressed at J + J’, where J is the current density 
averaged over all arrangements of the other scatterers, 
and J’ has mean zero. In the self-consistent assumption, 
as used in the text and the reference, one ignores J’ and 
calculates the specular reflection coefficient R and the 
randomly scattered flux as suitable averages, over all 
configurations, of reradiations from the currents J only. 
The R calculated in this manner is correct as the linearly 
superposed radiation fields of the J’ vanish on the aver- 
age. But in a calculation of the random flux, the omitted 
J’ would appear quadratically, and a serious error is 
made. Mathematically, the error is akin to equating the 
average of the square of a random quantity with the 
square of its average. Physically, one could regard the J 
as the primary induced currents, then calculate the 
secondary currents J, induced (for a particular surface 
conformation) by the radiations from the J, then calcu- 
late the tertiary currents J3 caused by radiations from 
Sox ete 

This argument was developed shortly before the 
Michigan Symposium. In the talk actually given there, 
it was argued that o, «6+ for sufficiently small @. This 
conclusion is a consequence of Energy Conservation and 
Reciprocity as discussed in Appendix B, plus a reason- 
able assumption that |R(@)|—~1, plus a plausibly argued 
assumption that P(6, 6’) « f(@)f(@’), both holding for small 
6. The last assumption is that, as grazing incidence is 
approached, the non-specular power scattering pattern 
of the rough surface varies in intensity but not in shape; 
for the rather artificial surfaces of the present text, the 
equivalent assumption is that J varies in amplitude only 
for small 6. With |R|=~1, the Fresnel! zone arguments of 
the text then yield J «<6, whence (from reciprocity and 
energy conservation) o,%«6*. We are trying to make 
these arguments semirigorous and to extend them to 
three-dimensional surfaces, where the statistical reci- 
rpocity relation is of a dyadic character. 

The currents Je, J3, are neglected in the assumptions 
of the present text. This neglect is especially serious for 
random scattering in directions nearly tangent to the 
mean plane, where the radiation from a J is diffracted 
around other, randomly located scatters. Thus the 
errors, made in previous formulations®* for P(6, 6’) in 
terms of J only, appear “‘serious’”’ only for small 6 and 
/or 6’. The actual calculation of J’ and its effects seems 
to be difficult. 

2W.S. Ament, ‘“‘Toward a theory of reflection by a rough sur- 
face,” PROC., IRE, vol. 41, no. 1; January, 1953. (C. f., (13), (16)) 

3V. Twersky, ‘‘Multiple scattering of waves by planar random 


distributions of parallel cylinders and bosses,’’ N. Y. U. Research 
Report No. EM-58 (C. f. “I’’ in (56)) 
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Cerenkov and Undulator Radiation 
H. MOTZt 


INTRODUCTION 


URING the last few years several authors have 
suggested applications of the radiation proper- 
ties of electron beams to the problems of 

millimeter wave generation and some experiments have 
been carried out. Some investigators have succeeded in 
generating coherent waves in a range below one milli- 
meter wave length. It is suggested to call these waves 
“Interwaves”’ or ‘‘Zwischenwellen” as they lie between 
the infra-red and microwaves. A separate name might 
be appropriate as the techniques for generation and 
detection are likely to be very different from microwave 
techniques. 

The use of Cerenkov radiation has been suggested by 
Abele,! Danos,? and Linhart,’ and tried,4 and the radia- 
tion from fast electron beams has been investigated 
theoretically [Ginsburg,’ Coleman,* Motz,? Combe and 
Feix,® and Landecker’| and experimentally. ?° 

In this paper the theory underlying these devices will 
be examined from a unified point of view and the rela- 
tionship between different approaches will emerge. It 
is hoped that the understanding of this rapidly increasing 
field will thereby be advanced. A related field, coherent 
light generation, will also be touched upon. 


CERENKOV RADIATION IN A HOMOGENEOUS MEDIUM 


In 1934 Cerenkov!! discovered a visible radiation 
emanating from pure liquids, including water, in the 
proximity of a radium source. His careful observations 
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convinced him that the phenomenon was not one of) 
fluorescence. The proper explanation was found by 
Frank and Tamm” (1937). q 

It can be shown (e.g., Schiff, Quantum Mechanics, » 
p. 261) that electrons in free space cannot radiate because: 
energy and momentum cannot both be conserved in 
such a process. Radiation is possible when interaction 
with other charges involving momentum or energy} 
polarisation is momentarily produced and the medium 
reradiates transferred energy. One can see from the} 
the latter is c/n when c is the speed of light in free space |; 
and n the refractive index. 


} 
| 
transfer takes place. The other charges may be polariza-: 
tion charges in a dielectric or image charges in certain 

simple Huygens construction of Fig. 1 that a wave | 
front will form in a direction @ such that the radiation 


metal objects. 

When an electron passes through a dielectric medium 
travels from A to C. For a dielectric medium the particlell 9 
velocity v may be larger than the wave velocity u and, 


DAr 


~U 


B 


Fig. 1—Huygens construction for Cerenkov cone. Spherical waves | 
starting at successive positions A, P;, P:, --- along the electron 
path form a wavefront B-C. 


According to the Huygens construction of Fig. 1, 
6/ i = V.COS 0. (1) 
Eq. (1) defines an extremely thin conical shell in 
which the radiation is contained. The thickness of this 
shell is the smaller the larger the particle path is in the 1 
medium. The phenomenon is analogous to that of a 
shock wave emitted by a supersonic projectile or the 
bow waves of a ship. (In the latter case the wave ve- 
locity is that of surface waves.) Energy is radiated into: 
the entire frequency band for which n = (6)!/2 > 1./ 


|, Frank and Ig. Tamm, C. R. Acad. Sci., U.S.S.R., 
p. 109; 1937, Zs if ae q 


"his band stops at wave lengths longer than X-ray 
wave lengths where m < 1. The electron velocity v is of 
fourse not quite constant as the radiation energy must 
tome from the particle. But the energy loss and speed 
thange are small. Indeed if the phenomenon is to take 
blace as stated the times it takes the electron to pass 
Juccessive distances of one radiation wave length must 
not differ by more than a small fraction of the radiation 
heriod. Since the electron does not slow down ap- 
iC eae inertia effects are negligible and the radiated 
power therefore does not depend on the particle mass. 
it is the same for all particles of equal charge and speed 
jprotons, mesons). The amount of energy radiated per 
init of time is given by 


YW o= erjet | (1 — c?/ev*)w dw, (2) 
v(e)1!2>¢ 


where the integral is extended over all frequencies for 
hich v { e(w) i 1/2 > c. It is seen that this espression does 
mot depend on the mass of the particle. Cerenkov radia- 
ie thus differs very markedly from radiation produced 
py acceleration or deceleration of charges where the 
intensity depends on (e/m)?. We summarize the follow- 
Ing points: 
1. Cerenkov radiation is emitted in a homogeneous 
medium if the particle speed is equal to the wave 
| velocity or exceeds it. 
| 2. It is emitted in a thin conical shell of opening 


6550s. (C/ 72) 


3. The energy radiated does not depend on the mass. 


RADIATION FROM Fast ACCELERATED ELECTRONS 
IN A HOMOGENEOUS MEDIUM 


We shall now contrast this with the properties of 

radiation from fast moving accelerated charges: (v ~% u) 

1. This is contained within a narrow cone centered 
on the direction of movement of the charge with 
angular opening 


D5 (3) 


where 6, = 1/7, y = 1/(1 — v?/u?)1/?, and uw is the 
speed of radiation. 

2. The wave lengths of radiation from electrons in 
sinusoidal motion of spatial period /, range down to 


No Lol (4) 


The shortest wave lengths are propagated along 
the center of the cone and the radiation shades off 
towards higher wave lengths for larger angles. 

3. For a charge rotating on a circle of radius R they 
range from high values down to 


Ao = R/y’*. (S) 


It is advantageous to get a simple understanding of 
these main features before one proceeds with the mathe- 
matical analysis." 


13L, I. Schiff, ‘“Quatum effects in the radiation from accelerated 
relativistic electrons,” Amer. Jour. Phys., vol. 8, pp. 474-478; 1952. 
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Consider the radiation from an extended electron of 
speed v in accelerated motion in the direction e — e’ 
(Fig. 2) which is received at P. As long as the velocity 
component v cos 8 of the electron motion in the direction 
e — FP is near the radiation velocity u the radiation 
emitted later catches up with that emitted earlier and 
the intensity is increased. The time it takes a spherical 
wave S, of potential, centered at P, to sweep over the 
charge is a measure of the pile up of potential that will 
be observed when this wave finally collapses on P. 


Fig. 2—Geometric construction for thickness of radiation pulse. 
The electron moves from ¢ to e’. 


This time is proportional to 
u/(u — v cos 6) = 1/{1 — v/u + 3(v/u)e?} 
= 2/(0.° + 6). (6) 


This pile up is marked as long as 6 = 6,. Hence 
statement (1) follows. To illustrate the pile up further, 
two spheres S,, S3 have been drawn in Fig. 2. S» is 
centered at e and its radius is c(T. + 7), S3 is centered 
on e’ and has radius cT. If the electron takes time 7 to 
travel the distance /, from e to e’ the radiation emitted 
during this interval is piled up in the shell between S; 
and S3. 

It is easy to show that the thickness of the shell PP’ is 


ur(1 — v/u cos @) = Lut (0,2 + 6). (7) 


Suppose now that the electron has carried out one 
period of a periodic motion between e and e’ the radia- 
tion will contain prominent fourier components with 
period 7/y? or wavelength 


No = Ur/y? = 1Lo/y’?. (4) 


This is statement (2). 

Statement (3) follows from a consideration of Fig. 3. 
While the charge has rotated from e to e’ a cone of 
radiation of angular opening 0, = 1/y sweeps past the 
observer during the time R6,/u. One such pulse occurs 
during one revolution of the electron. This pulse has a 
thickness = 4u70,2 = 3R/y*> and therefore high har- 
monics of the rotation frequency will be observed with 
wave lengths of this order. 
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In free space u = c. In a dielectric medium 
om Cl = 6) (ey 0 een? c2) eae (8) 
Infinite frequencies seem possible when ev?/c? = 1. 
It has however been mentioned before that dielectric 
properties change when high frequencies are reached 
and e cannot exceed unity. 


8, s 


Fig. 3—Radiation cone emitted by an electron rotating on a circle 
of radius R. 


APPLICATIONS 


The idea underlying the method of generating milli- 
meter and interwaves is the following: It becomes in- 
creasingly difficult at short wave lengths to use kly- 
strons, magnetrons and traveling-wave tubes because 
the dimensions of these structures and the tolerances to 
be maintained in their fabrication become intolerably 
small. The undulator, however, does not require a 
structure of small dimensions for extracting high fre- 
quency power. The electron beam is passed through a 
succession of electric or magnetic fields of alternating 
polarity as in Fig. 4. The electron then follows a nearly 


wW 


HYPERBOLA 


eels 
De Dc De 


Fig. 4—Modified Brillouin diagram showing intersection of 45- 
degree line with phase shift curves drawn with a special scale 
factor. The intersections determine the radiated frequencies. 


‘ 


sinusoidal orbit in a transverse plane. The wave length 
is shorter than the period /, of the magnet system by a 
factor 1/y’. In the case of Cerenkov radiation, again, 
a small structure is not required if one can rely on the 
properties of a medium which will guarantee emission of 
short wave lengths as long as the dielectric propertiés 
exist in the millimeter wave region. There is, however, 
one difficulty inherent in this method. As the electrons 
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must travel outside the dielectric, they must tunne} 
through a hole cut through the dielectric or graze it 
surface. This feature tends to cut down the diameter o 
the electron beam which can efficiently contribute t 
the radiation. 


" 


MATHEMATICAL TREATMENT OF THE UNDULATOR 
AND CERENKOV RADIATION PROBLEM | 

In order to deal with the problem quantitatively wi 
start with the wave equation for the transverse part o;| 
the vector potential A } . 
AA — (¢/c?)0?/0P?A = —4rt/c. (9) 


The electron follows a sinusoidal motion and for high 
speed electrons the longitudinal speed variations ar¢ 
negligible so the electron orbit may be approximately) 
given by 

x = B sin (27/1.)z, z=, 


Dirac 6-functions 
i = evd(z — vt)d(x — B sin wot)6(y), 
where w, = 2rv/I,. 
Assume the expansion 


Agr = > QA a g,*A,* 
» 


Ay = (4c?) "2 V-19e, EM), (147 
where the asterisk denotes conjugate complex quantities} 
The field is supposed to be enclosed in a volume V ancé 
the e, denote the direction of polarization. Negative: 
and positive \ are included in the summation and we 
shall write —k, = k_, and accordingly q and gq } 
Inserting (13), (14) (11) into (9), and multiplying by} 
A,* and integrating over space one finds . 
dy 9" 1 On Guee gs) 
= e(@,-v)/(ecV'/?) exp —ik,(vt cos 6 + 

sin 6 cos $B sin wt) 

wo = ch /(), (15) 

where we have introduced polar angles 6, ¢ along the, 
direction z. To obtain an equation for g, we note that} 
the time dependence of q has a sign opposite to that 


adding the result to (15) we obtain 
J + w 7G 
= (1 + (t/a) d/dt)e(e,-v)/(ec V1/?) 
exp — 1k,(vt cos 6 + sin 6 cos ¢B sin w,f) 


represents the undulator radiation. 
We expand 


extn sin @cos ¢ B sin wot 
a 
“ Ss J,(Rk, sin 6 cos ¢B)e*’?”, 
Dia 


where J,(x) are the Bessel functions of order p. 
Resonances are thus obtained when 


w = cky/(e)!/? = kv cos 6 + sa, ; (18) 


.e., when 
@, = Swo/(1 — [v(e)/2/c] cos 6) 


where s is an integer (s = p, p + 1, p — 1). 

_ Itis interesting to note that the condition for resonance 
in the case s = 0 becomes 1 — v(e)!/2/c cos@ = 0. 
[Thus this term represents the Cerenkov radiation. It 
#s clear that the relation can only be satisfied if « > 1. 
[This is the only term which would remain if the amplitude 
of the electron oscillation converged to zero. 

Looking at (18) for the undulator frequencies one 
hotes the characteristics of high speed electron radiation 
bummarized before. When cos 6 ~ 1, 


w & Arv/1,(6.2 + 6?) 
A = 2lov/uy?  21./y? 


The dependence on the mass comes in through the 
fuantity B occurring in the argument of the Bessel 
Junction of (17). In the case of an array of magnets with 
maximum field strength H, 


B = Holi — (v/c)?]1!2/m.w.?. (19) 


It is seen that the gq, for s = 0 depends on m. The 
Cerenkov term of the undulator equation thus violates 
mne of the above criteria. Whether one confines the 
cerm to the case B = 0 is a question of terminology. 
The Bessel functions decrease for higher values of s, 
mence the higher harmonics are suppressed. 

_ The power radiated can be calculated when the q 
nave been computed. The only force which does work 
n the particle is the electric field strength which is 
cs by 


(18) 


E = —(1/c)A(z = 2). (20) 


| The work done per unit time must be equal to the 
ower radiated and thus, 

WV = —(e/c)Eq{v-A,(vt)} + qt{v-A,*(ot)}. (21) 
In this manner one finds (2) for the case of the Ceren- 
KOv effect.'4 The case of the undulator in a homo- 
xeneous medium may be found in ref. (7). A detailed 
alculation will be demonstrated for the case of the 
liistion in a wave guide. 

| In order to derive a theoretical expression for the 
tadiation of an undulating electron in a waveguide we 
start with the equation 


ATI — (e/c?)II = —4rr’i(r — r') (22) 


or the Hertz vector 7. In the waveguide we distinguish 


Ongitudinal and transverse co-ordinates. The co- 
prdinate vector is split up according to 

| iets, es 3) 
| The electron coordinate is 

| r= ty + 2! (24) 


nd 6(r — r’) is written as 6(fry — fr')d(2 — vt). For 
we now use the expansion 


| MA, Bohr, “Atomic Interaction in Penetration Phenomena,”’ 
Danske Vid. Selsk. Mat. Fys. Medd., vol. 24, pp. 1-51; 1948. 
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II = far » Cyn, my (Ei) Gene fen len -- (OXE: 


ey = Ga ey, ez), (25) 
are unit vectors in the co-ordinate directions, C.C. stands 
for an expression which is the conjugate complex to 
that written down. The ¢n,m satisfy 

AiPn,m,v or LP unt = 0, (26) 
where 

nm = (mr/a)? + (mr/b)?, (27) 
in the case of a rectangular wave guide with sides a, }, 
(a > 6b). They also satisfy the boundary condition and 
they are orthonormal according to 


[aman a l0 dr’ = On ,m'in,m « (28) 
We shall subsequently often omit suffixes n, m. 
Substituting (25) into (22) we obtain 
[or [— (T? + @&)gn,mr(T, 2) 
aa Gals t)| bamentnen + (ORGS 
= —4rer'b(t, — i) (6 — vt). 


We want to calculate gn,m»(I, #). This is done by 
multiplying with @y,m(ry)e~* and integrating over 
the wave guide volume. Because of (28) and 


J eittat/* dz = 2n8(T + I) (29) 
[over ‘a(T + 1’) dT = go( +I", #) (30) 
[ osloedBlr = re) dr! = dlr), (31) 
we obtain 
(ae: oF a’)q(T, t) te (e/e*)quT; i) = 
2e/c{1 + (t/wp) d/dt\ry'b(r',Je* (32) 
where we have assumed the time dependence 
ie ade( lea (33) 


and have eliminated g(—TI, t) according to the procedure 
of the previous section. We shall now proceed to solve 
(32) for the case of a rectangular guide. In this case, 


bn.m.2 = Bm/(ab)!!? cos (nrx/a) sin (mry/b) (34) 


On,m.y = Bm/ (ab)! sin (nxx/a) cos (mry/b) (35) 
On.m.z = Bm/(ab)!/? sin (nrx/a) sin (mry/b), (36) 
where 
ake Hg? for m > 0, 
1 for m= 0 (37) 


This follows because the boundary condition pre- 
scribes vanishing tangential components of electric field 
strength £. which is given by E = grad div. II — 
(1/c?)IIl. The z-component £, must obviously depend 
on x and y as on,m,z- It may be verified that this is so 
when (34), (35), (36) are chosen. 

The ¢n,m,v(7’) contain trigonometric functions 
sin (nrx'/a) cos (mrx’/a) which are expanded at x’ = 
a/2 — Bsin wot. With the help of the expansion formulas 
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ext (nn B/a) sin wot = > J,(nxB/a)e*?™, 
p=—-0 
we obtain 
banmalt) = 2s Gye (39) 
daimif) = 2 yes (40) 
where 
oe 08 bs 1/2 1 7a 
Fy = Iy(anB/a)((—)"Bo/2000) NU + (921 
(—)*/2+1[6,,/2(ab)/a][1 — (—) >| 
for meven (41) 
Gy a J,(1nB/a) (=) "[8m/2(ab)*"alt eee 
Gre [87/2 @o)i Alte (2 
for nm even. (41a) 


Eqs. (32) thus become 
(TP? + @?)Gnimiz + (€/67)Gn,mis 
= (2e/c)[1 + (4/wp) d/de] Dajte (42) 
(T? + @?)dnim,2 + (€/67)Gn,m.2 
= —(wB)(e/o)[1 + G/or) d/dd] S Gye TO" " 
ai e! | Pu-(p—1)an | | (43) 
We shall first solve (42). Defining a Fourier transform 


g(T, w) = [1/c2myr f gtr tet dt, 


we find 
since 
i| Ce eae dj 07) Piy— scp ses) (44) 
and 
| fem ee a prea) (45) 


Gz = 2e(2r)cv/e(A? — wp?) UF, (4/wp)d(Tv — wop—wry); 


(46) 
where 
INE SS uN (47) 
The solution (46) may be written 
a, = [e(2n)!!ev/eA}(/er) & F, flex), (48) 
where 
f(wr) = {1/(A — wr) + 1/(A + wy) 
+ inld(A — wp) — 6(A + wr) | }6(Pe —wop— wr), (48a) 


where the sign of the last term is negative because the 
semicircle excluding wp = —A must be drawn above the 
real axis. This is so because we have assumed the time 
factor e““! so that a slightly attenuated (physical) 
wave must have a positive imaginary part on the 
negative axis. 

The first two terms contribute the first term of the 
fourier inversion integral 
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Beer i dus > [Fy/e(a? — w]e G/u) | 
D 

6(T'v — wop — w) 

— (Tv — w op)). 


—iAl 


— reve > Fyfe i a[A 
p 


(49) 


The first term has to be understood as the princielgy 
part of the integral, hence it vanishes in the expression 
Woe JO. 


2 dn.msbnim (repeal =F SG 


= reve Dy Sf eye) A2)a[A — (Lv — wof)] 
ii (rere) aT + CC. 
The 6-function requires 
= (I? + a?)/d'? = Tv — poo. 
With the notation 
1 — ¢?/c? = 1/7’, 
we obtain for the undulator frequencies w,,» and propa-{ 
gation constants Tn, m 


| 
| 
) 
} 


(50) 


[ 
(51) 6 


Onm = —¥wop + yv(ews?h?/c? — a7n m/y?)? (ae 
Dime =—— yew opu/c? £ y?(ewo*p?/c? = 0? a m/Y) 

(53)8 
and for 1), 


ie = reve 2 D (F (Fp/€(@n,m)@? n,m) 


vein mere alti) et C-Con rn 


The integer p can be positive, negative or zero. The} 
last case deserves special attention. For p = ) 


Oum = 1n wy = in, md/ {1 _ (ev?/c?) } 1/2 
Dam = 1a mV lan (a ear) 
These frequencies are imaginary unless 


Co) Ce ae 


(55) § 
(56) 


(S7) 
then ! 
Wn .m. = 1 An md/(ev2/c6% — 1) 1% (58) 


If (57) is fulfilled we deal with Cerenkov radiation. | 
It is seen that for each mode (n, m) the propagation 
velocity Un,m } . 


Un,m = Gutman U; 


(59), 


i.e., the wave velocity is equal and parallel to the particles 

velocity. It was mentioned in a preceding section that}! 
Cerenkov radiation in a homogeneous medium has a/| 
continuous spectrum. We now see that it has a discreet 
spectrum (58) in a waveguide. Cerenkov radiation, 
according to (54) and (41), is also emitted when there | 
is no transverse electron motion; i.e., when 


B=0 TF (0) =—1 J,(0) = 0 pb #0. 
The more general case of undulator radiation arises 


both fore = 1 and e ¥ 1. Passing to the other values of’ 
p, we note that the solution (54) depends on gand tas © 


(60). 


Solutions involving the positive sign correspond to: 
incoming waves violating the radiation condition and) 


e (Pn n? + m, nt) 
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are therefore excluded. Eq. (60) can be written 
exp. 7y"| —zew opu/c? — wopt 
en eanapy/ CR, W/o? )ti2(ze— ot) | (61) 

The root appearing as a factor of z — vt becomes 
imaginary for high values of m and m—the waveguide 
cuts off. 

One notes that the waves which are cut off in the 
frame of reference of the electron are attenuated in the 
laboratory frame of reference. This determines the 
choice of sign for the root in (52) and (53); for z > vt the 
sign must be chosen positive, for z < vt negative. 

The calculation of the transverse component II, is 
rather similar to that of II,. The propagation constants 
and frequencies are given by 


Dmg = —Yeove(p + 1)/c? 

+ y'[eet(b + 1)2/ct — ay m/y? (62) 
Oates) = Wo Pot 1) 

+ yileet(D + 1)8/ct — atan/y]. (63) 


q = 1 corresponds to the plus sign 
gq = 2 corresponds to the minus sign. 


It is interesting to note that the amplitude of the 
transverse component 


Il, = 2incew,B > >, 2 (Gea Cea) 
n,m q=1, 


OE GR GE teeta) (64) 
has only one @n,m,¢ in the denominator, while the II, 
component is 


in — nec 2 2, F,/€(@n,m)? 


bn, m(Py em —enm), (65) 
The power radiated can again be computed as the 
work done by the self force on the electron per unit of 
time. The electric field strength is 
E = grad div. ff — (1/c?)Ii, 
and the power is given by 
P= e{ E,(vt)v + E,,(vt)v¢}; 
where £, and E, are evaluated at the electron 
(a/2) — B sin w.t). 
The formulas in this section have been derived for an 
infinitely long undulator. In the case of a finite undulator 
of length L, (44) should be replaced by 
{sin (Tv — wop — w)L/2u} /(Tv — woop —w), (44a) 
and the last 6-function in (48a) is consequently replaced 
by (44a) divided by 27. The spectrum is thus con- 
tinuous. The discussion of this case will be given in a 
later publication. 


(66) 


2=u,x% = 


RADIATION IN PERIODIC STRUCTURES 


We have shown that Cerenkov radiation is emitted in 
a wave guide only when e > 1. This condition is no 
longer necessary if the waveguide is iris-loaded, or 
corrugated. Such guides, well known as slow wave 
structures, are used in traveling-wave tubes and linear 
accelerators. To show that Cerenkov radiation is 
emitted when e = 1 in periodic structures we start again 
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with (22) for II. According to a theorem by Floquet 
(extended by F. Bloch) solutions can be written in the 
form 


Tied ee ce (fZ)by jad. Cn (67) 


where f(z) is periodic in z with the period D of the 
structure 


—r/D<T,< n/D: (68) 
for f(z) we can write 
io.@) 
f(z) ek > g(m) e(2nim 1D (69) 
oe 
gi) = pf f(z)e-@nim/D)s, (70) 


To make the problem more specific consider a cylin- 
drical guide of radius ry = a with slots of width d cut to 
a depth of radius r = 0b. The distance of successive slots 
is D. A simplified treatment, due to Walkinshaw,’ of 
wave propagation in such a guide is found in H. Motz, 
(1951!°). The solution for ry < a may be written 


TW, = Egrets-l 7 (amr) + C.C. (71) 
Qn = / 0? =F (72) 
T=T7,+ 2rm/D. (73) 
The field in the slots for 7 > a will be of the form 
= >, PslJo(apr) —No(apr) Jo(apb)/N o(a,b)] 
D . 
sin {2rpz,/d}e™ + C.C. (74) 
arp = w/c? — pin®/d?, (75) 


where z, is the axial co-ordinate in the mth slot. The 
boundary condition at z = b and at the slot walls is 
already satisfied by (74). Now the fields have to be 
matched at the slot mouths. This can be done by as- 
suming a quasistatic field at the mth slot mouth: 


E, = Ce Gl = (22nd)? } 1/2, (76) 


The electric field valid for 7 < a is equated to (76) 
and the g(” are determined in terms of C. The g‘” are 
inserted into the expression for the magnetic field H, . 
Then the electric field valid for a < 7 < 6 is equated to 
(76) and the constants P are determined in terms of C, 
Now the magnetic field valid fora < r < bis determined 
in terms of C and equated to an averaged field valid for 
y < a. With certain further approximations this leads 
to an equation 


Fy (ap=00)/ Fo(ap=02) 


= d/D > (ap=0/ Om) { Ti(ama)/F o( ama) } 


J olymd/2) | (sin Ymd/2)/(ymd/2)}, (77) 
where 
Fi(ar) = N,(ab)Ji(ar) — Nilar)J.(abd):-: (78) 
F (ar) = J(ar)N.(ab) — J.(ab)N(ar):::. (79) 


It is clear from the preceding sections that the forcing 


15 WW, Walkinshaw, ‘‘Theoretical design of linear accelerator for 
electrons,’ Proc. Phys. Soc. (London), vol. 61, p. 246; 1948. 

16 H. Motz, “Electromagnetic Problems of Microwave Theory,” 
Methuen, London, p. 122; 1951. 
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frequencies are Tv. Putting this into (72), (75), we 


obtain 


ae 


Il 


T2(y2/c? — 1) (80) 
T?y?/c? — p?r?/d?, (81) 
where I is given by (73). The transcendental equation 
(77) together with (73) determines [,. The roots 
T,' determine the Cerenkov frequencies 

wy.m = (Io? + 2xm/D)v. (82) 

Eq. (77) is only approximate, the full matching con- 
dition is more involved. 

In general one can represent the relation of phase shift 
versus frequency for a periodic structure in the familiar 
Brillouin diagram. If we draw a modified diagram with 
Tv/c as abscissa and w as the ordinate, the emitted 
frequencies are given by intersections of a 45-degree line 
with the phase shift curves, Fig. 4. 


2 — 
Op 


RADIATION IN A GUIDE PARTIALLY FILLED 
WITH DIELECTRIC 
Cerenkov radiation may also be emitted in a guide 
partially filled with dielectric so as to allow for the free 
passage of an electron beam. Again, to make the problem 
more specific, let a cylindrical wave guide of radius 6 
be evacuated for 0 < ry < a and lined with a dielectric 
fora < r < b. In the space 0 < 7 < a the solution 
will be 
IW? = —jAe 7 (ar) + 6.C. 
ao = @/e> — P* 

Fora <r < 6 the field will be given by 
—jBei*— J (ar) — N(air) Jo(a1b)/N (arb) ] (85) 
ay? = (ew? fe?) — TT (86) 
Along the boundary at r = a the circumferential 
magnetic fields H, and the axial electric fields F, in 
both regions must be equated. These conditions lead 
to the following equation (This equation is given by 

Abele! without derivation). 
J (aa)/J\(aa) = (a:/ea)Fo(aia)/F\(aia), (87) 
where F,, F, are given by (78), (79). It is again clear 


(83) 
(84) 


Tz = 


that the forcing frequency is w = Tv, so that 
at = I2(y2/22 — 1) (88) 
One li? (07 e/c75— I) (89) 


Substituting (88), (89) into (87) we obtain a trans- 
cendental equation for T. 


Since a = I'{(v/c)? — 1} is imaginary, we write 
instead of (87), 


I (x) /Ii(x) 

= (4/67 — 1)2/7 eA 

with the notation 
Wve been? /.ce) ei? (8) 
Ue Cee Mls i) 07) (8a) 


In terms of a solution &; of (90), the Cerenkov fre- 
quency spectrum is given by 


w; = —v/a(1 — v?/c?)1/2, 


— w/c?) Fo(xyi/yt)/Fi(xvi/y2),(90) 


(91) 
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It should be noted that the arguments of F., F; are 
real, 7 appears because of our previous notation. It is 
seen immediately from (90) that there is no solution 
when e < 1. 


SoME OpTICcAL EXPERIMENTS 


The undulator theory was first confirmed by an 
optical experiment.!° A magnetic undulator was used. 
It consists of an assembly of magnets arranged along a 
main axis so that their fields are perpendicular to the 
axis and alternate periodically with axial distance 


Z. 


ELECTRON PATH 


Fig. 5—Magnetic flux curve and electron path of a magnetic un- 
dulator. (Previously published in Jour. Appl. Phys.) 


(Fig. 5). Provided the field contains only odd harmonics 
in z, an electron proceeding along this axis will describe 
a periodic trajectory if injected in a plane perpendicular 
to the field (y — z plane) and at a certain angle with the 
axis. The undulator partially assembled is shown in 


Fig. 6—Undulator structure, 


t partially assembled. 
published in Jour. Appl. Phys.) 


(Previously 


Fig. 6. An electron beam of 100 mev energy was avail- 
able from the Stanford linear accelerator. Eq. (18) 
predicts that such electrons will generate waves in the 
visible range when passing through the undulator. This 
was observed and the polarization and the color of the 
light was found as expected. 
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An interesting counterpart of this experiment was 
devised by Smith and Purcell.!” Light is generated by 
an electron beam of 300 kv passing close to the surface 
of a metal grating. We have given the theory of Cerenkov 
radiation in the case of the corrugated cylinder. In the 
case of a corrugated plane the theory leads to the 
undulator formula 


N= dc{1 — (v/c) cos 6} /v 


for the fundamental wavelength. 

The spacing of the grating, d, was 1.67 microns in this 
experiment. Smith and Purcell were able to record the 
spectrum of the emitted light and they proved that the 
dependence on beam energy and the polarization agreed 
with theoretical expectations. The beam carries out a 
slight undulating motion but the light is mainly due to 
the oscillation of induced surface charges and might thus 
be classified as a special kind of Cerenkov radiation. 


MILLIMETER WAVE AND INTERWAVE EXPERIMENTS 


It seemed interesting to pursue the subject of milli- 
meter wave generation experimentally. As is well known, 
there are no sources of coherent radiation available in 
the millimeter- and sub-millimeter-wave range. Some 
workers have produced incoherent radiation by the so- 
called mass radiators. One thinks here notably of 
Glagolewa-Arkadiewa,!* and also some more recent work 
by Cooley and Rohrbaugh?® and others. This kind of 
radiation is incoherent in the sense that it could not be 
received by heterodyne detection, or else in the sense 
that radiation produced by one mass oscillator would 
not produce interference phenomena with the radiation 
produced by another mass oscillator. Undulator radia- 
tion is different in that respect. Radiation is coherent. 
The radiation from one undulator would interfere with 
the radiation by another undulator. Many uses of 
coherent radiation in the millimeter and submillimeter 
band come to mind. Naturally, it could have application 
in the communications field. It would have applications 
in radar. It would certainly be very interesting to study 
the properties of matter in that frequency range 
Availability of such radiation would open up an entirely 
new field of microwave spectroscopy. 

The first experiments done at Stanford were designed 
to prove the principle in general. A magnetic structure 
was fabricated. Theory shows that the radiated in- 
tensity increases with the square of the magnetic field. 
Hence, it was desirable to make an undulator field of 
high intensity. This requirement was met by using 
magnetron magnets and putting an array of steel teeth 
between the magnet poles, so that an alternating flux 
was obtained. 


1S, J. Smith and E. M. Purcell, “Visible light from localized 
surface charges ‘moving across a grating,’ Phys. Rev., vol. 92, p. 
1069; 1953. 

18 A Glagolewa-Arkadiewa, ‘Short electromagnetic waves of 
wave length up to 82 microns,’’ Nature, vol. 113, p. 640; 1924. 

19 J, P. Cooley and J. H. Rohrbaugh, ‘‘The production of ex- 
tremely short electromagnetic waves,” Phys. Rev., vol. 67, pp. 
296-297; 1945. 
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The output of radiation is very much enhanced if the 
bunches of radiating electrons are very short. This is 
to say, if the bunches are short compared to the wave- 
lengths received in the laboratory system, the intensity 
of the radiation emitted is proportional to the square of, 
rather than linearly proportional to, the current. Thus 
a factor of 10% to 104 or even more can be attained by 
which the radiation emitted by highly bunched electrons 
is more intense than the radiation emitted by an un- 
bunched electron beam. Such bunching action seems 
possible in the millimeter- and to a certain extent in the 
sub-millimeter-wave range. Experiments on wave genera- 
tion in that range were undertaken by means of a special 
buncher accelerator constructed for use with the Mark 
III (220-foot) linear accelerator at Stanford University. 
This buncher or linear accelerator is capable of de- 
livering 3-5 mev with good bunching action. It is a 
structure in which the phase velocity varied from 0.5 
times to virtually the velocity of light within about 3 or 
4 feet. At the time when these early experiments were 
done, no spectrometer was available which could 
distinguish between waves of different frequency in the 
millimeter- and sub-millimeter-wave range. The detec- 
tion was effected by crystal detectors which were 
manufactured in the laboratory. They were crystal 
detectors with especially fine tungsten ‘‘whiskers.’’ These 
detectors could be evacuated, so that the radiation did 
not pass through any windows through which trans- 
mission was uncertain. Power in the millimeter-wave 
range was obtained and it was estimated that it was 
about 1 w or more. An instrument incorporating a 
thermistor was also used to estimate the intensity. A 
block diagram of the set up used in these experiments is 


TRIGGER 
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PULSER 
cz 
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AMPLIFIER] [OSCILLATOR SCOPE 


AMPLIFIER 


[DETECTOR] 
BEAM 


DEFLECTED 
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(MONITOR) 


FOCUSING 
COILS (6) 


Fig. 7—Block diagram of undulator set-up. (Previously published 
in Jour. Appl. Phys.) 


shown in Fig. 7. These experiments seemed encouraging 
and as the buncher used was needed by the Mark III 
accelerator, it was decided to build an accelerator which 
would be set aside for the purposes of the undulator 
experiments specifically. 

Several conclusions were derived from the early 
experiments. First of all, it was concluded that further 
improvement of the bunching action would be desirable. 
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It was also concluded that an electromagnet would be 
preferable to an arrangement of permanent magnets. 
The fact that one cannot switch off a permanent magnet 
caused a great deal of inconvenience in the early experi- 
ments. Moreover, it is not easy to trace the beam through 
the structure. It was ascertained that the beam did not 
penetrate the whole length of our first undulator, which 
was 3 feet long. Therefore, the experiments were first 
done with another, short model of an electromagnetic 
undulator, and a long strong focusing undulator was 
designed. A special prebuncher was constructed. This 
prebuncher consisted of two low-voltage cavities and 
one high-voltage cavity for accelerating the beam. The 
prebuncher would confine the bunches to within, let 
us say, 30 degrees; the accelerator would then take over 
and bunch the electrons further to within a few degrees. 
Detailed theory of such a prebuncher has been de- 
scribed by Thon.?° The experiments done on millimeter- 
wave and visible-light generation have likewise been 
described.’ 

The more recent group of experiments was performed 
with an accelerator originally intended for a radio- 
logical application. The device was supposed to give an 
output of 3 mev with an input of 0.5 Mw, to be obtained 
from a magnetron. It proved, unfortunately, that the 
pipe was faulty, and therefore had attenuation some- 
where along the structure. As a consequence the maxi- 
mum energy which could be obtained with a power 
input of 0.5 Mw was about 0.7 mev. It was decided to 
supply the accelerator with 1 Mw froma Type 272 S-band 
klystron. With this level of power input, the output was 
somewhat higher than 2 mev, but 3 mev could not be 
reached. The simple theoretical analysis given above 
would show that 2.5 mev would be required if any 
radiation was to be produced in the undulator which 
had been constructed. The period of this undulator is 
40 mm. At an energy of 2 mev this period would appear 
to an observer in the electron’s frame of reference as an 
8-mm. period. The electrons moved in a wave guide 
passing through the undulator. The cutoff wavelength 
of the waveguide was 7.4 mm. The wave guide should be 
effective for shielding of all radiation above 7.4 mm. 
in the electron frame of reference. It was hoped, how- 
ever, that there would be harmonics in the flux curve of 
the undulator and that output might nevertheless be 
achieved. With electron energies of 2 mev and below, 
high-frequency radiation was indeed received. For the 
frequency analysis, an echelettetype spectrometer was 
available, constructed by R. N. Whitehurst according 
to designs contained in a paper by Strong.?! This eche- 
lette spectrometer, Fig. 8, allowed wavelength deter- 


_ #W. Thon, ‘Design, Construction, and Operation of a Magnetic 
Undulator,”” Stanford University Ph.D. thesis (in preparation); 
esp. ch. 6. 

21 J. Strong, ‘‘Resolving-power limitations of grating and prism 
spectrometer,’ Jour. Opt. Soc. Amer., vol. 39, pp. 320-323; 1949. 
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minations to within a fraction of 1 per cent. There are 
four ruled aluminum plates. The first plate covers the 
range from 0.5 to 1 mm, the second one from 1 to 2 mm, 
the third from 2 to 4 mm, and the fourth from 4 to 8 
mm. Some experiments on harmonic generation from 
K-band generators had been done previously with this 
spectrometer, and it was found satisfactory. The radia- 
tion received from an experimental 4.5- to 6-mm back- 
ward-wave oscillator was also measured on this spectrom- 
eter. The device seemed to be free from parasitic lines 


Fig. 8—Echelette spectrometer. 


in the region tested. The finest plate, intended for the 
range from 0.5 to 1 mm, had of course not been tested yet. 

On this plate one can also measure wavelengths 
smaller than 0.5 mm, but certain advantages inherent 
in the spectrometer design are lost in that range. The 
spectrometer construction is such that if a given order 
(say, the mth) of the interference is received, the m—1 and 
nm + 1 orders are inhibited, because they fall on the 
minimum of the Fraunhofer diffraction curve. (This 
phenomenon would be probably not observed in waves 
below the design range in wavelength.) The only result 
of this effect, however, should be that power reflected 
by the echelette plate is not as high as in the design 
range. In order to use the spectrometer, it was first 
necessary to make the radiation pass out of the evacuated 
waveguide into an air-filled wave guide. This was 
achieved by means of a 0.002-inch Milar window. Al- 
though the absorption by this window is unknown, it 
does not seem to weaken the signal to an appreciable 
extent. The spectral transmission of the window, how- 
ever, should be tested. The spectrum measured by 
means of the echelette spectrometer is of the following 
type. On all of the plates a number of very sharp lines 
appears. On the plate intended for 0.5 to 1 mm numerous 
lines were observed even below 0.5 mm. The spectrum 


lranges from 0.12 mm to the longest wavelengths (6.55 
m) received on the plate intended for the range 4 to 
48 mm. There is at present no good explanation of this 
line. There are also regions of a continuous spectrum. 


As an example of a measurement run we give the 
data in Table I: 


TABLE I 
Energy 1.64 mev finest grating, with magnet 
}|Wavelength in mm 0.147 0.211 0.270 0.310 0.340 
Approximate rel. intensity ”) 3/2 1 1 3/2 
Wavelength in mm 0.372 0.397 0.418 0.447 0.475 
} Approximate rel. intensity 134 1% 1 1 X% 
Energy 1.5 mev coarsest grating 
With undulator magnet With undulator magnet 

0.970 0.883 

1.65 

1.85 

Mail 2.42 

2.80 

alls) 

3.40 3.56 

3291 

4.95 4.88 

5.85 

6.57 6.90 

7.06 7.63 

Ut sth 8.09 

8.49 
8.85 8.72 


_ The most intense lines on the plate for the shortest 
/ waves seem to be near the position in which the plate is 
| parallel to the mirror. The explanation may be the short 
coherence length of the radiation made by the short 
| undulator. For very small inclinations the rulings on the 
plate may all interfere together, but for larger inclina- 
ee only groups of echelette faces near to each other 
‘contribute. This circumstance may explain why no 
_ lines were found for the larger inclination angles between 
the echelette plate and the plane of the mirror. 
_ Estimates of the measured power of the radiation are 
based on the same argument as used earlier by Motz.’ 
Total power of high-frequency radiation is again esti- 
mated to be in excess of 1 w by comparison with thresh- 
old signals equal to noise which have been accurately 
measured by the Columbia University group. Coherent 
radiation in a wavelength range from, let us say, 0.1 to 
1 mm has not been obtained before. It is hoped that a 
better understanding of the mechanism of oscillation 
generation will be obtained when further experiments 
are available. Some tests have been carried out to find 
out whether the bunching is effective. The signal re- 
ceived at 6.55 mm was plotted against the beam current, 
-and it was found that the signal increases quadratically 
with beam current, thus indicating satisfactory bunch- 
ing action. Measurements on the lines of shorter wave 
lengths were more difficult and it is hoped that further 
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experiments will test the bunching in this region, too. 
It would be desirable to use the long undulator which 
has been constructed; i.e., the 3-foot model. 

It should be mentioned that some lines in the sub- 
millimeter wave region were also observed when the 
electromagnet was switched off and completely de- 
magnetised. Detailed interpretation of the observed 
spectrum has not been carried out so far. The work at 
Stanford had to be interrupted and it is hoped to con- 
tinue it at Oxford. The distribution of the lines is puzzling 
and so is the appearance of lines in the absence of a 
magnetic field. The lines must of course be harmonics 
of the bunch repetition frequency. Explanation of these 
phenomena is being attempted along the following 
lines: It is possible that the surface properties of the 
guide through which the electrons pass play an important 
part. Suppose the wave guide walls are covered by a 
dielectric film. Eq. (90) can be simplified for a thin layer 
of dielectric of thickness (6 — a) = A. Then 


I(x)/Ii(x) = px 
p = Ale(v/c)? — 1]/ae1 — (v/c)], 
which has solutions 


Sf 
6.2, 40°ee << les, 
[1 — (u/c)?] << Aaee(v/c)? — 1] 
vi/p = 1 — (v/c?]/v/Ale(v/c)? — 1). 


A similar treatment can be applied to (77) for the cor- 
rugated guide showing the importance of surface ir- 
regularities of the guide. It is thus possible that some of 
the lines observed were in fact Cerenkov radiation. The 
influence of wall conductivity is also under investigation. 
Further experiments are necessary to clear up this 
matter. 

An experiment on generation of Cerenkov radiation 
of K-band frequency (1.25 cm) was also carried out by 
M. Danos et al.4 An electron beam accelerated by 10 
kv (0.2 ma) was bunched by a K-band cavity and then 
made to graze a dielectric (polycrystalline 7,O2) of 
dielectric constant e = 105. Approximately 10~’ watt 
of radiation was detected. 


(Go) = 


GENERAL CONSIDERATIONS 


There has been a certain amount of discussion of the 
role of Cerenkov radiation in other microwave tubes 
such as klystrons and traveling-wave tubes. There is 
no doubt that the field radiated by electrons in slow 
wave structures is of the same nature as Cerenkov 
radiation discussed in previous sections. The bunching 
of the beam enhances the radiation. In traveling-wave 
tubes, however, the field emitted is an important 
feature of the dynamics of the electron itself. There is 
electron wave interaction. The bunching of the beam is 
affected by the radiated field. In resonant devices; 1.e., 
in klystrons, the action of the fields on the electron 
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motion is equally important. The present paper does 
not consider electron-wave interaction but is confined 
to the primary process of radiation. The effect of bunch- 
ing is an interaction effect of a special kind. If the un- 
dulator was made resonant the standing waves set up 
would in turn interact with the beam. But the frequencies 
radiated by high speed electrons due to the movement 
induced by these standing waves are much higher than 
those radiated due to the magnet structure. The fre- 
quencies at which power is abstracted from a highly 
bunched beam depend on the resonances of the cavity. 
The same is true of a resonant dielectric structure 
designed to extract Cerenkov radiation from bunched 


beams. 
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Nonreflecting Absorbers for Microwave Radiation 
HANS SEVERIN} 


Summary—tThe absorption of very short electromagnetic 
waves by absorbing systems, which avoid reflection of the inci- 
dent wave is a problem of practical interest. Three different meth- 
ods are applicable: 

1. Complete absorption of the incident energy can be obtained 


| for one wavelength by using resonance systems of relatively small 
| thickness; e.g., 


a resistance card having a surface resistivity equal to the wave 
impedance of free space and placed a quarter of the wavelength in 


| front of a metal sheet; 

| a dielectric layer of lossy material on a metal sheet, with the 
| thickness of the layer equal to about a quarter of the wavelength 
| in the material; 

| a two-dimensional periodic structure of concentric resonant cir- 
| cuits arranged within the metal sheet itself. 


2. The reflecting object can be covered by a thick layer of 


| absorbing material, so that in a wide wavelength range most 


energy of the incident wave will be absorbed before reaching the 
reflecting surface. To avoid reflection, the absorption material can 
be tapered or arranged in different layers in such a manner that the 
loss tangent steadily increases towards the base plate. 

3. The bandwidth of resonance absorbers can be widened 
without an increase of its thickness by combination of two specially 


_ dimensioned resonant circuits. 


N CONNECTION with the rapid development of 
the technique of very short electromagnetic waves, 
a series of experimental and theoretical investiga- 


' tions has been carried out which treats certain devices 


absorbing electromagnetic radiation without producing 
much reflection. 

If an electromagnetic wave is incident from a medium 
with the wave impedance Z, upon a boundary surface 
characterized by the input impedance Z, the reflection 


| coefficient 7 is given by the expression 


piesa le 
Tae A 


In free space the wave impedance is real Z, = X and 


(1) 


for a plane electromagnetic wave 


x = \/e: = 3/72) (2) 
Eo 


in all planes of constant phase. Therefore zero reflection 


can be obtained in a wide frequency band, when the 


input impedance Z of the absorber system is real and 
independent of frequency. Although the formulation 
of the problem is quite easy, it is difficult to realize the 
matching conditions in the microwave-range. 


A first group of absorber types makes use of the 
resonance properties of systems having a relatively small 
layer thickness. The simplest and best-known device of 
that kind uses.a resistance card whose surface resistivity 
is equal to the wave impedance of free space. If such 
a resistance foil is placed a quarter of the wavelength 


{ III. Physikalisches Institut des Universitat Gottingen, Ger- 
many. At present at RCA Laboratories Division, Princeton, N. J. 


from a metal plate, the input impedance in the foi 
plane is equal to the wave impedance of free space 
and perfect matching is achieved for the wavelength 
in question. The calculated wavelength sensitivity shows 
a voltage standing-wave ratio below 1.10, i.e. a reflection 
coefficient below 0.05, over a bandwidth of +5 per cent. 


Another resonance absorber of the same efficiency con- 
sists of a homogeneous dielectric layer on a metal sheet, 
where the layer thickness d, the dielectric constant e, 
and the loss tangent tan 6 can be adjusted in such a 
way that reflection becomes zero for the desired wave- 
length.! The calculation of the reflection coefficient, 
based on Maxwell’s equations, yields the expression 


tanh (2% : ») =p 
ae ae (3) 
tanh (20 : b) “ep 
with 
| pb = Ve(1 — i tan 8). 
From the condition of zero reflection 
exp (25 : p) — exp (25 : p) 
p= (4) 


exp (2% : ») = exp (26 : p) 


follows as a first approximation for 27d/ < 1, that the 
layer thickness d must be a quarter of the wavelength 
in the material 
aes 
n4 


n= 


\/: (ee eee) 


and the surface resistivity has the value 


pM set Ligh = 188,5 Q per square, 

Cin 

(o conductivity of the layer material in Q-! cm™}). 
In this case zero reflection arises from the interference 
of the two waves, which are reflected at the surface of 
the absorber and at the metal base respectively. The 
waves havea relative path difference of half a wavelength 
mainly determined by e and d, and equal amplitudes 
determined by specially adjusted material losses, so that 
matching to the space is achieved. 

With increasing wavelength the \/4-condition of the 
two resonance systems described requires a considerable 
thickness of the absorber device. Whereas the resistance 
card must be located in a maximum of the electrical 
field strength, a magnetically operating absorber could 
be arranged immediately before a metal sheet. The 

1W. Dallenbach, and W. Kleinsteuber, ‘Reflection and Absorp- 


tion of Decimeter-Waves by Plane Dielectric Layers,’ Hochfreq. 
u Elektroak, vol. 51, pp. 152-156; 1938. 
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prototype of an element reacting to the magnetic field is 
the magnetic dipole in the form of a loop antenna. 
Therefore a regular distribution of extremely small loop 
antennas on the metal sheet itself has been con- 
sidered. The energy received from the field is led to 
load resistances. In such a manner we get an absorber 
device of small thickness, which is analogous to a 
resonance absorber of the Helmholtz type in the airborne 
sound technique.?-‘ In a first experimental investiga- 
tion® within the range of decimeter waves small damped 
resonant circuits have been applied consisting of the 
inductance of the loop antenna, a series resistance and 
a tunable condenser. By arranging the loops before a 
metal plate the characteristic impedance of a waveguide 
could be reproduced and a matched termination realized. 
In the frequency range around 10,000 mc/s* a suitable 
resonator results from combining a capacitative coaxial 
line element with an inductive loop (Fig. 1). A few milli- 


MSS 
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Fe powder 


Fig. i—Sectional view of a resonance element and its equivalent 
circuit. 


grams of Fe-powder produce the required losses. Resona- 
tors tuned to the same resonance frequency are soldered 
in the metal sheet. The loop antennas are in parallel with 
each other and form a two-dimensional periodic struc- 
ture. To get minimum reflection two parameters can be 
varied, namely the number of resonance elements per 
unit area and the resistance of the resonators. Fig. 2 
shows some results of measurements on the influence of 
these two parameters. Optimum matching is achieved 
for a certain number of resonance elements per unit 
area. If the number is too small, the input impedance of 
the absorber is lower than the characteristic impedance 
of free space. On the other hand if the surface 
density of elements exceeds its optimum value, the 
input impedance becomes too high and the reflection 
coefficient increases again. Because the input impedance 


> Resonators in the form of cavities with necks are arranged 
in a rigid wall and the kinetic energy effective in the necks is dissi- 
pated by a suitable flow resistance.*: 4 

*W. Willms, “On sound absorption with aid of damped 
resonators,’ Akus. Zett., vol. 4, pp. 29-32; 1939. 

*H. Oberst, ‘Resonant absorbers for air-borne sound,” Rep. 
IIL Physikalisches Institut der Universitat, Géttingen, Germany; 
1952. Not published up to now. 

> E. Meyer, and W. Lippert. Report. Heinrich-Hertz-Institut 
fiir Schwingungsforschung. Berlin, Germany; 1944. Not published. 

5 E. Meyer, H. Severin and G. Umlauft. ‘‘Resonance absorbers 
sor electromagnetic waves,” Z. Phys., vol. 138, pp. 465-477; 1954. 
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also increases with the resistance of the resonators, 


matching is obtained with the smaller optimum surface 
1.12 cm-2) when the elements with the 4 


density (V = 
higher resistance (1.6 mg Fe-powder) are used. 


The trend of the reflection coefficient as a function of | 
the wavelength and the number of elements per unit 4 


at . . 
area will be the same if the E-vector of the incident 


plane wave is parallel or perpendicular to the plane of | 


incidence. The dependence of the reflection coefficient 
on the angle of incidence, however, must be expected to 
be different for the two polarizations. In the first case, 
the eee iod is perpendicular to the loop areas, which 
remain effective independent of the angle of incidence. 


06 
N=08cm?| r Nop = 118 crn? 
04 + Z > 
4 ‘Noge= 112 cm 
iS 24 f 
Js =-" | 92 
——=" #43) 
py, Fe powder 
ple. 0 
314 316 318 ec} 314 316 318 B 
—- Alem] —-A [em] 


N= 156 cm’? 


Fig. 2—Reflection coefficient of resonance absorber sheets as a | 
function of the wavelength, measured for polarization perpendicu- | 


lar to the plane of incidence, angle of incidence 15 degrees. 


Parameters: Number per cm? and resistance of the absorbing } 


elements. 


Therefore, the surface impedance too is independent [ 


of the angle of incidence. For the other polarization only 
a component of the magnetic field has the direction of 
the loop normals. With increasing angle of incidence 


the effective loop area and with it the surface impedance | 


are diminished. Together with the characteristic im- 
pedance of free space 


Lee= XxX COSte, L= ah (5a, Doe 
.. cOS-¢ 
we get from (1) for 
as 
EF’ parallel to plane of incidence 
ites Z— xX cos¢ (6) 
bes Z+Xcos¢ 


E' perpendicular to plane of incidence 
, — Zh¢) cos ¢ — X 
Z(¢) cos gp + X- 


Fig. 3 shows the angle dependence of the reflection co- 
efficient for the two optimum absorbing sheets of Fig. 2. 


For a vertically incident wave the absorber with 1.12 | 
clements per centimeter square has an input impedance | 
higher than X = 3770. Therefore, according to (7), in 3 


the case of vertical polarization the reflection coefficient 


decreases with increasing angle of incidence, has a , 


minimum for Z(g) cos g ® X, and increases afterwards. 


7 


the other case of parallel polarization according to 
»), the reflection coefficient increases monotonic 
ith the angle of incidence. The input impedance of 
ine other absorber having 1.18 elements. per centimeter 
iquare is lower than X = 377 Qat the angle of incidence 
|| = 0 degrees. Therefore in this case, according to (6) 
d (7), the behavior is opposite for the two polariza- 
ons. 


04 


2 


N =112 cm™ 
16 mg Fe powder 


N= 118 cm? 
2 mg Fe powder 


Z<=X 


*ig. 3—Reflection coefficient of resonance absorber sheets as a 
function of angle of incidence, measured for polarization per- 
pendicular (—) or parallel (---) to plane of incidence. (Z = input 
impedance of the absorber sheet at y = 0 degrees, X = 3772.) 


The absorber described is effective only when the 
ie vector of the incident wave has a component 
in the direction of the magnetic dipoles represented by 
the loop antennas. Practice, however, demands the 
absorption be independent of the arbitrary angle between 
he magnetic vector and the axis of the dipoles. That 
an be achieved by adding a second grating of resonance 

lements, the loop antennas of which are turned 90 
degrees with respect to those of the first one. Because 
of the considerable manufacturing difficulties in the 
range of centimeter waves, the field of practical appli- 
ration of this type of resonance absorber will be in the 
range of decimeter- and meter-waves. 

The second group of nonreflecting microwave ab- 
orbers is characterized by a relatively large effective 
andwidth, and as a consequence of this property by a 
large layer thickness. In contrast to the resonance sys- 
tems described above, most of the energy of the incident 
wave will be absorbed before reaching the reflecting 
surface and multiple reflections in the layer itself are 
avoided. Assuming this, a formal solution of the prob- 
lem is quite easy. We need a material, the characteris- 
tic impedance of which is equal to that of free space: 
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a 2x0 — tan 6,) 
Eo e(1 — tan 6,) 


ph 25 
eyes Rt ex @ 

€o ¥ € COS 6, Eo 
An efficient absorber should have large and equal values 
of the dielectric and magnetic loss angles 6, and 6, as 
well as of dielectric constant ¢ and permeability u, and, 
moreover, these material constants should be inde- 


pendent of frequency. The realization of an absorber 
utilizing these principles is not possible up to now. 


In the actual construction of a wide band absorber for 
microwaves, reflection is avoided by tapering a homoge- 
neous absorption material, or by arranging different lay- 
ers parallel to the base plate in such a manner that the 
loss tangent increases towards the base plate. The special 
problem of two conducting layers and two equal air gaps 
in front of a metal sheet is exactly treated by solving 
Maxwell’s equations.’ By this calculation it is found that 
two zeroes of the reflection coefficient now exist. Numeri- 
cal evaluations of the results show the possibility of 
reducing the reflection coefficient below 0.1 within the 
range of one octave (see Fig. 4). In another construction 


Air gaps (D=50 mm) 
= 


Conducting layers (d,x13mm, d,=06mm, é=50) 


Surface resistivity: 125 Q27 2 Q23 kQ per square 


1 — 
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— 7. ian)| 
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Fig. 4—Calculated reflection coefficient of a two-layer absorber as a 
function of the wavelength. 


the absorber consists of alternate layers of a lossless 
dielectric and thin sheets of poorly conducting material, 
the surface resistivity of which decreases towards the 
base metal plate by a constant factor from one sheet 
to the next. The behavior of this so called ‘electrical 
swamp” may be approximately calculated by means of 
the transmission line theory.’ Fig. 5 shows the reflection 
coefficient calculated in this way as a function of wave- 
length to be below 0.1 in a range of nearly 3 octaves. 
The actual absorbers, however, do not give as good 
results as calculated because of variations in the various 


7R. Becker, ‘‘The reflection of electromagnetic waves at a 
medium consisting of layers,’ Rep. Institut fiir Theoretische 
Physik der Universitat, Géttingen, Germany; 1943. Not published. 

8 C. G. Montgomery, R. H. Dicke and E. M. Purcell, ‘Principles 
of Microwave Circuits,’’ M.I.T. Rad. Lab. Ser., vol. 8, McGraw- 
Hill Book Co., New York, N. Y., p. 396-399; 1948. 
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Fig. 5—Calculated reflection coefficient of a multilayer absorber as 
a function of the wavelength. 


parameters in manufacture. The reflection coefficient 
varies from 0.05 to 0.1 in the wavelength range of 7 to 
15 cm. 


The manufacturing difficulties arising from the exact 
observance of the calculated values of the surface 
resistivity can be avoided by using a uniform absorbing 
material in such a geometric shape that the absorption 
coefficient increases towards the base plate. This method 
of the gradual transition using wedge-shaped, pyramidal 
or conical structures is well-known from matched trans- 
mission-line terminations? and from the airborne’? and 
the waterborne! sound techniques. A special construc- 
tion of this electrical absorber is built up with resistance 
cards arranged perpendicular to the base plate and 
parallel to the direction of the electric field of the 
incident wave. To determine the optimum dimensioning 
of this device with respect to the surface resistivity 
and the layer distance, the attenuation of an electro- 
magnetic wave in a medium of parallel conducting 
plates has been investigated (Fig. 6).!2 For spacings 
smaller than half a wavelength and small surface re- 
sistivities, the behavior is quite similar to that of a 
waveguide below the cutoff frequency. High damping 
values are achieved because waves cannot be propagated 
and the field decays exponentially along the guide. 
Consequently the incident wave does not penetrate into 
the parallel plate medium and high reflection must be 
expected. For our special purpose, therefore, systems 
with spacings greater than half a wavelength will be ap- 
plied. Then, between the two limiting cases of lossless 
wave propagation in perfectly conducting guides and in 


°C. G. Montgomery, ‘‘Technique of Microwave Measurements,”’ 
M.1.T. Rad. Lab. Ser., vol. 11, McGraw-Hill Book Co., Inc., New 
York, N. Y., p. 720-743; 1947. 

10 F. Meyer, G. Buchmann and A. Schoch, ‘‘A New Sound Ab- 
sorbing Arrangement of High Efficiency and the Construction of an 
Anechoic Chamber,” Akus. Zett., vol. 5, pp. 352-364; 1940. 

11E, Meyer, and K. Tamm, “A wide-band absorber for water- 
borne sound,” Acustica, vol. 2,; AB 91-104; 1952. 

12H, Sauer, Diplomarbeit, III. Physikalisches Institut der 
Universitat, Géttingen, Germany; 1955. 
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Fig. 6—Attenuation of an electromagnetic wave (A = 3.2 cm) i} 
a medium of parallel conducting plates as a function of the 
surface resistivity, for different spacings d. 
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Fig. 7—Specular reflection-wavelength characteristic for an al 
sorber made of indented resistance foils. . 


free space, characterized by zero- and infinite surface re 
sistivity, respectively there is a maximum of attenuatio} 
per unit length, which is shifted to higher values c¢} 
surface resistivity with increasing spacing. For practice 
applications, spacings and corresponding surface re 
sistivities for maximum attenuation are chosen in suc| 
a way that the absorber thickness necessary for gettin} 
the required total absorption is not too large. Accordin| 
to Fig. 6 the suitable distance of the conducting sheet! 
is a little larger than half the wavelength. In the ie 
case of X = 3.2 cm the experimental results yield d = 


2.0 cm, R = 150 Q per square and a = 10 dB/cm. 


To match the absorbing parallel plate medium to th| 
characteristic impedance of free space, the conductin, 
sheets are indented on the side of the incident wave 
To avoid a dependence on polarization, two such sys 
tems are arranged on the base plate perpendicular t, 
it and to each other. An absorber of this kind of th 
size 1 m? has been manufactured and showed a re 
flection coefficient r < 0.1 in the range of at leas 


three octaves (Fig. 7). The angle dependence of th 


bd be 


¥ 


Radar reflection Maximum reflection 


77'w = 80° 


#g. 8—Reflection of an absorber made of indented resistance foils 
| as a function of the angle of incidence. 


bflection coefficient of the same absorber is measured 
nder various conditions of practical interest and the 
sults are reproduced in Fig. 8. An interference effect 
sulting in an intense reflection can be observed. This 
fect arises from the periodic structure of the absorber, 
| the spacings are larger than half the wavelength, and 
an be avoided by using teeth of different lengths. This 
inciple can be seen in Fig. 9 showing a weatherproof 
sorber,!? where the conducting sheets are embedded 
| foamed dielectric (e€ © 1.05). 

Of course, instead of indented foils, other forms of 
ee can be used such as wedges, pyramids or cones. 
jither the surface of these structures can be covered 
ith a thin conducting film, or they can be formed from 
homogeneous lossy material. Some applications of these 
ide-band absorbers are radar camouflage of disturbing 
iperstructures on air fields or ships, the decoupling of 
ransmitting and receiving antennas of a microwave 
slay station, and, for measuring purposes, the coating of 
90m walls on which a directed beam is incident, or the 
onstruction of a free-space room for electromagnetic 
aves. Such rooms can be used for indoor investigations 
f wave propagation phenomena, as the radiation patterns 
f directional antennas, the diffraction at openings and 
1e back-scattering from obstacles. The Naval Research 


13 Manufacturer: W. Genest, Stuttgart-Degerloch, Germany. 
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Fig. 9—Weather-proof wide-band absorber. 
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Fig. 10—Specular reflection-wavelength characteristic for flat 


material (---) and pyramid material (—). 


Laboratory at Washington has constructed such an 
anechoic chamber for microwaves in the region of \ = 
1.2 to X = 12 cm." The nonreflecting material was 
made by impregnating commercially available mats of 
curled animal hair with a mixture of conducting carbon 
black in neoprene. Reflection from the interface has been 
minimized by either geometrical shaping of the front 
surface or by increasing the loss with depth. Fig. 10 
shows specular reflection as a function of the wavelength 
at angles near normal incidence for both types of ma- 
terials. The III. Physical Institute of the University at 
Goettingen has constructed a large free-space room, 
which is anechoic for both acoustic and electromagnetic 
waves.!® The walls are lined with sound-absorbing glass- 


wool wedges, which are made electrically absorbent by 


14 A, J. Simmons, and W. H. Emerson, “‘Anechoic “hamber for 
Microwaves,” Tele-Tech. and Electronic Industries, pp. 47-49; 
July, 1953. 

15, Meyer, G. Kurtze, H. Severin and K. Tamm, “A New 
Large Free Space Room for Acoustic and Short Electromagnetic 
Waves,” Acustica, vol. 3, pp. 409-420; 1953. 
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Fig. 11—Anechoic chamber for acoustic and electromagnetic waves. 
III. Physical Institute of the University at Goettingen. 
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The disadvantage of these wide-band absorbers is th 
great thickness of the whole system, which does no 
allow their technical application to movable object: 
The practical use of the resonance absorbers, on th 
other hand, is reduced by their small bandwidth. It 1 
however possible to increase the effective bandwidth b) 
combining different circuits. In low-frequency techniqu 
it is possible to construct a two-terminal network wit} 
an input impedance, which is real and independent c} 
frequency by combining two specially dimensioned resc) 
nant circuits (see Fig. 13). A network of this kind whic} 
has already been used very successfully with purely me} 
chanical elements in the water borne sound technique 
can also be realized in the microwave-range.!” By regula) 
distribution of such elements on a surface, an absorbe} 
system with defined properties, determined by the sing] 
absorber elements and their distribution, can be obtainec} 


: 
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Fig. 12—Maximum deviations of the 1/r-law of propagation of an 
electric dipole for different distances from the dipole. Polarization 
is referred to the steel net floor. 


sucking in graphite powder (Fig. 11). The reflection 
coefficient of this arrangement is below 0.1 for electro- 
magnetic waves below 30 cm wavelength. The quality 
of the finished room was tested by measuring the devia- 
tions of the 1/r law of propagation of dipole-radiation 
and the results are reproduced in Fig. 12. 


15 6 5) 


its resonant frequency, so that, in order to make a meta) 


30 


15 6 3 
=A [om]. 


A short-circuited line, a quarter of a wavelength long! 
represents a parallel resonant circuit in the vicinity oj 


16. Meyer, and H. Oberst, ‘‘Resonant Absorbers for Water 
borne Sound,”’ Acustica, vol. 2, AB 149-170; 1952. q 
’H. J. Schmitt, Dissertation at III. Physikalisches Institut der| 
Universitat, Géttingen, Germany; 1955. 


Fig. 13—Two-terminal network of real input impedance, inde- 
pendent of frequency. 


iplate nonreflecting, suitable elements of series circuit 
character have to be mounted at a distance of \/4 in front 
i the metal plate. Among such elements are electric 
dipoles having the same resonant frequency as the 
fparallel resonant circuit. The necessary damping of the 
dipoles can be obtained by manufacturing them of re- 
sistive material. For some applications of these 
wabsorbers it is of special interest to reduce the total 
jdepth of the device. For this purpose the \/4 spacing 
ican be reduced to \/4\/e by using a material with 
I the dielectric constant e. 


Dielectric spacer 


€= 105, D=78mm 


Chas eye 
Zz 7005, st 0.94 


Dielectric spacer 
€ = 256 ,D=5mm 


d 


guo0s, Z-059 
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the grating constant for different lengths of the dipoles. \ = 3. 
cm, surface resistivity of the dipoles: 40 per square. 


To determine optimum dimensions the reflection co- 
efficient of absorber plates was measured for different 
lengths of the dipoles and different grating constants. 
The wavelength was 3.2 cm and the dipoles were 
parallel to the electric vector of the incident wave. 
Fig. 14 shows that for each length of the dipoles there 
is a grating constant for which the reflection coefficient 
is minimum. At the resonance-length this minimum 


| 
Fig. 14—Reflection coefficient of dipole absorbers as a function of 
| 2 
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reaches very small values, corresponding to an input 
impedance of the absorber of nearly Z, = 377 Q. At an 
absorber with dielectric spacer the absolute minimum 
of the reflection coefficient is reached for substantially 
smaller (by the factor ~/e) resonance lengths of the 
dipoles. In Fig. 15 the measured dependence of the re- 


F 
04 r + 3 
G 
Q2 
°70 26 36 44 
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Fig. 15—Reflection coefficient of various dipole absorbers as a 
function of the wavelength. 


flection coefficient of various absorber plates on wave- 
length is given. With an upper limit of 0.1 for the reflection 
coefficient the effective bandwidth extends in the best 
case from \ = 2.6 cm tod = 4.1 cm with an absorber 
system having a total depth of 5 mm. With a wave- 
length } = 1.6 cm we have metallic reflection since 
in this case the dipoles are placed in a node plane of 
the electric field in front of the metal plate. Finally, 
Fig. 16 shows the dependence of the reflection coefficient 
of an absorber plate on the angle of incidence for the 
cases in which the electric vector of the incident wave is 
parallel or perpendicular to the plane of incidence. In 
the latter case the angle dependence can be calculated, 
and the theoretical curve for an air spacing has been drawn 
for comparison. With a dielectric spacer the reflection co- 
efficient for oblique incidence is always smaller than 
with an air spacing. In the dielectric layer the incident 
wave is refracted towards the normal of the layer. 
Hence for oblique incidence the maximum of the 
electric field shifts less as the dielectric constant becomes 
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Fig. 16—Reflection coefficient of a dipole absorber with plexiglass 
dielectric, matched for normal incidence as a function of the 
angle of incidence. Polarization parallel (e—e) or perpendicular 
(°—°) to the plane of incidence. 
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higher. In the form described the absorber is effective 
only when the electric vector of the incident wave has a 
component in the direction of the dipole axis. Practice, 
however, demands very small reflection coefficients in- 
dependent of the polarization. This can be achieved by 
adding a second grating, the elements of which are 


b 
L 


turned by 90 degrees with respect those of the first one, i.e. . 


a grating of crosses instead of dipoles. Absorber-plates of 
this kind have been constructed, which, as expected, 


are practically independent of the polarization and are § 


equally effective as the dipole systems. According 
to the results reproduced in Figs. 15 and 16 the main 
field of application of these absorbers will be radar 


camouflage when the transmitter frequencies are known. 


\Summary—The general problem of determining the distribution of 
4urrent and the driving point impedances of a square loop or frame 
ntenna is formulated when arbitrary driving voltages are applied 
ft each corner or when up to three of these voltages are replaced 
ipy impedances. The loop is unrestricted in size and account is 
aken of the finite cross-section of the conductors. Four simultaneous 
ntegral equations are obtained and then replaced by four inde- 
Pepcont integral equations using the method of symmetrical com- 
onents. These equations are solved individually by iteration and 


A st-order formulas are obtained for the distributions of current 


mnd the driving-point admittances. By superposition the general 
‘solution for the abritrarily driven and loaded loop is obtained. 
nteresting special cases include a corner-reflector antenna and the 
square rhombic (terminated) antenna. An application of the prin- 
iciple of complementarity permits the generalization of the solution 
o the square slot antenna in a conducting plane when driven from a 
double-slot transmission line at one corner. 


GENERAL FORMULATION 


HE SQUARE loop antenna driven at one or 
more corners and loaded at others has many 
applications ranging from beacons and _ tele- 

ision transmitters to direction finders. Whereas the 
lircuit and radiation characteristics of small loops are 
well-known," * the square loop that is not small com- 
pared with the wavelength has not been studied system- 
atically. A rigorous analysis of the current and impedance 
‘of the circular loop when driven at one point was made 
iby Hallén.? Since the solution was not convenient for 
numerical evaluation it has been re-examined by Storer‘ 
and modified to facilitate computation. Extensive 
measurements of impedances and distributions of current 
{for both square and circular loops have been made by 
1Kennedy,® using an image-plane and by Kaliszewski, 
using complementary slots.°® 

The circuit to be analyzed is the square loop shown in 
|Fig. 1(a). The sides of the square (numbered 1 to 4) 
iy constructed of highly-conducting wire and the loop 


is driven at each corner from a two-wire line. Alternative 
‘connections are illustrated in Figs. 1(b), 2, and 3. The 
complementary slot circuit shown in Fig. 4 is useful for 
acne surface waves on conducting planes. A shielded 
lloop is shown in Fig. 5. A square loop driven at one 
|corner and loaded at the diagonal corner is the 90 
|degrees rhombic antenna shown in Fig. 6. 

_ Throughout the following analysis it is assumed that 


only the currents in the loop ttseif contribute to radiation. 


| + Craft Lab., Harvard Univ., Cambridge, Mass. 

| 1R, W. P. King, “Electromagnetic Engineering,” vol. I, Mc- 
Graw-Hill Book Co., Inc., New York, N. Y., pp. 427 ff; 1945. 

| 2R,. King, ‘“‘A loop transmitter,” Phil. Mag., ser. 7, vol. 20, 
| pp. 514-528; 1935. er 

3, Hallén, ‘Theoretical investigations into transmitting and 
Nova Acta (Uppsala), ser. 4, vol. 11, pp. 


receiving antennae,” 
1-44; 1938. i 
43, E. Storer, Cruft Lab. Tech. Rep. No. 212, Harvard Univ., 
| Cambridge, Mass. 
- 5P, A, Kennedy, ‘‘Loop Antenna Measurements,” Cruft Lab. 
Tech. Rep. No. 213, Harvard Univ., Cambridge, Mass. 

6 T. Kaliszewski, unpublished research. 
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Theory of the Corner-Driven Square Loop Antenna 
RONOLD KING} 


(b) 


Fig. 1.—Corner-driven loop; transmission lines in the plane of the 
loop. 


Fig. 2.—Corner-driven loop; transmission lines perpendicular to the 
plane of the loop. 
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Fig. 3.—Corner-driven square loop with internal feed lines. 


Therefore, none of the lines may be unbalanced. Circuits 
that do not satisfy this condition are excluded. 

It is shown in the literature” with particular reference 
to excitation with a two-wire-line that transmission-line 
end effects and coupling between the transmission lines 
and the antenna are different in the two circuits illus- 
trated in Figs. 1(a) and 2, and it is readily argued that 
Fig. 1(b) presents yet a third case. 

In all three the measurable apparent impedances 
terminating the several transmission lines differ not 


7R. King, ‘Theory of V-antenna,” Jour. Appl. Phys., vol. 
226 pps i 111=112131951. 


TWO-SLOT FEED LINE 


Fig. 4.—Complementary-slot square loop. 


AP IN SHI 
a IN SHIELD 


COAXIAL 
LINE 


SHIELDED-PAIR 
LINE 


GENERATOR 


Fig. 5.—Shielded square loop. 
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Fig. 6.—Ninety-degree rhombic antenna. 


only from one another but also from the corresponding 
ideal values obtained when each corner is driven by a 
lumped impedanceless generator. However, this ideal 
case may be modified to approximate closely an actual 
driving line by introducing an equivalent lumped net- 
work at each corner in conjunction with a concentrated 
emf as shown in Fig. 7. The constants of the lumped 
network depend upon the particular arrangement and 
spacing of the driving lines. Their determination is not 
the primary problem of this investigation. Methods are 
described in the literature.’~!° For present purposes it is 
sufficient to treat the circuit in Fig. 4 in which the 
precise nature of the generators and networks at the 
corners is not specified, and it is assumed that the 
voltages Viz, Vos, V34, and V4; are maintained across 
the adjacent ends of the cylindrical conductors forming 


®R. King and K. Tomiyasu, ‘Terminal impedance and gen- 
eralized two-wire line theory,’’ Proc IRE, vol. 37, pp. 1134-1139; 
October, . 1949. ; 

9R. W. P. King, ‘“Transmission-Line Theory,’’ McGraw-Hill 
Book Co., Inc., New York, N. Y., Chap. V; 1955. : 

OR, King, “Antennas. and open-wire lines, part I,” Jour. Appl. 
Phys., vol. 20, pp. 832-850; 1949, ; 
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the sides of the square (dimension 2h). These are num, 
bered from 1 to 4 as shown in Fig. 7 and each has al 
length 2(h — 6) and a radius a. It is assumed that the 
following inequalities are satisfied: 
a<h,; Bl ole Ly 
5 <Kihs Bed. al; (2) 
where B, = 27/d.. The origin of a right-handed rec} 


tangular coordinate system is at the center of the 
square. . 


9 


Fig. 7.—Square loop with lumped emf and junction network at eack 
corner. 


The required vanishing of the tangential component 
of the electric field on the surface of each conductor] 
leads to four equations of which that for conductor 1 is 
typical. This is 


= Obie, Ot: 4 A = 0 


(69) 
Oz 2 02 02 


Oa pee ae) | is Ee | 4) 
Piz EF ay ae ’ Piz age a2 pee ( ) 


[Note that the subscripts x and z denote Cartesian 
components of the vector potential A and parts of the 
scalar potential ¢ associated with these components 
according to (4)]. The scalar and vector potentials are 
defined on the surface of conductor 1. The components 
of the vector potential are given by the following 
integrals. Note that v, = 1/po. | 


1 ‘he [ e IPR 
Ag(s) = T,,(2’ 
\ ) Ary, —h+6 ; ( ) Ry 
—JBoRi3 | 
= I3,(2') dg’: (5) 
13 
1 h-5 e boR: | 
Ax (2) = | Ho Ae 
“) Ary, ne : ( ) Rie | 
—jBoRis ( 
+ Ine (#') |idxt ogy 
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where 

Ru = V(@ = 2’)? +a?; Ri = V@— 2)? + (2H), (7) 
Ru =Vh+ 2)? + ht x’)? $a; 

| Ru=V(ih—2?+(h+x)?+a% (8) 
The scalar potential on conductor 1, ¢1 = ¢12 + die, 
;may be expressed in terms of currents using (5) and (6) 


} with (4), or it may be expressed in terms of the charge 
| per unit length as follows: 


; 1 ke [ e JPoRu 
| we) = 
Ame, J —h+s qi(z') Ren 
—jBoRi3 
+ 9s(2’) fiedze oe (9) 
13 
° ie [ pe IBoRi2 
4 PizlZ) = eae 
; Ate, J —h+s ae) Ras 
—JjBoR14 
+ galx:) lie 0) 


| Note that $1.(2) is the potential at a point z on conductor 
| 1 due to the charge distributions qi(z’) and q3(z’) on the 


| two conductors that are parallel to the z-axis. Similarly, 
1 12(2) is the potential at z on conductor 1 due to the 
(charge distributions ge(x’) and qu(x’) on the two con- 
/ ductors that are parallel to the x-axis. 

With (4) substituted in (3) the following differential 
equation is obtained for the z-component of the vector 


fAeential on the surface of conductor 1: 


6) “Ay; ee Ooi: 
os 2A oops 48 

02? ee w OZ wy 
! By differentiating (11) with respect to z and making use 
| of (4) the following equation is obtained for the total 


scalar potential ¢:(z) = ¢:2(z) + ¢1, at 2, on conductor 1: 


a —— (12) 


+ Bobi(z) = Borpr2(z). 


The solution nf (11) is the sum of a complementary 
| function and a particular integral. Thus, 


Ai(2) = =2 [C1 cos Be + C2 sin Bz — 04(2)], (13) 
Uo 
} where v, = We, and where 
| 64(z) = ee Mike) sin Bo(z — w) dw. (14) 
Zo 


| The lower limit z, in ek is arbitrary. An alternative 
| form of (14) is obtained with integration by parts. Thus, 


4(2) = = iPo f ¢12(w) cos B.(2 — w) dw 
: = $1,(2) sill Boz = Zo). 
| 


6,(z) = ip $i r(w) COs BowBo dw; 
Ue) = [ ¢iz(w) sin BowB,dw, (16) 


64 (2) as given in (15) becomes: 
64(2) = [0,(z) + diz(Z0) sin Bozo] Cos Boz 
+ [6,(2) — ¢12(Zo) Cos Boe] sin Boz. 


(15) 
With the notation, 


(17) 
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The solution of (12) is conveniently obtained from (13) 
using (24). Thus, 


0A, 
6) = 2 2) + bn.(0) 
= —C;,sin B.z + Cocos Boz — : 08a 2) + di2(z). (18) 
Bo 02 
With (17), it follows that 
1 06 
oy(a) = — 5 A + trate 


= [0,(z) + $i2(%o) sin BoZol sin Boz — [6,(z) = diz Bo) 
cos Bog] cos Bs = i ¢i:(w) sin B(z — w)B.dw 
+ ¢$1i2(%) cos Bo(z — Zo). (19) 


Hence, 
¢i(z) = —C, sin Boz + Cocos Boz + Oy(z). (20) 


The following symmetry relations are verified readily: 
6.(z) is odd when ¢;,(w) is even, 


6.(z) is even when ¢12(w) is odd; (21a) 
6,(z) is odd when ¢12(w) is odd, 
6,(z) is even when ¢12(w). is even; (21b) 


The substitution of (5) in (13) leads to’ the following 
integral a ee 


h-5 Ru e160: 
IG! + I3,(2' dz’ 
oe Cale) lay ea. 
ale [C, cos Boz + Co sin Boz — O4(z)|. (22) 
Since 6,(z) is a function of I2.(x’) and I4,(x’), the 


currents in all four sides of the square are involved in 
(22). Three similar equations with permuted subscripts 
1, 2, 3, 4 may be written. These together with (22) con- 
stitute four simultaneous integral equations in the four 
unknown currents. These must be evaluated in terms of 
the four driving voltages which are defined according to 
the following pattern: 


Vie = oif2 = —h + 8) — g2(x = 


Since no techniques are available for the solution of 
four simultaneous integral equations, it is advantageous 
to replace them by four independent integral equations 
using the method of symmetrical components. This 
is accomplished by expressing the driving voltages 
in terms of sequential combinations of four phase- 
sequence voltages as follows: 


—h + 6). (23) 


Vig = VOLVO Ve) + ye), (24a) 
Vos = VO + jv — ye) — jVe@), (24b) 
Vep= VO = VO) Vrs Ve), (24c) 
Va = VO —7VM = ye) + 5Ve), (24d) 


The four phase-sequence voltages are designated by 
superscripts. They may be expressed in terms of the 
driving voltages by solving (24a, b, c, d). The results 
are: 
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Vio) = (1/4)(Vie + Vos + Vos + Var), (25a) 
VO) = (1/4)(Vie — Vos — Vara + 7Vai), (25b) 
VO) = (1/4)(Vie — Vos + Vas — Vas),  (25c) 
V3) = (1/4)(Vie + 7V23 — V3a — 7Va1). (25d) 


If each driving voltage is represented as in (24a, b, c, 
d) and the phase-sequence currents J), J, [@), [@) 
maintained by the phase-sequence voltages at each 
corner are determined separately, the resultant current 
in each side is obtained by superposition. The equations 
for the currents maintained by the four actual driving 
voltages in terms of the phase sequence currents are 


Toe TO 2670). 2 Te) 4 7) (26a) 
Tp = I) + 77) — J) — 7J@), (26b) 
i ORE, TE AY EO) (26c) 
I, = JO) — 770) — JO) + jI@), (26d) 
or 
10) = (1/4), + Ip +13 + Ia), (26e) 
TO (1/4) = gl, a — 41h), (26f) 
I) = (1/4), — Ip +1; — Ih), (26g) 
I) = (1/4), + jlz2 — Is — jl). (26h) 


The simultaneous determination of the four currents 
when arbitrary voltages are applied at the corners is 
thus reduced to the separate determination of four 
phase-sequence currents, each of which is maintained 
in each conductor by the appropriate phase-sequence 
voltage at each corner. The four independent problems 
are represented schematically in Fig. 8. Currents without 
a coordinate direction in the subscript and without an 
argument in parentheses have their positive direction in 
the clockwise sense around the square. 

If one or more of the driving voltages is replaced by 
an impedance, the equations (24a-d) apply with the 
appropriate voltage replaced by the negative of the 
voltage drop across the impedance. 


Loop wiTH FourR EQUAL VOLTAGES IN PHASE; THE 
ZEROTH PHASE SEQUENCE 


The zeroth phase sequence is represented by Fig. 7 
when 


Vie = Vo3 = V34 = Vai = V0). 
I,,(z) = — Ie2(x) = — I3,(z) = es) = [(0). 
qi(z) = —ge(x) = —ga(z) = ga(x) = gq, 


As a consequence of geometrical and electrical symmetry, 
it follows that 


Tv\(=2) = Li6(2); Ar k(—2) = Ade); 
Ay,0)(—z) = —A,,0(z); (27a) 
Gi (—2) = = giz); $1)(—2) = —g(z), (27b) 
where the potentials are defined on the surface of con- 
ductor 1. Necessary consequences of (27) with (4) are 


$1 (0) = 0; Ai2 (0) = 0; Ai (0) is extreme; (28a) 
gi (0) = 0; 7,,)(0) is extreme. (28b) 

It follows from (27a, b) and (21a, b) that 
6,0 (z) is even; 6,)(z) is odd. (29) 
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Saye SE 


If the arbitrary lower limit in (14) is chosen to be zero; | 
i.e., Zo = 0, it follows from (17) and (19) with (28a) that | 
8,(z) = 8,(z) dos Boz + 6,°(z) sin Boziseven, (30a) } 
6(z) = 6.(z) sin Boz — 0,)(z) cos Boz isodd. — (30b) / 
Since A1,)(z) as well as 11.(z) = —Ts-)(z) are ever 
in z, it follows that both sides of the integral equation | 
(22) must be even in z when specialized to the zeroth | 
phase sequence. The appropriate part of the right-hand | 
member is obtained by inspection sosthat the following 
integral equation is applicable: 


ZEROTH PHASE SEQUENCE FIRST PHASE SEQUENCE 


evi!) v 2 Jey") 
54 te —4I a 15 


Deere 22 (0) 
Tee GOadek 


SECOND PHASE SEQUENCE THIRD PHASE SEQUENCE 


Spye ee) Vq* vy) Vine Pv = -jves) ve, = jov(3)= -yi3) 
ae <5 = 


Fig. 8—The four phase sequences. 


h-6 
/ T1(2")K4(2, 2!) de! 
—h+6 
—j40r 


= [Ci cos*Boz — 04(z)], (31) 
where 
e 26oRu e JB0Ri 
KO Gaz a= = (32a 
Riu Ris 
and 
04 (2) = 6, (z) sin Boz + 6,!)(z) cos Boz 


= [4.2000 cos B,(z — w)B. dw. 


Note that $;2(°)(z) may be calculated from 


Has 
$12 (z) = : i g2) (x’) Kp (z, x’) dx’, (33), 
Ate, J —h+s 
with 
e JoRz e IboRis | 
Kp Gre = rs (34): 
Ri ae 


_ The zeroth-phase-sequence scalar potential is given 


oy the odd part of (20). Thus, 
b.(z) = —C, sin Boz + 6y(z), (35) 


where 
By(z) = —6,(z) cos Boz + 6,(z) sin Boz 


= ih $12°)(w) sin B.(z — w)B,dw. (36) 


[The driving voltage is obtained from (20) and (23) 
\with (27b). Note that $2)(x«) = —¢,()(z), so that 
Lye = $0 (2 = —h 4+ 8) = 

peers O(a oO) by (—h 1 5). (37) 
The integral equation (31) for the zeroth-phase-se- 
quence current may be solved by iteration in a manner 
jsimilar to that used for the center-driven dipole.!"!2 In 
jorder to accomplish this let 


fee) = WO) + (2) 


h-8 
= / g(z, 2/)K4O(z, 2’) dz’, (38) 
—h+s 


jwhere 


BON YS BCI BONY (39) 


land ¥) is the sensibly constant magnitude of ¥()(z) 
Jat an appropriately chosen point—preferably the point 
‘of maximum vector potential. As a consequence of the 
symmetry conditions (27a, b) and (28), the maximum 
sof the axial component of the vector potential is at 
'z = 0. Therefore, ¥) may be defined at once. It is 


WO = | wO(z = 0) |. (40) 


!The function y()(z) is the difference between ¥()(z) and 
ithe magnitude | Og e="() | . The distribution function 
\g(z, 2’) is the ratio of the current at any point 2’ to 
ithe current at any other point z. 

By adding 7, W()(z) to both sides of (31) and re- 
arranging terms, the following equivalent equation is 
jobtained 


z _ (Oe Oley 


h-6 


) X KAO, 2) de! + LOL aN 


17,0) 


If g(z, 2’) is a good approximation of the current dis- 
‘tribution, the brace on the right is small. The term 
19,(z) as given in (15) depends upon the contribution 
to the scalar potential by the charges on the adjacent 
sides of the square. These are significant primarily near 
the corners where the sides are close together. Therefore, 
it is reasonable to assume that 04)(z) is not a major 
factor in the over-all distribution of current and may be 
omitted in a zeroth-order approximation. It follows that 
satisfactory zeroth-order distributions of current and 


1R, King and D. Middleton, ‘‘Cylindrical antenna: current 
and impedance,” Quart. Appl. Math., vol. 3, pp. 302-335; 1946, 
vol. 4, pp. 199; 1946. , 
— WR, W. P. King, ‘“‘Theory of Linear Antennas, Harvard Uni- 
iversity Press, Cambridge, Mass., Chap. II; 1956. 


: 
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charge and the associated potentials are 


—j4r 


(0) o— (0) Fro a 
ee u (z)| cope) Ci 0) F (z); 
aoe Me ae COG.(2); (42a) 
[A,(z)], = = Ci F(z) 
Vo 
[e(z)]. = [6.(z)]. = CiG.(z). (42b) 
The shorthand 
F,(2) = cos 6.2, Go(z) = sin 6.2, (43) 


is used. Zeroth-order distributions of current- in the 
zeroth-phase sequence are shown in Fig. 9. 


Fig. 9—Zeroth phase-sequence currents on a square loop. 


A first-order solution is obtained by substituting the 
zeroth-order current and charge distributions from (42a) 
into the integrals in (41). With (33) and (42), the follow- 
ing first-order expressions may be derived. Note that 
qa(x’) = —qilz’). 


C0) 
= — (0) 
for 6 (z) | a F(z), 
h-65 
JO(2) = — i sin Box’ Kp (z, x’) dx’; (44a) 
—h+6 
C 


[4°@h = — 


(0) 
LAV), 
yr(o) 


L(g) = iL J, (w) cos Bo(z — w)B. dw. (44b) 


With (41) and (44a, b), the following first-order solu- 
tion for the current in the zeroth-phase sequence is ob- 
tained 


[71.4 (2)]1 
—j4ar 

~ For) 

where 

Fy ()(z) 


a -{f F(z’) — F.(z)g(z, 2K 42, 3!) da! 
—h+5 


C404 Fale) espa [FiC(s) + Let, (45) 
y(0) 


ae Fionn. (46) 
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A first-order evaluation of the constant C,) may be 

achieved using (36) and (37). Thus, 

170) 


; icv in sll a, alee oe I (47) 


where 


M(-h + 8) 
—h+s 
= | J,(w) sin B.(—h + 6 — w)B. dw. 


0 


(48) 


By solving (47) for the first-order value [C\], and sub- 
stituting this in (45), the following first-order formula 
for the zeroth phase-sequence current is obtained: 


[T1.(z)], 


¢.¥O (sin B,(—h+8) +M(—h+6)/¥O 


Second- and still higher-order terms may be derived 
by continuing the iteration. Note that this also involves 
the determination of second-and higher-order values of 
the constant C,). 

The expansion parameter for the zeroth-phase se- 
quence may be obtained by using the zeroth-order 
current from (42a) or (49) in (39). That is, let 


g (zg, 2’) = cos B.2’/cos B22, (50) 


so that (38) becomes 


WO (gz) = wy) + ry 6) (z) 


h—5 
= sec ps [ cos Bos’ K,)(z, 2’) dz’, (51) 
—h+5 
where K,y(z, 2’) is defined in (32a). In evaluating 
¥()(z) the small distance 6 may be neglected and the 
integration extended from —h to h. The result is 


wW(z) = sec Bo2lC,(h, 2) — Co, (h, z)|, (52a) 
where 
h —JBoR i 
C;(h, 2) -/ cos 6.2 dz’ ; 
jh ; 
REIN (oe) ey (52b) 


with 7 = a, 2h. The function C;(h, z) has been evalu- 
ated!'!* in terms of the tabulated generalized sine and 
cosine integrals.!3 It is predominantly real if h/a is 
large, as is assumed, and its magnitude is sensibly con- 
stant at its value when z = o. Thus, let #,) be defined 
as follows: 

0) = | wO(z = 0) | = | Ch, 0) — Cah, 0) 2 G20) 


Since 2h is great compared with a, the second term in 
(52c) is relatively small compared with the first term. 

It is readily verified that for an electrically small loop 
that satisfies the condition, B.°h? << 1, the following 
values are good approximations: 


13 “Tables of Generalized Sine- and Cosine-Integral Functions,” 
Harvard University Press, Cambridge, Mass., vols. I and II; 1949, 
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Hence, 
wi) = 2 — 0.960 = 1. (53) 4 

Since the same zeroth-order distribution of current } 
is used in g((z, 2’) as in the evaluation of the first- | 
order integrals, the difference integral in (46) vanishes 
so that F,)(z) = —F.(z)y(z). The correction factor 
¥)(z) is very small except where the current vanishes. | 
This may occur along the loop with the zeroth-order | 
distribution of current used in defining ¥ and (gz), | 
but not with a higher-order approximation. As shown j 
in the literature for the dipole antenna,!"'!” the use of 
a first-order current instead of a zeroth-order value 
eliminates the apparent infinities of “(z) occurring at } 
the driving point for certain values of 8. and reveals § 
an essentially constant behavior with | W(z) | = ¥ for] 
all values of h, where W is the value obtained using the 4 
zeroth-order current at its maximum value. The same 
situation obtains in the case of the loop, and the ap- J 
parent infinities in y()(z) are a consequence of the in- 
adequacy of the zeroth-order currents where these vanish } 
or become very small. Actually, the term F,(z)y)(z) is. 
always small, and with it the first-order value F;(z). The | 
first-order current is 


[11.(2)]: 
¥ jan V0 ce Boz + Nz) — (gz) cos os 


Fo Asim Bol h +2 8), MO) Gaia) Ma) ! 
(54) § 
The first-order input admittance is obtained by setting 
zg = —h + 6. Thus 
j2 3 
in(0) a J 
[Vin], AutG 
a (0)( — (0) 
cee Bo(—h £8) + MOS 4 O/H \ (55a) | 
Sins Go = tO) Oe 
where 


Ni = L(—h + 8) — y(—h + 8) cos B.(—h + 8). | 


The functions L,(—h + 6), M,(—h + 65) may be’ 
expressed in terms of arc hyperbolic functions and simple | 
integrals of the tabulated generalized sine- and cosine- 
integral functions.!3 These may be evaluated by numeri- | 
cal methods. This completes the formal solution to a 
first-order of the zeroth phase sequence. Note that the t 
zeroth-order input impedance is } 


; (0) 
[Zn |. = ae tan B.(h — 5). 


Tv 


(55b) 1 


Loop wITH FouR EQUAL VOLTAGES ALTERNATELY | 
OPPOSITE IN PHASE: THE SECOND PHASE SEQUENCE 


The second phase sequence—in, which the four corner 
; 


voltages are equal in magnitude but alternately op-— 


posite in phase—is more closely related to the zeroth 


fase sequence than are the first and fourth phase 
‘quences. It is represented in Fig. 7 when 


in = —Vo3 = Va4 = —Va = ia 
I1-(2) —I,(x) = I3,(2) = aoe ee) = 
qi(z) = —ge(x) = gs(z) = —ga(x) = gl), 


s a consequence of electrical and geometrical symmetry, 
follows that 


ye(—2) = —N(2); AvO(—2) = - A); 
A.((—2) = 412); (56a) 
gil(—2) = gil(2); b(—2) = bz); (86b) 


here the potentials are defined on the surface of con- 
jluctor 1. Necessary consequences of (56a, b) and (2b) 


) | 


ae = 0; ¢1(7(0) is extreme; (57a) 
I,2)(0) = 0; qi'®)(0) is extreme. (57b) 

kt follows from (56a, b) and (21a, b) that 
(58a) 


lb that with the arbitrary lower limit z, in (14) again 
lhosen to be zero, it is evident from (17) and (19) that 
64°2)(z) is odd; @y'2)(z) is even. (58b) 
ee A,,')(z) = —A,,()(—2), the odd part of the right 
fide of (22) must be selected. This is obtained by in- 
ypection. Thus, the integral equation for the current in 
he second phase sequence is 


"(h-6 
if Ty.) (2/)K4)(z, 2’) dz’ 
| 7-45 


| 6,(2)(2) is odd; 6,'2)(z) is even; 


—j4nr 


= [C2 sin Boz — 64()(z)], (59a) 
\vhere 
K ( / e boRu e IhoRis (59b) 
Z,2) = : 
| ‘ Rit Ris 
pa)(z) = [0,0)(z) — p12')(0)] sin Boz 
+ 6,{7)(z) cos Boz (60a) 
rf $12'?)(w) cos B.(z — w)B. dw 
— ¢12'2)(0) sin Boz. (60b) 
bn (60b) ¢12'2)(w) may be calculated from 
h—s 
diz (z) = - it go") (x')Kp)(z, x’) dx’ (61) 
: Ame, J —h+s5 
with 
x 2 1 e 18oRi2 a eo JboRus (62) 
Zee cee 
: Rie Ris 


The expressions for the scalar potential and the 
i phase sequence voltage are obtained from (20) 
nd (23). Thus, 


EVO) = ge = —h + 8) 
= C,(2) cos B.(—h + 6) + by@)(—h + 4), (63) 
where 6y‘2)(—h + 4) is obtained by setting z = —h + 6 
in the following expression: 
Oy '?)(z) -/ giz'?)(w) sin Bole aa w)B.o dw 
+ ¢12'7)(0) cos Boz. (64) 
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The integral equation (59a) for the second phase- 
sequence current may be solved by iteration following 
the procedure used for (31). Thus, let 

Ne) = WD $y) 

h—s 

ee 

gi)(z, 2) = T,)(2')/T,)(2), (66) 

and where W*) is the sensibly constant magnitude of 

w?)(z). For the expansion parameter ¥,() it was pos- 

sible to select the value of ¥()(z) at z = 0 where vector 

potential and current are both extreme. Although the 

vector potential and the current for the second phase- 

sequence distribution both vanish at z = 0, symmetry 

is such that their ratio is essentially constant and may 
be used in the definition of ¥). 

By adding J,\)z¥(?)(z) to both sides of (59) and rear- 
ranging, the following equation is obtained: 


g?)(z, 2')K4)(z, 2’) dz’ (65) 


where 


Oe 08 sin Boz — 64(2)(2)| 


1 h—-5 


Kaz, 2) dz! + 1,248) | (67) 


As in the case of the zero phase sequence, the leading 

term in the distribution of current is the triginometric 

one in (67). Thus, satisfactory zeroth-order distributions 

of current and charge are 

[POG e= =" Cac 
wy (2) 


[a(a)]o = <7 COFA(2). (68) 


This distribution is illustrated in Fig. 10. 


Fig. 10—Second phase-sequence currents on a square loop. 


The associated zeroth-order potentials on the surfaces 
of the conductor are 


[Aic(2)]o = —2 CHG.(2); [so = Cal® Fo(2). (69) 
Vo 


A first-order solution may be obtained by substituting 
(68) into the integrals in (67)..With (61) the following 
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first-order expressions are obtained!*: 


C,(2) 
[pi 22)(z))i = al Ji)(z) ; 
h—8 
JAAzep= — i Cos Perks (gc )dx, (70a) 
=hbt 
. Pe . 
[44°2)(2)]: ay ye. L,")(z); 
L,)(z) = -| J\©)(w) cos B.(z — w)B. dw 
+ J,()(0) sin Boz. (70b) 


With (67) and (70a, b) the following first-order solu- 
tion for the current in the second phase sequence is 
obtained: 


[T1.)(z)]1 = peak asl 


1 


“a [Gi2(2) + Li (a)]}, 


af (71) 


where 


Gz) = =4 [> tee 


— Golz)g)(z, 2’)|Ka)(z, 2°) de! + Gateven(e. (72) 


A first-order determination of the constant C»!2) is 
achieved using (63) and (64). Thus, 


(2)(— 
VO = [ex0}] cos pa(—h + 4) + MOMCAH ID], Gay 


yr(2) 
where 


WAS y= i 


sin Bo(—h + 6 — w)B.dw + J,")(0) cos B.(—h + 8). 

(74) 

The first-order constant [C2]; is determined from 
(73). It may be substituted in (71) to give: 


=p 
J) (w) 


[Z1-(2(z)]1 
“ a sin Boz + [G\2)(z) + Ly2)(z)]//¥@) \ 
FOP) bcos Bo(—h + 6) + M)(—h + 8)/wes- 


(75) 
Second- and higher-order terms may be obtained by 
continuing the iteration. This also involves higher-order 
values of C,{?). 
The expansion parameter for the second phase 
sequence may be obtained by using the zeroth-order 
current from (68) in (65). Thus with 


ger 2) = sin Bo2'/sin 6,2 (76) 
it follows that 
Wiig) = wy) 4 y,0)(z) 
=a Sedies bs) z)|cscBoz, (77) 
where 


h 
Sih, 2) = i 2 ae 
(h, 2) [sin be - R, 


14 Note that q(x) = —q,(z). 
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with i = a, 2h. The small quantity 6 has been neglectec 

The sensibly constant magnitude ¥,°) of ¥,)(z) may E 

defined as follows 
wi) = lim | ¥(z) |. (76 

z—>o | 

Since the numerator and denominator in (79) bot 

vanish at z = 0, each may be differentiated with re 
spect to z in order to evaluate the indeterminate form. 


wy) = | Calh, 0) te Co, (h, 0) ~ 
ie 2 sin BA 


K4(0, h) |. a 
¥ | 
This does not differ greatly from ,'°). For the ele 
trically small loop (6.4 « 1), the formulas preceding (5< 
may be used in (80). The result is 
YOO] 100 oO (8! 
Since the same zeroth-order distribution of current | 
used in g)(z, 2’) as in the evaluation of the first-orde 
integrals, the difference integral in (72) vanishes to thz 
G,)(z) = —G,(z)y)(z). This is a very small term. TE 
first-order current and admittance for the second-phas 
sequence are 


OG = 

Y ie Boz + [L,@)(z) — y)(z) sin 7 (8: 
cos Bo(—h + 8) + M,@2)(—h + 8)/¥ 1?) 

Peele 

Co¥ 2) 

. i Bolch + et MOG hae a , (8: 
cos Bo(—h + 5) + M,@)(—h + 6)/¥,?) 


[ VO] 1 


where 
N,@)(—h + 8) = L,2)(—h + 8) sin B.(—h + 8) 


The functions L,@)(—h + 6) and M,@)(—h + 6) ar 
similar to the corresponding functions for the zerotk 
phase sequence and may be evaluated in the sam 
manner. This completes the formal solution to a firs 
order of the second phase sequence. Note that th 
zeroth-order impedance is | 


— 7 eV 2) 


T 


Zine? lo = cot Bo(h — 4). (84 
SUPERPOSITION OF THE ZEROTH AND SECOND PHASE 
SEQUENCES 

A number of interesting special cases of the corner 
driven square loop antenna may be treated in terms of 
superposition of the zeroth and second phase sequence 
only. . 

If the first and third phase sequences are not excite 
so that V@) = V3) = 0, it follows from (24a-d) that 


Vie = Vz3q = VO) 4+ V2). i 
Vo3 = Vy = VO — VO). (85a 


and from (26a), 
i= tS Ora 


(85b 


Te eC are). 


In terms of arbitrary voltages Viz = V4 and Vo3 = 
741 , the phase-sequence voltages are 
H700) = (Vie + Vos); VO) = 2(Vie — Vo3). (85c) 
Since at each corner [0 = YO) V0), 72) = yey), 


iit follows with (85b) that at corners 12 and 23 the 
‘urrents are 


De — Wet) = Vin Vy Vos Y (86a) 
—Io.(—h + 6) = Ip = ViY' + Vos¥,; (86b) 

here 
Y, = 3(Y + VO), 


Y, = 3(Y) — Y@)), (86c) 


| Ifa load or tuning admittance VY, = 1/Z2 is connected 
n place of the driving voltages Vo; and V4, , it is pos- 
the Compensation Theorem to set 


: ible according to 
Vos = —IsZo OF T, = 


WhA-h + 6) =T 


— Y2Vo3 in (86b) to obtain 
Ve 


— Viol Y, ere — Vie Vin; 


(a) 


1,,¢2) = C24 -z) 


Ata 16 (x) - 1°?) (x) 


7, VLEOA 7 
GROUND SCREEN 


GROUND SCREEN 


Fig. 11—Square loop antenna driven in phase at one pair of diagonal 
corners. 


The simplest case is obtained when V() = V@) so 
that Voz = Vi = 0; Vio = Vaa = 2V(. These con- 
ditions correspond to a square loop driven by equal 
voltages in phase at two corners at opposite ends of one 
diagonal. This is illustrated in Fig. 11(a) and also in 
Figs. 11(b), (c) where two possible arrangements of 
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half of a square loop over an image plane are shown. 
Another possibility is the corner-reflector loop consisting 
of one side of a square loop over two mutually perpen- 
dicular image planes as shown in Fig. 12. 
The first-order current is obtained by combining (75) 
and (54) to give 
[ih = [h.@) + HM). (86e) 
Since no significant simplification is possible in this 
first-order formula it is not written out. On the other 


AY ft ft fo 


SINGLE WIRE OVER 
IMAGE PLANE 


To 
GENERATOR __‘ 


MUTUALLY 
PERPENDICULAR 
IMAGE PLANES 


Fig. 12—Corner reflector loop. 


hand, the zeroth-order current has a simple approximate 
form. Thus 
j@Vie 


[71-(z)]. = Co CU, 2) 
1°) cos Bo(—h + 48) cos Boz 
% — Ww, sin Bo(—h + 4) sin 6.2 
z sin 2 Boer ae ) 


In general, for thin conductors, wi?) and W,( do not 
differ greatly. Let ¥ and A he defined as follows: 


Pipes Pi re a Bie ee "i aL 
yey bLyo way? wy) yy)” 


(87a) 


Uap yet 1 : aoe 1 - (87b) 
yO ye) eo WC) 
so that 
J2rVi2 
iE Zz ie ee ee 
[ 1 (z)] co 


: [= B(—h+6+2) +Acosp.(—h +6 — =) (870) 
sin 28,(—h + 54) 


Since A is small, the zeroth-order distribution of 
current is approximately that given by the first term 
in the square brackets. This is illustrated in Figs. 11b, c, 
and also in Figs. 13 and 14. 

The input admittance is given by [1,(—h + 6)/Vir. 
The first-order value is 


[Vink = LLY, = [Vin™l1}, (87d) 
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where [Yj,(]1 is given by (55) and [Y;,(]1 is in (83). 
The approximate zeroth-order formula for the input 
impedance as obtained from (87c) by neglecting the small 
term with A as a factor is: 


(87e) 


Zid. = ee tan 28.(h — 8). 


Tv 


IOEAL OPEN 
B,(h-8) © 0. 81r END 


Ke (2) 
= Ly Ogy (2 
Vea, View 


Fig. 13—Superposition of zeroth and second phase-sequence currents 
in a square loop. 


REFLECTOR 


GROUND PLANE 


Fig. 14—One member of square loop in corner reflector. 


FIRST AND THIRD-PHASE SEQUENCES— DIAGONAL 
DiroLeE MopEs 


It is seen from Fig. 8 that both the first- and the third- 
phase sequences may be treated as superpositions of the 
two circuits shown in Fig. 15. A superposition of the two 
currents obtained from Figs. 15(a) and 15(b) yields 
the currents of the first phase-sequence directly. Cur- 
rents in the third phase-sequence are obtained in the 
same manner after reversing the sign of V in Fig. 15(b). 
For convenience let the distribution obtained from the 
arrangement of Fig. 15(a) or Fig. 15(b) be called the 
diagonal dipole mode of the loop. In terms of the notation 
of Fig. 15 the currents of the first- and third-phase 
sequences in the conductor 1 are, respectively, 


hz) = A(z) + h,(s), (88a) 
11,2) = 11.2) — (2), (88b) 


where J,,‘*)(z) is the current in conductor 1 in the circuit 
in Fig. 15a, I,/”(z) the current in conductor 1 in Fig. 
15(b). Note that 


Hee (2) 0 jg (x); (88c) 
and from symmetry, 
I4,6)(%) = —119(—2z). (88d) 
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Hence, 
Tig (g) = Lid)(8) — ji =2) (88e) | 
LyM@)= LQG) a glia). (88f) | 
Thus, it is sufficient to determine J,,(%(z) in Fig. 5a for } 
the entire range of z between —h + bandh — 6. | 
The current J,,{%)(z) in Fig. 15(a) may be determined 5 
following essentially the same procedure used in solving, 
for the current in a V-antenna [7]. However, the two 
V-antennas are coupled. Each diagonal half of the 
square in Fig. 15(a) is a right-angled V-antenna with 
vanishing currents at the ends. That is, 
Pig) (hi 6) = Ty ee) 
= [3,0(—h + 6) = In,(— bh + 6) = 0. 


(89a) i 


+ jv il 


Nie (a) (b) 


Fig. 15—Components of the first- and third-phase sequences. 


The following symmetry conditions obtain: 
T,,49)(g) = —Iy2')(x) = I369(—2) = —Iue)(—x); (89b) 9 
qii(z) = —gal%(x) = —gs)(—z) = gale)(—x). (89e)4 
The components of the vector potential on the surfaces 
of the conductors satisfy the same symmetry conditions 
as the currents; the scalar potentials satisfy the same | 
conditions as the charges per unit length. 

The equation for the vector potential and integral } 
equation for the current is (22) with (89b). That is 


h—6 e JhoRu 
4mv A 12(z) -| [Z1.(2") = 
—h+6 Ry, 
e IhoRis 
ora ] dz! 


13 


(0) 


(90a) 


where Rj; and Rj; are as in (6). By changing the variable 7 
of integration in the second part of the integral by’ 
setting y’ = —z’ and then writing 2’ for y’, the following | 
alternative form is obtained: | 


h-8 
i Lin We) KR Aee 2 das 


—h48 
Sgeseen [Ci cos Boz + Co sin Boz — 64')(z)], (90b) * 
where 
re ( 1 e J6oRu e 1B0oRis' ( ) 
AMS, 2) = + Ola 
Ru R,3' | 


We VY @ — 2)? 2a; Ri = Ve + 2’)? + (OM)? 
(91b) 
ey: the scalar potential ¢:,(z) maintained on 
nductor 1 by the charges on conductors 2 and 4 is 
iptained from (10) with (89c). By changing the variable 
| integration to y’ = —x’ and then writing x’ for y’, 
je following integral is obtained: 


1 h—-6 
$12°(z) = Pea go!) x") Kp (2)(z, x’) dx’, (92) 
—h+5 


e 76oR2 
Kz) (gz, a") = = 
Rie 


SA Wiexye 
e760 4 


(93a) 
Ry,’ 


Je = Ve +2)? + + x!) + a, 

Ria (he)? Se ax)? a2.  (93b) 
| It is now convenient to change the variables so that 
me origin of the new temporary coordinates u and v is 


lt the corner of the square with coordinates (—h,—h). 
hat is, let 


ee es yy! = 
uo =h-+ x’. (94) 


a terms of these coordinates (90) through (93) become 
r2h—6 


T19(v')K 4 (v, v’) do’ 


= atl [C3 cos Bw + Cy sin Bov — O4(v)], (95) 
0G ee esa (96a) 
Ru Ris’ 

a = V(v — 0’)? + a?, 
Ris’ = V(v + 0’ — 2h)? + (2h)2;  (96b) 
pix (v) = one qo(u') Kg) (v, uw’) du’ (97) 
| cre way oneal = GPS) (98a) 

Re Ru! 

Rin = Vo? + ul? + a, 

| Rae aN hyn)? Qi)? +a? (98b) 


(he new arbitrary constants C3 and Cy, are related to 
°1 and C: by 

Ps = C, cos 6.h — C2 sin Boh; 

Ca => Ge sin Boh + C2 COs Boh. 


The expression for the scalar potential on conductor 
| is 

b\()(v) = —C3 sin Bu + Cy, cos Bu + 6,'%(v). (99a) 
The driving voltage Vie as given by (23) is 


V 10%) = $1 (v = ) = 2 (u = 5) = 216% (v = 5). 
(99b) 
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The substitution of (99b) in (99a) with v = 6 gives 
ee 
cos 8,6 
ox a 1 V2 a by (v = 6) (100) 


cos 6,6 
where C,’ is introduced for later convenience. 
The functions 64(v) and 6y((v = 6) in (95) and 
(100) are obtained from (15) with appropriate changes 
in variable. Thus, with z, = 6, 


0, (v) = pf aw) cos Bo(v — w) dw 
6 
— ¢$12(6) sin B,(v — 6); (101a) 


Oy)(v) = i} giz(w) sin B.(v — w) dw 
6 
SIP $12(6) cos Bo(v a 6). (101b) 
With v = 6, this last expression reduces to 
By)(y = 6) = o12(9)(8). (101c) 


The substitution of (100) with (101c) in (95) gives 
the following integral equation: 


2h-6 
/ Td\(0")K4((v, 0°) do’ 


5 
—j4r 


{lc. cos Bv + Cy’ sin 8.0] 


| an'e() unos) eee I 


cos 6.6 


oO 


(102) 


This equation resembles that for the isolated straight 
antenna!!, !2 and may be solved in the same manner. 


Thus, let 


gv, 0) = 1169(v")/T1.'(v), (103a) 
and 
2h—-6 
wa) (y) -| g)(u, v') Ka (a, v’) dv’ 
6 
= we) + +(4)(y), (103b) 


where ¥@) is the sensibly constant magnitude of W()(v). 
As in the case of the V-antenna and the center-driven 
antenna, 


one 1 wn —6—r/4|, Boh — 8) = 0/2 
WO = 1 wo) |/sin Bolh — 8), Bol — 8) = 4/2" 
(103c) 


The transposition of the left-hand member in (102) to 
the right side and the simultaneous addition of 

(0) VO) = L(0)[VO + 7) 
leads to the following equivalent equation: 
—j4r 
a 


-| ante) pple gee Ea 


cos Bod 


I, (v) = 


{Ic. cos B.v + C4’ sin B.0| 


~ | [pe + 1.)7(v)], (104a) 
wy (a) 
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where 


2h—5 
[ [11 (v') 


Ale ot) 
— 1,,)(v) 2 (v, v')|K4((, v') do’. (104b) 


Since in the diagonal dipole mode J1,{%(v = 2h — 6) = 0, 
this quantity may be subtracted from both sides of 
(104a). 


Div) = 


I, 4%) (v) 7 maa (oro aF Gx'G. on” 
Fouls) 
G,, (2) 
So) GAO creO ae | 
[bas + i0(@) Som 
1 
ray ee + J,,{)(v)y)(v)], (105) 
ye) 
where 
F,,() = F,(v) — F.(2h — 8) 
= cos B.v — cos B,(2h — 6), (106a) 
Go = G,(v) — G,(2h — 58) 
= sin B.v — sin B,(2h — 6), (106b) 
b4y™ = 64%) (v) a 64° (v = 2h — 5), (106c) 
D, = D@) — Dw = 2h — 6) 
2h—6 
==) (9) -| Ly, 0) Kk, (Qk = 6, v') dv’. (106d) 
6 
The zeroth-order current in (105) is 
[7,49 (v)]. = eal [C3F oy + CHE AO)! (107 
ov 


The zeroth-order charge per unit length is obtained 
using the equation of continuity, 


dI(v) 


+ jog(v) = 
It is 
[gv] = S22 [—CsGol0) + Ci'Fa(0)}. (1082) 
With (89c) it follows that 
[aveV(u)]o = S78" [CaGulu) — Cx'Fy(w)]. (1086) 


(a) 


If this expression is substituted in (97), the following 
first-order formula is obtained for $1,‘ (v): 


1 
[ere @)i = — Te [- Cod @) + Ci Si @)], (109) 
where 
2h-6 
Ji%(v) = -| sin Bu’ K,g()(v, wu’) du’, (110) 
5 
2h-6 
Ji(%(v) = / cos Bou' Kg (v, u’) du’. (111) 
p 


The first-order formula for @4'%(v) is obtained by 
using (109) in (101a). Thus, 


[ai = Bo | “[612)(aa)]s cos Bolo — w) dw 
6 


— 12% (5) sin Bo(v — 6). (112) 
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With (109) this becomes 


[6h = — 5 [CeLulo) + Ci Lrdor()], 115 


where 


Ly,'% (v) —— / J 1, (w) Cos Bo(v - w)Bo dw 
6 
— J;,(*)(6) sin Bo(v — 6) 
EGO) = / NE KOKG)) cos Bo(u - wW)Bo dw 
6 


— J,(#)(8) sin Bo(v — 6). (11) 
If the zeroth-order current (107) is substituted in tf 


form, 
[10] 


- Arte] ans Seb cx[ Guts + Be [a 


where 


Shy = Si(v) — Si(2h = 5); 

Ti, = T,(v) — T,(2h — 8); (119 
and ; 
Si(v) = FyO(v) + L,,6%(v) 

+ Jy," (6) Fo(v)/cos 8.6; (1181 
Ty(v) = Gi) + Lig (2) | 


+ Jis'*)(8)Go(v)/cos B.S. 


The functions S\(2h — 6) and T\(2h — 6) are obtain§ 
from (118a, b) by setting v = 2h — 6. Note that Li. () 
and L,,.%(v) are defined in (114) and (115). Also, 
F\@(v) = [ Foy) 


— Fg) (v, v')K 4 (v, 0’) do’ — Foy(2()(v), 
F\O(2h — 6) 


PF oyOKaAO(2h — 6,0") dv’. 


I 
| 
—— 
2 
| 


6 


G\((v) and G,)(2h — 6) are given by (119a) and (119) 
with G substituted for F. , 
With (100), the first-order current (116) becomes 
—j4r 
(ee C(O) ea ae Se 
[ 1 yh Cov) cos Bo6 
X cos Bod + (Go + Try/¥M) sin Bd] . 
+ EViL(Gool + Tro/¥)}. (42) 
The arbitrary constant C3; may be evaluated fre} 
(104a) by setting v = 2h — dand I,,(v = 2h — 8) =) 
The resulting equation is 
C3F(O(2h — 8) + Cy'G(2h — 8) — O4((2h — 8) | 
aS $12(6)G 09 (2h = 6 
cos 6,6 


{ Cal (Fon SF Siy/¥)) 


Rep ieym= os 


The substitution of first-order values for 64(9(2h — , 
6,2(6) and D(2h — 4) gives 


bf leah — 6+ ach — 9 
we) 


Layae(a) : 
tr pe eee Be ll Govan — 8) 
cos B,6 
T\(2h — 8)] _ 
Per aa He 0, (122) 


where S\(2h — 6) and T\(2h — 8) are given by (118a, b) 
with v = 2h — 6. 
The solution of (122) for C3 results in 


ee Vio) T,(2h — 8) 
Gs 3 | Gs (2h — 8) + | 
here 
2 | F900H 6) 4 Obes aH cos 8.6 
yr(2) 


a5 | ccc 4 6) ACh 9) sin po) 5(123) 


If (123) is substituted in (120) and the terms are re- 
Jarranged, and simplified the following result is obtained. 
The temporary variable v is removed by the substitu- 


ition,v =zth 
(a) 
He.©(e)), iss J2T V9 
Co AC) 


i 252 (a) wr(a 
5 a Bo(h 6 — 2) + M,%(h + 2)/¥( it (124) 
cos 28,(h — 6) + Ay/¥@ 

iwhere 


1M, (h + 2) = Si(h + 2) sin B.(2h — 6) 

fata (h + 2) cos B.(2h — 6) + T,(2h — 54) cos B.(h + 2) 
— $,(2h — 6) sin B.(h + 2). (125a) 

A, = S,\(2h — 8) cos 8.6 + Ti(2h — 4) sin B,6 (125b) 


and where (kh — 6) S$ 2S (-—A+ 8). 


The corresponding admittance is obtained by setting 
z= —h-+ 6. Itis 


jar [= 28.(h — 6) + M,(6)/¥@ 


[yo], oS 
Co¥WML cos 2B.(h — 6) + AO/¥ 


| (126) 
Note that the zeroth-order impedance is 


(Aa = oie cot 2B,(h — 64). (CB) 
: T 


The currents in the first- and third-phase sequences 
are obtained by substituting (124) in (88e) and (88f) 
and replacing Vie by V@ and V‘) respectively. Thus 
— janV) 

Co" 


sin B.(h — 6 — z) —jsin B.(h — 6+ 2) 
dS) 


[nM@h, = n£@)] — ilLi-(—-2)] 


Bag [Mah + 2) = GMOh — 2)// 
cos 2B,(h — 6) + Ai/¥@ 
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[nh = (1.0) + i[n—a) = 2VO 
Co () 
ey Bo(h —6 — 2) +jsin B,(h — 6+ 2) 
x2 + [Mh + 2) + jJMOh — 2)]/¥O (129) 


cos 28,(h — 6) + Ay/wl@ 


Since J,,47(h — 6) = 0, the corresponding admittances 
are simply 
[YO]; = [Y@], = [Ve], , (130) 


where [V,],, is in (126). The corresponding zeroth- 
order impedances [Z], and [Z)], are like (127). 

The function ¥® may be evaluated by substituting 
the zeroth-order current from (124) in (103b). Thus, 
g@(v, v’) = sin B,(2h — 6 — v’)/sin B.(2h — 6 — 2). 

If the small quantity 6 is neglected in the evaluation of 
Ww?) it follows that 


way) = wl) + ¥()(y) 


2h 
= i sin Bo(2h — v’) K4(v, v’) dv’ 


0 


2h 
= sin 26h | cos Bov’ K4'™(v, v’) dv’ 


(6) 


2h 
— cos 2604 | sin B.v’ Ky (v, v’) dv. (131a) 


oO 
These integrals can be expressed in terms of generalized 
sine- and cosine-integral functions and the magnitude 
we) determined. As in the case of the V-antenna’ and 
the center-driven straight antenna!» 


oe { wl2)(2h — d,/4) | when 28,h = 1/2 

| ¥()(0) | /sin 28.2 when 26,h S 7/2. (131b) 
The functions S; and 7; which occur in (126) and (130) 
involve functions of the same type as encountered in 
the first-order terms of the zeroth- and second-phase 
sequences. They may be evaluated numerically. 


= 
= 


VI. SUPERPOSITION OF ALL FouR PHASE SEQUENCES— 
THE GENERAL SOLUTION 


Since the driving voltages at the four corners may all 
be different, or up to three of them may be replaced by 
tuning or load impedances, there are many combinations 
involving the superposition of all four phase sequences. 
In general these are best determined by first evaluating 
the individual phase-sequence currents and then com- 
bining these. Only two relatively simple and important 
cases are considered here. 

Loop Driven at One Corner 

When all four phase-sequence voltages are equal so 

that 
yoo) = YQ) = yl) 


it follows that 

Vie = 4 (0). V3 = V 34 = Vai = 0. (132b) 
This corresponds to the loop driven only at one corner 
with each of the other three corners short circuited. 


The currents in conductors 1 and 4 are given by (26a) 
and (26d). With (128) and (129) they are 


= Ve), (132a) 
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Ti(2) = 216(2) + 11,(2) + Ty3)@) an TASES) 
a Te) ae Ty ,8)(g) 4 NE AGIED (133a) 
Tya(2e) = Tual(2e) — Tas) — Gael (x) + jLaa((0) 
SL te) 217.2) a) e (133b) 
where the four phase sequence currents in the first-order 
are in (49), (82), (128) and (129). I,,'*)(z) is in (124); 
in this case Vj.) = VO) = YV(), There is no gain in 
simplicity by combining the four formulas into a single 


one. But the zeroth-order currents may be combined 
and simplified. Thus, 


[L.@]. =2 er aon 
om UY Ocinn gee —"0) 
Z sin B.2 sin B.(h — 6 — 2) \ (134) 
¥) cos Bo(h — 6) W¥™ cos 28,(h — 5) 
j2 1 V0°) cos Box 
[fie]. =2 a — an a 5, 
sin B,x _ 2sin Boh — 6 — x) 


\ (134b) 
w) cos Bo(h — 6) WwW cos 28,(h — 5) 

Although the three W-functions that occur in these 
expressions are not the same, they do not differ greatly 
and a qualitative picture of the distributions of current 
may be obtained by replacing them by a mean value ¥. 
The leading terms in the zeroth-order currents are then 
found to be: 


[Z12(z)] o = _ j2nV0 E Bo(3h — 36 — =) 
vo sin 48.(h — 3) 
(-h+6525h — 8); (135a) 
[Is2(x)], = Pave |e Bolh — 6 — aa) 
oo sin 48,(h — 5) 


(SRE) Se Se Sy 
The zeroth-order driving-point impedance is 
y(o) iC oe 

Zee LS 
[Ti.(h am 5)]. 20 


This is the input impedance of a lossless short-circuited 
transmission line of electrical length 48,(h — 6) and 
characteristic impedance ¢ 4/27. 


(135b) 


tan 46,(h — 4). 


(136) 


Square Rhombic Antenna 


The square rhombic antenna is driven at one corner 
and loaded at the diagonally opposite corner with a re- 
sistance so chosen that the distribution of current around 
the loop approximates a travelling wave. In order to 
investigate this problem let 


Vie # 0; Vos = Vay = 0; 
Vere = SI VA. (137) 
here Z34 is an arbitrary impedance to be chosen so 


that the current distribution approximates a traveling 
wave. The phase-sequence voltages obtained from 
(25a-d) with (137) are: 

VO) = VO = Vi. + Vai 


= Vie — Tach — 6)Z34], (138a) 
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VO) = 3[Vi2 — Vaal " 

= [Vie + Lach — 5)Zys]. (1380 
The use of (138a) in (49) and (82), and of (138b) iff 
(128) and (129) provides the four phase-sequence cu) 
rents for substitution in (26a-d) or (133a) and (133b}f 
Since the first-order phase-sequence currents yield }| 
complicated sum that is not readily simplified in genera) 
it is instructive to examine the zeroth-order current 
The leading term in the zeroth-order sum is obtalaa 
using a mean value W for the three slightly different ' 
functions. With this simplification the approximat): 


zeroth-order currents in conductors 1 and 4 are 
. —jlr 
Ke) =— 
Fo 


Vie cos Bo(3h — 35 — 2) + Vos cos Bo(h — 5 +2), (139 
sin 48,(h — 6) . 


Vien 


x 


—jlr SK 


BAC =: 


(2) 


Vie cos Bo(h — 6 — x) + Vo cos B.(3h — 35 + x), (139EE 

sin 48,(h — 6) i 
where V3, = —[Iu2(h — 5)][Zs,].. If this is substitutell 
in (139b) for x = h — 6 and the resulting expression «& 
solved for [I42( — 6)]., the result is 


[I42(h mast 5)] 0 


A ee yy 
= Wie {12:1 cos 4B (h — 6) + sin 48,(h — apt 
vis 


2 { 
(14C! 
It is readily verified that if 
Fad 2 i anne (141) 
WT 


that (140) reduces to 


[Ia2(h i= 5). = 


. / ) 


7 Vice 40h 8) 


which is the appropriate form for the current at x =) 
h — 6 if the distribution along the conductors is 
traveling wave. | 

With (141) and (142) it follows that V3q = Vise 7460? 
If this value is inserted in (139a) and (139b) the result) 
are, 


[T1.(z)] o= ee 
f° 
(-h+éis2S5h — 5); 
[idises (ayia = 2nVia 7 TBo(3h—35-+2) , 
CoP itp 


(143a} 


(hse Speen 

The approximate input impedance is 
‘ ot 
hy ie 


Tv 


(143b 


= 604 ohms. (144 
Eqs. (143a, b) indicate a traveling wave along conducto: 
1 from the generator at'z = —h + 6 to its end atz = 
h — 6 where it is connected by a short-circuit (e.g., < 
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quarter-wavelength of open-end two-wire line) to the 


beginning of conductor 4 and x = —h + 6. The traveling 
wave continues along conductor 4 to its end at x = 
h — 6 where it is connected to one side of a two-wire 


line of length \/2 terminated in Z3, = ¢.W/27. A 
similar traveling wave exists simultaneously on con- 
ductors 2 and 3 but with the current instantaneously in 
opposite directions at corresponding points. 

A more accurate determination of the distribution of 


current and the input impedance of a square rhombic 


antenna may be achieved by evaluating the first-order 
formulas corresponding to the approximate zeroth-order 


ifresults (143a, b). 


CONCLUSION 
First-order formulas for the distribution of current 
and the driving point impedance of a square loop an- 
tenna have been derived for the general case involving a 
generator or an arbitrary impedance at each corner. 


_ Account has been taken of the finite cross section of the 


conductors and no restriction has been imposed on the 
dimension of the square although it is to be expected 
that as in a similar analysis of the center-driven cylin- 
drical antenna!» !2 the results are quantitatively ac- 
curate only for squares with sides that do not exceed 
two-wavelengths. Although conductors of circular cross 
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section have been assumed, the results may be extended 
to other shapes by determining the radius of the equiva- 
lent circle.!? The analysis has been carried out assuming 
all generators and loads to be connected to the corners 
in a manner equivalent to Fig. 6. Attention has been 
called to the need of lumped junction networks at the 
corners to take account of transmission-line end effects 
and coupling of the line and the loop. Accurate results 
cannot be expected unless such junction networks are 
included. It was stated at the outset that circuits in 
which currents on one or more transmission lines con- 
tribute to radiation are excluded. These do not properly 
constitute loop antennas but combinations of a loop 
with linear elements. Such circuits occur with the diag- 
onal dipole mode when conductors of any kind are con- 
nected to extend the physical size of the charged pair of 
corners. Specifically in Fig. 15(a), no external sections 
of transmission line may be attached to the upper left- 
or lower right-hand corner if the two generators are 
active. 

It is anticipated that zeroth-order distributions of 
current are satisfactory for calculating radiation fields, 
but that at least first-order input currents are required 
for determining quantitatively adequate driving-point 
impedances. 
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Summary—A finite plane antenna is considered which has holes 
on one side that act as sources of radiation and which is on the 
remaining parts of this side and on the whole other side perfectly 
conducting. The purpose of this paper is to develop an approximation 
method for the computation of the radiation pattern which works 
well if the finite plane and the distance of the holes from its boundary 
are large compared with the wave length. This is achieved by com- 
puting the radiation field of a corresponding infinite plane antenna 
and subtracting from it the field produced by the current induced in 
the infinite plane outside the finite plane antenna. Numerical 
results for the circular antenna with annular slit show that this ap- 
proximation method is very satisfactory. 


INTRODUCTION 


N INFINITE perfectly conducting plane has 
on one side a generator of electromagnetic 
waves which propagate through one or more 

holes in the plane to the other half-space ana give there a 
radiation pattern. We call this setup a plane antenna, 
the holes acting as the sources of the radiation. In many 
cases the electromagnetic field in the holes is approxi- 
mately known and then the electromagnetic field in the 
second half-space can be expressed in integral form from 
its values in the holes. Actually it suffices to know only 
the components of the electric field strength parallel to 
the plane. Important cases are a coaxial line ending in 
the plane or a slit between whose rims an alternating 
voltage is applied. 

When the infinite plane is reduced to a finite, but 
very large, screen, one expects that the radiation pattern 
of the antenna is not much changed. For simplicity we 
assume that the generator in the rear of the plane is 
screened in such a way that it does not radiate directly 
into its own half-space. A backward radiation arises 
therefore only through the diffraction of the waves 
around the boundary of the screen. In mathematical 
language this problem can be idealized and formulated 
as a boundary value problem for a plane infinitely thin 
screen with the tangential component of the electric 
field strength vanishing everywhere on one side, while it 
assumes prescribed values in the ‘‘holes’’ on the other 
side and vanishes on the rest of this side of the screen. 
The apparatus driving this antenna is assumed to be 
located between the two sides of the screen and there- 
fore to be “‘infinitely thin.’’ This is a not too severe 
restriction if the screen is large compared with the 
wavelength and the holes are sufficiently far from its 
boundary. 


t Dept. of Mathematics, Michigan State Univ.; on leave of absence 
from Technische Hochschule, Aachen, Germany. 
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The Radiation Pattern and Induced Current in a Circular 
Antenna with an Annular Slit 
JOSEF MEIXNER¢ 


It is hardly possible to compute rigorously the radia-} 
tion patterns of such a finite plane antenna of arbitrary) 


the screen by an infinite plane. But even then the radia-4j} 
tion in directions near the plane will be badly ap-) 
proximated while the backward radiation is entirely 
neglected. 
A tentative way to find a better approximation for the 
radiation pattern of the finite screen starts from an 
approximation of the current distribution. 


For the 
infinite plane it can be easily expressed in integral form. 


t 


For the finite screen we take the same current distribu-( 
tion cutoff at the rim of the screen and thus neglect thes 
disturbance of the current distribution caused by this! 
cutting off process. It is well known that the ac 
pattern and the power radiated by the antenna are not 
very sensitive to errors in the assumed form of tet 
} 


} 
. 


current distribution and so we can expect that such a 
cut off current distribution gives good results even for 
the backward scattering. ! 


The purpose of this paper is to show for a special case, 
the circular antenna with a circular slit, how this idea 
works and so to give an approximation method which will 


perhaps prove useful in other cases. 


A GENERAL THEOREM 


As outlined in the Introduction, we consider thre 
different plane antennas located in the x, y-plane. The) 
first is the infinite plane radiating into the half-space 
z => O, the second is the double-sided screen S with its. 
“holes” on the side zg = +0, the third is the screen with. 
the current of the infinite plane antenna cut off. 

From the values of the x- and, y-component of they 
electric field strength in the whole plane z = 0 one can} 
compute the magnetic field H by an integral representa- 
tion which we denote by 
_s — 

H = + (1S) + (OE 
(g => O and zg S 0 respectively). (1) 


The operator J(S) contains an integral over the screen S,| 
while in 7(C) the integration is to be performed over thel 
part of the plane exterior to the screen, or the comple- 
mentary screen C. Further, we distinguish between) 
S; and S_, Cy, and C_, according to whether the} 


; 1S. A. Schelkunoff, ‘‘Antennas: Theory and Practice,” p. 214; 
1952, 4 


ntegration is to be carried out over the positive or the 

jegative x, y-plane. 

For the first antenna we get, because E, and E, 

fanish on C and S_, 

| > > 

186 = SOE (zg 
=) (g 


0) 


of (2) 


IIA IV 


For the second antenna we compute the magnetic 
i 

jeld Hz in the x, y-plane in two ways, from the values of 
fz, Hy on Cy and S; and on C_ and S_. As the values 
mn Cy and C_ do not differ and as E, and E, vanish on 
b_, we get 


= => 

Pees.) ONE — 10), 
(se 0  xery in Ck (3) 
as 
For the third antenna, we have in addition to H, 


. contribution which comes from the cutoff current: it is 


aa => => —— 
’ + H” on Cy and —A’ + H” on C_ with H’ parallel to 


= 

ihe x, y-plane and H”’ parallel to the z-axis. The total field 
therefore 7(S,)E + H’ + H” on Cy and —H’ + H"” 
n C_. It must be continuous when passing through C, 

ihe complementary screen C being removed now, and 
herefore we have on C 

| 


A Shy SPN (4) 


—> 
-alling the resultant field in C for the latter case H; , 
we find from (2), (3), and (4) the following relation 


between the magnetic fields of the three antennas: 
= => = == 


Hy, = H3, — HG = 4H, 


(oO) yt). (5) 


similar statement holds for the radiation patterns in 
the direction of the plane z = 0. 
We remark that generally Hi, = H., = Oon C. If S 
js circular in shape and the current distribution has only 
radial component, then also H” vanishes on C. 

For all the antennas we have assumed the same electric 


eld in the holes. 


THE CIRCULAR ANTENNA WITH AN ANNULAR SLIT 


We consider now an antenna of the first type with a 
very narrow slit. x, y are Cartesian, 9, g polar co-or- 
Hinates in the plane of the slit, 7, 3, ¢ are spherical co- 
prdinates with 3 = 0 as positive z-axis, and @ = @, is 
he slit. Between its rims an alternating tension U with 
frequency w (wave number k) is applied. The phase and 
amplitude of U do not depend on ¢. 

| With the help of the Rayleigh integral one gets, after 
some manipulations,”* the following expression for the 
Mistant magnetic field: 


| 2W. Kloepfer, ‘‘Theorie der Kreisscheibenantennen,’” Thesis, 
(Aachen; 1950. 

_ 8%J. Meixner and W. Kloepfer, ‘‘Theorie der ebenen ringspalt- 
antenne,” Z. angew. Phys., vol. 3, pp. 171-178; 1951. 
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Hg ~ — \/ Ue *” (k9 ,/r)Ti(R8o sin &)(z > 0) (6) 
€ 

= ee OW 

uw is the magnetic permeability, e« the dielectric con- 


stant. The field is solenoidal, so the other components 
—_ 


of H vanish. The current distribution induced on the 
plane of the antenna can be easily computed. 

The current has only a radial component; it can be 
expressed as 

IO) = OO = (7) 

and at a sufficiently great distance from the slit the 
asymptotic expression (6) can be inserted into (7). 

The second antenna has been extensively dealt with 
and we may refer to that work for details.” ° 

Now we cut off the current distribution outside @ = 
@, , thus constructing the corresponding antenna of the 
third type. With the method of the vector potential one 
gets for a radial current distribution j;(r) the magnetic 
field 


B er lee) 
Ho? =e 7 ee o i Fi(Q)Ji(RE sin 39 de 
if o 


(2 2 0). 
For 7:(@) we choose —j(@) from (7) in the cutoff region 


@ > ¢, and O for @ < &,, and obtain, inserting (6) 

with = 97/2, 

GQ) = (w/e) /2U- (0 /0) Ro Ts (RE 0) @ >%) (8) 
= 0 (Corer): 


Combining the fields H, and H,* we finally arrive at 
the asymptotic results for large r: 


© = —k9,J,(ko, sin 3) — 4k?(8,/r) 
oo . 

cos sie.) | JTi(R sin de dg (g = 0), (9a) 
G1 


ie.e) 
@ = 3k°(8./r) cos 0 Si(k8 0) | Ji(RG sin de de 
ei 


(2 SO), <b) 


with the abbreviation 


® = (e/p) re” H,/U. (10) 


NUMERICAL RESULTS 


In the figures we give some numerical results for 
several values of 9, , 91 and wave number k. They refer 
to the following choices: 


Like, = 1, ke = 2, 
2. k&, = 1, RO: = 4, 
3, ko, = 10 sin 5° =90) 87, ko1 — 10, 
A. k@, = 10 sin 10° = 1, 74, Rk; = 10, 
525R9. = 10 sin 15° = 2,59M ke = 10, 


and represent the magnitude of #, each for the three 
different antennas. The dash-dotted, the full, and the 
dotted lines give ® as a function of the angle # for the 
first, second and third antenna respectively. 


Fe JO° 


Fig. 2 


Considering Figs. 1 to 3 with approximately the same 
value k&, corresponding to a diameter of the circular 
slit of about one third of the wavelength, while the outer 
diameter of the second and third type of antenna is 
about 3, 3, and 3 wavelengths, we see that in all cases 
the replacement of the finite circular slit antenna by a 
circular slit in the infinite plane gives a rather poor 
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Fig. 3 


approximation of the radiation pattern. But the radig 
tion pattern, even in the case of Fig. 1, of the cutop 
current antenna, is rather near the pattern of the at) 
tenna of the second type. Of special interest is the fac 
that this approximation also gives, at least qualitatively) 
the back radiation at angles 3 between 90 degrees an) 
180 degrees. i 

Considering Figs. 3 to 5 with the same value k9 =/ 
10 corresponding to a diameter of the disk of about J 
wavelengths, we find these results confirmed. The dian} 
eters of the slit are about 4, 2, 1 wavelength in thes} 


f 
| 


diameter but in all cases it is much better than the a 
proximation by the infinite plane antenna. 

Analogous results hold for the real and imaginary part} 
of ® separately. 


CONCLUSION 

Our numerical results show that an antenna of th} 
second type can, as far as the radiation pattern is cor} 
cerned, be replaced with good approximation by th| 
cutoff current antenna of the third type, even for rathe| 
small disks. We must admit however, that there may by 


sate | 
a z-component of H for directions in the plane in th! 
approximating radiation pattern which is not preser 
in the actual antenna of the second type. But we do nc 
think that it assumes large values. : 

One thing we do not obtain by our approximatio| 
method is a sufficiently good value for the real an 
imaginary parts of the impedance of the antenna. Th: 
quantity is not only very sensitive to the slit widtt 


90° 


Fig. 4 


but also to small deviations from the correct current 
j distribution near the rims of the slit. By cutting off the 
t San distribution we violate the condition that the 
current normal to the boundary of the finite antenna 
» vanishes. An adjustment of the cutoff current such that 
' the boundary condition is satisfied, necessarily influences 
‘the current distribution essentially over at least some 
'wavelengths and in the cases shown in Figs. 1 to 5 this 
j may involve a noticeable change of the current at the 
) rims of the slit. Of course for large antennas the situation 
|is much more favorable. 


Some qualitative indication as to the dependence of 
| the impedance on the size of the antenna may be drawn 
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az 0 


Dx 90° 


ne ba 


Fig. 5 


from results by Storer‘ on an antenna over a large circular 
screen. 
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4 J. E. Storer, ‘The impedance of an antenna over a large circular 
screen,’ Jour. Appl. Phys., vol. 22, pp. 1058-1066; 1951. 
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Aberrations in Circularly Symmetric Microwave Lenses 
M. P. BACHYNSKI} anp G. BEKEFIt 


Summary—the electric field intensity distribution was measured 
in the image space of solid dielectric microwave lenses at a wave- 
length of 1.25 cm for various displacements of the source from the 
principal axis of the system. The experimental results are presented 
in the form of contours of constant intensity in several receiving 
planes and also as plots of field intensity versus radial positions of 
the point of observation. It was found that the deviations of the 
intensity patterns from the ideal, Airy aberration-free distribution 
could be interpreted quantitatively in terms of the third order aberra- 
tions of optics. The very good agreement obtained with the scalar 
diffraction theory of aberrations suggests the usefulness of the 
optical concepts in their application to the centimetric wavelength 
range. 


INTRODUCTION 


S A RESULT of the steady progress that is 
being made in improving the electrical and 
mechanical properties of dielectric materials, the 

lens is beginning to find increasing application at very 
short radio wavelengths and it may, in the not too distant 
future, supplant the less versatile conventional metal re- 
flector. 

The ideal microwave lens, as is the case with optical 
lenses, cannot be realized in practice. The deviations of 
the emergent wave surfaces from the ideal spherical or 
plane phase fronts cause a deterioration of the image 
which is as undesirable to the microwave engineer as it 
is to the designer of optical instruments. In view of the 
fact that most microwave systems are limited to sizes 
seldom exceeding about one hundred wavelengths, one 
can never escape from the large diffraction effects which 
mutilate the relatively simple geometrical optics aberra- 
tion figures well known in visible light. Hence, the micro- 
wave engineer must turn to a diffraction theory of 
aberrations if he ever hopes to unravel the complex 
patterns that are observed. 

A systematic theoretical or experimental study of 
aberrations at microwave frequencies has not been 
carried out to date. The investigations reported in the 
past have been of a semi-quantitative nature and gen- 
erally restricted to the simpler case of systems with 
cylindrical symmetry.!~® 

* This work forms part of a project on microwave optics that is 
supported at McGill University by the United States Air Force 
through its Cambridge Research Center under Contract AF 19(122)- 
81. It contains a portion of the research described in a thesis sub- 
mitted to McGill University (1955) in partial fulfilment of the 
requirements for the Ph.D. degree. 

t+ The Eaton Electronics Res. Lab., Dept. of Physics, McGill 
University, Montreal, Canada. 

1R. C. Spencer and P. M. Austen, Mass. Inst. Tech. Rad. Lab. 
Reps. No. 762-1; 1945, and 762-2; 1946, 

2 J. Ruze, Cambridge Field Station Rep. No. E5043; 1949. 

3R. A. Woodson, AF Cambridge Res. Center Rep. No. (19- 
122) 50-4114; 1950. 

*R. C. Spencer, C. J. Sletten and J. E. Walsh, AF Cambridge 
Res. Center Rep. No. E5069; 1951. 

5R. C. Spencer, AF Cambridge Res. Center Rep. No. E5082; 
1951. 

6 T. C. Cheston and D. H. Shinn, Marconi Rev., vol. 15, p. 174; 
1952. 

7R. C. Gunter, paper presented at the IRE Convention, Long 
Beach, California, also paper No. 36 presented at the Symposium 
on Microwave Optics, McGill University, Montreal; 1953. 

8A. S. Dunbar, “Astigmatic diffraction effects in microwave 
lenses.’’ Trans. IRE, vol. 4, pp. 72-80, November, 1952. 


°K, Milne, Proc. on a Conference on Centimeter Aerials for 
Marine Navigation, Her Majesty’s Stationary Office; 1953. 
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In the course of the work described here, the questior 
arose of whether or not the concepts of aberrations taker} 
over from physical optics were useful and if so, were 
strictly applicable in the range of centimeter waves. Ir| 
the study of this problem much help.was obtained front 
the recent advances made by Nijboer,!® Nienhuis,'? 
Zernike,!2 and Maréchal'’ in their work on the diffrac) 
tion theory of optical aberrations. "4 | 

The investigations to be described are concerned with); 
solid dielectric, rotationally symmetrical microwav 
lenses. Employing favorable experimental arrangement: 
and with the aid of specially corrected lenses, system; 
affected by virtually pure aberrations were examined}, 
the effects on the diffraction patterns of pure spherica} 
aberration, nearly pure coma and pure astigmatisn? 
were observed. A form of the Fresnel-Kirchhoff diffrac 
tion integral together with the theory of geometri) 
optical aberrations were used for comparison with meas) 
urements. The good quantitative agreement that wal 
obtained led to the conclusion that the optical concept 
were applicable and of considerable importance in thé 
field of microwave optics. 

Investigations concerned with the problem of a mix 
ture of aberrations present simultaneously, a case en} 
countered in practice, with the measurement of phase 
and with other related topics, are discussed elsewhere. ©"! 


DIFFRACTION THEORY OF ABERRATIONS!8 


The electromagnetic energy issuing from a small sourci| 
is assumed to enter the image space via the exit pupil 
of the optical system only, while the remainder of thi 
plane occupied by the pupil is taken as perfectly im] 
pervious to the waves. Hence the exit pupil acts as di 
diffracting aperture in an infinitely large, plane scree1) 
(see Fig. 1). Due to the difficulties that exist in applying) 
electromagnetic theory to the problem at hand, a forne 
of Kirchhoff’s theory will be used; from Dirichlet’) 


°B. R. A. Nijboer, Thesis, University of Groningen; 1942? 
Physica, vol. 10, p. 679; 1943, vol. 13, p. 605; 1947. y 
1K. Nienhuis, Thesis, University of Groningen; 1948; K. Nie 
huis and B. R. A. Nijboer, Physica, vol. 14, p. 590; 1949. , 

2 F, Zernike and B. R. A. Nijober, ‘‘La théorie des Images 
Optiques,”’ Editions de la Revue d’Optique, p. 227; 1949, als& 
“Optical Image Evaluation’, Nat. Bur. Standards, Circular 52 
pp. 1-8; 1954. ; 

13 A. Maréchal, Rev. d’Opt., vol. 26, p. 257; 1947, vol. 27, p. 73) 
269; 1948. { 
_ 1 Fora good review of the subject see E. Wolf, Reports on Progres 
in Physics, vol. 14, pp. 95-120; 1951. 

15 M. P. Bachynski, Thesis, McGill University; 1955. 1 

16 M. P. Bachynski and G. Bekefi, Eaton Electronics Res. Lab) 
Tech. Rep. No. 35; 1955. To the U. S. AF Cambridge Researc]} 
Center on Contract AF 19(122)-81. This paper summarizes some o} 
the results described in the Report. ; y 

™M. P. Bachynski and G. Bekefi, to be presented at the Sym 
posium on Electromagnetic Wave Theory, University of Michigan} 
June, 1955. 
_ \8 This chapter is intended only as a summary of the mori 
important results, some of which appear to be new. Most of th’ 
notation is substantially the same as that used by Nijboer. Final 
formulas for purposes of calculation will be found in references 10° 
11, 12 and some new formulas in references 15 and 16. 
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Fig. 1—Coordinate system for the diffraction theory of aberra- 


tions. p’ is the image point; its conjugate in the object space being p. 
_A right-handed orthogonal system with the origin at the image 


point and the x-axis coinciding with the principal ray o'’p’ is used 
in the image space. o’p’ = o represents the distance from the image 


point to the principal axis of the system. Any point in the image 


boundary value problem!® and the postulates that the 


field is zero on the shadow side of the screen and equal 


_to that of the incident wave in the aperture, it follows 


that the amplitude ug at some point Q in the image 


_ space is given by 


(1) 


uo 


1 m a) ) dS, 


et rs 4 
20 So On S 


where the amplitude function uo will be associated with 
| that component of the electric field which is oriented in 
the direction of initial polarization. The frequency de- 


pendence exp(twt) of the monochromatic radiation is 
assumed implicit in the formula, w being the angular 
frequency. S, denotes an integration over the area of 
the exit pupil and s the distance from an element 6s of 


| the pupil to the field point Q; (0/0n) signifies a differ- 


entiation with respect to the normal to the plane of the 
pupil, with the normal directed into the image space. 
u; is the amplitude of the incident wave over the plane 
S,. In the case of a positive optical system, it is the 
amplitude of a wave converging to a point (0, 0, 0) of 
the image space (Fig. 1). The exact nature of u; depends 
upon the type of source used and upon the properties of 
the optical system. For an isotropic point radiator and a 
perfect lens system free from transmission losses and 
aberrations, u; represents a spherical wave and is given 
by 

oe exp(ikR.,) 

ive 

where u, is a constant amplitude term and R, the dis- 
tance from the center of curvature of the wave (0, 0, 0) 
to a point in the pupil..In the presence of aberrations, 


4 ’ 


19 Mathematically it is more satisfactory to develop the theory 
in this manner rather than start from Kirchoff’s formula, which 
contains mixed boundary requirements (see C. J. Bouwkamp, 
Reports on Progress in Physics, vol. 17, p. 35; 1954. 
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ray 


space can be located by either its Cartesian co-ordinates (x, y, 2) or 
its polar co-ordinates (x, g, ¥). p’’, any point in the exit pupil, it 
described by the polar co-ordinates (7, ¢) with the origin located as 
the center o’’. The radial coordinate in the exit pupil is normalized 
so that 0 < y < 1 and the actual distance to any point is given 
by (ar) where a is the radius of the exit pupil. 


the converging wave will no longer have a spherical 
phase front but will deviate from this surface by an 
amount V, the aberration function. 

Furthermore, the radiator may not be isotropic and 
the illumination may be tapered towards the edges of 
the lens, a case generally encountered in practice. Hence 


Lae exp me a V)I (2) 


where uw. has been replaced by uw, a more general func- 
tion which enables account to be taken of any amplitude 
variations over the pupil resulting from anisotropy of 
the source and any transmission losses through the 
optical system. For a circularly symmetrical optical 
system, it is easily shown that, on inserting (2) into (1), 
expressing the variables in the polar coordinates shown 
in Fig. 1 and on making the usual approximations 
(a/R) << 19(\4R) el and (/ hat therampir- 
tude at Q is given by 


2 XP [ik(R = R’)| ih [ow 


27RR’ 

exp [ipr? — igr cos (6 — W) — ikV(o, 17, ¢)|r dr dd, (3) 
where a is the radius of the exit pupil and R the distance 
of the center of curvature of the wave (0, 0, 0) from 
the center of the pupil; the integration over the aperture 
has been normalized to unity through a change of vari- 
able. u(r) is the amplitude distribution over the aper- 
ture and is a constant for an isotropic radiator and a 
system free from transmission losses; it is assumed to 
be independent of the azimuthal angle ¢. The remaining 
quantities in (3) are defined as follows: 


uo(P, q; y) = tka 


nae ka? ‘ > ka i 
2RR’’ Ee 
ig? 2\0R a2 eee ne Py 
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with x denoting the displacement of the receiving plane 
from the Gaussian image plane along the principal ray 
of the system. 

Henceforth, p instead of x will be used in representing 
the displacement of the receiving plane and g rather 
than p will be used in describing the radial distance of 
the point of observation from the principal ray. 

Eq. (3) in a slightly different form has been discussed 
at length by Lommel as early as 1885 for the case of an 
aberration-free system, V = 0, and a uniformly illu- 
minated aperture, u(r) = constant. The special case for 
the field distribution in the geometrical image plane 
(p = 0) yields the well known Airy ring pattern of an 
ideal system, the intensity distribution of which is pro- 
portional to [Ji(q)/q|? with J; a Bessel function of the 
first kind. 

Hitherto the aberration function V(c, 7, ¢) has not 
been defined explicitly and a detailed discussion will be 
found elsewhere.!” 2° It suffices to say that it can be 
expanded in a series of the form 


V(o, Yr, ¢) = >» Doce Fan) cos mq, 


l,m,n 


where |, m, n are non-negative integers, m > m, (n — m) 
is even and F,,m(r) a certain polynomial in 7. The integer 
m specifies the type of aberration (m = 0, spherical 
aberration, m = 1, coma, m = 2 astigmatism) while 
curvature of field and distortion are found to be degen- 
erate cases of spherical aberration and coma respectively. 

The evaluation of the integral in (3) containing even a 
few terms of the complete aberration function is ex- 
tremely difficult. As a result, most attempts at a solu- 
tion of the problem have been confined to an aberration 
function containing only a single term. In fact little 
progress in the solution of the diffraction integral, except 
for the case of pure spherical aberration, has been made 
until the work of Nijboer.!° We shall therefore limit the 
present treatment to the case of a single type of aberra- 
tion only, in which instance the aberration function can 
be conveniently written as 


Kum 


kV(o,17, $) = 
(a) 


nm(’) COS md. (4) 


Here K,m is a numerical constant which determines the 
magnitude of a particular aberration such that (Knm/27) 
is the maximum deviation of the converging wave from 
the ideal spherical surface in units of wavelengths and L 
is the numerical coefficient of the first term of the 
polynomial F,,,(r). 

A substitution of (4) into (3) leads, after some ma- 
nipulation, to the following result: 


uo(P, gq, ¥) = tka 


exp ae R’)} S «i m0) 


Cos (mth) Imi(P, q; Igy) 


20H. H. Hopkins, ‘‘Wave Theory of Aberrations,’’ Oxford Uni- 
versity Press, New York, 1950. 


t=0 


(Sa) 
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"1 C. G. Steward, Phil. Trans. Roy. Soc., A, vol. 225, pp. 131° 


where 
= thes = 0 


2, tw 


I 


and 
Lm (P, q Ke) 


= [ u(r) exp pr) mart] X2* Ran) |r dr (Sb) 


Jm and J, are Bessel functions of order (mt) and ¢ re-| 

spectively. When m = 0 (spherical aberration) the) 

above formula simplifies to 

SOL [ik(R — R’)| i HO) 
RR’ ° 


uo(P, q, Y) = tka 


exp Ez _ Kor, | J .(qr)r dr. (Se}} 
Eqs. (5a) and (5b) appear to be new; the special case} 
(5c) has been derived already (using different notation)) 
by Steward.?! The expressions given above are genera [ 
in that they are applicable whatever the magnitude of 
the aberration coefficient Km may be. Nijboer’s results | 
useful only when the aberrations are not too large (maxi: 
mum deviation from the ideal sphere of the order or less/ 
than one wavelength, i.e., Knm < 6), are obtained from) 
(Sb) on expanding the Bessel function J; in ascending} 
powers of K,,. Eq. (5b) then becomes 


Fil Dv Og Rea) ae i a 
mt ’ q, nm ai 27+411(4 ae 1)! a 


i 3 u(r) exp (ipr?)[Fam(r)]7 4 m(gr)r dr. (6) 


The significant contribution of Nijboer to the diffrac} 
tion theory of aberrations lies in that a circle polynomia | 
R,™(r), first introduced by Zernike, which is orthogonal) 
within a unit circle, takes the place of the functior} 
F,”(r). Not only does the use of this polynomial aid} 
greatly the evaluation of the integral in (6), but it is! 
useful in the balancing of higher-order aberrations anc 
results in a more elegant classification of image errors} 
than that used hitherto. 

Before quantitative comparisons can be made betweer} 
computations from (5) and (6) and the experimenta | 
results, numerical values must be assigned to the co-} 
efficients Kym for each of the aberrations considered? 
The magnitudes of these coefficients depend upon the! 
optical system and the position of the source. For a thir 
lens, having spherical or nearly spherical surfaces, and, 
an exit pupil coincident with its plane (criteria fairly) 
closely satisfied in the experiments), the magnitudes of} 
the third order aberration coefficients can be computed] 
from these formulas??: 

(a) Spherical Aberration: 


IA S| eee (aes 2 (u? — 1) 
3 =a) p+ 2 


a Ge i GED v*) fs 


Nae 


~ 


1925. 


here 

k = 2n/d;X = wavelength 

a = radius of exit pupil 

K = 1/focal length = power of lens 

u = refractive index of the lens material 
r r 

Dk Mende = shape factor 
(iO OY a] 

Yo, 71 = radii of curvature of 1st and 2nd lens sur- 
faces respectively 

s—s' ee 

v= ; = position factor 
sts 


, s’ are the object and image distances respectively. 
(b) Coma: 


2 
PSS eee xX - 


Ky = 5; 
pge—L) bu 


(c) Astigmatism: 


; ‘ 
From the above, the coefficients of the various aber- 


‘rations can be found as function of the displacement (6) 
yof the source from the principal axis of the system. (It 
will be noted that spherical aberration is independent 
jof the angle @). 

The experimental arrangement followed closely the 
jrequirements of the theory presented above in order 
that direct comparisons between calculated and meas- 
ured values could be made. The lens was mounted in a 
large metal screen which acted as the aperture stop 
jand with which the exit pupil was found to be nearly 
lcoincident. The lens was illuminated uniformly with 
jenergy issuing from a small horn 2 by 23 wavelengths 
in size. The various aberrations were obtained by a 
rotation of the lens (through an angle @) relative to the 
source. With @ = 0, only spherical aberration was 
present. One of the lenses, due to the different radii of 
curvature of its two surfaces was used primarily in the 
study of coma. A second lens designed to be free of 
spherical aberration and coma for a particular object 
distance was employed in the study of astigmatism. 

A piece of open waveguide mounted upon an optical 
bench was used as a field probe for measurements of the 
field intensity distributions in the image plane of the 
lens. The signal received from it was rectified and re- 
corded. The motion of the recorder paper was synchro- 
nized with that of the mechanically driven probe and 
in this manner a record of field intensity as a function 
of the probe position was obtained. A number of pre- 
cautions and preliminary investigations were carried 


| : 
‘out to ensure that the results obtained were due solely 


to the lens aberrations. 
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ABERRATIONS IN MICROWAVE LENSES 


Comparison of Theory with Experiment 


The investigations described here are concerned 
mainly with measurements of the intensity distribution 
in planes lying perpendicular to the principal ray (Fig. 1) 
for various angular displacements (8) of the source from 
the principal axis. Such displacements illustrate the 
nature of the diffraction pattern as a function of the 
various aberrations. 


The experimental and theoretical data are depicted 
diagrammatically in two ways: for quantitative compari- 
sons with theory, scans of the electric field intensity 
distribution along an axis lying in one of these planes 
and passing through the principal ray are given. Due to 
the great similarity between scans along the electric and 
magnetic diameters, only one of these is presented. The 
second method of showing the results is by means of 
contours of constant intensity in given receiving planes 
and these enable one to obtain a complete picture of the 
distributions. 

The majority of the studies were restricted to meas- 
urements in certain planes of special interest. In Table 
I are listed the various planes, together with the form 


TABLE I. 
Shift of 
Plane of | Term of aberra-| receiving 
Aberration |investigation) tion function | plane from | Remarks 
Vio, r, o) Gaussian 
plane in 
units of p 
Spherical Paraxial Kaor4/k 
aberra- plane 
tion 
Plane mid-| K4o(6r4 — 67? | —K4o Plane of 
way be | 6 +1)/k “best 
tween focus;”’ 
paraxial pattern 
and mar- ap- 
ginal foci proaches 
closest to 
ideal. 
Coma Gaussian | Kar? cos ¢/k Lateral 
shift of 
diffrac- 
tion pat- 
tern neg- 
lected. 
Gaussian K31(37? — 27) Lateral 
“3. cos ¢/k shift in- 
cluded. 
Astigma- Central Kor? cos 26/k | —Kzoe Plane con- 
tism plane taining 
circle of 
least con- 
fusion. 
Plane Koo(r?) cos26/k| 0; —2K22 
through 
focal 
lines 


of the aberration function to be used in calculations; 
the positions of these planes relative to the Gaussian 
image plane are also shown. In all but the last case of 
Table I, the shifts have been incorporated into the 
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DISTANCE 


Fig. 2—Intensity distribution in the image space for a micro- 
wave dielectric lens which is virtually aberration free. The intensity 
patterns in a series of planes perpendicular to and traversing the 
principal axis as well as the intensity distribution along the principal 


axis are shown. 


formulation of the aberration function in such a way 
that p can be set equal to zero in (5) and (6); in the last 
instance, namely astigmatism in the plane through the 
focal lines, p must be set equal to + K22. Curvature of 
field and distortion have not been tabulated as these 
have not been investigated experimentally for reasons 
discussed later. 

Before proceeding with a description of the effects of 
aberrations, it may be of interest to show some results 
obtained with an optical system virtually free of image 
errors. Fig. 2 shows a series of patterns taken in the 
transverse plane at various distances from a lens illu- 
minated at normal incidence (@ = 0). The axial field 
distribution is also shown. Only in a narrow region close 
to the image plane (at a distance from the lens of about 
360 cm) does the pattern approach the ideal Airy dis- 
tribution. On either side of this region, the minima fill in 
and the side lobe levels increase. It will also be observed 
that the intensity at the center of the “‘ideal’’ pattern 
does not coincide with the plane in which the intensity 
is a maximum, which lies much nearer to the lens. This 
curious fact, which can be explained theoretically, is 
due to the relative size of microwave lenses in compari- 
son to the wavelength and would not be apparent at 
optical frequencies. A complete intensity pattern meas- 
ured in the image plane is shown enlarged in Fig. 3. The 
first side lobe is 17.5 decibels below the central maximum, 
in agreement with theory for an ideal lens. 


Spherical Aberration 


Spherical Aberration in the Paraxial Plane. In the 
paraxial image plane the aberration function for the 
presence of spherical aberration is 


Vio, r) = IGS et oe 
The intensity patterns are independent of the angle of 


rotation of the lens and have been evaluated numerically 
for the amounts of aberration corresponding to Ky) = 


Axiol Field Distribution 


INTENSITY (db) 


FROM LENS (CM ) 


Fig. 3—A nearly ideal intensity distribution in the focal plane of a 
microwave lens. The first sidelobes are 17.5 decibels down from the} 
main lobe and the first minima about 40 decibels down from the 
main lobe. The pattern was measured using a microwave dielectric 
lens corrected for all aberrations at this specific object distance. . 


\ 


3; 1; 2 and 3 (Fig. 4). It will be observed that as th 
aberration increases the intensity pattern is altered in 
that the minima fill in, and the main lobe is decreased) 
while the side lobes rise. With as little spherical aberra 
tion as Ky) = 3 (maximum deviation from the referenc 
sphere of 0.48\) the first few Airy rings have become 
completely filled in. Fig. 5 depicts a comparison between 
experiment and theory for nearly equal amounts of 
aberration. The agreement is seen to be good. No plots 
of contours of constant intensity are given as these are 
merely circles and the complete distribution is described 
by a scan across any diameter. 


INTENSITY (db) 


Fig. 4—Intensity distribution in the paraxial focal plane for 
/ various amounts of spherical aberration. The results have been 
normalized to correspond to a value of 0 decibels at the center of the 
ideal Airy disc. 


— experimental (K4o2.58) 


coo theoretical 
(K4o” 50) 


INTENSITY (db) 


Fig. 5—Intensity distribution in the paraxial focal plane. Ex- 
perimental amount of spherical aberration corresponds to K4o = 
| 0.58; theoretical: K4o = 0.5 


Spherical Aberration in the Plane Midway Between the 
Paraxial and the Marginal Focus. For a system afflicted 
with spherical aberration, the receiving plane where the 
resemblance of the intensity distribution is closest to 
the ideal is located not at the paraxial focus but at a 
point midway between the paraxial and the marginal 
focus. This implies a shift of the receiving plane and it 
can be shown that for small aberrations the expression 
to be used for the aberration function is 


Ku 
6 


The r? term determines the shift of the receiving plane 
and it has been shown by Richter?’ that a ratio of the 


22R, Richter, Z. fur. Inst. vol. 45, p. 1; 1925. 


Vig, 7, >) = as Re(r)/k = (674 — 672 + 1)/k. 
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INTENSITY 


Fig. 6—Intensity distribution in the plane midway between the 
paraxial and the marginal focus for various amounts of spherical 
aberration. The intensity at the center of the ideal Airy disc cor- 
responds to 0 decibels. 


coefficients of r4 and r? of —1 results in a shift to the 
position of “best focus.’’ Calculations of the intensity 
distribution for K4o = 3, 6 and 10 are presented in 
Fig. 6. The pattern in this plane varies less rapidly with 
increasing aberration than in the paraxial plane. No 
measurements are available for these substantial 
amounts of aberration. 


Coma in the Gaussian Image Plane 


The aberration function for the presence of coma may 
be written either as 


Ks 


V ») b = 
(o, 7, $) A 


(R}3(r)) cos ¢/k 


ae a (373 — 2r) cos o/k 


or in the form 
Vio, 7; 6) = Kar cosi¢/k. 


The diffraction pattern is the same whichever of the 
above expressions is used in the calculations. The addi- 
tional term (3K3:7 cos ¢/k) which appears in the first 
formula causes a shift in the origin of co-ordinates to 
the position of maximum intensity, for small amounts 
of coma.!° 

The intensity distribution along the diameter y = 0 
(c.f. Fig. 1) in the Gaussian image plane has been calcu- 
lated for K3: = 1; 3 and 9 and is shown in Fig. 7. The 
coma pattern is far from symmetric about the position 
gq = 0, the side lobes on one side gradually become com- 
pletely suppressed while the opposite side lobes grow in 
intensity. Coma of an amount as small as K3; = 1 
(maximum deviation of 0.16) has greatly altered the 
appearance of the lobe structure and hence is readily 
detectable. 


418 


(db) 


INTENSITY 


Fig. 7—Intensity distribution in the Gaussian image plane for 
various amounts of coma. 


Contours of constant intensity in the Gaussian image 
plane are shown in Fig. 8(a). The experimental plots 
contain predominantly coma (K3; = 1.25) although a 
small amount of astigmatism (Ke. = 0.37) which has 
resulted in some filling in of the minima is also present. 
These are compared to a set of contours of constant 
intensity for pure coma of amount K3,; = 3 calculated 
by Nijboer [Fig. 8(b)]. Although the amount of coma 
present in the experimental pattern is less than in the 
theoretical plot, the resemblance is indeed striking. 
(Nijboer!® has shown that the general appearance of 
the coma pattern remains the same for K3; values of 1 
to 3 or more even though the relative intensities change). 
Resemblance of the patterns to the geometrical optics 
coma flare is apparent. 


Astigmatism 


Astigmatism in the Central Plane. When astigmatism 
is the only aberration present, the aberration function 
is given by 

Vio.sr,.d)) =OK 557? cosi26/ &: 


Now the plane p = 0 lies at the midpoint of astigmatic 
separation (1.e., the central plane) if V(c, 7, @) is defined 
as above. 

Calculations of the intensity distribution in the central 
plane along the diameter Y = 0 or y = 7/2, have been 
made for Ko: = 3; 1; 2 and 4 and are shown in Fig. 9. 
The pattern remains symmetrical, the minima fill in 
rapidly and the central lobe decreases in intensity with 
increasing values of Kee. The side lobes increase with 
the aberration. However, as the aberration increases 
(e.g., Kex = 4) the central lobe is no longer a maximum 
relative to the first side lobe. 

Astigmatism in a Plane through a Focal Line. In order 
to calculate the intensity distribution in a plane through 
a focal line, the receiving plane must be shifted in the 
direction of the positive p-axis by an amount 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


Fig. 8—(a) Contours of constant intensity measured in the? 
Gaussian image plane of a microwave dielectric lens system in thel 
presence of predominant coma (K3, = 1.25). A small amount of, 
astigmatism (Ka: = 0.37) is also present. The intensity at the center | 
of the pattern is 890. (b) Contours of constant intensity (theo-y 
retical) in the Gaussian image plane in the presence of third-order 
cone of amount K3, = 3. (After Nijboer). Intensity at the center is! 
879. 


2K o2R? 


+ Koo ;orx = + ———_. 
ka? + 2KooR 


p= 

Experimental Investigations of Astigmatism. Contours 
of constant intensity in the central plane have been 
obtained for Kee values of $ and 1. These are illustrated’ 
in Fig. 10(a) and Fig. 11(a) (on a following page), where 
they are compared to calculated contours of constant in- 
tensity of the same Ky: values [Figs. 10(b) and 11(b)] 
obtained from the work of Nijboer.!° Good agreement 
between experiment and theory is observed. | 

Calculated intensity contours in a plane through a 
horizontal focal line in the presence of astigmatism of 


poorer man 2 ar 


oe etl ne eae 
eZ. 


Y =O n/2 


central plane 


q 


Fig. 9—Intensity distributions in the central plane for various 
imounts of astigmatism. 


Mmount Ke. = 1 are presented in Fig. 12(a). The in- 
fensity distribution along the y-azis does not deviate 
bppreciably from that in the image plane of the ideal 
fattern. However, in the plane at right angles (along 
he z-axis) the difference is great, resulting in a slow 
fecrease of intensity with increasing g-values and a 
ubstantial elongation of the resulting pattern. The 
hositions of the minima have been displaced towards the 
-axis from their corresponding positions in the central 
jlane. The theoretical intensity distribution in the plane 
fhrough the vertical focal line is identical to the one 
hown, except that it is rotated through the angle 7/2. 
The experimental intensity contours in the planes 
rough the horizontal and vertical focal lines for Koo = 1 
re depicted in Figs. 12(b) and 12(c) respectively. They 
ow the same distribution as the theoretical plots. 
ost noteworthy is the 90-degree crossover in the con- 
ours upon going from the horizontal to the vertical 
ocal line. 


= 


nental and theoretical intensity distributions in the 
entral plane for y = 7/4 for amounts of astigmatism 
Ke = 4 and 1 respectively. For y = 7/4, the scan 
asses through the minima positions and is the “best”’ 
attern in this receiving plane with regard to the magni- 
ude of the main lobe above the side lobes. The side 
Ibes are seen to decrease with increasing astigmatism. 
The intensity in the central plane along y = O or 
/2 for Koo = 4 is shown in Fig. 14. The pattern is 
ymmetrical but the minima have filled in and the side 
ybes have increased relative to the ideal pattern. The 
rst minimum is 19.5 db down and the first side lobe 
laximum 16.5 db down from the central maximum. 

In Fig. 15 is represented a typical intensity distribu- 
ion measured for a “‘large’’ value of aberration, namely 
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Fig. 10—(a) Contours of constant intensity measured in the 
central plane of a microwave dielectric lens system in the presence 
of third-order astigmatism of amount Ky. = 1/2. Intensity at the 
center of the pattern is 959. (b) Contours of constant intensity 
(theoretical) in the central plane in the presence of third-order 
astigmatism of amount Ky. = 1/2 (After Nijboer). Intensity at the 
center is 959. 


Ko. approximately equal to 5. The pattern demonstrates 
that at these magnitudes of the image error the main 
lobe is no longer a maximum but has been reduced to a 
value less than that of the first side lobes. The lobe 
structure is no longer apparent and the intensity has 
been spread out drastically. 


Curvature of Field and Distortion 
The total curvature of field is given by 
Vig) ear) ee 


The aberration function has no angular dependence 
and can be grouped with the pr? term of the diffraction 
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Fig. 11—(a) Contours of constant intensity measured in the 
central plane of a microwave dielectric lens system in the presence 
of third-order astigmatism of amount Ky. = 1. Intensity at the 
center is 840. (b) Contours of constant intensity (theoretical) in the 
central plane in the presence of third-order astigmatism of amount 
Ko = 1. (After Nijboer). Maximum intensity is 840. 


integral [see (3)|. This corresponds only to the displace- 

ment of the receiving plane along the p-axis. The shift 

from the Gaussian image plane is given by p = Koy; i.e., 
2K oR? 

ka? — 2Ko oR 


The resulting diffraction pattern in this new plane is 
the same as for a spherical wave free of image errors. 
Since this aberration shows nothing new in the intensity 
distribution and can be corrected by refocusing (i.e., 
axial shift of source), it has not been considered sepa- 
rately in experimental investigations. 
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Fig. 12—(a) Contours of constant intensity (theoretical) in th 
plane through the horizontal focal line in the presence of thir 
order astigmatism of amount Ky. = 1. (After Nijboer). Maximun 
intensity is 773. (b)‘Contours of constant intensity measured in th 
plane through the horizontal focal line of a microwave dielectri 
lens system in the presence of third-order astigmatism of amoun 
Ko. = 1. Intensity at the center is 773. (c) Contours of constan 
intensity measured in the plane through the vertical focal lin 
of a microwave dielectric lens system in the presence of third 
order astigmatism of amount Ky = 1. Intensity at the center is 773 
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Fig. 13—(a) Experimental and theoretical intensity distribu- 
ions in the central plane across the radius y = 7/4 in the presence 
f third-order astigmatism of amount Ke. = 1/2. (b) Experimental 
and theoretical intensity distributions in the central plane across the 
radius y = 7/4 in the presence of third-order astigmatism of amount 
oe il 


Similarly the term for distortion (V(o, 7, ¢) = Kur 
os ¢) can be grouped with the term (qr cos (¢ — y)) of 
3), resulting in a different g-value and hence in a lateral 
hift of the diffraction pattern as a whole.! 
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Fig. 14—Experimental and theoretical intensity distribution in 
the central plane across the radius y = 0 or r/2 in the presence of 
third-order astigmatism of amount Ky. = 1/2. 
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Fig. 15—Intensity distribution in the central plane in the 
presence of large amounts of astigmatism (Ke. > 4). 
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Spherical Surface-Wave Antennas” 
RES, ELLIO 


Summary—Solutions of Maxwell’s equations are presented 
which approximately satisfy the boundary conditions for corru- 
gated and dielectric-clad conducting spheres. These solutions 
have the physical interpretation of leaky latitudinal surface waves. 
Values of the complex propagation constant are given as functions 
of the geometry. For large spheres the leakage is small and the 
transmission properties approach those of a trapped cylindrical 
wave on a flat surface. 

A corrugated spherical cap, used to support surface waves, has 
been found to have interesting possibilities as a low-drag omni- 
directional antenna. Preliminary experimental results are offered 
as an illustration of the theory. 


INTRODUCTION 


N AN EARLIER paper! the properties of azi- 

muthal surface waves on circular cylinders were 

considered. It was found that for uniformly modified 
cylinders, the surface waves leaked exponentially. This 
fact was turned to good advantage in terms of pattern 
control; the cylindrically-curved surface-wave antenna 
was found to have certain null-filling as well as beam- 
directing advantages over its plane counterpart.? This 
conclusion is again found to be true in the case of spheri- 
cal systems. 

Beginning in 1951, the Stanford group reported an 
interesting series of experiments with annular ring an- 
tennas.*~> By corrugating a flat disk and feeding it from 
the center, they were able to obtain an endfire-type 
omnidirectional pattern suitable for beacon applications. 
The pattern suffered from the defect of deep nulls char- 
acteristic of all endfire systems, the main beam was 
tilted up off the plane of the disk, and the corrugations 
limited the application to perpendicular polarization. 
Improved performance was obtained when the corruga- 
tions were replaced by a tapered dielectric. 

From results obtained by bending flat, linear, cor- 
rugated surfaces into cylindrical sections, it was felt 
that if the Stanford corrugated disk were replaced by a 
corrugated spherical cap, some filling-in of the nulls 
could be achieved together with a decrease in the beam 
tilt angle. This has proved to be the case. If a dielectric 
film were substituted for the corrugations, the spherical 
cap should be capable of supporting either polarization 
(and consequently, any arbitrary polarization). 

As a first step in the investigation of these ideas, the 
properties of surface waves on spheres were studied 


* The research reported in this paper was supported in part by 
the AF Cambridge Res. Center, under contract. 

{| Hughes Aircraft Co., Culver City, Calif. 

'R.S. Elliott, “Azimuthal surface waves on circular cylinders,” 
Jour. Appl. Phys., vol. 26, pp. 368-376; April, 1955. 

2R.S. Elliott, “Pattern Shaping with Surface Wave Antennas,” 
Hughes Res. and Dev. Labs., Tech. Memo. No. 360; April, 1955. 

§“Ridge and Corrugated Antenna Studies,” Stanford Res. 
Inst., Final Report; January, 1951. 

4E. M, T. Jones, “An annular corrugated-surface antenna,” 
Proc. IRE, vol. 40, pp. 721-725; June, 1952. 

5E. M. T. Jones and R. A. Folsom, Jr., “‘A note on the circular 
dielectric-disk antenna,”’ Proc. IRE, vol. 41, p. 798; June, 1953. 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


with the aim of providing information from which tl] 
spherical cap could be designed. The earlier sections } 
the present paper report this study and include discuf 
sions of TM surface waves on corrugated spheres ar 
both TM and TE surface waves on dielectric-cle 
spheres. The paper concludes with a description of } 
corrugated spherical cap antenna and a comparison 
its experimental performance with that of a corrugat« 
disk antenna. 


THE CORRUGATED SPHERE 


The first antenna problem to be treated will be Ty 
surface waves on a corrugated sphere. Referring to Fig. {f 


the waves are assumed to be excited by a ¢-symmetr} 
source which occupies the region 0 < 6 < 6,. They thé 
travel latitudinally over the corrugated surface until tf} 
cone 0 = 62 is reached. The region 62 < 6 < 7 is assume 
filled with a perfectly absorbing material so that rj 
reflections occur. (This idealized picture approximat( 
quite well the practical problem of a corrugated spheric} 
cap antenna. In that problem the surface waves, upc 
reaching the end of the cap, are launched into free spac) 
with negligible end reflection.) The desired wave motic) 
therefore has the form 


eo tlwt—vas), (| 


in which a is the radius of the sphere, y is the propagi! 
tion constant, and an e™ time dependency is assumed 
The principal goal of the analysis is to discover if the:| 
are circumstances under which y is principally real, is 
dicating that latitudinal waves essentially nonleaky jj 
character can be made to propagate. | 
Let Region I (0:1 < @ < 62,7 > a) be taken as fre 
space with dielectric constant e€, and permeability co1 
stant wo. If MKS rationalized units are used, and T? 
excitation (TM in this connection means H, = 0) 
assumed, the magnetic field in Region I satisfies tk 
differential equation 


3 7H, 2 0H, Lh 7H: 
or? EOF r> 00? 
cot 6 0H. 1 
+ SEO oe + (ee - 4+) m,, 2 
ieee 3 OU r sin? 6) * @) 


in which kp = wv/u.e.. The electric field is related to 
the magnetic field by the equations 


: 1b 9 ) 
—Wwel, = — (sin 6H, 3 
rsin 0 06 ( ‘) (3) 
; i @ 
1we ol, =) (rH). (4) 
i, Ole 


(The appropriate general solution for (2) is® 

| Hy = hy (Ror)[A»P»! cos 6) + B,Q,! cos @)le~™, (5) 
min which v is a separation constant, h,) is a spherical 
te nkel function of the first kind, P,! and Q,! are solu- 
itions of the associated Legendre equation and A, and 
HB, are constants. The superscript e suggests that Region 
I is the external region. 

A problem arises in the choice of values for the param- 
leter v. [t would be desirable to find a complete sequence 
jof eigenvalues and then to express H, as an orthogonal 
series of terms similar to (5). This task is made difficult 
by several factors. Firstly, Floquet’s Theorem, which so 
ineatly provided the eigenvalues in rectangular? and 
‘cylindrical’ geometries, does not apply here. Secondly, 
the 6 interval is restricted, extending from 6; > 0 to 
62 < a. A third complication arises when it is recognized 
that latitudinal surface waves must leak [this point will 
‘be brought out more fully in the discussion following 
((i2)] and therefore that applicable values of v must be 
icomplex. Attempting to surmount these difficulties ap- 
‘pears unwarranted for the purposes of the present analy- 
Isis and hence an approximation is introduced at this 
ipoint. It is asswmed that the principal part of the mag- 
netic field is a single mode for which v = ya; i.e., 

Hg = hy (Ror)|A Po! (cos 0) + BOQ,¢! (cosé)|e"™, (6) 
lin which ya is a complex constant to be determined from 
ithe boundary conditions. The ensuing analysis will reveal 
junder what conditions (6) is a good assumption. 
Restricting attention to spheres for which ka is large, 
ithe asymptotic expansions 


_ Tye + 2) ( 2 ie 
T'(ya + #) \z sin 0 


{cos | va + Pet f| i o(+)\ (7) 


ya 


_Tqa+2)( 2 i i 
7 1G) G sin ) baie | (va + 2)9 


| 


Pq! (cos @) 


r~ 8,6 >0,|20|>+) 


6 J. A. Stratton, ‘Electromagnetic Theory,’’ McGraw-Hill Book 
Co., New York, pp. 399-406; 1941. 

TR. S. Elliott, ‘(On the theory of corrugated plane surfaces,” 
Trans. IRE, vol. AP-2, pp. 71-81; April, 1954. 
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are applicable.’ Neglecting the higher-order terms, if 
A and B are adjusted to a new constant C so that 


i |) 
c= al? il. (9) 


then (6) becomes 
He = hy (Ror) (va + 2) 
T(va + $) 
Coif wi-tqatotn/ai} 
(sin 6)1!/? 

and the desired latitudinal wave motion is properly 
displayed. The presence of the factor (sin @)—!/? can 
be explained by realizing that the power density of the 
wave thins out as the equator is approached. 

Using (3) and (4), the corresponding electric field is 
found to be 


(10) 


ee aCe T'(ya + 2) iE 
r T'(ya + 3) (sin 6)!/? 
{i(ya + 4) + foot d}eftmloatnete/sl} (41) 
iwe Eg’ = {Roya (Ror) + Lal) ear) } 
if 
T'(ya ae 2) CG oni { wt—[yat 0044/4) | (12) 


T(ya + %) (sin @)'” 

A study of (10), (11), and (12) reveals why ya cannot 
be entirely real. If it were, the factor e’”” would indicate 
no radial flow of power as the wave progressed latitu- 
dinally, whereas the factor h,,'(kor) would indicate a 
radial power flow. This contradiction is resolved when 
ya is complex. 

The radial component of impedance for this surface 
wave at the boundary 7 = a is 
Ee hye (Rot) + Roth,’ (kof) 
Hy TW oAN,q\) (R of) , 

Turning now to Region II—the region consisting of 
the spaces between the corrugations—the assumption is 
made that these spaces are filled with a homogeneous, 
isotropic dielectric of relative permittivity ¢/e.. (This 
dielectric may be air.) As indicated by Fig. 1, each tooth 
subtends an angle 67 and each gap an angle 6¢. The 
tops of the teeth are at a radius a and the bottoms of the 
gaps at a radius b. If there are many corrugations per 
wavelength, the space between any two teeth may be 
thought of as a shorted biconical transmission line which 
can only support the TEM mode. The field solution for 
the mth gap is then 


Z, = (13) 


H,i = Bm Cos R(r ae b) (14) 
kr 
SO ewe aw ON (15) 
k kr 


in which k = w+/y.¢ and the superscript 7 suggests that 
Region II is the internal region. The radial component 
of impedance for this standing wave, at the boundary 
ry = a, and in the mth gap, is given by 


8 Bateman Manuscript Project, ‘‘Higher Transcendental Func- 
tions,’’ vol. I, p. 162, McGraw-Hill Book Co., New York, 1953. 
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H,* 

ZZ, = SS Bi tan k(a — b). (16) 

Hi,’ 1we 
Since Z,' = 0 over a tooth, the average internal radial 

impedance is 
8G k 

6 — tan k(a — b). (17) 

6g + Or twe 


Equating (17) and (13) yields the relation 


—— Pie bie ue 1 \ 
e 9G + Or Iya') (Ro) ko 
(18) 

from which y can be found in terms of the geometry of 
the antenna. The ability to find a root y of (18) is a 
measure of the validity of assuming a single leaky mode 
in (10). 

Letting y = 8 + 7a, the interest is in trapped waves; 
i.e., waves for which B > k, and B> a. When in addition 
k,a is large, a first approximation to (18) is 


/« et caae k(a — b) = ele ae : \ 
e Gc + Or Yea(koa) koa 

(19) 
in which yg,(ko@) is a spherical Neumann function. A 
plot of (19) is given in Fig. 2. B/k, is seen to be a slowly 
varying function of k,a which smoothly approaches the 
value for a flat disk as k.a is increased. 
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If now one lets ya = (Ba + 61) + 762, (18) can be 
explored for a root by letting Ba have the value found 
from (19) and assuming a succession of values for 6, 
and 62. Some representative values of ya are listed in 
Table I. a (which measures the leakage) is seen to have a 
considerable, and a useful, dynamic range as a function 
of k,a and B/k.. This feature has been applied to be 
design of a spherical surface-wave antenna, and will be 
discussed in the experimental section of this paper. 


TABLE I 


d 
First AND SECOND APPROXIMATIONS TO PROPAGATION CONSTANTS 
FOR LATITUDINAL SURFACE WAVES OVER CORRUGATED SPHERES | 


ea First ap- Second approximation } 
le 6 _tank(a—b) proximation } 
Roa € 0¢ + Or Ba ya 
60 267 62.5 eee ae ee) 
419 65.5 65.5 + .24 
751 74.5 74.5 + 2 x 107% 
1.128 89.5 89.5 + 3 x 1071% 
120 274 WS) 125.5 + .5¢ 
443 IIL) 131.5 + .012 
sil 149.5 149.5 + 7x 10°1% 
eS 179.5 179.5 + 7 x 107% 
480 goulil 503.5 503.5 + .002¢ 
455 OES O27eS tore Ome 
.750 599.5 599.5 + 4x 10-14% 
1.119 719.5 719.5 + 4 x 1071347 
960 .316 1007.5 1007.5 + 107% 
457 1055.5 1055.5 + 3 x 10-757 
750 1199.5 1199.5 + 2 x 10°-°% 
1.119 1439.5 1439.5 + 10-266; 


THE DIELECTRIC-CLAD SPHERE | 

The geometry of this antenna is suggested by Fig. 3.) 
Once again, a ¢-symmetric source is assumed to exist in) 
the region 0 < 6 < 6,, and to launch surface waves} 
which propagate latitudinally over the sphere. Uponf 
reaching the cone 6 = 62, these waves are absorbed by af 


reflectionless material which fills the region 02 < @ < m} 


Fig. 3 


The volume 6; < @ < 62 is composed of three parts } 
Region I consists of free space with constants yw, and €5 ,} 
and has the range a < r < o. Region II consists of a} 
homogeneous, isotropic dielectric with constants y. and «| 
and has the range b < r < a. Region III is a perfect} 
conductor and occupies the space 0 < 7 < B. | 

Borrowing from the previous analysis, if TM excita-} 
tion is assumed, the fields in Region I can be approxi-| 
mated by a single mode of (10), (11), and (12), giving) 
once again the radial impedance at r = a of (13). The! 
fields in Region II are given by 


Hi = \Ajya(kr) + By,a(kr)} 


T'(ya = 2) (sin Q)—1297# { w= (lora 1490+ 4/41} (20) 
T(ya + 3) 


LiweH,’ = 1 | Ajelb = By,.(é)} Tye) 
/ T(ya + $) 
| (sin 0) 1/24 i(ya + 4) + kcot Obe-i{} (21) 
eclias = { Ajya! (br) + Bye! (| + = [Ajyalbr) 
+ Bynaler]} FED (ain o)-vte-f"}, (22) 


T(ya + 3) 


a which 7,4 and y,q are eed Bessel and Neumann 
nctions and k = wv/ woe. 


ifemice L,’— 0 atr = 0, 
B aa Al Jya( Rd) “= kbjya’ (Rb) " 
Vya(kb) =r kbyya’ (Rb) 
and the internal radial impedance at 7 = a becomes 


(23) 


Va 
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Ego = bya (Ror) T(ya + 2) 
T'(ya + #) 
C evi {wi-loats00+/4)} (27) 
(sin 6)1/? 
in JC Se yn eee) te 
r T(ya + §) (sin 0)! 
Wat 4) 2 cope} en {eae Maria) (28) 
—iwu Hy = {RohyalY (her) + hyo (Ror)} 
‘fs 
T(ya + 2) C ent fm leva+ 0)0+4/4)} (29) 


T(ya + 8) (sin 8)*” 


whereas the fields in Region II are given by 


H,' 
_ Upon equating (24) and (13), one obtains 

€ jya(R@) {Iya (Roa) 
_ € oye’ (Ra) yal” (oa) 


1wea 


jyalkD) + kbjya’ (kb) 


i Do ioe eet Se + Rbyya'(kb)] — kayya' (ka) jya(kb) + dja’ (Rb)| 
jyalka)[yya(Rb) + bya (RO)| — Yya(Ra)[jya(kb) + Rbjya' (RD) 


it (24) 


ina! (Ra) 


ka — 


hya\) (R of) (eal 
ha! (k of) Jone (ka) 


btained to bring the left side of (26) into balance. 
hese values of a, b, and ¢/e, are next used in (25) which 
becomes an equation in the one unknown ya. Setting 
ya = Ba + 6; + id» (as before) it can be reasoned that 
6; and 62 are small and that rapid reduction of (25) is 
‘possible. 

To study TE excitation of the dielectric-clad sphere, 
it is only necessary to interchange the roles of E and H. 
Referring again to Fig. 3, the fields in Region I become 


(25) 
Yyalkb) + Rby,a'(kb)  € Yya(ka) ae b a} yal") (Ro) pee ce eens 
€Vya'(Ra) Rye’ (Rot) = aya’) ya! (Ra) 
‘rom which y may be found in terms of the antenna re A T(ya + 2) 
peometry. For y = 6 + ia, B > k., B > a and ka Es! = {Ajyalbr) + Byyalkr)} T'(ya + 3) 
farge, a first approximation to (25) is (sin@)xt enh Pe eas (30) 
| | «intl fratbea) 4g gh soCbe) Lilie) 4. aah 
Jealkb) + Rbjga'(RO) ey ja’ (ka) Ly ga’ (Ro) ga’ (Ro) ga’ (ka) jpa’ (Ra) (26) 
Vea(Rb) al kbygq' (kb) 7 € Yga( ka) (pe de ns ka} — Yea of) ee a ba Yea (Ra) 
€o Vea (ka) Yea (R of) Yea (koa) Yea (Ra) 
Preliminary use of (26) should permit a reasonable | ae (ya i 2) 
omputation of a root ya to (25). The procedure is to 1WpoH,* = ~ | Aiya(br) + Byya(kr) } ——— T(ya 3) 
assume values for a, e/e, and 8/k, which enable an é ser 3 (he 
valuation of the right side of (26). A value of 6 is then (sin 6)-1?{i(ya + 4) +3 ZAcOl ne aia ad) 


Biers = {h[Aj,a' (kr) + Byya'(kr)] 


= [Ain PP Ba ene we > ern ayteeasoae 
T(ya + 3) 
(32) 
Since F,'= 0 atr = 8, 
Vya(kb) ” 


and thus the internal radial impedance at 7 = ais 


Jyalkb) 


es incl jna( a) — “pp nett o 
are LATS NS 508 Falk) jyalkb) | 
kaliye(ka) — iyo + [jya(ka) — a) Yyo(ka)]. 
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The external radial impedance at r = ais 
Ey _ twpothya\) (kof) 


= (35) 
Hg Rothe)! Bot) Mya) (Rot) 


Z, = 


Fig. 4 


The equating of (34) and (35) gives 
Ro jya(ka) Aya’ (Rot) _ 
jya(RD) _ & jya! (RA) Ryat!)(R 0a) 
Yya(kb) bo Yyalha) Iya! (Ret) 
b Yyo' (Ra) Pyat)(R oa) 
from which ya may be computed in terms of the physical 


parameters. The same computational procedure is 
recommended for (36) as was suggested for (25). 


ja (Ra) (36) 


Yya (Ra), 
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EXPERIMENT 


An investigation is being conducted to study the 
properties of spherical cap antennas, both corrugated 
and dielectric-clad. To date, the results are fragmentary, 
but interesting. 

At the beginning of the study, there was available a 
corrugated disk 24 inches in diameter with G = T = 
1/16 inch and with teeth 1/16 inch deep. This was fitted 
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with a feed as shown in Fig. 4. The feed consisted of a 
disk 4 inches in diameter mounted on top of a cone 
and excited by a coaxial line. Previous experiments had 
presumably determined the optimum feed dimensions. 
The theoretical pattern for this antenna, with an infinite 
ground plane, is shown in Fig. 5 and exhibits a beam- 
width of 17 degrees, a sidelobe level of —12 db, and a’ 
gain of 8.5 db. The experimental patterns at 9,600 mc’ 
are shown in Figs. 6 and 7. The absence of any ground 
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plane causes diffraction which tilts the main beam up 
11 degrees and broadens it to a 20-degree beamwidth. 
The sidelobe level is only —2.5 db and the gain has been 
reduced to 6.5 db. The conical pattern indicates that the 
antenna has a high degree of omnidirectionality. Except 
for the sidelobe level, the differences between theory and 
experiment are reasonable and can be explained by the 
absence of a ground plane. By probing the field over the 
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corrugated surface, the cause for the poor sidelobe 
figure was traced to incomplete mode conversion at the 
feed mouth, causing insufficiently suppressed feed radia- 
tion. 

It was not the concern of this investigation to improve 
the performance of the corrugated disk antenna. Rather, 
the intention was to use it as a comparative measure of 
the performance of a corrugated spherical cap antenna. 
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Fig. 10 


To this end, a spherical surface was constructed which 
preserved all the dimensions of the disk except its radius 
of curvature, which was changed from infinity to 25.5 
inches. (This radius of curvature was dictated by the fact 
that the maximum thickness of aluminum plate that was 
available was 3 inches.) The spherical cap was then fitted 
with the identical feed that had been used to drive the 
disk. 

Using the theoretical procedures described earlier, 
the complex propagation constant of a surface wave 
traveling latitudinally over this spherical cap was com- 
puted to be ya = 124 + il.4, indicating a total leakage 
from the surface wave of 44 per cent of its original 
power content. Assuming that, to first order, the pattern 
from the ‘‘unleaked”’ part is similar to Fig. 5, and that 
radiation from the “leaked’”’ part is hemispherically 
isotropic, the nulls of the elevation pattern could be 
expected to be filled in to a level of —3.5 db or better. 
Since the launching angle of the “unleaked”’ part of the 
wave is 28 degrees below the horizon, the beam tilt 
of the elevation pattern could be expected to be less than 
the +11 degrees of Fig. 6 but no less than —17 degrees. 

These predictions were borne out fairly well by the 
experiments. Figs. 8 and 9 show the patterns for the 
corrugated spherical cap at 9,600 mc. Good null-filling 
was achieved providing solid coverage for 45 degrees of 
elevation above the main beam. The beam tilt was 
reduced 15 degrees and the conical cut still shows good 
circularity. The pattern gain was 5.1 db, indicating the 
cost of null-filling. 

This antenna is extremely broadband. The pattern 
shape held up over a frequency range from 8,400 mc to 
9,800 mc. The input vswr was measured by means of a 
probe inserted through an axial slit in the otter con- 
ductor of the coax, and from Fig. 10, is seen not to exceed 
1.2 over the entire band. 
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The corrugated spherical cap antenna just described 
is not an optimum design nor was it intended to be; its 
purpose has been to illustrate the theory of leaky spherical 
surface waves. To attain an optimum design, a more 
efficient feed must be devised. For a main beam placed 
on the horizon, the radius of curvature would have to be 
increased. This would restore some of the gain but would 
also reduce the amount of null-filling, which could in 
turn be restored by tapering the corrugation depths. 
All of this optimizing represents a considerable develop- 
ment effort. What the results of this first experiment 
appear to guarantee is that there is a sufficient dynamic 
range to the adjustable parameters to insure that such a 
development effort would be successful. 


C\,Y% ? 
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CONCLUSIONS 


An analysis of latitudinal surface waves on corrugated 
and dielectric-clad spheres reveals the manner in which 
the complex propagation constant depends on radius 
of curvature and degree of trapping. A corrugated 
spherical cap antenna has been tested and offers beam- 
placing and null-filling advantages over its flat counter- 
part. 
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Application of Periodic Functions Approximation to Antenna 


Pattern Synthesis and Circuit Theory 
J. C. SIMON} 


Summary—Recently, mathematicians gave results on the ap- 
proximation of periodic functions f(x) by trigonometric sums P,,(x). 
These results can be useful for antenna radiation and circuit theory 
problems. Rather than the least mean-square criterion which leads 
to Gibbs’ phenomenon, it has been adopted that the maximum in 
the period of the error, | f — P,, |, is to be minimized. By linear trans- 
formation of the Fourier sum, a P,, sum can be obtained to give an 
error of the order 1/n”. The Fourier sum would give Log n/n?. 
Limitations on the maximum of P, derivatives are introduced 
allowing one to obtain the order of maximum error. 

Antenna power diagram synthesis is then looked at with these 
results. The power radiation v? of an array of n isotropic independent 
sources equally spaced can always be written under the form of 
a P, sum. Thus it is possible to give general limitations for the 
derivatives of v? in the broadside case and the endfire case. These 
limitations depend upon the over-all antenna dimension vs wave- 
length a/d and the maximum error. A practical problem of shaped 
beam antenna is examined. It is shown that, by using the mathe- 
matical theory, improvements can be made on the diagram from 
what is usually obtained. 

For circuit theory, physically evident limitations in time T and 
spectrum F allow one to write the most general function under the 
form of a P, sum, and thus to apply the mathematical results to 
that field. Formal analogy allows comparison of antenna pattern and 
circuit theories. 


1. INTRODUCTION 


HE APPROXIMATION problem of functions 
has many applications in the field of radio- 
electricity. For instance, circuit synthesis and 
information theories use it widely. Wiener’s theory of 


prediction and linear filtering is a famous example.! 


In the antenna field, a major practical and theoretical 


problem, diagram synthesis, should also use its results. 


The mathematical problem is to approximate in a 


certain interval a known function f(x) of x with P,(x),a 
}sum of functions of a certain type. The Fourier sums 


gives an example of such a procedure. 

When the sum P, is limited to a finite number of 
terms, an error exists between the function f and the 
sum P, , except for a finite number of points. 

Using a given method, the aim of the approximation 


| theory is to make this error minimum. 


Practically, in all known applications, the total mean- 
square error, i, Lf — PP, [2 dx, 1s minimized. But such a 
criterion is highly disputable. Usually it works very 


nicely with smooth, continuous functions, but not at all 
_with steep or discontinuous ones. This comes from the 


fact that narrow peaks in the error function f — P, give 


| practically no contribution to the integral of the least 


mean-square error. For the Fourier sums it is well-known 


under the name of Gibbs’ phenomenon. (The Fourier 
sums are the sums of sine and cosine giving a minimum 


+ Compagnie Générale de T. S. F., Paris, France. 
1 Wiener, ‘‘Extrapolation, Interpolation. ..,’’ John Wiley & Sons, 


Inc., New York, N. Y.; 1950 


mean-square error). Physicists and engineers usually 
consider the Gibbs’ behavior as a curse impossible to 
escape. It is not at all exact, a sum P, of trigonometric 
functions can be found without it. 


Instead of the least mean-square, a much safer and 
simpler rule is to assume that the difference | f — P,| 
is inferior to a constant value everywhere in the interval, 
and to minimize this constant by choosing the proper 
sum P,. 

The theory of approximation by trigonometric func- 
tions, with the result that maximum for x of | f(x) = 
P(x) | is minimum, has been extensively studied by 
mathematicians.?-* The next paragraphs give briefly the 
results and methods available. 


2. THE APPROXIMATION PROBLEM 
2.1 Fundamental Theorems 
Theorem I (Borel): lf f(x) is a given periodic function 
of x (period equal to 27), and P(x) a trigonometric sum 
such as 


P(x) = Ap + > Ax coskx + B,sin kx, (1) 
1 


and if e, is the maximum for x of i _ iD) in the 27 
period, then 

(a) there exists a minimum of e,, say e,° for a given 
n, and 

(b) only one P, gives 

max ANS —P, | = €n°. 

This theorem is an “existence theorem,’ extremely 
general and good whatever the function f(x) is. 

Theorem II (dela Vallee Poussin) : 

(a) If the derivative of order p, f'7)(x) exists and is 
such that 


Pee 21 Cm eee, 
then a P,, can be so. found that 


M> 


| f(x) — P(x) | < K,—, (2) 


whatever the function of x and n is. K, is an absolute 
constant. 
(b) In reverse, if a P,, is so found that 
ipeiral ees 


S nite 


(3) 


whatever the function of x and n is, with e > Oand B,a 
constant, the function has a bounded derivative of 
order p. 


2de la Vallee Poussin, ‘‘Lecons sur L’Approximation des Fonc- 
tions Continues,” ‘Monographie Borel,’’ Gauthiers Villars, France; 
1917, 

3Favard, ‘Approximation des fonctions continues,’ Bull. Sc. 
Math. et Soc. Math. de France; 1937. ; 

4 Zamansky, ‘‘Classe de saturation des procédés d’approxima- 
tion,’ Ann. de l’E.N.S.; 1949-1950, 


430 


This theorem gives the order of approximation possible 
for a very general class of function—those which have a 
finite derivative. If | flr) | < M,, the order of approx- 
imation ts of 1/n?. 

Theorem ILI (Bernstein): lf P,,(x) is a trigonometric 
sum of rank n [see (1)], and if max., P,,(x) | =, 
then the derivatives of P(x) satisfy the inequalities: 
|P.(x)| < nM, | P."(x)| < n2M,---, 

| P.(?(x)| < 1PM. (4) 

Theorem II has given the order of approximation for 
a very general class of functions. The order is better 
when a further derivative is considered. It could be 
thought that we have to consider a high rank of derivative 
to get a good approximation. But “practical functions” 
are very loosely defined, and Bernstein’s theorem shows 
that for polynomials, the maximum of the derivative 
grows like the power of its order p. In practical applica- 
tions, where functions are as “‘good functions’’ as can 
be, it is not of any interest to consider derivatives other 
than the few first ones, f’(«), which represents the steep- 
ness, and f’’(x), which represents the skewness of the 
function, with perhaps the third derivative f’’’(x) for 
flatness. It can be said that these required qualities only 
will impose the possible approximation. 

Bernstein’s theorem is one of the basis of approxi- 
mation theory. Besides it gives a very simple upper limit 
for trigonometric sum derivatives. This is often very 
useful to check the maximum derivative possible with a 
given sum of rank n. 

2.2 Lhe Approximation Process 

Existence theorems are important, but f(x) being 
a given function, how can be computed a P, sum giving 
the predicted order of approximation n7?. 

Let the coefficients a; , b, of the Fourier series be: 


dp = Lf cos nt dt 
bp = fH sin nt dt 
al 
a, = of f(t) dt. (5) 


Let 7,* be the coefficients of a half-matrix, with the 
conditions y,°= 1, 7,"**=0 (k > 0). 

The sum 7 ',(y, x) is defined by 

n 
ety) a= = -- De 7 x (az cos kx + b; sin kx). (6) 
k=1 
The a, and 0, are given by (5). 

It has been shown (Toeplitz theorem) that under very 
general conditions, always realized in practice, T,(y, x)—> 
F(x), if n> @, 

Besides mathematicians have shown that the linear y 
process can always give the best order of approximation 
possible, predicted by general theorems. 

2.3. Remarks on Spectrum Notion and Gibb’s Phenomenon 

From the physicist’s point of view, the Toeplitz 
theorem should be of importance. It shows that the idea 
of spectrum has to be handled with care. 
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The theorem allows to form, through a linear process{ 
an infinite number of P,,(x) sums having f(x) for the 
limit if m goes to infinity. | 

Allowing for the chosen error criterion, the sum P,(x)) 
may be completely different. The Fourier sum ts only the 
special case where the least mean-square criterion is adopted \ 

Thus it is possible to form the P,(«) sum, having for| 
limit f(x), even if the limit of the Fourier sum is dif- 
ferent from f(x).° 

With functions representing a natural phenomenon. 
these notions are not too important. For, as will be| 
stressed in Section 4, such functions can be exactly rep-} 
resented by a finite sum P,,(x). The spectrum has ther} 
an unique and exact meaning. This is not true with the 
functions used in computations for physics. Most of 
these functions are of ‘“‘bounded variation type.” Then} 
it is known that the limit of the Fourier series is equal; 
to the function except at a finite number of points. 

To this is related the ‘‘Gibbs’ phenomenon.” Suppose a 
function f(x) is discontinuous at 0. In Fig. 1 f(x) is ir 
full line. There is a limit on the right A, and a limit or, 
the left B (OA = BO). For x = 0, the limit of the Fourier 
series will be found equal to zero. But the limit on the} 
right will be A’, on the left B’, different from A and B,) 
This can be easily understood if the Fourier sum of nm 
terms is represented (in dotted line on Fig. 1). 

A¢ 


Pp 


The finite sum oscillates wildly around the functian 
near the discontinuity point and goes through 0 for 
x = 0. ’ 

This is the Gibbs’ phenomenon and is the consequence| 
of the choice of the least mean-square criterion. One of 
the chief results of the approximation theory is to learn 
to find P, sums having better behavior in such circum-| 
stances. 


2.4 Summatory Function ; 


If g(t) is a function definite, continuous and of! 
“bounded variation” for 0 < ¢ < 1, and equal to zero! 
outside this interval, let 7," be defined by: : 


jt “(*) with Woe 


n 


g is said to be a summatory function. 


* For example, see Zamansky, ‘‘La sommation des séries diver-} 

” “ : . z . ” . | 
gentes, Memorial des Sciences Mathématiques,’’ Gauthiers 
Villars, France, Fasc. CX XVIII; 1954. ‘ : 


T,, is given by: 

. k ; 

Me, x) = ao + 2 «(*) [a, cos kx + b; sin kx]. (8) 
1 n 

t) being a given function, allows to build T,, in a sort 
mechanical way from the Fourier series coefficients. 
It has been shown that g can always be chosen so 
nat: 


| Tale, 2) — fe) | < Cp 22 


(2’) 


| f| < M,. 


n satisfies the relation (2) of the general Theorem II. 
rhe best order of approximation is attained. 

It has been shown also that all g functions can be 
hosen in the family of functions defined by g(t) = 
1 — ¢?)%, The general conclusions on the order of ap- 
roximation are still good. 

It is quite appealing to see the physical translation of 
inear process and of summatory functions. It will be seen 
hat a “‘linear process’’ is equivalent to the operation 
bf filtering with a linear filter having a constant trans- 
mission time or a phase-shift Jinear with frequency. 
| The spectrum deduced from the Fourier sum is trans- 
yormed through a filter which has a “low-pass character- 
aa The summatory function g(k/z) is nothing else 
‘han the transfer function of circuit theory. 
| A form such as: 


sere) 


{with g = 0 for k > n) is quite familiar; it represents 
transmission through a ladder filter of g elements, each 
blement being a maximally-flat filter with a zero of 
rder p. 

_ To decrease the high-order components of the spectrum 
nas a ‘smoothing action’”’ on the resulting function. Any 
xperimenter is well aware of this fact from an intuitive 
oint of view. 

_ The interest of approximation theory, as it has been 
eveloped by mathematicians, is to give very general 
juantitative results. It is quite interesting to know that 
hese mathematical theories have been worked with a 
cope absolutely independent of physical application. Asa 
atter of fact French mathematicians have been com- 
letely startled that it could have any practical interest. 
.S The Problem of Best Constants 

Having the order of approximation, it is of interest to 
now the absolute constant K, which is the best possible 
f all constants C,, as used in the general Theorem II. 
t has been shown,” 7 that K, can be expressed by the 
ormula: 


e-(Yleshl 


6 Favard, Compt. Rend. Acad. Sci., vol. 203, p. 1122; November, 
936 


| 


7 Norliind, “Differenzenrechnungen,”’ Springer, Berlin, Ger.; 
4, 
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with limit of K, for p > © = 4/m and K, < Ky. 


E, and D, are Euler numbers defined by the symbolic 
equations: 


(E42)? + Fe =2 with EF, = 1 
(D+2)?+D»=0 with D, 


It is easy to compute the first ones: 


(10) 
Lot) 


Pp 
E 0 


S 
| 
— 
o 
bo 


3 
RASS = et oer dee 


48 


ie) 
(ee) 


Let us now examine the problem of the constant C, 
of linear y process. 

If | fe») | < M,, a certain class of y process gives 
T,(y, x), so that the error is of the order n~?. The 
relation (2) can be written: 


| Poon 2) — $8) | < 2 Colo) (2"” 
Cy(y) being a constant which depends only on the y 
process and on the order p. 

Among all the y processes, there is one, y., in which 
C »(vo) is inferior to any other C,(y). Cy(7.) is called the 
best constant for a linear y process. This C,(vy.) is not 
the best of all C, possible, such as K,, which we ex- 
amined previously. But in all practical cases, it is ex- 
tremely close. 


2.6 Approximation with the Fourter Sum 

It is possible to find a P, sum approaching a function 
with an error defined by formula (2). What is a Fourier 
sum P%, able to do? 


Tf 2) Go <owle 
(12) 


The factor 2/7? Log n has then to compare with K, 
or C,(y). If m is big enough there is no question. A 
P, sum issued from a linear process will give a much 
lower error. It is not always the case for small enough n. 

The function Logn in (12) is the mathematical 
expression of Gibbs’ phenomenon. For small value of n 
it has not the possibility to build up. 

2.7 Saturation and Convergence of a y Process 

Let, for example, y,” = 1 — k/n. This is the Fejer- 
Cesaro sum, or first arithmetic average. It has been 
shown that the necessary and sufficient condition for 
T(y, x) to approach f(x) with an error of the order 1/n 
is that | fr’ (x) | be bounded, fi(x) being the conjugate 
function of f(x). Even if it is possible to approximate f(x) 
with an error the of which is higher, as general Theo- 
rem has indicated, the Fejer process is unable to do it. 
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More generally a process of the form y,” = 1 — (Rk/n)” 
may give T, — f = O(1/n*), but is unable to give 
better.’ Jt is said that such a process saturates at the 
order 1/n”. The Fourier sum does not saturate. If it 
is possible, it gives always O(Log n/n”). 

The convergence of a process is the fact that, even if 
the Fourier series does not converge, Tn(y, x) will 
converge towards f(x). For a process with g(t) = 
(1 — t?)%, the convergence power increases with gq. 
In practical cases, the Fourier series converges, and we 
want only to suppress the Gibbs’ phenomenon. It has 
been shown that it is sufficient then that g(t) = 0 for 
t = 1. Thus the value unity will be taken for gq. 

2.8. Some Remarks on Derivatives 

1. A process like 1 — ¢?, for instance, which gives 
0(1/n”) with a given f(x), will give the same with the 
derivatives, if this is possible. It has to be observed that, 
if f(x) is bounded, f’(x) has only a derivative of order 
r — 1 bounded, and f’’(x) of order r — 2 etc. Then, 
f(x) can be approached with 0(1/n’), f’(x) approached 
only to 0(1/n"), f(x) +++ to O(1/n"). 

A comparison between 7 and # has then usually to be 
made to know how the different derivatives can be ap- 
proached. 

2. The second part of Theorem II says that if f(x) is 
approached to 0(1/n?**) (e small) then f(”)(«) is bounded. 
This is the mathematical translation of the evident 
physical fact that the more a function has to be ap- 
proached, the smoother it should be. 

3. A limitation on f(”)(x) implies limitations on deriva- 
tives of P,(x) approaching f(x) with 0(1/n”). These 
sums P, are of a more restricted class that the most 
general P, sum, whose derivatives are limited by the 
Bernstein theorem only. 

Zamansky Theorem: Let all P, which converges uni- 
formly towards a continuous periodic function f(x)? be 
considered so that: 

y(n) 
ni’ 


(13) 


max. | Pa (Gye x) | << 


A, B, C being absolute constants, then the derivative of 
rank g of P,, satisfies 


| dP (x) | 


| < A+ Bng(n) + ae g(t) dt, (14) 
| dx 4 | 1 


with g such an integer that g 2 1, and g(t) being a 
positive, continuous, but not increasing function defined 
fort. 0. 

Examples: (a) If | P, — ft <_ «¢, « being independent 
of n, then 


Pat ACE (BEC) ne (15) 


or 
“ext P= One) (15’) 


§ With a simplified writing, Tn — f = O(¥(n)) means that the 
approximation absolute error is of the order of y(n), for example, 
(2) of 2.1 can be written f — Py = O(1/n?), 

° To simplify the writing M the maximum of | f(x) | is taken 
equal to 1. 
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OF 


ERLE RNC 

(8) If | Py f | goes to zero if goes to infinity, ther 

P,'/n goes to zero if m goes to infinity, instead c 
|P.’| < 2 Bernstein). 

(EP She 0s): 

All the derivatives are bounded by finite number 

up to the order p — 1, therefore: 


Phe) = 0(Loe- 7), 
P,(?+)) = O(n), 
P,(?+2) = O(n?) - | 
(6) Fourier sums P, — f = O(Log n/n} 


| f’(x) | bounded, P,’ = O[(Log x)*], Pa” = O(n Log nm) 
2.9 Practical Applications | 

In practical applications the function f(x) to be ag) 
proached is usually defined in a rather loose way. Th) 
physicist is often looking for a P(x) sum of fixed rank | 


approximation theory, he should be able to choose p 
function f(x) to approximate, that will give him the bee! 
final results. Certain characters of f(x) may have ba 
consequences for the approximation error, such é) 
discontinuities or high derivatives. In practice, only th. 
first two derivatives have to be considered. When the}. 
maximums M, and M, are known, the lowest possibl}: 
errors €;, and e are also known. ¢, = 2/2(M,/n) 
€. = 1?/8(M.2/n?). It is a good rule to choose M, an 
My so that e: = e2 = ¢, M;/M2 = 1/4n. Of course, th) 
maximum error e’, in certain intervals smaller that 27. 
may be found much smaller than e’. An “‘ideal function 
f(x) thus is built, and will be the basis of approximatior 
The first step is to compute the Fourier sum of rank 7} 
If is small and if f(x) is a good function, the Fourie} 
sum can be a good answer. Most of the time this is nc 
true, and the Fourier sum exhibits the Gibbs’ behavioy: 

A linear y process is then used to ‘‘smooth’”’ th) 
Fourier sum. It has been seen that the Gibbs’ behavic/ 
is suppressed if the summatory function g(t) (wit4 
t = k/n + 1) is equal to zero for ¢ = 1. Practically it if 
always good to choose g(t) = 1 — ¢? for summator: 
function. Such a g(t) allows one to write le _ Pa < 
C,(M,/n?) = €p. ; 

In many practical cases, the problem is to have th) 
smallest €,, with a given n. But mathematics are onl} 
able to give asymptotic theorems, saying that for ver! 
great and a given f(x) the approximation will alway; 
be better with p as great as possible. For a limited “i 
it may not be the case, because C, and M,, increase} 
also with p (see 2.2 Bernstein theorem). For a given ‘| 
there is an optimum value of p. 

It is also often of practical importance to approximat! 
the first and sometimes the second derivative. The sam 
principles apply then (see 2.8). | 


( 


General theorems are of great help to lead the choice, 
ut the optimum p has to be found finally in a rather 
experimental way for any special case. 

Remarks: 1). Let f(x) be considered in a region of 
trong variation A, B, C, D, Fig. 2. Any approximation 
process will give a P, sum going through 0 the 
} iddle of BC (Jordan’s theorem). It is sométimes neces- 
sary to “cover” the point C. Then instead of f(«), it is 


/better to work on f,(x), A, B’, C’, D. The result is then 
.P,1(x) going by 0’ and which can be more satisfactory 
than P,. 

2. The approximation theory considers only the 
maximum of the error on the total interval of the 27 
period. It is easy to understand that the maximum e 
-of error is likely to occur in the region of maximum 
' variations of f(x). Reciprocally, in the region where f(x) 
i is “smooth,” the error can be much smaller. Such prob- 
lems called “local approximation problems” are still not 
worked much by mathematicians. General answers are 
difficult to get. It is sometimes useful to approximate 
/ 4/f(x), rather than f(x), the error being e? around 
f(x) = 0 and 2e around f(x) = 1. An example is given 
in Section 3.. 

3. DIAGRAM SYNTHESIS WITH AN ARRAY OF POINT 
SOURCES 


3.1 The problem of diagram synthesis can be limited 
to the two-dimensional case without great loss of gen- 
erality. 

If a certain wave function is assumed along a finite 
segment, a radiation pattern can be computed at infinity. 
The problem of diagram synthesis, the radiation pattern 
being given, is to find a wave function in the aperture. 
Under this condition the problem is not physically or 
even mathematically defined. 

It is not possible to be sure that the solution is a wave 
function physically realizable. and the mathematical 
notion of function is a much too wide a conception to 
lead to a finite number of solutions. It is a much more 
physical approach to assume that a finite number x of in- 
dependent radiation sources is available, and to see how 
they can be chosen to give the best possible diagram. 

The given solution will at least be a solution of the 
wave equation, and physical realizability can easily be 
discussed. 

3.2 General Expression for Array Power Pattern 
Let the » sources be isotropic and equally spaced 
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on the x axis. In Fig. 3 the field at a remote point M is 
proportional to: 


w= > r% cosy, + kx — ol) (17) 
1 
vz and gy, are the amplitude and phase of the source of 
order k. They completely define this source. 
x = (2md/d) sin 6, a = nd, d being the spacing of 
sources, \ the wavelength, w the pulsation, ¢ the time. 


Fig. 3 


Eq. (17) can be written: 


n 
{ie=COS wl > Vz COS( YR + Rx) 
1 


+ sin wt > v% sin (gy, + kx). (17’) 
1 


But the only physical quantity of interest is not the 
instantaneous field but the average flux of power in the 
vicinity of the point M. This is given by: 


v= | > 2% cos (ve + kx) | 
1 


n 2 
ae | > vz sin (ye + ex) | , (18) 
1 
Expanding (18) gives: 
V2 = 2 > vm cosl(g — ox) + @ — b)xl. (19) 
kl=1 
Let 1 — k = m, (k, 1, m are integers) 
ve = A 4 S Amcosmx + Bmsinmx (20) 
m=1 
with 
An = 2vwn cos (¢1 — Gn) 
Agni = 2UiU_-1 COS (G1 — Ynai) a 20805 COS (~2 — Yn) 
Es race He ruraae sae é 
Am = 2 UEVke+m COS (GY_ — ktm) 
k=1 
pea Read > Vn (21) 
1 
and 
B, = 2vwp sin (¢1 — Gn) 
eee gee 
Bn = 2 > MWderm sin (gr — Petm) 
k=1 
By = 0 (22) 
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If the 2m parameters v,, g, are given, the flux of 
energy in a direction can be written under the form of 
(20), the 2n + 1 quantities A,, and B, being given by 
the sets (21) and (22) in a unique way. 

In reverse, if quantities A, and B, are given, para- 
meters v;, and yg; can be found by (21) and (22), but not in 
a unique way, as the sets are not linear. This can easily 
be seen by solving (21) and (22) with a decreasing order 
of m. 

The important conclusion is that the radiating power 
pattern of an array of n isotropic sources can always be 
represented by a trigonometric sum P, of rank n. 

Thus the mathematical results previously exposed can 
be applied to that physical problem. If a certain power 
pattern f?(x) is given, a best power pattern V? can be 
found for a given 1 so that the maximum value in the 
interval 0, 27 of | 2 — v2 | is minimized. 

Once the A, and B, coefficients are found, the 
parameters v; , yg, of the sources have to be determined 
through the sets (21) and (22). But asit has been said, the 
solution is not at all unique. The general equation theory 
shows that there are 2” sets of solutions. Only the real 
roots are to be considered. Many source distributions may 
give the best possible power pattern. This is due to the 
fact that only power flux has been fixed at infinity. The 
phase can vary to a great extent. It would not be the 
case if the field itself given by its amplitude and phase 
had been predetermined. But from the physicist’s and 
engineer’s point of view, only the power is of practical 
interest in most cases. 

3.2 Remarks 

(a) The necessary and sufficient condition to have a 
symmetrical diagram in @ is obviously B, = 0. The 
number of arbitrary parameters is then only n +4 1. 
A sufficient condition to have all B, = 0 is: 


‘és = Un—k 
Pk = POn—k- 
The different sources are symmetrical in amplitude 
and phase. Another sufficient condition, more restrictive, 
is to have gy; constant. 
(b) The necessary and sufficient condition to have a 


constant phase at infinity on the sphere of center 0, 
center of the array, is : 


a = Un—-k 
Per = —Pn—-k- 


This case is interesting because of the simplicity of the 
formulation. Let a, and b; be: 


aU sin Yk 
b;, — Ur COStGrs. 


(23) 


(24) 


(25) 
Formula (18) can be written, in the general case: 


= [ > a, cos kx + bz sin kx | 
1 


+| > a, sin kx + b; cos kx | (26) 
1 


Using (24), it is seen that one of the square brackets 
is null. Thus if 7 is even 
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he a, cos kx + b,x sin kx 
1 


(27 
if m is odd 


SS } 
=: +> a, coskx + by sin kx. (27’ : 
1 


v's 


Now not only the power diagram, but also the fiel 
diagram can be expressed under the form of a Pp suir 
According to the simplicity of (25) compared to set) 
(21) and (22), it is more simple to work on V than on V 
But the number of arbitrary parameters is only 
instead of 2n. It must be stressed that phase constanc} 
over the sphere of center 0 is a very special conditio 
of no physical interest. The simplicity of formulatio 
must not hide the loss of generality. 


(c) In the general case of power diagram synthesiy 


resulting polynomial P,(x) becomes negative. This Hi 
not physically possible. But this difficulty can be easil} 
overcome. 
The only regions where P,, could be negative would Ep 
the ones where f is very close to zero. For these region’ 2 
the approximation criterion is lee — P, | < €n €m 
smaller that e, for the 27 interval (see Section 2). G 
course, if f > en’, P, can never be negative. Then lef 
that rule be admitted. 
In the case of power diagram synthesis, the ideal functio\. 
f(x) to be approached should never be smaller that the af): 
proximation error €,’. if 
The consequences is, of course, that it is not possib™® 
to approximate zero with a better value that 2e,’. 
3.3 The Choice of d/ 
The radiation of isotropic source arrays is undoubtedls 
a periodic function of x = 2ad/X sin 6, the perio 
being 27. It is interesting to look at the problem wi 
the 6 coordinate. A radiation problem being alway 
given with that coordinate. 1 


— 


Let us limit ourselves to broadside radiation problems 
In all practical cases the only region of interest 
—1/2 < 6 < 72/2, for the practical sources have } 


clusions due to the fact that the most interesting pay 
of the diagram is around 6 = 0. 

It has to be remembered that the general diagram + 
obtained by multiplying the diagram of point source} 
by the directivity of the individual source, in most case} 
cos? 6 in power. 

How should d/) be chosen? An example will show th) 
answer. 


Suppose the problem of a narrow beam has to Ef 
examined. The diagram has to approach zero outsid) 
the interval +46, (low sidelobes), and be maximum fc) 
6 = 0, @, being small. But the approximation proces) 


is going to be done in the x coordinate. Let x, be th 


jalue of x for 0 = 6,, and x, be the value of x for 6 = a/2, 
i 20 d/)). 
(a) d = d/4. The diagram in x has the same periodicity 
Hs the 6 diagram. Even with point sources there is no 
ear radiation. 


(8) d = d/2. The period in x is the double of the 6 
period. x = x1 = m for 6 = x/2. With point sources the 
Hiagram is symmetrical forward and backward. But if 
flirective sources are assumed, it is no more true and 
he real diagram has only forward radiation. 


ta 
I) 

(y) d = X. The x period is equal to the @ period multi- 
blied by four. x = m for 6 = «/4. There is a peak for 
) = 1/2 with point sources. But if individual directive 
iC Se are assumed, the real diagram may still be 
porrect. 


_ (6)d > dX. Then many peaks may appear in the 6 
diagram before @ = 1/2, even with directive individual 
sources which, of course, are supposed to be at most 
pf dimensions comparable to the wavelength. The 
function V(x) has to have a peak for x = 0 and be as 
jpmall as possible outside the interval (—x,, + x,). 
MBut, as d/d grows, x, grows. And as the approximation 
error is related to the maximum of the derivatives, it is 
of interest to make d/) as big as possible to have a good 
approximation. 


f 
| 


(e)d < d/4. x, is small, and the approximation 
‘minimum gets bigger for a decreasing d. But, unfortu- 
nately, to put independent radiating sources close together 
4s physically very difficult. It is.nothing else than the 
problem of supergain antenna. It has been shown to 
ead to a very high Q. 


| (n) 4/2 < d < X. In most practical cases d can be 
chosen in the interval (A/2, ). The fact that the V(x) 
function has not a periodicity multiple of the V(6) 
function is not a difficulty if directive individual sources 
with a forward directivity of cos? 6 are assumed. V(6) 
tis only of interest for —7/2 < 0 < 1/2. 

In general conclusion for a broadside pattern, d 
should be chosen in the interval (A\/2, \). The directivity 
iof the sources and the degree of radiation allowed 
laround 6 = 2/2 give the value of d/\. At any rate the 
V(x) function has to be as small as possible outside 
an interval (—x.’, + x.), x. and x, being smaller 
ithan 7. 


fan? < d.<», au 


<a ee 

r 

This relation allows us to apply the approximation 
theory not only to but to a/d, the over-all dimension 
of the antenna, vs the wavelength. 


then : <7) 
ON 


3.4 General Limitations of an Array of Point Sources 
Gain: A geometrical interpretation of formulas (17) 
and (18) can be given. The amplitude “ can be con- 
sidered as the projection on a fixed axis of the sum of n 
vectors of amplitude v, and phase g;. The power V? 
is the square of the modulus A of that vector sum. A 
depends upon x. Besides, the average power radiated 
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by each source is proportional to v,2. Thus the gain in 
a direction defined by x = 27 d/) sin 0 is: 
_ A*(x) 
Boy? 
Geometrical interpretation allows us to say that the 
maximum value of A is obtained when all the vectors 


are in phase, whatever the v, may be. Thus the maxi- 
mum gain is: 


G(x) (28) 


(oS (Luz)? ' 
=xv;,? 

It is easy to see then, that Zv,? being fixed, G, the 
maximum maximorum of G is obtained if all v, are 
equals. G, = n. 

If any amplitude distribution 1s given, the maximum 
gain is G = (Xv,)?/Xv,2. The maximum of all 1s obtained 
when the amplitude distribution is uniform and 1s equal 
to n, the number of independent sources. 


(29) 


This result is obtained, of course, only with the 
hypothesis that the different sources are independent or 
uncoupled. This means that a change in one & source 
changes only the k” vector in the total sum. 

Anyway the important result is that the maximum 
gain depends only upon the total number 7 of independ- 
ent sources. 

Diagram Features: Formula (20) gives the power 
diagram V2(x) asa P,(x) sum of rank n. It is thus possi- 
ble to apply to V2(x) the Bernstein theorem (2.2) and to 
obtain upper limits of derivatives. 

If | Pax) | < M, then the derivative of order p, 
P,,() satisfies | P,(?)| < n?M. 

But x = 2ad/\ sin 6. Knowing the maximum value M 


(p) V2 
of V2, it is possible to give an upper limit po 
for different values of 0. 

Around 6 = 0 
|dV?| _ 2na 
ee (30) 
(Gil salen 
| av? | Gee 
<a ee orc (31) 
Paeaelen 
Around 6 = 1/2 
a2v? | 2m ir ete (32) 
cE Aine aN 


It is interesting to see that the number of sources n 
does not appear in such formulas, but only a = nd 
which is the total length of the array when it is assumed 
to extend d/2 beyond each limit source. 

On the contrary of the gain limit which depends on the 
number n of sources and not on the antenna dimensions, 
the diagram limits depend only upon the over-all antenna 
dimension. 

Formulas of the same type will be found in Section 
4 for circuit theory. In both cases T or d/\ disappear 
in the formulation. A formal analogy can be made 
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beiween upper frequency F of the spectrum and a/v 
on the one hand, and duration of the phenomenon T 
and \/d on the other. Continuous distribution has the 
same meaning as infinite duration. 

Formulas (31) and (32) give a limit for the skewness 
of diagram. If A@ is the 3 db width of an array, V°(@) 
can be written: 


(9 — 6,)2 d2V? 


v#M — 
# 2 dé? 
Then 
GaVZ 
A6)? - 4M 
(a0)? - 
: d h 
for a broadside type ::- Ae > — (31’) 
Ta 
2 
for an endfire type -:- A@>V—. (2) 
Ta 


An unexpected conclusion is that, for values of 
a < 2h, an endfire array may have more directivity than 
a broadside array. It is of course no longer true for 
Ga lhe 

The conclusion is that there exist upper bounds, 
impossible to transgress, for derivatives of the power 
diagram. 

3.5 Limitations Related to the Approximation Error 

The results of 2.8 can be applied to the power diagram 
synthesis. They show that limits of V? derivatives, 
smaller than Bernstein’s, have to be taken when a good 
approximation is wanted. 

To simplify the writing, let the maximum of V2(6) 
be equal to unity. From relation (15) and (16) of Sec- 
tion 2, and » not too small, new limits of V2 derivatives 
may be found. 


2 272 2 
broadside around 6 = 0 BS a 0(2e) cme = 0% <) 
dé r dé? ? 
endfire around 6 = ~ aloe 0( Ze). (33) 
2 dé? r 


As in (31), (32), 2 disappears. It is possible to say that 
these limitationsdepend only upon the total dimension of the 
antenna vs wavelength and upon the maximum error e. 

The antenna designer is well aware of such facts. He 
knows that to make a better fit to the ideal diagram he 
will have, either to ease the restrictions on the ideal 
diagram, or to make a bigger antenna vs wavelength. 

e is the maximum error for the total variation of 0. 
In practice it would be of interest to obtain relations 
such as (33), but with the “‘sidelobe” level «’. All that 
can be said in general is that e’ < € (see 2.9, Remark 2). 
Work is under progress now along that line. 

Relations (31), (32), and (33) do not contain n. Thus 
they should stand for continuous distributions in an 
aperture. 

In practice, 2 and a/) are of the same order, allowing 
for the physical fact that it would be very difficult to have 
independent radiating sources closer than \/2. Thus 
the results of Section 2 may be applied with this restric- 
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tion, with » changed in a/) in the expressions O(n) 
Of course, as it has been pointed out in 2.9, many ¢ 
proximation theory results are asymptotic theorek 
specially useful for large n. They should be hand) 
with care when one wants to work with a fixed valy 
of n. Besides it should not be forgotten that the 4 
proximation theory error ¢ is the maximum error 0 
the total variation of r. 
Example of Application 
If, when a/) increases, V? is going to converge eveif 
where towards a given f?, then it can be said that 4} 
product A/a:dV2/d0 [broadside 0 # 0] decreases to z\ 
(see 2.8). Thus it is not possible to have the steepn} 
predicted by Bernstein’s theorem, when a@/A increas} 
The two aims, convergence towards a function eve} 
where, and steepness, act in opposite ways. 
3.6 Computation of an Array for a Shaped Beam 
The given radiation pattern is of the cosine squid 
type. To compare with what is usually done, the calcu} 
tion will be made on the field and not on the pow 
As it has been said in 3.2, we restrict our solution to 18 
case (b) formula (24). With a symmetric amplitude, af 
an anti-symmetric phase, the field at infinity can — 
expressed in the form of a P, sum [formulas (27) af 
(27')]. To work with the field rather than with the pové 
may be an advantage. If «; and eg are the errors on fh 
around f(x) = 0 and f(x) = 1, then on f?(x) the errs 
will be e?; and 2e. near 0 or 1. It is a way to emphas} 
the difference of local errors, here to lower the sidelob] 


The over-all dimension is equal to a = 21). Referrip 
to 3.3 and to the fact that the 6 pattern is rather narrq@ 
the choice d = ) is made. Thus x = 27 sin @ and J 
total number of sources is equal to twenty-one. But w 
the restriction made, the P, sum to be considered 
only of rank n = 10. 


Fig. 4 presents the function f(x) to be approached: 
the a curve in full line (4, C, and D). After pointsf 
or D the function goes to zero with the highest possil# 
derivatives. Two horizontal axes give the values of x af 
6. Curve a, represents the Fourier sum of rank 10, co} 
puted on f(x) directly. A strong Gibbs’ behavior appea 
due to a high second derivative at C. Sidelobes 4 
rather high. Point A is not covered. } 

As has been pointed out in 2.9 f(x) should be modifi 


I 


fi(x) represented by the b curve B, C and D is now {i 
“ideal function.”’ 


applied to get a better result. The final result is giv) 
by the curve b, in the dotted line. It is obviously 4 
improvement on d,, Fig. 4. 

The y process used is defined by the summatory furl 
tion g(t) = 1 — #? with t = k/11. Fig. 5 presents ti 
different results of these processes for the intery 
A, C, and D. x is plotted on the horizontal axis. Tv 
different curves are the difference in decibels betwe 
the desired function f(x) and the different sums P, . 


@, is obtained from the Fourier sum computed on 
c) (curve a, Fig. 4), as’ from the sum deduced from 
is Fourier sum, and a process defined by the summatory 
ction 1 — (k/n + 1)” and p = 2. b,’ is obtained 
pm the Fourier sum computed on f;(x) (curve 8, Fig. 
de’, b4', be’ from the corresponding approximation 
ms with p = 2, 4, and 6. 


_ Table I gives the values R in decibels of the first side- 
obe level and the value x, of x for the first zero next to 
oint A. This last data enables us to appreciate the 
teepness around point A, which is of high practical 
portance. 


TABLE I 


Initial function 


f(x) fila) 
an ee BANS) 4 6 


18 1s) 23 34 25 24 


0.60 | 0.68 | 0.64 | 0.76 | 0.68 | 0.665 


_When ? increases from unity, the sidelobe level and 
e steepness around A increases. The limits are, of 
urse, the sidelobe level and the steepness of the Fourier 
m. On the other hand, as the approximation theory 
ows (see 2.9), it is of advantage to have a p as big as 
ossible, allowing to the maximum of f(”)(x). For this 
ery problem the different P, for p = 2, 4, and 6 have 
een computed. Fig. 5 shows that the result fits best 
‘and D, for p = 4, and still has low sidelobes and high 
teepness. It is interesting to see that p = 2 and p = 6 
oth give less good fit of C and D, thus allowing an 
xperimental confirmation of the general ideas of 2.9. 
t has to be noted that a better fit of A and C could 
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have been obtained by letting the function f,(x) join 
more quickly f(x) after it leaves the point A’. But, of 
course, the Fourier sum would have been more wild 
than the Fourier sum deduced from f;(x) , and the fit on 
C and D less good. It is interesting also to remark that 
the Fourier sum of f(x) is much quieter than the 
Fourier sum of f(x) (see Fig. 5 curves 6, and a,,). This 
can be explained by the fact that the derivatives around 
C are then smaller. 


VERTICAL SCALE: | CM=! DECIBEL 


HORIZONTAL SCALE: X =@nsin@ 


Fig. 5 


The antenna physicist will not be surprised that, 
by filtering the Fourier sum, a smoothing action is 
obtained. For pencil beam patterns it is a conven- 
tional procedure. It is well-known then, that by de- 
creasing the amplitude of the extreme sources, the side- 
lobe level decreases quickly without increasing much 
the width of the main lobe. The practical interest 
of the 1 — #” process is to provide a tool! which can 
be used with any function f(x) in a sort of mechanical 
way. The results of approximation can be predicted to 
a large extent by the mathematical theory, especially 
for great values of 1. 


4. SomE Topics ON CIRCUIT THEORY 
Antenna field and circuit theory have many common 
points, mainly due to the fact that they use the same 
mathematical tools about periodic functions. 


10 As it has been said in Section 2, 1 — ¢# gives 0(1/n?) when it 
is possible, and good constant Cp». It is thus really not worth con- 
sidering more elaborate summatory functions. 
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The application of the mathematical results of Sec- 
tion 2 gives also interesting results in the field of circuit 
theory. It has to be noted that the specialists of that 
field are already aware of the importance of approxima- 
tion problems.!! 


4.1 Introduction of Periodic Functions 

Any practical problem deals with a finite quantity of 
time T and the function is equal to zero outside this 
interval. It is thus always possible to consider this 
function as periodic and of period equal to T at most. 

Let only input functions of time ¢ periodic be con- 
sidered, instead of the most general functions null from 
t = —o tot = 0, defined for ¢ > 0 up to infinity. Then 
the formulation of the filtering problem makes use 
only of trigonometric series rather than of Fourier 
integrals. 

When it is assumed that the input function is periodic, 
the transient phenomenon in its generality is escaped. 
In fact, all difficulties due to the existence of transients 
disappear, such as the appearance of an output function 
different from zero for t < 0 when the input function is 
zero for t < 0. 

The fact of taking care only of periodic function gives 
the same simplification for filter problems as the one 
obtained for antenna, by assuming that the aperture dis- 
tribution is made of point sources instead of a contin- 
uous wave function. 

4.2 Physical Function Concept 

Another restriction, due to the physical existence 
possibility, very much simplifies the formulation of the 
problem. 

Allowing for the evident fact that the physical function 
spectrum is limited, any physical periodic function of 
circutt theory can be exactly represented by a finite trigono- 
metric sum such as: 


Eo) —="05/2 » a, coskx + by sin kx. (34) 
1 


The a; and 6; being of course the Fourier coefficients. 


This statement may seem useless. In fact, it allows us 
to work with finite polynomials, instead of infinite series, 
and to get rid of great difficulties such as the ones for 
the spectrum examined in 2.3. 


Besides, since a physical function can always be 
represented exactly by a trigonometric sum, why bother 
to solve circuit theory problems with the most general 
mathematical functions? The physicist should be aware 
that a function in the sense of mathematics is much too 
wide a concept for his problems. For instance, a con- 
tinuous function gives a double infinity of information in 
a finite interval. There is an infinity of information 
for one point and an infinity of points. An experimenter 
is only interested in a finite number of answers, the ones 


11W. H. Kautz, ‘The approximation problem,” Trans. IRE 
vol. CT-1, p. 4; September, 1954. 
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he can check by himself. For people who like the inform 
tion theory point of view, the general continuous functiq 
should be considered as a great waste. The use of a Jj 
sum allows to reduce the amount of information to | 
finite quantity, the 2n + 1 Fourier coefficients a, and BI 

The limitations in time domain, allowing us to use} 
periodic function, and of frequency domain, by having 
finite spectrum, are quite justified for the physicis 
It is thus possible to simplify greatly the statement 
physical problems and to be led to simple computatior| 

It could be thought that algebraic polynomials cou 
be used instead of trigonometric sums. In fact, trigon} 
metric sums are much more convenient to work wit) 
A polynomial exists outside the finite consider«|l 
interval, where it is of no interest. A consequence 
that, at the boundaries of the interval, they often exhiki 
what a physicist would call “transient behavior,” whig 
is not the case with a periodic function. 

For an example of the very general conclusions o¢ 
tained, let the application of the Bernstein theorem \j 
considered. If P,(x) is given by formula (34), an 
max.2, | P,(x) | < M, then max. | d?P,/dx| < n?M. 

But a physical function of time g(t) can be consider | 
as a P,,(x) polynomial. T is the duration of the ph} 
nomenon, F the maximum frequency of the Fourig 
spectrum when g(t) is considered as periodic of period | 
and @ the pulsation (Q = 27F). Let x = 275/qm 


n = F-T. It is then easy to show that if 
max. | g(t) | = M (3) 
then the derivative of order p, g‘”)(t) satisfies: 


| g(t) | < OPM. (3)) 


It has to be noted that formula (36) does not mentic! 


T. It has been seen that, for a physical function g(# 
it is always possible to consider it as periodic with} 


may be represented by a P, sum. It is thus feasible ~ 
state the following theorem: | 

If an interval can be found so that the function g(t) cc} 
be represented in this interval by a periodic function, and 4 
M is the maximum of | g(t) | in this interval, then in ti 
interval the derivative of order p satisfies | g‘*)(t) he QP) 

This theorem gives an upper bound impossible 1 
transgress for the derivatives of a physical function. 

(a) Rise time 7 in a filter. Let 7 be the rise time betwee; 
0.1 and 0.9 (Fig. 6). 1/7 # g’(t) but | g’()| < @ theif 


ae ails (34 


(b) Skewness of a pulse. Around the maximu’ 
(Fig. 7) g(t) # 1 — ((t — t.)?/2)g’’(¢.) the 3 db poinl 
are defined by At (Fig. 7) such as (At?/4)g’"(t.) # 
but | g’’(t) | <= (then: 


OAL > 2. (3! 


faa 


| Relations similar to (37) and (38) are easy to find 
f ith higher derivatives. For instance, the third one 
froncerns linearity or flatness. 

_ All these relations are of the “‘Heisenberg incertitude 
type.’ The analogies with antenna problems are striking. 
The limitations in time and frequency for circuit prob- 
Hems have their equivalence in antenna radiation, 7.e. 
limitations of point sources and finite length of antenna. 
For instance, the Bernstein theorem has the same script 
with F = a/d. In both cases, m or T disappear in the 
final formulation. 


.3 Linear Filter Process 


_ As it has been seen, any physical periodic function 
f(x) can be put in a unique way under the form (34), 
ia, and by, being the Fourier coefficients. This function 
{(x) = P,(x) may represent a voltage or a current 
t the input of a linear filter. This linear filter excited 
by f(x) = P,(x) gives a voltage or current represented 
y a function g(x) of period 27. 

A linear filter is usually defined through harmonic 
nalysis. If the input function is a sinusoid 


/ 


f(x) = a, cos kx + by sin kx, (39) 
the filter delivers a g;,° function given by 
gn°(xX) = yea, Cos kx + 0,b, sin kx. (40) 


The different y, and 0, completely define the filter. 
In all practical cases, after a certain rank m, the co- 
efficients are null. 


> = On = for k > m. 


An important practical case is the “linear phase shift” 
or “constant transmission time’’ filter. Then: 


Gn°(x) = vefnr(e — Xo). (41) 
%» is independent of k and represents the time delay. 
Instead of 2n + 1 parameters, there are only n left 
as Yk = OK. 
Let g(x) be the output given by a linear filter, with 
f(x) at the input 


k=m 
g(x) = ee SF > Vr2k COS kx + Oxon sin Rx. (42) 
k=1 
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In the case of “constant transmission time,” g(x) can be 
written: 


Ax 4 x) = ae +p > vu(dz cos kx + 6; sin kx). (43) 
1 


g(x + x.) has formally the same definition as T,(y, x) 
of Subsection 2.2. 

In that case, the filtering process 1s the physical expression 
of the “‘linear approximation process,” as it has been 
defined by mathematicians. 

g(x) is a sum of rank equal to the smallest of the two 
numbers m or n. Let n be equal to m. The filter has the 
same rank as the input function. It is easy to see that a 
linear filter allows us to transform any given input 
function g(x) into a given physical function h(x) of 
rank p inferior or equal to n. Let p = nand ax, 8; be the 
2n + 1 Fourier coefficients, which completely define 
h(x). 

Then the 2n + 1 equations 


ale 9, = PE 


ak, ak 


(44) 


completely define the solution. 

Let the input function be equal to the desired function 
h(x) plus a parasitic function n(x) defined by its Fourier 
coefficients a,z’, B;’. Then the 2x7 + 1 equations (44) 
become 


a a Bx 
NOE ree eS 

Bx + Bx 
The formulas (45) are very similar to the solution of 
filtering given by Wiener 


Von (45) 


ae VeEreewen rs) 
ae + ap’ 


S?(w) 
S2(w) + N2(w) ’ 


NO) (46) 
where Y2(w), S2(w), N2(w) are power spectrum of the 
filter, the signal, and the noise. 

In fact for noise filtering, formulas (45) are not useful. 
The problem of noise filtering is to build a filter which 
eliminates not only one parasitic function, but a class 
of functions n(x) statistically defined. In the case of 
Gaussian noise, for example, n(x) = 0, and the power 
average 1?(r) defines it completely. It is then necessary 
to work with functions of power, instead of voltage 
or current functions. 

However problems of approaching a given function 
may be usefully investigated with the general ideas of 
Section 2. 


CONCLUSION 


In this paper two classes of results have been obtained. 
Theoretical ones, which are the direct application of the 
approximation theory of periodic functions. Practical 
ones, allowing the engineer to improve his computa- 
tions for applications. The approach to the radiation 
problems by the array method appears to be the more 
easy to obtain general results, both on theory and 
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practice. Let us recall the works of Schelkunoff!? and 
Dolph.'® Approximation theories should be able to pro- 
vide the physicist with theorems on radiation patterns 
of the same general type as the ones obtained in 
thermodynamics. The Bernstein theorem application is 
a good example. Besides, some authors, such as Brace- 
well'4 and Arsac,!® have already worked on some dia- 


12 Schelkunoff, ‘““A mathematical hooey of linear array,” Bell 
Sys. Tech. Jour., vol. 22, pp. 88-107; 194 

ESE es Dolph, “Current Giieed for broadside... PRoc. 
IRE, vol. 34, pp. 335-348; June, 1946. 

ud Bracewell, “Aerial smoothing in radioastronomy,”’ Aust. 


Jour. Phys., vol. 7, p. 615, 1954. 
18 Arsac, Unpublished Doctor of Science Thesis, presented in 
June 1955 at Paris. University, France. 
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gram synthesis for radioastronomy with different scopes 
than the author, independently but with similar ideas. 
The antenna designer should now be aware of the practi- 
cal possibilities to obtain improved radiation patterns. 
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Summary—Self and mutual impedances of a multi-element 
Hntenna system are discussed, and a method of approximation for 
hese impedances is shown. The impedances derived by this method 
re applied to a theoretical analysis of the multi-element parasitic 
ind-fire array. Various characteristics of the Yagi-Uda antenna 
omputed by the theory are given in charts, and a procedure for 
Hlesigning the Yagi-Uda antenna is shown. Comparisons between 
he theory and experimental results are also discussed. 


INTRODUCTION 


VEN THE simplest antenna problem such as a 
single cylindrical antenna has not yet been 
solved exactly by the theory, whereas the multi- 

element end-fire array; e.g., Yagi-Uda antenna! which 

4s much more complicated than the single antenna, has 
been working in practice for a quarter of a century. 
In order to fill this large gap between the theory and 

iL a the author made a theoretical analysis of the 

i ulti-element end-fire array with particular reference 


o the Yagi-Uda antennas. Although this theory is not 
exact mathematically, the experimental facts for this 
kind of antenna can be explained by the theory, and the 
jnumerical results of this analysis can be applied for 


designing the Yagi-Uda antennas. 


THE SELF AND MuTUAL IMPEDANCES OF AN 
ANTENNA ARRAY 


Let us consider, at first, the simplest case of the two- 
jelement antenna array as illustrated in Fig. 1. For 


+# | tee 
| Vv; % 
rr lo 


Fig. 1—Two-element array. 


this system there exist well-known relations between the 
driving voltages Vi and V2 and the input currents J; 
and TI, ve 


V1 


V2 Zot, + Zool (1) 

+ Tohoku University, Sendai, Japan. Presently visiting Research 
Associate at Antenna Lab., Dept. of Elect. Engrg., Ohio State 
University, Columbus, Ohio. : 

1H. Yagi and S. Uda, ‘‘Projector of the sharpest beam of electric 
waves,” Proc. Imperial Academy of Japan, vol, 2; 1926. 

2P. S. Carter, ‘Circuit relations in radiating systems and ap- 
plications to antenna problems,”’ Proc. IRE, vol. 20, pp. 1004-41 
June, 1932. 
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Theoretical Analysis of the Multi-Element End-Fire Array 
With Particular Reference to the Yagi-Uda Antenna 
YASUTO MUSHIAKE} 


It must be noted here that the value of the impedance 
Z1, in this antenna system is not determined only by 
the dimensions of the element #1 itself as in the case 
of an isolated antenna. In other words, by definition, 
Z;, contains the reaction due to the induced current of 
element #2 when it is opened as shown in Fig. 2. 


+ | #2 


Fig. 2—Definition of self-impedance 211. 


Similarly, values of the mutual impedances of a three- 
element antenna system contain some effects due to the 
existence of the third element. These facts mean that 
we must compute the values of these impedances con- 
sidering all dimensions of the antenna system at the 
same time. 

This causes considerable inconvenience in practical 
use of these exact impedances because of the large 
number of parameters. For this reason we made several 
approximations and assumptions for these values of 
impedances and reduced (1) to a similar one with sim- 
plified coefficients as described below. 

According to the definition of the impedance in an 
antenna system, Z,; and Ze2 can be separated into two 
components, respectively 


Zi1 a Zi) = A 


222 = Z22/ ae L229" (2) 


where Zi,’ (or Ze’) corresponds to the induced voltage 
due to the current on element #1 (or #2), and 211” 
(or Zo2’") corresponds to that of #2 (or #1), as shown 
in big. 2. 

Now, let us consider the case where the length of the 
elements are nearly equal to a half wavelength and the 
thicknesses are very small compared with their lengths. 
Then it is possible to assume the following approximate 
relations. 

Li ee Za 
Zo! ~ Za, 


(3) 


where Z11°) and Z2.°’) are the input impedance of #1 
and #2, when they are isolated respectively in free 
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space. Furthermore, if we assume V2 = 0 and not too 
close spacing between the elements, then we can make 
use of the following approximations :° 


Zig & Zi2MyN2', bu & Zn'mMe , (4) 
Zy'T, & Ze (M2. — m2’), (5) 
Zoe << Zali, (6) 


where 212(= 22:) = the mutual impedance between two 
ideal half-wave dipoles which are 
substituted for the elements #1 
and #2. 

m,, M2 = receiving effective length factors of 
#1 and #2, respectively, which are 
defined as the ratio of the receiving 
voltage of the elements in free space 
to that of the ideal half-wave di- 
pole. 

n,, M2 = transmitting effective length factors of 
#1 and #2, respectively, which are 
defined as the ratio of the radiated 
field intensities of the elements in the 
equatorial plane to that of the ideal 


half-wave dipole with the same 
center current. 
n;', no = special values of m, and m2 for the 


same elements when they are driven 
at the center in free space and by 
the reciprocity theorem there are the 
following relations, 


Introducing (2), (3), (4), (5) and (7) into (1) and neg- 


lecting the term Zo2’’I2 compared with Z2,J; in accord- 
ance with (6), we obtain 


Vi & ZOOL, + age 


if / 
Wh = Uh) » N2 


0 semom], + Zoo (8) 
which can be transformed as follows: 
V 
a eet tea Z12J 2 
my ) (9) 
O™ Bedi + Z22Je 
where 
Bagh) Jb 2) 
ait == 5 5 
Mn My 
Zon > 
529 = 
Mong 
Sf = ny 1, => m1, 
Jo = nel» (11) 


Although the form of (9) is the same as that of (1), there 
is a large difference between these two equations. 
Namely, a modified self-impedance z,; or 292 is deter- 
mined only by the dimensions of theelement #1lor #2 
itself, while the value of Z1; or Z22 depends on all the 
dimensions of the antenna system. 


~ 3S, Uda and Y. Mushiake, “Yagi-Uda Antenna,” 


eiGeE Maruzen Co., 
p. 65; : 
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GENERAL EXPRESSIONS FOR THE CHARACTERISTICS O] 
THE N-ELEMENT PARASITIC LINEAR ARRAY 


Let us consider the n-element parasitic linear arraj 
whose s-th element is placed at a distance d, from tk 
center of the driven element #1 as illustrated in Fi; 
3. In this case the fundamental equation for the curren 
of the elements is written as follows: 


can reduce this equation to one which corresponds t 
(O\iex 


“ a r=1 
= mM," 
= Our er eA, (1. 


From this equation the input impedance Z can be dete 
mined as follows: 
n 
ZV gs lo, ee ee (14 
I; A; Ai s=2 
where A,, Az, etc., are the minor determinants wii 
come out in the following expansion of the determinar} 


[2s]. 
[z,s| -> 21, : (1 


According to the numerical computation of m,, it i) 


and imaginary components and transformed to 
Rh) ~ RO/4) | mh) |, 
X(h) ~ Xuh) + [X(A/4) — X1A/4)] | mas) [2, 
where R(/;) and X(J,) denote the values of the inpu 
resistance and the reactance of the antenna when th! 
length of the driven element is 21, . : 
The power gain of this antenna over that of a hall! 
wave dipole can be calculated by the well-known prc| 


cedure,4 and it can be approximated by the followin. 
expression using (16), 


J 


Gee) 
7 

R n 2 cos? ( cos ) 

~ (0) >» 7 ek (do. ds) 2 (18: 

R(\/4) s=1 Ay sin2 6 - 

‘J. D. Kraus, “‘Antennas,”” McGraw-Hill Book Co., Inc., Ne\ 


York, N. Y., pp. 26 and 141; 1950. 


where R, = 73.13 and the gain function with respect to 
) is assumed to be that of a half-wave dipole. 


VAPPLICATION TO THE MULTI-ELEMENT END-FIRE ARRAY 


For the purpose of applying the above theory to the 
Hesign of the multi-element antenna array it is desirable 
to obtain the numerical data of the characteristics of the 
antenna for as many combinations of the parameters as 
possible. Therefore, it becomes important to reduce the 
mumber of parameters in numerical computation to a 
iminimum, without reducing the applicability of the 
Inumerical results. 

The approximate expression (18) shows that the power 
gain of this type of antenna is almost independent of J; . 
(Furthermore the variation in the value of the input im- 
ipedance due to the difference of J; from \/4 is easily 
obtained from (16) and (17). Accordingly, in our nu- 
merical computation we can assume 2/, = \/2, and for 
ithis condition, fortunately, the effect of the thickness of 
|#1 is almost negligible. 

Next, let us consider the modified self impedance 222 
lof a parasitic element defined by (10). According to the 
‘results of the numerical computation,® the resistance 
po of the modified self impedance for a parasitic 
‘element is almost constant regardless of its length and 
' thickness, while the imaginary part varies remarkably. 


4, 2 ste aeaih 
t Gli = ae 


: 0:5anl.. 2258S 


Fig. 4—Equivalent length of a parasitic element. 


The curves plotted in Fig. 4 show the relation between 
the thickness and the length of the parasitic elements 
which have equal values of the modified reactance. By 
this chart an equivalent length of a parasitic element 
with any given thickness reduced to a particular refer- 
ence thickness can easily be obtained. This means that 
without losing generality we can fix the thickness of the 


5 Uda and Mushiake, op. cit., p. 75. 
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parasitic elements at any convenient value in our 
numerical computation. 

Thus, in the case of a 2-element end-fire array the 
number of parameters is reduced to only two; i.e., J. and 
d,. The characteristics for this case were computed for 
all possible values of parameters, and the various char- 
acteristics of the director and the reflector in the Yagi- 
Uda antenna were explained theoretically. 

By a similar procedure we computed the character- 
istics of a 3-element Yagi-Uda antenna and obtained 
many useful results. Examples of these results are shown 
in Fig. 5, and Figs. 6 and 7 on the next page. 
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Fig. 5—Power gain of the three-element Yagi-Uda antenna. 


From these results we can design a Yagi-Uda antenna 
with desired characteristics by the following procedure: 
Design Procedure of a Yagi-Uda Antenna 

1. The lengths and spacings of the directors and the 
reflector are determined from the chart of power gain 
(Fig. 5) for a reference thickness. 

2. The lengths of the parasitic elements are modified 
for any given thickness from those of a reference thick- 
ness by Fig. 4. 

3. Input reactance is cancelled by adjusting the 
length of driven element from the relation (17). 

4. The imput impedance can be increased, if neces- 
sary, to any value, by replacing the driven element with 
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Fig. 6—Input resistance of the three-element Yagi-Uda antenna. 


a folded dipole whose impedance transformation ratio 
is properly designed according to the chart given by the 
author. ® 


CONCLUSION 


Since the above theory is not mathematically exact, 
numerous measurements’ for more than one thousand 
combinations of the various parameters were made in 
order to verify these approximate expressions. It was 
found that there are good agreements between the 
theory and experimental results, except for a small dis- 
crepancy in the input reactances. 

6 Y, Mushiake, “An exact step-up impedance-ratio chart of a 
ee antenna,’ TRANS. IRE, vol. AP-2, no. 4, p. 163; October, 


7Uda and Mushiake, op. cit., pp. 83-87, pp. 105-111, pp. 128- 
131 and pp. 151-160. 
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Fig. 7—Input reactance of the three-element Yagi-Uda antenna. 


Although the same method of computation can be 
applied for any multi-element antenna array, it seems} 
that this method is still inconvenient for obtaining a¥ 
general behavior of arrays with four or more elements) 
over the whole range of practicable values of parameters, '! 
because of the numerous combinations of parameters. 
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Resolution, Pattern Effects, and Range of Radio Telescopes 
J. D. KRAUS} 


_ Summary—Important source parameters and the characteristics 
_ of an ideal radio telescope are outlined. The resolution of a telescope 
_antenna is given by Rayleigh’s criterion as one-half the beamwidth 
between first nulls. The effect of source extent on the observed 
antenna pattern and the inverse problem of determining the source 
| distribution from the measured pattern are considered. The range 
of a radio telescope is discussed and it is shown that some types of 
celestial sources could be detected far beyond the celestial horizon 
if such did not exist. The range of the largest optical telescopes is 
only half the distance to the celestial horizon, and it is pointed out 
_ that observations with large radio telescopes may be vital in deter- 
mining whether a celestial horizon does in fact exist. The ultimate 
_ number of celestial sources that can be resolved with any radio 
_ telescope is given by Ko’s criterion as numerically equal to the 
directivity of the telescope antenna. 


INTRODUCTION 


RADIO telescope consists of an antenna for 
collecting celestial radio signals and a sensitive 
receiver for detecting and recording them. 

The antenna is analogous to the objective lens of a 
refracting optical telescope while the receiver-recorder 
is analogous to the photographic plate." ? 

The purpose of a radio telescope is to detect celestial 
radio sources. The ideal telescope should be able to 
provide as accurate and complete information as possible 
concerning each of the following source parameters: 
(1) position, (2) brightness distribution, (3) absolute 
brightness or intensity, (4) the variation of (1), (2), 
and (3) with time, and (5) spectrum. 

The accurate position (right ascension and declination) 
of the source is necessary to distinguish the source from 
others, to assist in its identification with optical objects 
and for studies of the spatial distribution of radio sources. 
The accuracy of a position determination is a function 
not only of the resolution of the telescope but also of the 
source intensity, since the stronger the source the more 
accurately it can be located. Although no method has 
as yet been developed for the direct measurement of 
the range or distance of a radio source such information 
if available would be included in parameter (1). 

The brightness distribution of a source indicates its 
form and extent. This information is essential for 
identification and classification purposes. 

The absolute value of brightness or intensity establishes 
the magnitude of the source. Brightness (sometimes called 
surface brightness) is the power flux per unit band witdh 
per unit solid angle. It is expressed in janskys per square 


+ Director, Radio Observatory, Dept. of Elec. Engrg., Ohio 
State University, Columbus, Ohio. 

. D. Kraus, ‘‘Radio telescopes,” 

pp. ae March, 1955. , ; ; 

2 \Jo IDs Kraus and E. Ksiazek, ‘New Techniques in Radio 
Astronomy,” Electronics, vol. 26, pp. 148-152; September, 1953. 


Scientific American, vol. 192, 


degree (1 jansky = 1 watt per square meter per cycle 
per second). Intensity is the total power flux per unit 
band width as given by the integral of the brightness 
over the source. Thus, 


pe [[2 dQ, (1) 
where 


I = intensity (janskys = watts meter~? cps!) 

B = brightness (jansky deg.—?) 

dQ = element of solid angle. 
If the source extent is small compared with the beam- 
width of the antenna, the intensity J is the quantity 
measured. To determine the absolute brightness of any 
part of the source requires a knowledge of the source 
distribution. However, if the source extent is large 
compared with the antenna beam width the brightness 
B is obtained directly from the relation 


p=, (2) 


B = average brightness over the beam area 
I = measured intensity 

8 = beam area of antenna. 

The beam area of the antenna is given by® 


_ [{F@4 , 
i eee: ; a 


where 
F(¢, 6) = power pattern of antenna as a function of 
spherical co-ordinates ¢ and 8, 
Fp»(o, 6) = maximum value of F(¢, @) 


dQ sin 0d0d¢ = 


The integrand in (3) is the normalized power pattern. 
It is to be noted that the directivity D of the antenna 
is given by? 


element of solid angle. 


po ee (4) 


B B° 


where 


8 = beam area in steradians 
6° = beam area in square degrees. 


The variation of source parameters with time [item 


‘(4)] is essential to determine the constancy or variability 


of the radio sources. The spectrum [item (5)] concerns 
the variation of the other parameters as a function of 
the frequency. This is highly important for the classifica- 
tion and identification of radio sources. The window in 
the earth’s atmosphere and ionosphere in the radio 
spectrum extents from at least 20 meters to 1 centimeter 
wavelength. Although a broad-band antenna is desirable, 


Fife Dy IXreyag, McGraw-Hill Book Co., 
York, p. 24; 1950. 
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the 2,000 to 1 frequency range is so great as to require 
more than one antenna to cover it. In general, radio 
sources have a broad continuous spectrum with fine 
structure such as the hydrogen line (ground level of 
neutral hydrogen at 1,420 mc) superposed. 


THE IDEAL RADIO TELESCOPE 


The ideal ratio telescope is one which would measure 
completely all 5 parameters over a 2,000 to 1 bandwidth 
and also track objects across the sky from rising to 
setting. The telescope should also have as large a range 
and resolution as possible. Such a telescope is obviously 
not feasible and any practical design will involve com- 
promises which will differ depending on the para- 
meters to be measured most accurately or completely. 


The signal level of celestial radio sources is very small, 
being of the order of 10-4 janskys or less, so that a large 
antenna aperture is desirable to increase the received 
power as well as improve the resolution. Although 
complete steerability in right ascension and declination 
may be desirable a much larger antenna can be con- 
structed for the same cost with complete steerability in 
declination if the steerability in right ascension is re- 
stricted to angles near the meridian. Furthermore, 
modifications of the shape of the antenna aperture may 
permit the construction of apertures of much larger area 
for the same cost. For example, consider an antenna of 
square aperture (area = L?) pivoted along an east-west 
axis located at or parallel to its lower edge, as shown in 
Fig. 1(a). With the lower edge at ground level and 
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Fig. 1—Comparison of antenna with square aperture, and pencil 
beam and antenna with rectangular aperture and fan beam, both 
antennas costing the same. 


(d) 


assuming that the cost of such an antenna is proportional 
(within limits) to the cube of its height, one could obtain 
4 times the aperture area for the same cost by con- 
structing an antenna with a rectangular aperture as 
shown in Fig. 1(a). This antenna will have a fan beam 
while the square antenna beam is pencil-shaped as 
illustrated in Fig. 1(b). The fan beam has 8 times the 
resolution of the pencil beam in right ascension so that 
two point sources which the pencil beam is unable to 
resolve as shown in Fig. 1(c) can be completely resolved 
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by the fan beam as in Fig. 1(d). The antenna with the} 
fan beam has twice the range of the pencil beam antenna 
and assuming a uniform volume distribution of sourcess 
can detect 8 times as many sources. This example} 
illustrates how cost can be an important factor in) 
influencing antenna design and beam shape. 


RESOLUTION 


| 

The limiting resolution of an optical device is usually | 
given by Rayleigh’s criterion.4 According to this criterior} 
two identical point sources can be just resolved if the) 
maximum of the diffraction pattern of source 1 coincides} 
with the first minimum of the pattern of source 2] 
Assuming a symmetrical antenna pattern, Rayleigh’: 
criterion applied to antennas states that the resolution is 
equal to one-half the beamwidth between first nulls’ 
That is, 7 


ee BWFN (5 
2 t 
where 
R = Rayleigh resolution or Rayleigh angle 
BWEN = Beamwidth between First Nulls. 
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—————> 
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Fig. 2—(a) Antenna power pattern and (b) power patterns fo) 
two identical point sources separated by the Rayleigh angle af 
observed individually (dashed) and together (solid). 


separated by the Rayleigh angle is given by the solic 


when observed individually shown’ by the dashed curves\ 
It is to be noted that the two sources will be resolvec) 
provided the half-power beamwidth is less than one Hall 
of the beamwidth between first nulls. This is usually thc 
case. 

It may be shown? that the beamwidth between firs! 
nulls for a broadside antenna with a uniform aperturi 


many wavelengths long is given by 
114.6 


oN 


BWEN = degrees, (6) 


where 


BWFEN = beam width between first nulls, 
L, = length of aperture in wavelengths. 


4F. W. Sears, “Principles of Physics III: Optics,’’ Addisons 
Wesley Press, Inc., Cambridge, Mass., p. 257; 1948. 


It is assumed that L, > 1. It may also be shown that 
ithe half-power beamwidth for such an antenna is 


degrees. (7) 
» 


HPBW = 


| These results are summarized in Table I which also 
zives the beamwidths for uniform circular apertures. 
[t is to be noted that the ratio BWFN/2 HPBW is some 
5 to 20 per cent greater than unity for both cases 
listed. Since two identical sources could just be resolved 
if separated by slightly more than the half-power beam 

idth rather than the Rayleigh angle, the resolution 
might be taken as equal to the half-power beam width. 


TABLE I 
Uniform apertures ae Half-power BWFN 
BWFN/2) beamwidth 2 HP 
(HPBW) Bs 
SHS 50.°3 1.14 
wavelengths) Tae Ly 
(diameter Dy 70° 59° 1.185 
wavelengths) Dy D> 


However, in the interest of consistency the term resolu- 
-10n will be understood to apply to the Rayleigh angle. 

A graph of the resolution or Rayleigh angle of radio 
and optical telescopes as a function of the telescope 
aperture is presented in Fig. 3. 
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Fig. 3—Resolution of radio and optical telescopes as a function 
iof telescope aperture in wavelengths. Resolutions for a number of 
telescopes are indicated, including the pioneer radio telescopes of 
Karl G. Jansky and Grote Reber. 


BRIGHTNESS DISTRIBUTION 


The distribution of brightness across a source may, to 
a certain extent, be deduced from the observed antenna 
pattern. The trwe response pattern of a receiving antenna 
is obtained when the radiator is a point source situated 
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at a sufficient distance from the antenna. The distance 
is sufficient if an increase in the distance produces no 
detectable change in the pattern. Many celestial sources 
are of sufficient angular extent to make the observed 
pattern differ appreciably from the true pattern. It is 
one of the important problems of radio astronomy to 
deduce the source brightness distribution from the 
observed pattern. 


The general problem of the effect of the source dis- 
tribution on the observed antenna pattern may be 
stated as follows:> 


G($o) 


[o°4) 
= 


= [ F@ + of) a9, (8) 


where 


G(¢.) = observed or resultant pattern 
F(@ + ¢.) = true antenna pattern 
f(¢) = source (brightness) distribution 
¢o = hour angle (angle between maximum of 
antenna pattern and center of source). 


The function f(¢) is equal to the brightness B in (1) and 
it is convenient to assume that the total intensity of the 
source (integral of B) is a constant. 

In (8) the most general (two-dimensional) problem 
has been simplified to the one-dimensional case where 
the patterns are functions only of one co-ordinate (¢). 
This has the advantage that the basic problem is retained 
intact but the analysis is greatly simplified. All patterns 
in (8) are proportional to power. 

Eq. (8) is a linear integral equation of the first kind 
where the true antenna pattern is the kernel and the 
source distribution f(¢) is the unknown function whose 
value is sought. Equations of this type may be solved 
by several methods; for example, by the method oi 
successive substitutions. This method has been applied 
to the antenna problem by Bracewell and Roberts.® 
Another method of solution suggested by Calderon’ has 
been applied by Matt.> This method involves the 
expansion of the patterns into orthogonal sets of func- 
tions. Thus, in the one-dimensional case of (8) the 
patterns are expanded into Fourier series while in 
the two-dimensional case the expansion is in Legendre 
polynomials. 

A solution of practical value may also be obtained by 
substituting sets of plausible source distributions f(¢) 
into (8) and constructing families of the corresponding 
observed patterns G(¢). This has been done by Matt? 
for the Ohio State University radio telescope antenna 
by assuming uniform source distributions of various 
widths a. The resulting family of patterns is shown in 
Fig. 4 with relative received power plotted as a function 
of the hour angle ¢,. 


5S. Matt and J. D. Kraus, ‘‘The effect of the source distribution 

on prmenn patterns,’ Proc. IRE, vol. 43, pp. 821-825; July, 1955 

6R.N. Bracewell and J. A. Roberts, ‘ “Aerial smoothing i in radio 

astronomy,’ Australian Jour. Phys., vol. 7, p. 615; December 1954. 

7 A, P. Calderon, Ohio State University, private communication; 
June, 1953. 
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Fig. 4—Patterns which would be observed with a uniform 40- 
wavelength broadside antenna for uniform sources of various 
angular extent (a). The patterns are symmetrical, only the right 
half being shown. 


Fig. 5—Photograph of Ohio State University radio telescope 
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using Fig. 6 the source width may be determined: 
assuming it to be uniform. The actual source, of course} 
may not be uniform but it is a very useful procedure t¢ 
specify its size in this way in terms of its equivalent widt 
that is, the width of a uniform source producing the sam« 
amount of pattern broadening at the half-power level. 4 

The amount of precision attainable in determining thd 


intensity. However, if the broadening amounts to le 
than a few per cent one can usually state only thé 
maximum possible extent of the source. Thus, if th 
broadening observed with a 40 wavelength uniforni 


/ 


than 1/10 degree. 


antenna. It consists of an array of 96 helical beam amtennas mounted 
on a pivoted steel ground plane 160 feet long by 22 feet wide pro- 
ducing a beam approximately 1 degree wide at half power in right 
ascension by 8 degrees in declination at a frequency of 250 mc. 
The telescope receiver is housed in the building adjacent to the 


antenna, 


A photograph of the Ohio State University radio 
telescope antenna is shown in Fig. 5. It is a broadside 
array of 96 helices arranged in 4 rows of 24 each. The 
rows are 40 wavelengths long at a frequency of 250 mc 
and the curves of Fig. 4 are for this condition. The 
antenna aperture is uniform so that the curves of Fig. 4 
apply to any uniform broadside antenna 40 wavelengths 
long. The true antenna pattern is given by the curve 
with a = 0 degrees. The half-power beamwidth of this 
pattern is 1.3 degrees and it is to be noted that for 
a > 3% degree there is appreciable broadening of the 
pattern. Fig. 6 is a graph of the amount of this broaden- 
ing as a function of the source extent. By comparing an 
actual observed pattern with the curves of Fig. 4 or by 
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Fig. 6—Pattern broadening at half-power as a function of uni 
form source extent for a 40-wavelength uniform broadside array. ‘/ 
It is to be noted that even if the pattern does shovt 
appreciable broadening, details of the source distribution 
having a period less than a certain value will not b, 
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| observable. In this connection it may be said that the 
antenna produces a smoothing of the source distribution, 
'the finer source details having no effect on the observed 
jpattern. Conversely, it is impossible to reconstruct these 
details from the observed pattern in solving for the 
source distribution. This fact has been discussed at 
length by Bracewell and Roberts® who show that details 
jin the source distribution having a periodicity of less 
than the Rayleigh angle will not appear in the observed 
pattern. 

As an illustration of the extent to which a source 
distribution can be determined from an observed pattern, 
there is shown at the left in Fig. 7 a profile of the Cygnus 
region observed with the Ohio State University radio 
telescope at a declination of +40.5 degrees. This profile 
obtained by H. C. Ko on November 27, 1954 shows 
structure caused by a number of localized and extended 
radio sources. No detectable broadening is observed for 
the Cygnus A source but there is appreciable broadening 
for the sources designated Cygnus X and Cygnus B.* 
At the right in Fig. 7 is the equivalent source distribution 
which can be deduced from the observed profile. The 
Cygnus A width is known from other observations to be 
less than that shown but the width in Fig. 7 is an upper 
limit as based on the observed profile at the left. The 

® See J. D. Kraus, H. C. Ko, and S. Matt,”’ Galactic and localized 


source observations at 250 megacycles per second,”’ Astron. Jour., 
vol. 59, p. 439; December, 1954. 
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Fig. 7—Signature or profile taken with the Ohio State Uni- 
versity radio telescope in the Cygnus region (left) and its resolution 
into 4 discrete sources and residual background radiation. 


height of Cygnus A in the right-hand figure should be 
2} times that shown. The weak source near right ascen- 
sion 21 hours is due to the North American nebula. 
The removal of the 4 discrete sources from the profile 
leaves the smooth background level which peaks at the 
galactic equator. This galactic background could no 
doubt be resolved into a larger number of discrete 
sources with an antenna of higher resolution. 


TELESCOPE RANGE 


The range of a radio telescope is of much interest since 
it indicates how big a sample of the universe the telescope 
is capable of observing. The range is a function not only 
of the telescope but also of the celestial sources. The 
celestial source having the largest known radio power 
output is Cygnus A which has been identified as two 
entire galaxies in collision at a distance of some 200 
million light years.’ It is of interest to consider the 
maximum distance at which this source or ones like it 
might be observed since this would set something of an 
upper limit for the telescope range. 

The minimum intensity that can be detected with a 
radio telescope is given by 

2kTN 


Tats a ey eee (9) 
AV ntaf 
9W. Baade and R. Minkowski, “Identification of the radio 


sources in Cassiopeia, Cygnus A, and Puppis A,” Astrophys. Jour., 
vol. 119, p. 206; January, 1954, 
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where 
Tin = Minimum detectable intensity (janskys) 
k = Boltzmann's constant (1.38 x 10-?3 joules per 
degree Kelvin) 


T = receiver ambient temperature (degrees Kelvin) 

N = noise figure of receiver (dimensionless) 

A = effective aperture of antenna (square meters) 
(includes effect of cable losses) 

n = number of profiles averaged (dimensionless) 


t = time constant of output integrating circuit 
(seconds) 

Af = radio frequency band width of receiver (cps). 
The factor 2 is included since the telescope is responsive 
only to one polarization component of the incident 
radiation which is of an incoherent nature. Calculating 
Imin for the Ohio State University radio telescope 
operating at 250 mc, with T = 300 degrees K, N = 1.5, 
A = 208 square meters, ¢ = 60 seconds, Af = 4 mc, 
and for the case where 4 records are averaged (n = 4), 
we obtain 

Win lO Xk 10e-ansKkys. (10) 


The measured intensity of Cygnus A at this frequency 
is 38 x 10-74 janskys® so that the maximum range at 
which a stationary source of this type could be detected 
with the present Ohio State University radio telescope is 


given by 
1 : 
Vinge =o F = 28 x 10° light years, (11) 
where 
?max = Maximum range (light years) 


ro = range of Cygnus A (=200 x 10° light years) 

I, = intensity of Cygnus A (= 38 x 10-74 janskys) 
Imin = Minimum detectable intensity as in (10). 
Owing to any receiver instability, the effect of which is 
aot included in (9), and to interference and attenua- 
tion, the actual range will be less than in (11). This 
range, however, may be regarded as the ultimate that 
may be approached under ideal conditions. 

The light from distant galaxies is observed to become 
redder the more distant the galaxy.!° This may be ex- 
plained by a Doppler shift produced by an expanding 
universe in which the galaxies all are receding from us, 
the more distant the galaxy the greater being its rate of 
recession. At a distance of 4 billion light years!! the rate 
of recession equals the velocity of light and objects 
further away are beyond the range of observation. This 
limit to the detectable universe may be called the ‘‘ce- 
lestial horizon.”’ 

The O. S. U. radio telescope has a range for stationary 
(ygnus A type sources of 28 billion light years (7 times 
the horizon distance) and hence should readily be able 
to detect such sources or equivalent receding ones to 
the celestial horizon. 


10. Hubble, “The Realm of the Nebulae,” Yale University 
Press, 1936. 


4 All extragalactic distances in this article are on the ‘new 
scale,’ equal to 1.9 times the old scale. 1 light year = 6 x 10}? miles. 
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This does not mean, however, that the source will be 
resolved since this will depend on the proximity of othe 
sources. Actually the sensitivity of the O. S. U. radid 
telescope is so great that it is capable of detecting many} 
more sources than the present antenna can resolve. | 

It is to be noted that the range of the largest optica} 
telescope, the 200-inch on Mt. Palomar, is about 4% 
billion light years or half the distance to the celestia' 
horizon. Radio telescopes with larger apertures tha | 
the present O. S. U. radio telescope should be able te 
detect and resolve sources even weaker than Cygnus-4} 
types out to the celestial horizon and thus open to explora’ t 
tion vast regions of space that lie beyond the range of thd 
largest optical telescopes. The fact that large radig 
telescopes should be able to detect many sources beyonc{ 
the celestial horizon (if such did not exist) is of the great} 
est cosmological interest since a study of the intensity} 
or magnitude distribution!? of radio sources detectec} 
with such a telescope could be a crucial factor in deter 
mining whether a celestial horizon does in fact existy 
If none were found it might mean that the universe is 
static and the reddening of the light from the distanif 
galaxies is due to some other cause than a Doppler shift} 


Other factors being constant the range of a radic) 
telescope is proportional to the square root of its aperture 
A graph illustrating this relation is presented in Fig. 8) 


100, T Ss 
o 
gov 

= axe 

a EIS 

iv Ny) 

fay) 

a 7 

= 

E 

xr10rF 4 
oO 

3 
% : = =! 
= CELESTIAL HORIZON 

4 “ 

o 

z 

a PRESENT O.S.U. 

ik L_- TELESCOPE “| 
ES APERTURE 
\) 

a cot 

a «x 

= wre 

a as es 

re 

re 
02d 
OAL 1 { | 
0.01 oy) 0 100 


| 
TELESCOPE APERTURE (ACRES) 


Fig. 8—Range of radio telescopes in billions of light years as} 
a function of the area of the physical ‘aperture of the telescope} 
antenna in acres (1 acre = 43,560 square feet) for a Cygnus-A? 
type source and for a normal galaxy such as the Andromeda nebula.| 
The distance to the celestrial horizon is indicated by the dashed line. | 


The upper slant line shows the range of radio telescopes| 
for a Cygnus-A type source at 250 mc as based on the} 
range of the present O. S. U. radio telescope as given in| 
(11). The aperture in Fig. 8 is the physical aperture of| 
the antenna which is 1.57 times the effective aperture. 
This is the relation for the O. S. U. radio telescope owing! 
to about 2 db of cable loss. | 


The Cygnus-A radio source is two entire galaxies in| 
collison. It is classified as an abnormal galaxy or extra- 


_ J. D. Kraus, “A Preliminary Study of the Magnitude Dis- 
tribution of Celestrial Radio Sources,” O. S. U. Radio Observatory 
Rep. No. 2, Feb. 16, 1955; also Astron. Jour., in press. 

13]. D. Kraus, “Distribution of radio brightness across the 
Andromeda nebula”’, Nature, vol. 175; p. 502; March, 1955. 


lactic object. More numerous but much weaker are 
se normal galaxies such as the Great Nebula in Andro- 
eda (M31) which at a distance of 1.65 x 108 light 
pars has a total intensity of 10-*4 janskys as measured 
250 mc with the O. S. U. radio telescope.!? Introducing 
uese values into (11) yields 38 x 10° light years as the 
aximum range for this type object with the O. S. U. 
idio telescope. To observe this type of object at the 
lestial horizon would require an 11,000 fold increase 
the antenna aperture area. Hence, until vastly larger 
idio telescopes are built it will not be possible to study 
aese weaker sources at such great distances. The lower 
lant line in Fig. 8 shows the range of an Andromeda 
bbbula type of source at 250 mc as a function of antenna 
merture based on the calculated value for the O. S. U. 
dio telescope. 


ULTIMATE NUMBER OF SOURCES 
. : , 
| Assuming that a radio telescope can resolve a maxi- 
‘um of one source per beam area, the ultimate number 
)'. of celestial sources that the telescope can resolve is 

| 4 41253 

SJ | (12) 


8 ’ 


B Bo 


there 
8 = beam area of antenna (steradians) 
| B° = beam area of antenna (square degrees). 


‘he assumption of one source per beam area neglects 
ne fact that if there is a background of extended sources 
ach occupying several beam areas the ultimate number 


uld be somewhat larger. However, (12) gives the correct 
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order of magnitude. Since (12) is the same relation as 
given by (4) for the directivity of the antenna it follows 
that the ultimate number of sources a radio telescope 
can resolve is equal numerically to the directivity DP 
of the antenna. That is, 


Neh eD?., (13) 


This is Ko’s criterion, being pointed out to the author by 
H. C. Ko.'4 Usually N. will be somewhat less than D 
since less than the entire sky is observable at most 
observatories. 

The directivity of the Ohio State University radio 
telescope antenna at 250 mc is 2,850. However, objects 
at declinations south of —40 degrees are either below 
the terrestrial horizon or too close to it to permit their 
observation. The observable sky (north of —40 degrees) 
amounts to 82 per cent of the total sky so that 


N, = 2850 x 0.82 = 2,340. 


This is the ultimate number of sources which can be 
resolved with the present O. S. U. radio telescope. 
This number is less than the telescope is capable of 
detecting. A one hundred fold increase in the area of the 
antenna would increase this number to 234,000. 


(14) 
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Radiation from Ring Quasi-Arrays 
H. L. KNUDSEN+ 


Summary—The present paper constitutes a summary of inves- 
tigations of certain antenna systems with rotational symmetry, so- 
called ring arrays and ring quasi-arrays, which have turned out to 
be or can be supposed to become of practical importance. 

Particular stress has been laid on an investigation of the field 
radiated from homogenous ring arrays of axial dipoles and homoge- 
neous ring quasi-arrays of tangential and radial dipoles; i.e., 
systems of respectively axial, tangential, and radial dipoles placed 
equidistantly along a circle and carrying currents of the same 
numerical value but with a phase that increases uniformly along 
the circle. 

At first a calculation has been made of the radiated field in the 
case where the number of elements in the antenna system is 
infinitely large. After that the influence of the finite number of 
elements is accounted for by the introduction of correction terms. 
Subsequently, the radiation resistance and the gain have been 
calculated in a few simple cases. 

The antenna systems described above may display super-gain. 
On the basis of the theory of super-gain an estimate is made of the 
smallest permissible radius of these antenna systems. 

Further an investigation is made of the field from a directional 
ring array with a finite number of elements to ascertain in particular 
the influence on the field of the finite number of elements. 


INTRODUCTION 


HE PURPOSE of a transmitting antenna is to 
radiate the electromagnetic energy from the 
transmitter in the required manner in the various 

directions of space. The radiation diagram aimed at is 
often of such a kind that it is impossible to obtain the 
necessary current distribution by a single antenna fed 
at a single point. The desired result may then often 
be obtained by using a system of separately fed an- 
tennas. For practical reasons a system of identical and 
identically oriented antennas, a so-called antenna array, 
is often used for this purpose. The best known type of 
antenna array is the linear array, i.e., an antenna array 
in which the antennas are placed along a straight line, 
and the linear array that has been investigated most 
thoroughly in the literature is the homogeneous, linear, 
array; i.e., a linear array with equidistantly placed 
antennas carrying currents of the same numerical value 
and with a phase that increases uniformly along the 
array. 

Some antennas consist of identical, but not neces- 
sarily identically oriented antennas; such antenna sys- 
tems will be called quasi-arrays. The present paper deals 
with an investigation of the field radiated from quasi- 
arrays the elements of which are placed with rotational 
symmetry, so-called ring quasi-arrays; a special case 
among them will be a ring array. In particular we shall 
be interested in ring quasi-arrays the current distribu- 
tion of which corresponds to the current distribution on 
a homogeneous, linear array, so-called homogeneous 
ring quasi-arrays, it being our purpose to ascertain if 


} The Technical University of Denmark, Copenhagen, Denmark. 
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such simple ring quasi-arrays have radiated fields | 
such a type that they can find a practical use as in ty 
case with the corresponding linear arrays. Further 1 
shall investigate the field from a ring quasi-array us} 
as a directional beam-antenna with.a principal directiy) 
that can be altered by changing the current phases. | 


We are only interested in considering the field fro} 
ring quasi-arrays with so many elements that the fig 
deviates only a little from the field found when ty 
number of elements is infinitely large. Therefore, in eaj 
case we shall start by investigating the field for an infinij 
number of elements. The field existing in the case of} 
finite number of elements will after that be express 
as the field occurring when the number of elements | 
infinitely large plus correction terms. 


The ring quasi-arrays dealt with here are suppost 
to be composed of linear antennas. However, most ¥ 
the characteristic features of these quasi-arrays aj 
found also when the linear antennas are infinitely show 
i.e., when the elements of the ring quasi-arrays aj 
Hertz dipoles. For this reason we start by investigati§ 
quasi-arrays composed of Hertz dipoles and then proce 
to investigate quasi-arrays of linear antennas of finig 
length. : 


For homogeneous ring quasi-arrays the field will hai 
its optimum shape when the radius of the quasi-arri# 
is infinitely small. Therefore we shall first investigal 
the field from infinitely small ring quasi-arrays, aij 


dius of the quasi-array increases. Although the optimuf 
shape of the radiation diagram is obtained for & 
infinitely small value of the radius of the quasi-array, } 
will involve insurmountable, practical difficulties to uf 
a quasi-array with a very small radius. These phi 
nomena will be elucidated on the basis of the theory (i 
super-gain, and by applying this-theory we shall find t# 
smallest radius that it is practically possible to use jf 
each case. 


As it appears from what has been mentioned abovi 
it is our purpose in the present paper to consider ti 
fields from ring quasi-arrays having certain knovil 
current distributions, it being our desire to investigate} 
quasi-arrays with current distributions of this kit 
have radiated fields that make such quasi-arrays usef} 
in practice. Hereby we shall meet partly with antenr) 


here brought under a general and well-arranged calcul! 
tional point of view, partly with antenna systems, th’ 
have not been utilized yet, some of which, howeve. 
seem to be promising from a practical point of view. | 


However, instead of this we could have formulatc 
the problem in an opposite way, namely for a give! 
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Hg quasi-array we might wish to find the current 
t eribution that produces a desired radiated field. 
lia problem, with which we shall not deal here, has 
en made the object of investigation by several authors. 
In calculating the radiated field from, and the radiation 
Ibistance of, certain ring quasi-arrays we shall find a 
for some integrals containing Bessel functions. 
h ese integrals are expressed through known and tabu- 
fed functions and through the integral of a Bessel 
hnetion. A table of the integral of the Bessel function 
nth order has been calculated. 
he present paper consists mainly of extracts from 
 author’s treatise on antenna systems with rotational 
metry,! which has been published in Danish. Parts 
this treatise have been published in American jour- 
iIs.2~4 Problems that have bearing on the investigations 
iscribed here, have been dealt with in various papers 
’ the author.*-8 


| RING ARRAY 


omogeneous Ring Array of Axial Hertz Dipoles 
| Radiated Field; The principle of feeding the antennas 


|a ring array with currents of the same numerical 


ilue, but with a phase that increases uniformly along 
'e circle; i.e. as a homogeneous ring array, seems to 
ave been established first by Chireix.? For such a ring 
ray with infinitely many elements Chireix has calcu- 
ited the radiated field and has thereby shown that this 
eld to an increasing degree will concentrate around the 
prizontal plane with increasing increment of the current 
fase per revolution along the circle. Apart from the 
articular case where the increment of the current phase 
zero, the ring array proposed by Chireix is therefore 
hited as an azimuthally omnidirectional, fading- 
‘ducing antenna. An antenna array similar to the one 
escribed here, but with several concentric rings, was 
iter proposed independently by Hansen and Wood- 
ard! and investigated further by Hansen and Hollings- 
iorth.!! Another type of azimuthally omnidirectional 


| 1H. L. Knudsen, ‘“‘Bidrag til teorien for antennesystemer med 
sl eller delvis rotationssymmetri,’’ I kommission hos Teknisk 
orlag, Kgbenhavn; 1953. 

aH.L. Knudsen, * ‘The necessary number of elements in a direc- 
onal ring aerial,” Tour. Appl. Phys., vol. 22, pp. 1299-1306; 1951. 
Sor lenle. Knudsen, “The field radiated by aring quasi-array of an 
finite number of tangential or radial dipoles,’’ Proc. IRE, vol. 
» Pp. 781-789; June, 1953. 

pH. L. Knudsen, ‘ ‘Radiation resistance of homogeneous ring 
asi- array,’ Proc. IRE, vol. 42, pp. 686-695; April, 1954. 

> Ee Knudsen, ' ‘The field from a circular and a square helical 
eam antenna,’ Trans. Danish Acad. Tech. Sct., no. 8, p. 55; 1950. 
O18 Ge ie Knudsen, “Radiation field of a square, ‘helical beam 
tenna,”’ Jour. Appl. Phys., vol. 23, pp. 483-491; 1952. 

7H. L. Knudsen, “Superforstaerkning hos antenner,” Elektrotek. 
idsskr., vol. 64, pp. 213-221; 1951. 

¢H. L. Knudsen, “Shannons tidsopdelingsseetning og super- 
ming hos antenner,” Tek. Tidsskr., vol. 82, pp. 1023-1030; 


9H. Chireix, ‘‘Antennes a rayonnement zénithal réduit,’’ Onde 
lect., vol. 15, pp. 440-456; 1936. 

0 W, W. Hansen and ip R. Woodyard, ‘“‘A new principle in 
irectional antenna design,’ Proc. IRE, vol. 26, pp. 333-345; 
larch, 1938. 

un W, W. Hansen and L. M. Hollingsworth, 
100ting’’ antenna arrays,’’ Proc. IRE, vol. 


ebruary, 1939. 


“Design of ‘“‘flat- 
27, pp. 137-143; 
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antenna array with reduced radiation at high elevation 
angles may be obtained by feeding a ring array with 
all currents in the same phase and adding at the center 
of the circle an antenna carrying a current in phase 
opposition to the currents in the outer antennas. This 
antenna array may be considered a special case of one 
of the arrays investigated by Hansen and Woodyard. 
The application of this ring antenna as a fading-reducing 
antenna was described by BOhm"” and by Harbich and 
Hahnemann. 


For a homogeneous ring array the discrepancy be- 
tween the actual array characteristic and the array 
characteristic which occurs when the number of elements 
is infinitely large, has already been touched upon by 
Chireix,® Hansen and Woodyard,!° and Hansen and 
Hollingsworth,!! and it has later been investigated in 
detail by Page.'4 


Carter! has investigated an antenna system composed 
of a finite number of axial, tangential, or radial dipoles 
placed around a conducting cylinder, equidistantly along 
a concentric circle and carrying currents with the same 
numerical value but with a phase that increases 27 
during one revolution. In the case where the radius of 
the conducting cylinder is zero the antenna system with 
axial dipoles constitutes a particular example of a ring 
array. In this case the expressions for the radiated field 
derived by Carter constitute special cases of Page’s 
formulas. 


As in the following sections we shall have use for the 
expression for the array characteristic of a homogeneous 
ring array with a finite number of elements derived by 
Page,!4 and as Page has not used the symbolic method 
for handling fields with harmonic time variation (the 
—iw-method) that is used throughout the following 
sections of this paper, we shall here give, by using this 
method, a short derivation of Page’s results. The expres- 
sion for the array characteristic will here be given in a 
more elaborate form than in Page’s work. 


The homogeneous ring array considered here is sup- 
posed to consist of s identical and identically oriented 
antennas placed equidistantly along a circle with radius a. 
A spherical co-ordinate system (7, 0, yg) is placed with 
its origin at the center of the circle, which we shall here 
and in what follows assume to be horizontal. The co- 
ordinate system is supposed to be oriented in such a way 
that the co-ordinates of the jth antenna are given by 
(a, 7/2, u;), where 

21 


kG >= (Pn Ne ae 
Ss 


= 5 Sp 


20, Bohm, ‘“Rundfunk-Sendeantennen mit Unterdriickung 
der Steilstrahlung,’”’ Telefunkenztg, vol. 13, pp. 21-26; March, 1932. 
13H. Harbich and W. Hahnemann, ‘‘Wirksame Bekaémpfung 
des Nahschwundes im Rundfunk durch Sendeantennengebilde 
bestimmter Form,” ENT, vol. 9, pp. 361-376; 1932. 
tO 8 G Page, ‘Ring-aerial systems. Minimum number of radiators 
eee Wireless Engr., vol. 25, pp. 308-315; 1948. 
P. S. Carter, ‘“Antenna arrays around cylinders,” Proc. IRE, 
vol. 31, pp. 671- 693; December, 1943. 
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(see Fig. 1). Calling the current in the jth antenna J; , 
according to the definition of a homogeneous array, we 
can then express J; by 


tHu; 
I; = Je de 


where J is a constant current, and where H is an integer. 
The angle u; increasing 27 when j increases from 0 to s, 
this equation expresses that the current phase increases 
linearly along the circle and just H2a during one revolu- 


tion. 


ye 
/ 
/ 
/ 
| 
| -P=0 
\ 
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SS 
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S 
= O 
Ses 
Fig. i-—Ring array with s elements and radius a. 


Using as a reference antenna an antenna placed at 
the center of the circle, carrying the current sJ; i.e., 
a current with the numerical value equal to the sum 
of the numerical values of the currents in all of the s 
elements of the array, we find by using the general 
expression for the array characteristic of an antenna 
array the following expression for the array characteristic 
of the homogeneous ring array in question, 


8 
es > 1 eu je—thla cos 4; sin 6 cos ¢ + a sin u; sin 4 sin ¢] 
j= § 

8 


= > gilHu;—2 cos (—4)I 
S j=1 
where for the sake of convenience we have introduced 


the parameter z thorugh the definition 
z = ka sin 80. 


The parameter z should not be mistaken for the co- 
ordinate z, which does not occur in the subsequent 
calculations. By using the following formula known 
fram the theory of Bessel functions, 


ee) 
giz cosy > (2 = er AACA) COs NU, 


n=0 
the expression for the array characteristic can be trans- 
formed into 


G= > (2 oa 8on)(—2) "J nl2) > > 


n=0 j=1 


[eet (H —n)u;) ay Cag ED), 
Both of the summations with respect to j are of the type 


1 for m/s = p, where p = 
(ies ens ee 
0 in any other case, 


8 8 i2amj 
i y erm. = _ > e 8 = 
a4, J 
4=1 S j=1 
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where m denotes an integer. Using this formula a1 
making the assumption 


x | |, 


we find after some rearrangement, 
(ee) 


2 > (2 = Soa J H4 qo(zyel ater 7/2) 
_ + Jone ge(zjer 2 ae 


By multiplying this function with the field from tl 
reference antenna, we obtain the field radiated from t] 
antenna array in question. 

Here and in what follows we shall express the electr) 
field strength E(r, 6, ¢) in the field radiated from <p 
antenna system by : 


G= 


= tkr 
Elr, 0, y) ='KF(6, 9) —, 
14 


where k = w/ue is the intrinsic propagation constanj 
K an arbitrarily chosen constant having the dimensic) 
of a voltage, and F(6, g) a vector, being uniquely dete! 
mined through the choice of K, which depends upon t H 
direction (6, g), but not upon the distance 7 to the fie! 
point. The component of F in the direction of the r-ax} 
is zero; consequently, denoting the unit vectors in tl! 
directions of the 6- and the y-axes by 6 and ¢ we ci) 
express F by F = F,6 + F,. We shall denote Fas tlk 
normalized electric field strength and K as the no} 
malization constant. The field will essentially be dete , 
mined by the specification of K and F(@, ¢). 

The field from the reference antenna supposed to be { 
Hertz dipole having the length L, carrying the curreg 
sI, and placed at the center of the ring array in questio# 
is expressed by the normalization constant 


K= tksLel : 
4n 
where £ = ~/u/e denotes the intrinsic impedance « 
space, and the normalized, electric field strength F, whe) 
F, = —sin 6, 
F, = 0. 


With the normalization constant chosen here the no 
malized, electric field strength F of the ring array 4 
Hertz dipoles in question will therefore be expressed k{ 


: ee) 
Tears = > 2 = boa) Tarsee(a)ert atone 
qg=0 
+ Jug gals t 22) (P4412) Frye 


We shall start by considering the field in the cas 
where the number of elements is infinitely large. Ad 
cordingly we let s — © at the same time, letting th 
length L of the single dipoles converge towards zero ij 
such a way that sZ converges towards a finite valu: 
Hereby we find the following limiting values of the con 
ponents of the normalized, electric field strength 


Fy = —sin 0Jy(z)e# @-*/2), 

Fos 0) : 
This special result was derived already by_ Chireix: 
It follows from the expression obtained for F that th 


2 1 points in the horizontal plane having the 
ame phase will be situated on an Archimedes’ spiral 
is shown in Fig. 2 for respectively H = 1 (full line) 
nd H = —1 (dotted line). Sandeman! and Granquist!’ 
ave suggested utilizing this fact for navigational 
rposes. 


Sa 


. Fig. 2—Equi-phase lines for a homogeneous ring quasi-array 
ith H = +1. 


“If the radius of the ring array is much smaller than the 
wavelength d divided by 27; i.e., if ka « 1, the Bessel 
unction in the expression given above can be expressed 
with sufficient accuracy by the first term of its series 


| F, = pd (ka) # sin? +16 eesti). 
a, 24H! 


! F, = 0. 


e 


n Fig. 3(a)-3(d) the numerical value of Fy is plotted 
#s a function of 6 for various values of H. The figure 
hows that the field, which everywhere is polarized in 
ihe 9-direction, to an increasing degree will concentrate 
iround the horizontal plane when the increment of the 
urrent phase per revolution, as expressed by H, in- 
ireases. As pointed out by Chireix, for | Z| = 1-the 
fing array described here is therefore suited as a fading- 
leducing antenna for broadcasting purposes. The 
omogeneous ring array with H = 0;i.e., with all the 
urrents in phase, is not suited as a fading-reducing 
ntenna, this array having the same polar diagram as a 
ingle dipole. However, as was mentioned above, when 
combining it with a center antenna, it is possible to 
btain an antenna array having zero radiation at a given 
ilevation angle and consequently reduced radiation at 
igh elevation angles. Large antenna systems of this 
lype are at present being planned by the Swedish 
elegraph Administration and by Nordwestdeutscher 
undfunk in Western Germany. 

If the radius of the ring array is not infinitely small, 
S was assumed above, the field will not assume the 
deal shape shown in Fig. 3, but deviate from it to an 
creasing degree as the radius increases. However, if 
ve choose as small a radius as the consideration of 
voiding super-gain permits, the polar diagrams will 


leviate only to a small degree from those shown in Fig. 3. 


16. K. Sandeman, “‘Spiral-phase fields,’’ Wireless Engr., vol. 
6, pp. 96-105; 1949. a 

17C, E. Granquist, ‘‘Radiofyr fér avstand och riktning,’’ Paper 
resented at the Radiovetenskapliga Konferensen, Stockholm; 1949. 
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So far we have assumed that the number of elements is 
infinitely large. However, in practice the number of 
elements will be finite; this implies that the antenna 
system will no longer be exactly azimuthally omni- 
directional as in the case of infinitely many elements. 
Economical considerations usually make it desirable to 
reduce the number of elements as much as possible. It is 
therefore of interest to investigate the influence of the 
number of elements on the shape of the radiated field. 
In order that the field from the homogeneous ring array 
in question with a finite number of elements may be a 
fair approximation to the field from the corresponding 
array with infinitely many elements, the term corre- 
sponding to g = 0, which, as shown above, is identical 
with the field in the case of s = ©, must be the dominant 
term in the infinite series. The approximate condition 
that this will occur is that 


Sa eed | 


Fig. 3—The field radiated from a small, homogeneous ring array 
of axial dipoles for various values of H. 


the Bessel function occurring in the term corresponding 
to g = 0, then, is of a smaller order than any of the Bessel 
functions appearing in the correction terms. In what 
follows we shall assume that this inequality is satisfied, 
and not only the less strong inequality introduced above, 
s > |H|. Subsequently we shall consider only such 
cases where the correction terms are small as compared 
with the principal term; apart from the main term it 
will then be necessary in general to include only the 
first correction term. The field is then approximately 
expressed by 


Fy = —sin 0 e!*{ (—i) "Jn(2) + (—4) [(—4) Hei ny 0(2) 
+ (=a) He J_y44(2)]}. 
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Whereas the numerical value of the array character- 
istic in the case of s = © is independent of y, as was 
mentioned above, the characteristic for the array con- 
sidered here will oscillate weakly with g for any fixed 
value of 6. 

For a function f(g) that oscillates weakly between two 
boundaries:#s;,0and faass 1:6, 


fmin S fle) S fax, 
where 
26f = fmax — fmin K f(¢), 
we shall introduce for use here and in the following 
sections a parameter, the so-called relative, maximum 
variation Af, to describe the relative change of the func- 
tion 


Af = leva — fmin ~ Smax —fmin  fmax = fii 
Chivas i tmnin) Dina ar Zhai 
In calculating the relative, maximum variation 


Al F, | of the field radiated from the ring array in ques- 
tion we must consider the cases H = 0 and |H| = 1 
separately. 

H = 0. The approximate expression for the field 
derived above may in the present case be written as 
follows 

Fy = —sin o[J.(z) + (—12)*2J,(z) cos sgl. 


Here we must treat the cases of s even and s odd sepa- 
rately. 

s even. In the case of s even the field may be expressed 
with advantage by 


F, = —sin6olJ.(z) + (—1)*/22J.(z) cos sol. 


This expression shows that the correction term is in 
phase with or in phase opposition to the principal term 
for any value of yg. From this we find for the relative, 
maximum variation A| Fy |, 


2 | J.(z) | 

| UAC) | 

s odd. When s is odd, it is convenient to transform the 
expression for the field as follows, 


Fy = —sin 6[J.(z) + i(—1)*+1/?2J,(z) cos sg]. 


This expression shows that in the present case the 
correction term is in phase quadrature with the principal 
term for any value of yg. Therefore in the present case 
the relative, maximum variation A | Fy |, is expressed by 


il See 
(J o(z))? 

By comparing the expressions for A | F, | derived 
here for the cases of s even and s odd we see that for the 
same ratio of the numerical value of the correction 
term to the numerical value of the principal term, the 
relative, maximum variation of the field is essentially 
smaller in the case of s odd than in the case of s even. 
This fact appears also from Fig. 4, where the relative, 
maximum variation for a homogeneous ring array with 
H = 0;1.e., with currents in the same phase, is plotted 
as a function of a/X sin 6. The curves show that three 
antennas produce a less wavy field than four antennas, 


A| F, | = 
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five antennas a better field than six, and seven an tena 
a better field than eight. This peculiar and practical) 
important fact, which has not always been taken int} 
account, was pointed out by Page." | 

| H | > 1. In the case, H = 0, considered above thy 
numerical values of the two correction terms containin} 
Jinis(z) and J_n4.(z) were of the same magnitude, fo 
which reason both of them had to be taken into account|} 


a 
some 


Fig. 4—The relative, maximum variation A | Fo| for a homes 
geneous ring array for H = 0. 


However, for H = 1 it will generally hold good that th} 
correction term containing the function J_x4,(z) will b! 
much larger than the term containing Jy,,(z), th! 
numerical value of a Bessel function with a constan) 
argument decreasing fast though not necessarily moncf 
tonically with increasing order. Correspondingly, fo} 
H < —1 it will generally hold good that Jz+.(z) will b} 
much larger than J_y,,(z). Thus we find the followin) 
approximate expressions for the normalized electric fieli 
strength; 


F, = —sin6[(—2) #e?*F y(z) 
+ (1) at set iF a) Je H4+0(2) 


—sin 6(—1) #e"*[ T(z) + (—1) #(—4) 86°F _ ya (2) 


. for Hl =a 
—sin 0(—1) #e'"*[Tu(z) + (—1)#e*J u4,(z)] 
‘tojee Jel = 


From the expression for the field derived here we se} 
that the numerical value of the correction term i| 
constant, whereas the phase difference between thy 
principal term and the correction term will increas} 


in the directions halfway between these directions’ 
The relative, maximum variation is found to be 


lees = | Jense(2) | 
| Jal) | 


‘his expression being valid for an even as well as for an 
dd number of antennas, it is seen that in the present 
se no systematic advantage can be derived from using 
n odd instead of an even number of elements as was the 
se for H = 0. The relative, maximum variation in the 
se of H = 4 is plotted in Fig. 5. 


Pci 0.20) 7 


AlFel 


} 


Fig. 5—The relative, maximum variation A | F9 | for a homo- 
feneous ring array for |H| = 4. 


| Radiation resistance. For a homogeneous ring array 
f infinitely many Hertz dipoles Page has carried out a 
alculation of the radiation resistance.!8 From the 
jerived expression it appears that the radiation resistance 
Increases with increasing radius a of the ring array, and 
hat it decreases with increasing increment of the current 
bhase per revolution; i.e., with increasing H. 


Directional Ring Array 
| Stenzel has shown that a ring array may be utilized 
or obtaining an antenna system with pronounced 
irectional properties.!° By giving the currents of the 
ntennas in the ring a phase distribution such that there 
constructive interference of the waves emitted in an 
rbitrary direction in space, hereafter called the principal 
irection, an array characteristic is obtained having a 
rincipal lobe in this direction. Stenzel considers es- 
ecially the case where the principal direction is hori- 
ontal. If the principal direction is rotated in the hori- 
ontal plane, the horizontal diagram of the array char- 
cteristic will also rotate and, as a consequence of the 
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approximate rotational symmetry of the ring aerial, 
with its shape almost unchanged. For the ring aerial 
mentioned here, Stenzel has investigated the discrepancy 
between the array characteristic in the case of a finite, 
even number of elements and the characteristic in the 
case of infinitely many elements, apparently assuming 
that there is no essential difference between the case of 
an even number of elements and that of an odd number of 
elements. This assumption is explicitly stated by 
Briickmann in his textbook on antennas in the chapter 
dealing with Stenzel’s theory.”° In the present paper it 
will be investigated whether the array characteristic of 
the directional ring aerial with an even number of 
antennas differs essentially from the characteristic of the 
ring aerial with an odd number of elements as was the 
case with the ring aerial investigated by Page.!4 This 
investigation is based on Stenzel’s as well as on Page’s 
theory. 

Let s identical and identically oriented antennas be 
placed along a circle with a radius a as shown in Fig. 1, 
and let us introduce a spherical co-ordinate system as 
described above in connection with this figure. The 
current J; in the jth antenna is expressed by 

I; = WAL 
where I is a constant, whereas 6; denotes the current 
phase of the jth antenna. Choosing as a reference antenna, 
an antenna placed at the center of the circle and carry- 
ing a current sI we find by using the conventional ex- 
pression for the array characteristic G(@, gy) of anantenna 
array the following expression for the array characteristic 
of the ring array considered here; 


G= 1 > eilei—ke sin @ cos (oul 


S j=1 
where, as above, k = wv/ ue denotes the intrinsic propaga- 
tion constant of space. 

In accordance with Stenzel’s suggestion,!® the 
currents in the s antennas are now given such phases 
that the waves emitted in an arbitrarily chosen direction 
(6,, 0), the principal direction, are in phase. This is 
obtained by choosing 


6; = ka sin 0, cos (go — U5). 
By this choice of the phases 6; the expression for the 
array characteristics will be 
(oS i > e'Palsin 99 cos ($g—%j)— sin 8 cos (—u;)] 
S j=1 
Following Stenzel in defining an angle & by the equation 


sin 6cos ¢ — sin 6,COs ¢p 


cos § = 77 


nd a parameter p by the equation 


(sin 6 cos g — sin 6, cos g.)? + (sin 6 sin » — sin 0, sin 9»)? 


= aV (sin 6 cos g — sin 0, cos go)? + (sin 6 sin g — sin 4, sin ¢.)?, 


1H, Page, ‘Radiation resistance of ring aerials,’ Wireless 


tngr., vol. 25, pp. 102-109; 1948. efi iat? 
19H. Stenzel, ‘‘Uber die Richtkarakteristik von in einer Ebene 
ngeordneten Strahlern,’”’ ENT,vol. 6, pp. 165-181; 1929. 


0H. Briickmann, ‘“‘Antennen. Ihre Theorie und Technik,’ 


Leipzig, p. 113; 1939. 
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we may now express the array characteristic in the 
following way, 


1~ —ikp cos (E—u;) 
(Pe (me ee 
s » 
This expression is of a type similar to the expression 
derived above for the array characteristic for a homo- 
geneous ring array with antenna currents having the 
same phase; i.e., with H = 0. Using a similar procedure 
to that for the homogeneous ring array, we may write 
the expression derived here 
ie2) 
G = > (2 — Son)(—4) 4S qs(kp) cos gst. 
q=o 
If the number s of elements is infinitely large, the array 
characteristic will be expressed by the first term in this 
infinite series 


G = J,(Rp). 


When the number of elements is finite, the remaining 
terms in the series will express the deviation of the 
array characteristic from the array characteristic apply- 
ing in the case of an infinite number of elements. 

The array characteristic in the case of a finite number 
of elements may be transformed with advantage so that 
it clearly appears which terms are in phase with (or in 
phase opposition to), and which are in phase quadrature 
with, the principal term. In so doing we must distinguish 
between the cases where the number s of elements is 
even and those where it is odd. 

S even. 


G = Iolbp) + 2S Ioslbp) cos G - tas. 


q=1 


s odd. 
G = J,(kp) + 2 > Jeqs(Rp) cos G - e) 2a 


q=1 


fo.@) 
ate » J(2q41)s(Rp) sin & a 8) 2a staph): 
q=o 2 

The expression for the array characteristic for s even 
was derived by Stenzel approximately in the way de- 
scribed here. The correction terms in the case of s even 
are seen to be in phase with the principal term. On the 
other hand, in the case of s odd, there occur correction 
terms in phase with, as well as correction terms in phase 
quadrature with, the principal term. Let us for a moment 
suppose that we have chosen s so large that the correction 
terms are small compared with the maximum value of 
the principal term. The array characteristic may then 
be expressed sufficiently accurately by the principal 
term and the first term in each of the infinite series of 
correction terms. 

5 even. 


CEB. holies 2A be\ cos e fe e)s 
s odd. 
Cee ed (ee cain (Z = e)s. 
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Fig. 6—Horizontal diagram of the array characteristic for a 
directional ring array for various values of a/X. 


As the most important correction term in the case of sk 
even is in phase with the principal term, whereas the 

most important correction term in the case of s odd is iny 
phase quadrature with the principal term, the latter case 
must be assumed to be more favourable than the former 
in regard to the approximation of the array characteristic 
to the array characteristic valid for s = ©. This will be} 
illustrated later by a numerical example. 


i 


When the principal direction is vertical; i.e., wheng 
6, = 0, the array will constitute a homogeneous rine 
array with currents in the same phase. Tne expression 
for the array characteristic derived here will then be 
reduced to the expression derived above for the arrays 
characteristic for a homogeneous ring array with H = 0.) 
In what follows we shall illustrate the expression for 
the array characteristic by investigating a ring array | 
with its principal direction in the horizontal plane. 

For a ring array with a horizontal principal direction; 
1.e., with 0, = 72/2, we find, confining the investigation 
to the field in the horizontal plane 6 = 7/2, 


a ne ae 
g ae 5 ; 
| 


p = 2assin ae 


For a ring array with infinitely many elements and with | 
the quotient between the radius and the wavelenth 
a/h = 0.25, 1, and 2 we hereby find the horizontal | 
patterns of the array characteristic shown in Fig. 
6(a)—-6(c). By rotating the distribution of current phases 


se horizontal patterns will make a corresponding 
fation in the horizontal plane. If the number of elements 
jinfinitely large, this rotation will take place without 
Hy deformation of the horizontal pattern of the array 
jaracteristic. On the other hand, if the number of 
jments is finite, the radiation pattern will vary period- 
lly, when the distribution of current phases is rotated. 
!On the basis of the exact expression for the array char- 
teristic, the array characteristic has been calculated 
lj a ring array with a/A = 0.5 and with respectively 
16, 7, and 8 elements for various values of the azimuth 
| of the principal direction. The horizontal patterns 
und in this way are plotted in Fig. 7(a)-7(h). In this 
jure the principal direction is fixed, whereas the an- 
inna system rotates. The figure shows that for a small 
mber of antennas, s = 5 or 6, the radiation pattern 
viates considerably from the pattern valid for s = . 
pwever, it is seen that 5 antennas give almost as good 
_ approximation to the ideal pattern as 6, and 7 an- 
mnas almost as good an approximation as 8. This 
infirms the assumption that an odd number of antennas 
I biecferable to an even number. The advantage of using 
, odd number ts, however, not so great here as in the 
se of the homogeneous ring array dealt with above. 


HOMOGENEOUS RING QUAsSI-ARRAY OF 
TANGENTIAL ANTENNAS 


omogeneous Ring Quasi-Array of Tangential Hertz 
ipoles 

_Radiated Field; In a preceding section we have seen 
‘at by using a homogeneous ring array of axial Hertz 
ipoles we can obtain an azimuthally omnidirectional, 
prizontally polarized field that is concentrated around 
ie horizontal plane. During recent years FM and 
levision have aroused an interest in antennas that 
diate horizontally polarized fields. It is therefore an 
ovious thing in analogy to the investigation made 
pove of the field from a ring array of axial dipoles to 
vestigate the field from a ring quasi-array of equi- 
istant, tangential Hertz dipoles carrying currents of 
2e same numerical value and with a phase that in- 
eases uniformly along the circle. A ring array of this 
‘nd will be called a homogeneous ring quasi-array. In 
alogy with what was done in the case of the homo- 
neous ring array the increment of the current phase 
ring one revolution will be denoted by H27, where H 
an integer. 

As mentioned above, Carter has carried through a 
Iculation of the field from a ring array of a finite 
mber of axial dipoles and from a ring quasi-array 
a finite number of tangential or radial dipoles placed 
ncentrically around a conducting cylinder and with 
| = 0 or H = 1." In the case where the radius of the 
nducting cylinder is equal to zero, and where the 
rrent phases are characterized by H = 0 or H = 1, 
e antenna systems treated by Carter constitute 
ecial cases of the systems investigated here. 

The field from an arbitrarily large, circular frame 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


459 


= 


e » 
\ Heat i" 
ii 


aes 
mes 
ioe 
“x 


rH 
eB 


Ssae 
SST 


Roo 
ES 
a 


[Sy 

lias er 
Be 
HR 

ae, 
LA? 

YS 
eS 


jaca 
ale, 
tH 
fey 
WA 
NM, 
WI 


oO 
son 
08 
Oy 
OK 
SW 
se 


Sa 
Ms 


<> 
LOX 


Fo 3s: 


Fig. 7—Horizontal diagram of the array characteristic for a 
directional ring array with a/X = 0.5 for various values of the num- 
ber s of elements. 


aerial with constant current (i.e., H = 0) has previously 
been investigated by Foster®! and Moullin.?? This field 


calculation is included in this paper as a special case. 


211). Foster, ‘‘Loop antennas with uniform current,’’ PRoc. 
IRE, vol. 32, pp. 603-607; October, 1944. 

22. B. Moullin, ‘Radiation from large circular loops’ Jour. 
[aber eta llnvolOSappsoto—-Sol 1940, 
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The homogeneous ring quasi-array considered here 
is assumed to consist of s identical and identically 
oriented Hertz dipoles having the length Z and being 
placed equidistantly along a circle with radius a tan- 
gential to this circle, as shown in Fig. 8. A spherical 


Fig. 8—Ring quasi-array of s tangential dipoles. 


co-ordinate system (7, 6, ¢g) is placed as shown in the 
figure in the same way as the co-ordinate system shown 
in Fig. 1 so that the co-ordinates of antenna j are given 
by (a, 7/2, «;), where 
eee slags 3 
Ss 
It is assumed that the current J; in the jth dipole is 
given by 
I; = Te, 
where J is a constant and Han integer, as mentioned 
above. We express the electric field strength E at the 
point (7, 6, g) by using the notation introduced above, 
ikr 
E(r, 6, ¢) = KF(6, ©) —, 
r 
where K is a normalization constant and F the dimen- 
sion-free, normalized electric field strength. As in the 
investigation of the homogeneous ring array we choose 
here the normalization constant 


In a rectangular co-ordinate system placed in the usual 
way in relation to the spherical co-ordinate system we 
find by conventional methods the following expression 
for the components of the normalized electric field 
strength; 


r.- - 3! 


j=1 5 


etx. —ka(cos RAE: Ocos ptsin ware Osin sin Uj; , 


Fy = ul eil#u —kalcos OT 6cos gtsin Main @sin ’)leos u; : 
Si 


or, by using the short-hand notation used above 
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F,= Ee. tas _—zc0s(y—u. sin Uj, 
S j=1 
ee 
F, seve! > e [Hus cos(y— u pcos Uj , 
S j=i 
aC 


By using the series development given above, 
[o.0) 
giz conv = > (2 — Son)t"J n(Z) cos nv, 
n=0 S oe 
we may express the rectangular components of F by 


s ee) 
= = 1 > ct, sina; > (2 — b00)(-) Jal) 
S j=1 


n=0 


cos n(¢ — u 
ce) s 
> (2 = b00)(—a) Fale) > (eel See 
n=0 j=1 
a et(H—n-1) » coat eH + n— 1)u ‘lt, 


Fy = 1D ett, cos uy DS 2 — bo0)(—8) Fale) 


S j=1 n=0 


| a 


ys 


S 


« ate ing — ei(H+nt1)u, 


cos n(y — ub 


= SG eon 


45 n=0 
> { eire|ettt— atl), ate ei(H—n—1)u 
fi 
=f e~ing|ei(H+n+1)u, ae eH +n-iu ly 
ih, = 0, 


The summations with respect to 7 in the above e}) 
pues are all of the type previously described ; 
8 
imu. ee i2nmj 
1 Sone, = 1S 
Lf. Seep 
me Pp =) ets Pa 
0 in any other case, 


where m denotes an integer. By using this formull 
together with the following recursion formulas for Bess* 
functions, 


II ECS) a W Parish C2) 
lf Bais 6) c= 


and by assuming that 
Saat 
we find, after some manipulation, 


¥ f[ eee’ 
52 an (( ZF 


= * F4(8), 
x 


Fnail®) = 2Fa!(x), 


Ji+93(2) Cos 


eet 2) Tere J—149s(%) Cos @ 


—H + qs 
z 
= eee sin g] e~— at as)(e+n/2) 


= 2 > (2 — 5oq) {[iJ’ H+qs(2) COS @ 


ae che 2D 


ef +45) (g—71/2) ait [ 


Ji+qs(2) sin ¢| 


tJ’—-174qs(2) cos 
—H + qs : 
os Sie J—11+3(2) sin ¢] 
eat as)(e+e/2) | 
i 0} 
irom the expressions for the rectangular components 
\f the normalized electric field strength obtained here we 
md the following expressions for its spherical com- 


Ie 


| F, = F.cos @cos¢ + F, cos @sin y — F, sin 6 


(oe) 
5 cos 6 > (2 — 8o,) (Zé a 9s J ty gale Eta o-#/2) 
q=o z 


Begs te 9S 


Ty Clave Oe re) 
’ 


¢e — I sin 02) = Fy cos y 
- © 
: . 

a 4 (2 — Seals weave ete 


ae Wen (een an ee), 

Let us first consider the case where the number of 
Hlements is infinitely large. Any other term in the above 
*xpressions except those corresponding to g = o will 
‘hen be zero, and we find 


i, = Le Jn(z) cos 62 ¢-*/ 
ead aye tt) 

These expressions show that in general both the @- and 
the g-components of the electric field strength will be 
ifferent from zero. Further, as they are in phase 
quadrature with each other, the radiated field will in 
zeneral be elliptically polarized. Only in the case of 
74] = 0; i.e., for a circular frame aerial with a constant 
current, the 6-component of the electric field strength 
s zero in any direction, so that the field will be hori- 
vontally polarized everywhere. For | H | at inethe 
orizontal plane, points having the same phase will 
be situated on an Archimedes’ spiral as shown in Fig. 2 
for the case H = +1. The numerical values of the field 
components will be independent of ¢. 
| In particular we shall consider the case, where the 
adius a of the ring quasi-array is much smaller than the 
wavelength A divided by 27; i.e., where ka K 1. The fact 
is that it is appropriate to let the radius of the ring 
quasi-array have so small a value that the polar diagram 
f its radiated field deviates little from the polar diagram 
ccurring in the case of an infinitely small radius. The 
Bessel functions in the expressions derived above may 
then approximately be replaced by the first term of 
their series development, so that we find 
0 for H- = 0, 
sass cos 6 sint—19e@""” for | H| 2 1, 
24(H — 1)! 


F, — 
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mie sin 0 for H = 0, 
ee 2 
tis ¥s i 
(ea) FT gin #—1geF 0-2) for| H| 2 1 
PE Valicnc i yl , 


The numerical values of F, and F, are plotted in Fig. 9(a) 
and (c) — (e) as functions of 6 for various values of H. For 
any value of H the field will be horizontally polarized 
in horizontal directions. For H = 0 we obtain the well- 
known polar diagram of the radiated field from a small 
frame aerial. In the case where | H| = 1, and in this 
case only, the radiation in the direction of the axis is 
different from zero; in this case the field will be circularly 
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Fig. 9—Polar diagram of the electric field strength for a small 
homogeneous ring quasi array of tangential or radial dipoles for 
various values of H. 


polarized in this direction. For | H| = 2 the field will 
have the same character for any value of H; however, 
the field concentrates to an increasing degree around 
the horizontal plane for increasing | H|. The quotient 
between the maximum values of the 6- and the g-com- 
ponents of the electric field strength is expressed ap- 
proximately by 

Fy ine a) 1 

| F,|max Ve(| H| = (ye 
where ¢ is the base of the natural logarithms. Accordingly, 
with increasing | deh | the field will to an increasing degree 
become purely horizontally polarized in any direction, 
as is also seen from Fig. 9. 

With an increasing radius of the ring quasi-array the 

field will to an increasing degree deviate from the field 
occurring in the case of an infinitely small radius of the 
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quasi-array. However, even in the case of a radius so 
large as the minimum radius that can be chosen in order 
to avoid super-gain, the shape of the field will deviate 
little from the shape occurring in the case of an infinitely 
small radius. 


In the above calculations we have assumed that the 
number of elements is infinitely large; the ring quasi- 
array was then exactly azimuthally omnidirectional. 
Apart from the case of H = 0 and a very small radius, 
i.e., a small circular frame aerial with a constant current, 
the ring quasi-array must, however, in practice be 
composed of a finite number of elements. In order that 
the field from such a homogeneous ring quasi-array with a 
finite number of elements may be a fairly good approxi- 
mation to the field from the corresponding quasi-array 
with infinitely many elements, the terms corresponding 
to g = 0 in the expressions for F, and F, must be the 
principal terms in the infinite series. The approximate 
condition that this will occur is that 

G S51 180k 
Assuming that this inequality is satisfied, we may 
generally express the field with a sufficiently good ap- 
proximation by including the first correction term. So 
doing we find 


fh, Sewer 96 
z 


+ (a(t ots Fire) 


—-H++s 


= (—1)—He-ts a 


J_n4.(2)| Cus 


Fy 49) 7S (2) (0) 1) Fe (2) 
+ (=4)~He-*6J’_ 7, 4(z)] }e*#. 

In analogy with what we did in the case of the homo- 
geneous ring array we shall here express the irregularity 
introduced into the field as a consequence of the fact 
that the number of elements is finite, by stating the 
relative, maximum variation of F, and F,. These rela- 
tive, maximum variations are calculated on the basis of 
the expressions derived here analogously to the variations 
in the case of the homogeneous ring array. The descrip- 
tion of this calculation is omitted here. The relative, 
maximum variation A| F,| of the @-component of the 
electric field strength for | H | = 4 is plotted in Fig. 10, 
and the relative, maximum variation A | bbe | of the 
¢g-component of the electric field strength for H = 0, and 
H| = 4 is plotted in Fig. 11(a) and 11(b). Also in the 
case of a homogeneous ring quasi-array of tangential 
dipoles the case of H = 0 is seen to exhibit the character- 
istic feature that 3 antennas give a better polar diagram 
than 4, and 5 antennas a better diagram than 6, etc. 


Radiation Resistance and Gain 

We shall here calculate the radiation resistance and 
the gain of a homogeneous ring quasi-array of tangential 
dipoles by using the Poynting vector method. For the 
sake of simplicity we shall confine ourselves to dealing 
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Fig. 10—The relative, maximum variation of one of the fie) 


components for a homogeneous ring quasi-array of tangential c& 
poles (A | Fe |) or radial dipoles (A | Fg |) for | H| = 4. 


with the case where the number of dipoles is infinitelli 
large; in practice, the result obtained in this way wi) 
apply with a good approximation also when the numbeé 
of dipoles is finite. 

Denoting the intrinsic impedance of space by & =} 
V5 we may express the Poynting vector S for a 


antenna with the normalization constant K and th 
normalized electric field strength F(@, ¢) by 


o = aes ope Bs E m(6, v)?, 


where 7 denotes a unit vector pointing in the directio) 
of the v-axis, and where the function m(@, ¢) is defined b| 


m(0, ¢) =. F, |? + | F, |?. 


The effect P radiated through a spherical surface havin} 
its center at the origin and the radius 7, is expressed b} 


f 


7 20 = 
P =j) | Re(S:?)r? sin 0d0dg = 2nn| K |*M, 
where the constant M is defined by 
1 w Qn | 
M = — | | m(6@, v) sin 6déd¢. i 
Ams. ooo 


If | F,| and | F,| and consequently also m(6, g) ar 
independent of , as is the case with the ring quasi-arra‘ 
we are considering here, we have 


= » 
ihe ; / Wi Bsee sino: 


The radiation resistance R is defined as the resistance 
through which a certain reference current J’ must flov 


in order that an effect equal to the radiated effect 1 
may be developed, 


P = 4R\ 12 ; 
Consequently we find 


R = NM, 
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The gain g(0, ¢) of the antenna ina certain direction (6, ¢) 
“may be expressed by the parameters defined above, the 
ifunction m(@, ¢) and the constant M. We find 
Seas 
|S|mean M 
| Accordingly, the radiation resistance R as well as the 
jgain g(6, y) of an antenna are determined by the con- 
stants NV and M and the function m(6, ¢). 
_ As the reference current J’ for the homogeneous ring 
|quasi-array in question we shall use the current J in 
jone of the elements, no matter which of them. The 
‘constant N is then defined by 
SE) 
4n 
‘The function m(6, g) is expressed by 


mie, &) = (Fue) cos) + (x00) 


whereas the constant M calculated by the use of this 
expression is given by 


M = ; Hi (2 ar oieds a): + (J n(2)? sin adé. 


z 
It may be shown that this integral may be expressed by 
known, tabulated functions and by the function J,(x) = 
i J,(t) dt for any value of H. In the case of H = 0 
this was demonstrated already by Foster.?! Conse- 


quently, we confine ourselves to carrying through the 
calculation for | H | 2. 1. Through a simple transforma- 


tion we find 


g(6, ¢) = 


2 
’ 


lalFl] 
Calfall oy" . 
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Fig. 11—The relative, maximum variation of one of the field 
components for a homogeneous ring quasi-array of tangential 
q | Fg |) or radial dipoles (A | F9|) for (a) H = 0 and (b) 


M = 1/8[An-i(ka) + Anyilka) — 2By(ka)], 
where the functions A ,(x) and B,(x) are defined by 


A / J ,.7(« sin 6)(2 — sin?@) sin 6d6, 


B(x) = ip 


As shown in an earlier publication these integrals may 
be expressed in the following way! 


J,-1(% sin 0)J n41(x sin @) sin36dé. 


3 4n?—1\ = 
Ar = — J n 2 
(x) & a ) es) 
In Ses 1 
+ as J2n(2x) — ox Jensi(2x), 
We Coe ay 
JB3-, — —— Ji n Zz 
(x) ( 5 at a 2n(2x) 
3(2n — 1 
= 3(2n — 1) Jon(2x) + Be Jon41(2x). 
Ax? 2x 7 


_ For the case of » = 0 several tables of the function 
J,(x) occurring here have been published; the most 
comprehensive of these tables seems to be the one 
calculated by Lowan and Abramowitz.’ On the basis of 
this table the author has calculated a table of J,(x) for 
nm = 1,2---, 8and for x = 0 (0.01) 10.! The values of 
the function are given to five places of decimals; there 
is an inaccuracy of +1 in the last decimal place. 

From the expressions for NV, m(@, ¢), and M obtained 
here we can now easily calculate the radiation resistance 
R and the gain g(6, y) of the homogeneous ring quasi- 
array of tangential dipoles. The radiation resistance R 


23 A. N. Lowan and M. Abramowitz, ‘“‘Table of the integrals”’ 
Ie J.(t) dt and ie Y,(t) dt,’ Jour. Math. Phys., vol. 22, pp. 2-12; 
1943, 
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Fig. 12—(2ma/sL)? multiplied by the radiation resistance of a 
homogeneous ring quasi-array of tangential dipoles as a function 
of a/d for various values of H. 


multiplied by (27a/sL)? is plotted in Fig. 12 as a function 
of a/d for various values of H. The radiation resistance 
is seen to decrease with increasing increment of the 
current phase and to increase, though not mono- 
tonically, with increasing radius. In Fig. 13 is plotted 
the gain g(@, ¢) as a function of a/d and for various 
values of H, partly for horizontal directions 6 = 2/2 
and partly for vertical directions 6 = 0 or 7. Only the 
ring quasi-array with | H| = 1 has in the vertical direc- 
tion a gain that is different from zero. 


Homogeneous Ring Quasi-Array of Tangential, Linear 
Antennas with a Constant Current. 


In dealing with the homogeneous ring quasi-array of 
tangentially oriented dipoles we have so far assumed 
the elements to be Hertz dipoles; i.e., infinitely short 
dipoles. For many applications this was a good approxi- 
mation, and it made the mathematical treatment rather 
simple so that in such cases where this approximation 
was permissible, the principally important facts were 
emphasized more than would have been the case if less 
idealizing assumptions had been made. In practice, 
however, a ring quasi-array of the type considered here 
must be composed of antennas of finite dimensions, 
e.g., of a number of linear wire antennas. For the simple 
case where all currents are in the same phase; i.e., for 
H = 0, such a design has been suggested by Moullin.?? 
However, if the current distribution on the various 
antennas is known, it is possible to carry out a calcula- 
tion of the radiated field along the same lines as we did 
above in calculating the field from a homogeneous ring 
quasi-array of Hertz dipoles. The field will then be 
expressed by a principal term that is independent of the 
azimuth, in addition to correction terms dependent on 
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the azimuth and originating from the finite number o 
elements. As an example of such a field calculation wi 
shall here give the expression for the field from a homo 
geneous ring quasi-array of linear wire antennas with % 
constant current. As a special case of this we shal 
obtain the expression for the field from a polygonal frami 
aerial with a constant current. 
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Fig. 13—The gain in horizontal and vertical directions for <6 
homogeneous ring quasi-array of tangential dipoles as a function off 
a/) for various values of H. 


We consider a ring quasi-array of s tangentially; 
oriented, linear antennas having the same length i 
The mid-points of the antennas are assumed to be placec} 
equidistantly along the periphery of a circle with radius 
a, as shown in Fig. 14. The antenna j will thus coincid« 


Fig. 14—Ring quasi-array of s tangentially oriented linear anten- 
nas of length /. 


with the side j in a regular s-angle, the inscribed circle 
of which is the said circle with radius a. A spherical} 
co-ordinate system is introduced as shown in the figure 
so that the mid-point of antenna j has the co-ordinates 
(a, r/2, u;), where 


The current J; in antenna j is supposed to be given by 


I; = Teta, ’ 


analogy with the calculations previously carried 
ut we introduce a normalizing constant K defined by 


we tkslel | 
Aig 2 


e field will then be determined by the specification of 
e normalized electric field strength F(6, y) Correspond- 
g to this constant. 

In order to be able to express F in a simple way we 
fefine the following functions; 


1 (fe 
Pay fy, (222) 28 mgs, 
ter J o cos v/ cos? v 


eso) a BE ee) a Pete) 
edn) a BP asec) “Tp Pri) |: 


oy using these functions we may express the components 
f the normalized electric field strength in the following 


K 


co 
3 cos 6 > Qo Psatieniee te 
q=0 
a Peenegecje Te |. 


(2 a 54) [Pau q81v0 (2) eit +48)(¢—/2) 


7 
ll 
mis 
Ms 


Il 


q=0o 


=e Pde gaues2ien a |, 


B= lyn SiO 


l 

| Vo arc tg oat 
it is seen that this expression may be derived from the 
‘xpression for the field from a homogeneous ring quasi- 
trray of tangential Hertz dipoles given above by re- 
piace 7/2) ,(2) and J’,(«) by Ps,.,(x)-and Pd,,.,(x) 
espectively. When the length / of the antennas con- 
erges towards zero, the expressions for the field com- 
ponents derived here converge towards the expressions 
for the field components of a corresponding quasi-array 
f Hertz dipoles. 

In the case where the number s of the elements is 
nfinitely large we find from the expressions given above 
he following expressions for the field components, 


Fy = cos 6Psu,vo(2z)e*-*”, 


Fye= iPdinvlzet?-*™, 


For a homogeneous ring quasi-array of antennas with 
sine-shaped current distribution corresponding expres- 
ions for the field may be derived; the functions which 
ust be introduced in this case are more complicated 
han those occurring here. 


| 


HoMOGENEOUS RING QUASI-ARRAY OF 
RADIAL ANTENNAS 


Homogeneous Ring Quasi-Array of Radial Hertz Dipoles 

Radiated Field; In the preceding section we have seen 
that a homogeneous ring quasi-array of tangential 
antennas radiates an essentially horizontally polarized 
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field which to an increasing degree concentrates around 
the horizontal plane with increasing increment of the 
current phase per revolution. It may be supposed that a 
homogeneous ring quasi-array of radial dipoles radiates a 
field of a similar type. We shall therefore carry out an 
investigation of the field from such an antenna system. 


Certain types of homogeneous ring quasi-array have 
long since found practical application. BOhm has sug- 
gested an antenna with reduced radiation for high 
elevation angles, and which consists of a vertical wire 
being connected at its upper end to a system of radial 
wires of such a length that regard has to be taken of the 
radiation from these wires.!2 The radiation from the 
radial wires results in a reduction of the field radiated at 
high elevation angles so that the antenna may be used 
as a fading-reducing antenna. Bohm” has calculated the 
field radiated by the radial wires on the assumption that 
the number of wires is infinitely large, so that they form 
a disk, and so that the total current passing any circle 
concentric with the periphery of the disk is constant. 
Whereas this antenna is composed of radial wires with 
currents in the same phase, the turnstile antenna in- 
vented by Brown?> may be considered constructed by 
radial wires with currents the phase of which increases 
2m during one revolution. Thus, with the notation used 
above, these antennas correspond to H = 0 and H = 1 
respectively. 

As the simplest type of a homogeneous ring quasi- 
array of radial antennas we shall here consider such a 
ring quasi-array of radial Hertz dipoles. For the special 
values of H, H = 0 and | H | = 1, the field from this 
quasi-array was previously calculated by Carter.!> We 
extend the investigation of the ring quasi-array in ques- 
tion to quasi-arrays with an arbitrary value of H, so 
that the possibility of arriving at new, usable antenna 
systems of this type is explored. 

We shall calculate the field from the ring quasi-array 
shown in Fig. 15, of s radially oriented Hertz dipoles 
of the length Z placed equidistantly along a circle with 
radius a. A spherical co-ordinate system (7, 6, g) is 
introduced so that the co-ordinates of the jth dipole 
will be (a, 7/2, u;), where 

ag) 


Uj 6 acta ee oes > 
S 


The current J; in the jth dipole is assumed to be 
I; — Leen: 


The calculation of the field is carried out in the same 
manner as for a homogeneous ring quasi-array of tan- 
gential dipoles. Introducing the normalization constant 
K, defined by 
pide tksLel . 
4n 


24Q, Bohm, ‘“Rundfunk-Sendeantennen mit vertikal gebtin- 
delter Ausstrahlung,’”’ Hochfreq. u. Elektroak., vol. 42, pp. 137-145; 
1933, 

25 G. H. Brown, ‘‘Turnstile aerials,’’ Electronics, vol. 9, pp. 14-17, 
48; April, 1936. 
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we find the following expressions for the components of 
the normalized electric field strength F(6, ¢); 


° Cc 
F, = 5° 8 >. (2 — Boe’ tr qe(z2)et tae-a/2) 
q=0 
as kieree(c le me oo, elcaee | 
2 . 
k= — 2 »~ (Qi |= + gs 7 Pe ea 
14 ems Zz 
“+ —H + gs ea ee 
Zz 
where 


= ka sin 0. 


Fig. 15—Ring quasi-array of s radial dipoles. 


We shall first consider the field in the case where the 
number of elements is infinitely large. From the above 
expression we find, fors = ~, 

F; = 


iJ' (2) cos 622-7) | 


F 


= — ell OE aes 
z 

The radiated field will thus in general be elliptically 
polarized. Only for H = 0 the g-component of the field 
strength is zero in every direction so that the field is 
polarized in the direction of the 6-axis. For |H| = 1 
points in the horizontal plane having the same phase 
will be situated on an Archimedes’ spiral just as in the 
case of the homogeneous ring arrays and ring quasi- 
arrays considered earlier in this paper. 

A general idea of the structure of the field for various 
values of H is best obtained by investigating the field for 
an infinitely small radius of the ring quasi-array. From 
the expressions given above we find for ka 1 


it cos 6 sin 0 for H = 0; 
Fy on 
ka) #-} 
; ae 1) cos 6 sin#—19e""—*/2) for | FT| S"1, 
0 for 2H =0) 
F.= ka) #-} : ill (¢— 
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Fig. 9(b) shows the field for H = 0. In the case 

| H| > 1 the field from the ring quasi-array considere 
here is seen to be identical with the field from the rir} 
quasi-array of tangential Hertz dipoles previous | 
investigated. For | (2h = 1, 2, and 9 this field is plotte 
in Fig. 9(c)-9(e). The comments made on the rit 
quasi-array of tangential dipoles are thus applicable her| 
too. 

It is only for an infinitely small radius and for | H|= 
that the field from a homogeneous ring quasi-array 
radial dipoles is identical with the field from a corry 
sponding homogeneous ring quasi-array of tangenti| 
dipoles. With an increasing radius of the ring quasi-arré/j 
of radial dipoles considered here the radiated field w, 
deviate to an increasing degree from the ideal field show); 
in Fig. 9 as well as from the field radiated from a co) 
responding ring quasi-array of tangential dipoles. , 

So far we have assumed that the number of elemen| 
is infinitely large. In practice, however, the number w) 
be finite, and we must then use the complete expressic( 
for the field given earlier. We suppose that the number 
of elements is larger than 2 | H lb 

Sos ON EUE | 
The term corresponding to g = O in the expressions fi 
F, and F, will then be the dominant term, and we ma 
therefore express the field components by including on) 
one extra term in each of the infinite series 


Fy 4008 Ob pen a ele ae ae 
+ I ny a(2)e Ht e+e2§ 


Na a E Fazer ea) + ate ue T za(z)ettne—a/-y 
Zz Zz 
~~ —-H+s ioredde eee 

Zz 


It appears from these expressions that the relatiy 
maximum variation A| F,| and A| F,| for the quas 
array considered here is equal to A| F,| and A| F% 
respectively for the corresponding homogeneous rin 
quasi-array of tangential dipoles previously dealt witl 
Consequently Fig. 11(a) and 114(b) show the relativ) 
maximum variation of the 6-component for a homd 
geneous ring quasi-array with radially oriented elemeni) 
for H = 0 and |H| = 4, and Fig. 10 the aa 
maximum variation of the g-component for such a 
array for | H | = 


| 
y 
Radiation Resistance and Gain | 

We shall now calculate the radiation resistance an| 
the gain for a homogeneous ring quasi-array of infinitel 
many Hertz dipoles. To a good approximation the result 
hereby obtained will also be applicable to a ring quas. 
array with a finite number of elements when the ee 
of elements is as large as the considerations to be take 
for obtaining a fair approximation to an azimuthall| 
omnidirectional antenna system permit. The calculatio| 
is made in close analogy to the corresponding calculatio| 
for a homogeneous ring quasi-array of tangential Hert 
dipoles. 


It being assumed that the radiation resistance R is 
liven by the current in an odd dipole as a reference 
furrent, the constant N previously introduced will be 


(ksL)?¢ 
4n 
ereby the function m(6, ¢) will be expressed by 


m(8, ¢) = (J’u(z) cos 6)? + c Inl)) 
Zz 


N= 


whereas the constant M calculated from this expression 
sis given by 


= 1 Pra cos 6)? + @ Jule)? sin 6 dé. 
fo) 2 


We shall here confine ourselves to giving the expression 
jor the radiation resistance for | H| = 1. It may then 
pe shown that the expression for M may be transformed 
into 


Vie 5 A wa(ba) + A n41(ka) -- 2B n(ka)], 


here A,(x) and B,(x) are the functions defined in a 
preceding section. From N, m(6, ¢), and M we may now 
| alculate the radiation resistance and the gain. The 


yadiation resistance R multiplied by (27a/sL)? is plotted 
in Fig. 16 as a function of a/d for the various values of 


| 

| 

Fig. 16—(27a/sL)? multiplied by the radiation resistance of a 
omogeneous ring quasi-array of radial dipoles as a function of 
/ for various values of H. 


, whereas the gain g(6, ¢) is plotted in Fig. 17. The 
urves showing the radiation resistance and the gain 
f the ring quasi-array investigated here are seen to have 
shape similar to, but quantitatively deviating from, 
the corresponding curves for the ring quasi-array of 
tangentially oriented dipoles previously investigated. 

omogeneous Ring Quasi-Array of Radial, Linear An- 
tennas with a Sine-Shaped Current 


In the investigation made above of homogeneous ring 
quasi-arrays of radially oriented dipoles we have so far 
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assumed, for the matter of simplicity, that the elements 
of the ring quasi-arrays were Hertz dipoles. In practice, 
however, the quasi-arrays will be composed of linear 
antennas having a finite length. This applies to such 
antennas as the disk antenna suggested by Béhm* and 
the turnstile antenna suggested by Brown,” and it will 
apply also to ring quasi-arrays for larger values of | H |. 


Fig. 17—The gain in horizontal and vertical directions for a 
homogeneous ring quasi-array of radial dipoles as a function of 
a/» for various values of H. 


When the current distribution on the linear antennas is 
known, it is possible to derive an expression for the field 
similar to the expression derived above for the field 
from a ring quasi-array of radial Hertz dipoles. 


Fig. 18—Ring quasi-array of a radially oriented, linear antenna. 


By way of example we shall here give the field from a 
ring quasi-array of s linear antennas of the length 3, 
placed as the spokes of a wheel, as shown in Fig. 18, and 
carrying sine-shaped currents J; of the same numerical 
value. The phase of these currents increases from one 
antenna to another so that its increment during one 
revolution amounts to H27. With the notation introduced 
in Fig. 18 the current J; in the current maximum (actual 
or virtual) of antenna j may be expressed by 


Le = Lett", 
where 
ee Hil he's daca 
§ 
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Introducing a spherical co-ordinate system (7, 6, g) in 
the usual way and defining the normalization constant 


tksbel 


47~ 


K= 


we may express the components of the normalized 
electric field strength F(6, ¢) by 


i a 3 (2 — Sq \[pd 4.92.9 (Rb)e i(H +qs) (¢—1/2) 
Spd aa ae ROC —H +48) (¢ +"/2)) 
trie . 
a ae Be: » ey Dee) Pokieere dale ws aise mca 


— psa go(hb) em eet et) 
= qs) . 


The functions pSng(x) and pd,» »(x) occurring in these 
expressions are defined by 

PS n(x) = 41D n—1,0(*) ale P n+i,9(%)]| 

bd no (x) = 41D n—1,9(x) ie Da eigeols 


where 


Pno(x) = i sin (x — t)J,(¢ sin 6) dt. 


It seems impossible generally to express this function in 
a simple way by known functions. However, an exception 
is the important case 96 = 7/2 corresponding to radiation 
in the horizontal plane 6 = 7/2. As shown by the author, 


we have 
(—1)"/[n sin x — xJ,(x) 
n—-1 
+290 Gh see) 
/ sin(@® —))/,0dt = ine Me for n odd, 


(—1)"/2[n(cos x — J,(x)) 
n/2— 
+ xJi(x) +2 > (= (ya 


2— 
(n — 2j)J»;(x)] for even. 
For H = 1, s = 4, and db = )/4 the above formulas 
will express the field from an ordinary turnstile antenna. 


HOMOGENOUS RING QUASI-ARRAY OF OBLIQUE 
ANTENNAS 


In the investigations made until now of homogeneous 
ring arrays and ring quasi-arrays of dipoles we have 
assumed that the dipoles were axial, tangential, or 
radial; we have hereby obtained knowledge of and a 
basis for the design of some useful types of antennas. 
However, it is conceivable that some types of ring quasi- 
arrays of obliquely oriented antennas may also turn out 
to be useful for practical purposes. An antenna system 
which in principle is a special case of such a ring quasi- 
array, is the antenna system invented by Lindenblad,?¢ 
which has been further investigated by Brown and 
Woodward;?’ with the notation used here it may be 

26N. E. Lindenblad, ‘‘Antennas and transmission lines at the 
Empire State Television Station. Part 2, ’’Communications, vol. 21, 
pp. 10-14, 24-26; April, 1941. 


7G. H. Brown and Oo. M. Woodward, ‘‘Circularly-polarized 
omnidirectional antenna,’ RCA Rev., vol. 8, pp. 259-269; 1947, 
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described as a homogeneous ring quasi-array, wit 
H = 0, of linear antennas that are perpendicular to th: 
radius at their center, and that form a suitable angl 
with the horizontal plane, this angle depending on th| 
radius of the circle. This antenna system radiates 1} 
horizontal directions a circularly polarized field that i) 
independent of azimuth; for this reason it is suited fe| 
communication between a fixed station and an airplane 


We shall here generalize the investigation made b 
Brown and Woodward, setting ourselves the task c 
calculating the field from a homogeneous ring quas: 
array with an arbitrary H of an arbitrary number c} 
dipoles with an arbitrary orientation. The antenn} 
system treated by Brown and Woodward will then bi 
comprised as a special case by this investigation, bu} 
the expression for the field will be presented here in 4 
form more suitable as a basis for the design. The home 
geneous ring arrays and ring quasi-arrays previousl 
dealt with in this paper will also be included as specid: 


cases in the following investigation. 
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Fig. 19—Orientation of a dipole in a homogeneous ring quas/ 
array x oblique dipoles. 


We consider s Hertz dipoles of the length Z that ar 
placed equidistantly along a circle with radius a, 
shown in Fig. 1. The antennas are assumed to form th? 
angles a, B, and y with the r-, 6-, and y-axes, respec] 
tively, in a spherical co-ordinate system, as shown if 
Fig. 19. The current in the jth dipole is supposed t| 
be given by l 


where 


With the normalization constant K being defined by 
4n 


the normalized electric field strength F(6, yg) may now bi 
expressed by 


R= 


1S ; 
F, = 5 > (2 — 849) {[tJ" 4-422) Cos 6 cos a 
q=0 
+ Ji4qs(Z) sin 6 cosq 
td H gs i(H +qs)(p—m/2) 


J 1493() cos 6 cos y]e 


+ [iJ’—149s(2) cos @ cos i 


J_+0s(2) sin 6 cos 8 — rice) 


le —t(—H +49s) (p +7/2) } 


—H + qs 
z 


cos 0 cos y 


12 
= ; > (2 — 5eo| - pial J+ 93(2) COS @ 


q=o z 


= 1S peas 2) cos Abe a 


—H 
ES J_H4¢s(2) cos a + tJ’_3490(2) cos 7| 
z 


e il -H +98) (e ek 


‘he terms corresponding to g = 0 in these expressions 
enote the field corresponding to an infinitely large 
umber of elements. Of the many possible antenna 
stems that may result from using different values of 
k, B, y, and H we shall only give attention here to the 
llowing two important cases: a = 2/2, H = 0, and 
ey 2, HW = 1. 

n/2, H = 0. In this case the dipoles are tangents 
0 a circular cylinder. They form the angle y with the 
‘orizontal plane, and they carry currents with the same 
bhase. If we choose especially 


J (ka) 

| J (Ra) ’ 

the field components in the case of an infinite number of 
}lements will be expressed by 


; B = - J (ka) 
| J (ka) 
F 


ey 
(he antenna system designed in that way is seen to be 
zimuthally omnidirectional and in horizontal directions 
jo radiate a circularly polarized field. In the vertical 
jirection the field is zero. The quasi-array dealt with 
sere is the very antenna system invented by Linden- 
blad?® and further investigated by Brown and Wood- 
vard’ discussed previously. 

_ When the ring quasi-array has such a small radius that 
7a < 1, we find 


| CPi 


y = t arcig 


J (gz) sin @ cos y, 


= —1J,(z) cos y. 


RyZ + sing, 


I|2 


a ee 6. 
2 


(he field is then seen to be circularly polarized in any 
lirection in space. The polar diagram for each of the 
ield components becomes identical with the diagram 
hown in Fig. 3(a). 

_ From the general expression given above for the field 
i om a homogeneous ring quasi-array of an arbitrary 
1umber of oblique elements we easily find the relative, 
naximum variation of the antenna system considered 
1ere, when this system has a finite number of elements. 
-y = 1/2, H = 1. In this case the dipoles are placed 
long the edges of a pyramid; they make the angle a 
vith the horizontal plane, and the current phases increase 
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2x during one revolution. The antenna system is 
azimuthally omnidirectional, and the field radiated in 
the vertical direction is circularly polarized. In hori- 
zontal directions the field will be linearly polarized. 
By choosing a suitable angle of inclination @ for the 
antennas we may obtain that the field radiated in 
horizontal directions forms an angle of 45 degrees with 
the horizontal plane. We put 


1 
+arc tg —, 
ka 


a= 


and obtain hereby the following expressions for the field 
components in the case of an infinitely large number of 
antennas 


Fy = [iJ1/(z) cos 6 + a J,(z) sin 6] cos(are tg us \e ea 
ka ka 


ho=- t J\(z) cos (are tg i) evar) 
z ka 


In the vertical direction this field is circularly polarized. 
In horizontal directions it is linearly polarized, and the 
electric field strength extends an angle of +45 degrees 
with the horizontal plane. 

A general impression of the character of the field is 
best obtained by considering a ring quasi-array of the 
type considered here with such a small radius that 
ka « 1. We then have 


ool Ff ; Breer 
Fy —-— cos (are tg a) [7 GOS i) ae Sine le ( Ly 
2 ka 


PS, 1 1 erat: 
F,=- 1 cos (ares ) BG lel 
4 2 ae 


180° 


Fig. 20—The electric field radiated by a small homogeneous 
ring quasi-array of oblique dipoles with y = 7/2 and H = 1. 


These field components are plotted in Fig. 20. For the 
polar distances 6 = 0 degrees, 30 degrees, 60 degrees, 
and 90 degrees the full-drawn line in Fig. 21 (a)—(d) shows 
the ellipse which is described by the vector, the electric 
field strength. 
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Fig. 21—The full-drawn lines show the polarization ellipses of 
the field radiated by a homogeneous ring quasi-array of oblique 
dipoles with y = 1/2 and H = 1 for the pole distances 6 = 0 de- 
grees, 30 degrees, 60 degrees, and 90 degrees. The dotted lines indi- 
cate the voltage induced in a linear antenna placed in this field. 


Fig. 22—Linear antenna placed in the direction (6, ¢) and 
oriented in the (@, ¢)-plane as indicated by the angle u. 


If in the field of the ring quasi-array placed at the 
origin we place a linear antenna as shown in Fig. 22, 
the voltage induced in the linear antenna, will be given 
as a function of the angle uw for various values of the 
polar distance @ by the dotted curves in Fig. 21. From 
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in the horizontal plane, there will be a certain direction 
of the antenna for which no voltage is induced in the. 
antenna. 


If the sequence of the current phase in the ring quasi- 
array is inverted; 2.e., if we choose H = —1 instead of? 
H = 1, as done above, the diagrams shown in Fig. 
21(a)—(d) will be reflected in the 6-axis. If in any case 
we choose the sequence of the current phase of ‘the 
ring quasi-array giving the maximum induced voltage 
in the linear antenna, we obtain for 6 = O degrees, 
30 degrees, 60 degrees, and 90 degrees the induced 
voltages in the linear antenna given by the curves in: 
Fig. 23(a)-23(d). It appears from this figure that the 
induced voltage varies only to a small degree with the 
placing and the orientation of the antenna when reversal. 
of the current phase is applied. 
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allowed. 


As is well known, it is not possible to design an iso- 
fopic antenna.** Various attempts have been made to 
sign antennas the properties of which approximate 
ose of an isotropic antenna. However, for all of these 
tennas it is true that at least for one direction in space 
»wards, and for one orientation of a linear receiving 
tenna they will induce the voltage zero in this antenna. 
applications where reversal of the sequence of the 
trent phase is permissible, the ring quasi-array 
escribed here will be a good substitute for an isotropic 
tenna. 

As a practical design of the ring quasi-array described 
re it will probably be expedient to use a turnstile 
tenna, the four arms of which are turned upwards so 
at they form the angle v with the vertical direction, as 
own in Fig. 24. The field from such a ‘“‘quadruped 
tenna”’ will to some degree deviate from the field 
om the ring quasi-array considered above. By a 
itable choice of the length of the arms of the antenna 


28H. F. Mathis, ‘‘A short proof that an isotropic antenna is 
possible,’’ Proc. IRE, vol. 39, p. 970; August, 1951, 
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Fig. 23—Induced voltage in a linear antenna placed in the field 
of a homogeneous ring quasi-array of oblique dipoles with y = 7/2 
and H = 1, when reversal of the sequence of the current phase is 


Fig. 24—Quadruped antenna. 


and of the angle v it will, however, be possible to obtain 
a satisfactory radiation diagram. 


SUPER-GAIN 


In the preceding sections it has been demonstrated 
that the field radiated from a homogeneous ring array 
or ring quasi-array will concentrate the more around 


472 


the horizontal plane the larger the increment H27 of 
the current phase during one revolution. By making H 
sufficiently large, it is possible for a homogeneous ring 
quasi-array of arbitrarily chosen dimensions to obtain 
an arbitrarily large gain. This result is inconsistent with 
the practical experience generally made in the antenna 
theory as this shows that for an antenna of given 
dimension it is practically impossible to obtain a gain 
that essentially surpasses the gain for a conventional 
antenna of the same diameter. Since the early forties, 
a phenomenon such as the one described here has 
aroused considerable interest among antenna theorists 
and has been investigated from various points of view 
under the name of ‘“‘super-gain.’’ As for the literature 
on this subject, reference is made to an earlier paper,’ 
in which a critical investigation of the problem of super- 
gain has been made, and to another paper,® in which the 
connection between the theory of super-gain and in- 
formation theory is treated. 

In a few words the solution to the problem of super- 
gain may be thus formulated: it is certainly possible 
to obtain a gain that considerably surpasses the gain 
that is ‘‘natural’’ to the antenna in question; but as a 
result the antenna will acquire a Q so large that it will be 
inapplicable in practice. 

For determining the approximate minimum value 
which a homogeneous ring array or a homogeneous ring 
quasi-array may have, if super-gain is not to occur, 
we shall base our considerations on a paper by Woodward 
and Lawson.?° In this paper the authors utilize the fact 
that the current distribution on a linear antenna array 
and the array characteristic are Laplace transforms 
of each other. They hereby demonstrate that in order 


29 P. M. Woodward and J. D. Lawson, ‘‘The theoretical pre- 
cision with which an arbitrary radiation-pattern may be obtained 
from a source of finite size,’ Jour. IEE, Pt. III, vol. 95, pp. 363- 
369; 1948. 
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to avoid super-gain for such an antenna we must deman 
that the greater part of the produced field is radiate 
at real, and not at imaginary, angles. Similarly, fe 
the homogeneous ring array dealt with above we mus 
demand that the greater part of the array characteristi 
G ~ Jy(ka sin 6) comes within the real domain of 
i.e., for £ = sin 6 < 1. Consequently, we must deman 
that the function Jy(kat) decreases rapidly towards zer. 
for ¢ > 1. In order that this may apply we must have 


_ AX 


Accordingly, for the smallest usuable antenna arra 
the phase of the current increases just as much per un 
of length as for a conventional linear, endfire array. 

By a similar argument the same result is obtaine 
for homogeneous ring quasi-arrays of tangential an 
radial dipoles. 

The author would like to mention the following tw) 
papers which recently came to his attention. W. Burl} 
hardtsmaier and U. Finkbein, ‘Kreisgruppenantenne| 
als Rund- und Richtstrahler,’’ Elektrotech., vol. 4, PI 
239-244, 284-290; 1950. R. H. DuHamel, ‘‘Pattern sy1é 
thesis for antenna arrays on circular, elliptical, an; 
spherical surfaces,’’ N6-ori-71, Task XV, ONR Projec 
No. 076161, Tech. Rep. No. 16; 1950. | 
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G. TORALDO 


Summary—lIn this paper some analogies between antenna theory 
nd the theory of optical resolving power are analyzed. The effect of 
He finite size of a rotating antenna on the informational content of 
He echo is discussed, without taking into account noise. From this 
ibint of view, the most important feature of the aerial is the highest 
| gular frequency which is contained in its radiation pattern. Super- 
: in is possible because no upper limit exists for this frequency. A 
i ple method is pointed out for synthesizing a radiation pattern 
P mtaining any prescribed set of finite angular frequencies. A 
merical example is worked out. 


INTRODUCTION 


HE THEORETICAL possibility of super-gain 
antennas presents some paradoxical aspects. 
Since the discovery of super-gain, a few very 
ood explanations of the paradox have been proposed, 
nd one may wonder whether a new discussion of the 
bject is really required. However, we want to note 
at the apparent contradiction inherent in super-gain 
vas due to some well-established theories of wave 
I ofics. Super-gain seemed to be at variance with the 
Hlassical theory of resolving power (Rayleigh limit). 
~his theory is most unsatisfactory even in optics, and 
here is nowadays a pronounced tendency towards 
eplacing it with a more modern formulation, based on 
wequency analysis and information theory. It may 
iherefore be worthwhile to analyze also the problem 
f super-gain from this point of view. 


) 


| Antenna theory is closely related to the theory of 
ptical diffraction patterns. This has always been 
fealized by antenna designers who, especially in the 
eld of microwaves, have taken advantage of the 
considerable experience on diffraction pattern calcula- 
ions, acquired in optics for more than a century. 
or example in Silver’s fundamental book! use is largely 
made of the aperture-field method, which is equivalent 
‘o replacing the radiating system with a suitable optical 
supil. A recent and very useful review of the analogies 
xisting between optics and antenna theory has been 
iven by Spencer? who has rightly stressed the impor- 
ance which such connections may have for workers in 
oth fields. Indeed, if it is true that diffraction optics 
as offered a basis for many investigations on antenna 
heory, it is also true that optics, conversely, can 
enefit from the great number of new ideas that have 
isen in the rapid evolution of microwave techniques. 
hus, starting from the theory of super-gain antennas, 


t Istituto Nazionale di Ottica, Firenze, Italy. 

1S, Silver, ‘‘Microwave Antenna Theory and Design,’’ McGraw- 
ill Book Co., MIT., Rad. Lab. Ser., New York; 1949. 

~ 2R. C. Spencer, ‘Antennas for radio astronomy,” Paper pre- 
ented at the Manchester Symposium on Astronomical Optics; 
\pril, 1955. 
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Directivity, Super-Gain and Information 
DI FRANCIA} 


the author has been able to develop some optical super- 
resolving pupils. 

The existence of super-resolving pupils has obviously 
strengthened the opinion that the old theory of resolving 
power was defective. 

It is the purpose of the present paper to point out 
some extremely simple facts which, though being more 
or less well known, can, when properly put together, 
clarify completely a matter which in the past has offered 
some mysterious and puzzling aspects. As a result, 
we shall be able to get a thorough understanding of the 
theoretical limitations of the performance of an aerial, 
as distinguished from the practical limitations. It will 
be clear that the maximum number of independent data 
carried by an electromagnetic echo depends on the 
maximum angular frequency contained in the radiation 
pattern of the antenna. A method will be described for 
obtaining a radiation pattern with any prescribed 
(finite) frequency. 


DIRECTIONAL DEGREES OF FREEDOM AND JNFORMATION 

Electromagnetic radiation can be employed to collect 
information about the external world. In a broad sense, 
all systems designed to this end are optical systems. 
This may explain why some authors have applied 
information theory to optics.* > An excellent discussion 
of its application to radar is due to Woodward.® 

Noise is an inevitable feature of all communication 
systems, and is chiefly responsible for the limitation of 
the amount of information. However, noise depends 
essentially on the properties of the receiver (or receptor, 
in optics) and on the state of the atmosphere. In this 
paper we want only to stress the limitations which are 
inherent in the size of the aerial. Accordingly the 
consideration of noise will be dispensed with. 

For simplicity, the treatment will be limited to a 
plane (say the horizontal plane). Let us first consider 
the case of optics. The dimension of the pupil will be 
designated by 27 (Fig. 1) and the angular semiaperture 
by u. The magnification will be assumed to be equal 


3G. Toraldo di Francia, ‘‘Super-gain antennas and optical 
resolving power,’ Suppl. Nuovo Cimento, vol. 9, pp. 426-438; 
1952. 

4A. Blanc-Lapierre, ‘‘Considérations sur la théorie de la trans- 
mission de l'information et sur son application a4 certains domaines 
de la physique,” Ann. Inst. H. Poincaré, vol. 13, 245-296 (1953); 
“Upon some analogies between optics and information theory”, 
Paper presented at the McGill Symposium on Microwave Optics, 
June, 1953. 

5G. Toraldo di Francia, ‘‘Capacity of an optical channel in the 
presence of noise’, Optica Acta, vol. 2, pp. 5-8; 1955. 

6 P. M. Woodward, ‘‘Probability and information theory with 
applications to radar,’’ London, 1953. 
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to 1 and the instrument will be assumed to be perfect. 
In this condition, it is well known that the image of a 
point source will be represented by the complex amplitude 
sin (2rax/d)/rx, where a = sinwu is the numerical 
aperture and x the abscissa~on the image plane. This 
diffraction pattern does not contain any spatial fre- 
quencies exceeding the absolute value a/\. The image 
of an object sending out coherent light will be repre- 
sented by the convolution of the complex amplitude 
distribution in the object and the elementary diffraction 


object plane 
' 


Image plane 


Fig. 1—Optical image information. 


pattern. As a consequence, the image will not contain 
spatial frequencies beyond a/\. We can now apply the 
sampling theorem, which represents so-to-speak the 
basis of information theory of continuous signals.’ This 
theorem has formed the starting point of a number of 
applications of information theory to optical prob- 
lems.® ® ® However, the author has recently emphasized 
that its interest may go beyond that of a starting point, 
inasmuch as the sampling theorem represents the only 
rigorous substitute for the old and unsatisfactory theory 
of resolving power.!° The statement that resolving power 
is limited by diffraction was the first recognition that the 
information content of an image is limited by the finite 
bandwidth of spatial frequencies. But we now know that 
its usual formulation was wrong. As a result of the 
sampling theorem, the image is completely determined 
by its complex amplitudes at a series of points placed 
at a distance \/2a apart from one another. An image 
having the dimension X has only 2aX/) degrees of 
freedom. This is the maximum number of independent 
data that can be derived from the image, no matter 
how low the noise level may be. As the object has an 
infinite number of degrees of freedom, while those of the 
image are only a finite number, we must conclude that 
one and the same image can correspond to many different 
objects. In order to select the real object or, at least, 


7C, E. Shannon, “Mathematical theory of communication,” 
Bell Sys. Monograph B-1589, p. 51. 

8D, Gabor, “Light and information,” Paper presented at the 
Manchester Symposium on Astronomical Optics; April, 1955. 

9 E. H. Linfoot, ‘Noise, aberrations and the information content 
of optical images,’’ Manchester Symposium; April, 1955. 

0G. Toraldo di Francia, ‘‘Resolving power and information,” 
Jour. Opt. Soc. Amer., vol. 45, pp. 497-501; July, 1955. 
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in order to reduce the choice of possible objects, th; 
observer has to rely on some past experience about th 
prior probability of a given object. The knowledg } 
obtained from the image merely modifies this prio} 
probability, to give a posterior probability. As notes 
by Woodward!! it appears impossible to design a receive} 
capable of performing this process. However, thi 
combination of previous information with the informa} 
tion supplied by the image is always more or less un} 
consciously operated by the observer. This is a ver’ 
pertinent point, which had been completely disregarde: 
in the old theory of resolving power. Indeed, the ver:| 
expression ‘resolving power” has no meaning, unles 
the’ observer is assumed to have an infinite amount oj 
prior knowledge about the object; he must know tha 
the object consists of either one or two points. To shovp 
this, the author!° has made use of a construction whiclf 
is frequently associated with the application of th) 
sampling theorem and which, perhaps, was first mad4i 
use of by Woodward and Lawson" for synthesizing hy 
given radiation pattern. Fig. 2 shows the amplitude of 
two equally bright points A, B, spaced \/2q@ aparft 


Fig. 2—Image of either two points A, B or many points Ce 
DES etc 


level is sufficiently low, the obstrver may be able té 
reveal the difference between this image and the imags 
of a single point. If he knows that the object consists o# 
either one point or two equally bright points, he wih 


he cannot decide whether he is confronted with twé! 
points A, B or with an entire set of points C, D, E, FR 
etc., spaced \/2a apart, which would produce exactly 
the same image. The same situation is met even in thd 
case where one single point A is present, as is shown by) 
Fig. 3. The observer has the choice between one poins 
located at A or many points such as B, C, D etc. Direct 


11 P. M. Woodward, op. cit., p. 74. | 

a PM: Woodward and J. D. Lawson, ‘The theoretical precisior 
with which an arbitrary radiation pattern may be obtained from 4 
source of finite size,” Journ. I.E.E., vol. 95, pp. 363-370; 1948. 


tion finding depends essentially on the observer's 
<nowledge that the object consists of one point only. 


_A similar discussion can be made in the case of in- 
oherent illumination, as explained by the author in an 
parlier paper.!° 


¥ 


' 
J 
fy) 


Fig. 3—Image of either one point A or many points B, C, D, etc. 


In conclusion, we may say that the theory of resolving 
power and of direction finding is not contained in the 
! athematics of diffraction and can only be based on 
he combination of prior knowledge with the addi- 
ional information provided by the image. The only 
limit that mathematics does set, concerns the number 
Pt degrees of freedom of the image, and not the way in 
nvhich the degrees of freedom can be utilized. 

It would seem evident that the foregoing considera- 
Fions can be applied with only slight changes to the 
azimuthal resolving power of a PPI image obtained with 
a rotating antenna. This is not exactly true, as we shall 
see later. However we want first to outline a rough 
argument which might be applied in this case. 


One could assume a linear aperture and start from the 
temark that the radiation pattern, considered as a 
function of the sine of the azimuth, is the Fourier trans- 
form of the amplitude distribution on the aperture. 
Ancidentally, we note that this trivial fact seems to 
nave been independently discovered and rediscovered 
by many workers in different countries, and there would 
be no point in establishing priorities. The author, though 
claiming no priority, may mention that he made ex- 
tensive use of this property in a series of articles,!* 
which, apparently, failed to be noticed at the time of 
their publication. A good review of Fourier techniques 
applied to radiation patterns has been given by Spencer. 
ecause of the reciprocity of Fourier transforms, the 
aperture field is in turn the transform of the radiation 
attern, and since the aperture has a finite size, the 
adiation pattern is frequency limited. Now, as the 
erial turns, the echo from the object (when the latter 
is supposed to be located on a circle with the center on 
he aerial) is represented by the convolution of the 
ower spectrum of the aerial and the reflection co- 
13G, Toraldo di Francia,’ Saggio su una teoria generale dei 
eticoli,’’ Ottica, vol. 6, pp. 287-307; 1941; “Alcuni fenomeni di 
ie trattati mediante il principio dell’interferenza inversa,’ 
ttica, vol. 7, pp. Deg 136; 1941. 
mR C, Spencer, “Some Useful Operational and Fourier Tech- 


gee paper presented at the McGill Symposium on Microwave 
| ptics; June, 1953. 
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efficient of the object. As a consequence, the spectrum 
of the echo will also be frequency limited, and by apply- 
ing the sampling theorem, we find that the echo is com- 
pletely determined by its values at a discreet set of 
angles. 


From this argument it would follow that the echo 
can never contain more than a given finite number of 
independent data. A knowledge of the noise level can 
tell us how much of this information content is utilized 
and how much is lost. However, the only way to in- 
crease the number of independent data available would 
be to increase the size of the antenna. 

Now, the foregoing argument is not correct, because 
the convolution variable should be an angle, while the 
variable of the Fourier transform is the sine of an angle. 
Indeed, both the linear aperture and the sine variable, 
which are most suitable for the treatment of many 
optical problems, give rise to some difficulties in the 
problem of the rotating antenna. As we shall see later, 
it is more natural to consider a circular aperture and to 
take the azimuth as variable. 


SUPER-GAIN AND ANGULAR FREQUENCIES 


The first evidence that directivity is not completely 
limited by the size of the antenna was due to Hansen 
and Woodyard' and to Schelkunoff.!® A little later 
Bouwkamp and de Bruijn!” proved that there is no 
theoretical upper limit to the gain obtainable from a 
linear antenna. Dolph!’ and Riblet!® suggested a mathe- 
matical method for designing arrays with prescribed 
beamwidths and sufficiently low side-lobe level. These 
results have been since extended and applied by many 
workers. Recent contributions are due to Duhamel,?° 
Rhodes,”! Stegen,?? and van der Maas.”* An interesting 
case of super-gain for ring quasi-arrays has been pointed 
out by Knudsen.** The author has considered the case 
of a few thin and concentric rings? and the case of an 
entire circular aperture divided into a number of circular 
zones. ?° 


18W, W. Hansen and J. R. Woodyard, ‘‘A new principle in 
directional antenna design,’’ Proc. IRE, vol. 26, pp. 333-345; 1938. 

16S, A. Schelkunoff,’’ A mathematical theory of linear arrays,” 
Bell Sys. Tech. Jour., vol. 22, pp. 80-107; 1943. 

17C, J. Bouwkamp and N. G. de Bruijn, ‘‘The Problem of 
Optimum Antenna Current Distribution,’ Philips Res. Rep., vol. 
1, pp. 135-158; 1946. 

IE, Me Dolph, “A current distribution for broadside arrays, 
which optimizes the relationship between beamwidth and side-lobe 
level,’’ Proc. IRE, vol. 34, pp. 335-348; June, 1946. 

19H, J. Riblet, ‘‘Discussion on Dolph’s paper,’’ Proc. IRE, vol. 
Soy pp. 489-492; May, 1947, 

BOY. Lele, Duhamel, “Optimum patterns for endfire arrays,’ 
Proc. IRE, vol. 41, pp: 652-659; May, 1953. 

2 DRe Rhodes, “The optimum linear array for a single main 
beam,”’ Proc. IRE, vol. 41, pp. 793-794, June, 1953. 

22R, J. Stegen, “Excitation coefficients and beamwidths of 
Tchebycheft Savas Proc. IRE, 41, 1671-1679; November, 1953. 


J. van der Maas, wheN ‘simplified calculation for Dolph- 
Tehebytchel arrays,” McGill Symposium on Microwave Optics; 
June, 1953. 


24H, L. Knudsen, ‘‘The field radiated by a ring quasi-array of an 
infinite number of tangential or radial dipoles,” Proc. IRE, 41, 
pp. 781-789; June, 1953; ,, Radiation resistance and gain of homo- 
geneous ring quasi-array,’’ Proc. IRE, 42, 686-695; April, 1954. 

28G, Toraldo di Francia, “Nuove pupille superrisolventi,” 
Atti Fond. G. Ronchi, vol. 7, pp. 366-372; 1952. 
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A common defect of all these antennas is that they 
require enormous reactive currents and have very high 
Q. In most cases they cannot be realized. 


Anyhow, apart from the question of practical realiza- 
tion, it is certain that there are a number of different 
ways to design an antenna of any desired beamwidth 
with any desired side-lobe level. Since this seems to be 
at variance with previous theoretical results, it is in- 
teresting to investigate what was wrong in those results. 


The classical statement that maximum gain is given 
by a uniform field distribution over the aperture’® was 
wrong simply because its proof rested on the assumption 
that the total radiated power is equal to the integral of 
the squared amplitude over the pupil. Indeed, such an 
integral includes both the power actually radiated by 
the aperture and the reactive power corresponding to 
evanescent waves. Woodward and Lawson!* were the 
first to call attention to the role of evanescent waves in 
super gain problems, while the author?” was probably 
the first to call attention to their importance in all 
diffraction phenomena. 


The discussion of the foregoing section points out 
that another question must be answered before we get 
a clear picture of the informational limitations inherent 
in an antenna of given size. We must ask ourselves 
whether or not the angular frequencies of the echo really 
have a strict upper limit. It would seem on first sight 
that any desired frequency should be obtainable by 
means of a super-gain antenna. That this is actually 
true can be most readily proved by considering a circular 
aperture in place of the straight aperture and taking the 
azimuth as variable in place of its sine. 


Let us consider a circular aperture of radius 7 in the 
horizontal plane (Fig. 4). We want to evaluate the beam 
amplitude A(6) in a direction CD corresponding to the 
azimuth 6. Somewhat similar problems have been 
treated by Carter,?® Walsh,?® Knudsen,?4 and others. 
If a(@) designates the complex amplitude over the 
aperture, its value at point P will be given by a(@ — 
m/2 + y). The retardation corresponding to P is readily 
found to be —7 sin ¢, so that we obtain 


A(6) = [a — 1/2 + y) exp (—tkrsin ¢)f(y) dy, (1) 


where f(g) is a function representing the directivity of 
the aperture elements. This factor depends on the actual 
constitution of the antenna. We now note that a(6) is 
necessarily a periodic function, which can be expressed 
by the Fourier series 


26 R. K. Luneberg, “Mathematical theory of optics,’ Provi- 
dence,.p..391;.1944. 

7G. Toraldo di Francia, ‘“‘Le onde evanescenti nella diffra- 
zione,’’ Ottica, vol. 7, pp. 197-206; 1942; M. Schaffner and G. Toraldo 
di Francia, ‘‘Microonde evanescenti generate per diffrazione,” 
Nuovo Cimento, vol. 6, pp. 125-131; 1949, 

8 P. S. Carter, ‘Antenna arrays around cylinders,’ Proc. IRE, 
31, pp. 671-693; 1943. 

29 J. E. Walsh, ‘‘Radiation pattern of arrays on a reflecting 
cylinder,’ Proc. IRE, vol. 39, pp. 1074-1081; September, 1951. 
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Fig. 4—Radiation from a circular aperture. 


+00 
a(@) = Dae an exp (ind) (2)*, 
—0o 
Upon substitution of (2) into (1), we obtain; 
+00 x 
A(6) = Ds exp (1n6)(—1) van | exp[i(ng 
—0o oO 


— krsin g)|f(~) de (3)) 
Putting: 


An = (-2) van | exp[i(ng — krsin g)|f(¢) de (4) 
we may also write; 


A(0) = 3, An exp (in6) (5), 


This equation expresses A(@) as a Fourier series. The’ 
coefficients A , are given by (4) and are each proportional ; 
to the corresponding a,. 

To go further, we must specify f(g). We shall assume 
f(g) to have the general form sin? g with # integral : 
and positive. The case p = 0 could be approximated } 
by an array of vertical dipoles on a cylindrical absorber’ 
and the case p = 1 by an array of vertical dipoles on a 
reflecting cylinder. For p = 0, the integral in (4) is of a’) 
well-known type and is expressed by :?° ; 


ai expli(ng — krsin g)| dg = J, (kr) + iE,(kr) (6) 


where J,(kr) represents Anger’s function and E,(kr)% 
Weber’s function of order n. In our case, n is an integer | 
and Anger’s function coincides with the Bessel function } 
of the same order. By differentiating (6) p times with} 


respect to kr, we obtain 


q 


¥ 
4 


= J," (kr) + 4E.'?)(kr). (a) 


| 
%° G. N. Watson, ‘‘Theory of Bessel functions,”’ Gaabea 
p. 312; 1922. i 


(—1)? [” : ; : ; 
—_ exp [i(ny — kr sin y)| sin? gdg 
vie oO 
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In conclusion, from (4) and (7) we get 


ith 
jr—P 


Cy = A 
mJ n\?)(kr) + iE ,(”)(kr)| 


(9) 


q. (8) and (9) enable us to evaluate the coefficients a, 
f the aperture illumination when the coefficients A , 
f the radiation pattern are prescribed. 

As a result, we may state that there is no upper limit 
for the angular frequencies of the radiation pattern. 
he radiation pattern can contain any arbitrary finite 
requency, consequently there is no theoretical limit for 
he number of sampling points which are necessary to 
pecify the echo from the object. 

_ However, we must make an important remark. The 
following series expansions of J, and E, are well known: 


: aa iee/ Beene (x /2)2"* 
T(x) = = = hin 
Mae on Sa LD! TG LD! a 
E(x) = 1 cosmm E ae 
nt 27 — n? 
x4 
MOM a kh | 
| 1+ cosue 58 o xe | 
T EF —n> (12 — n?*)(3? — n?) 5 I 
(ir) 


/When these expansions are substituted into (9) for the 
case p = Q, it is seen that for a fixed value of kr and 
increasing values of n, the absolute values of the co- 
efficients C, become greater than a quantity propor- 
|tional to n. This means that very high frequencies in the 
radiation pattern require very large currents of the same 
angular frequency in the aerial. In particular, there 
ifollows also that if A(@) were completely prescribed in 
advance, the Fourier series obtained for a(@) would, 
generally speaking, be divergent. The series must 
'therefore be cut off at a prescribed frequency. These 
results are similar to those obtained by Chu,*! for the 
gain of an omnidirectional antenna in the meridional 
plane and by Leonard* for the synthesis of the aperture 
distribution on an infinite slot. 

_ The situation is even worse for p ¥ 0. By differentiat- 
ing (10) and (11) p times and substituting into (9), it is 
jreadily seen that for increasing values of n, the coefficients 
'C, tend to become greater than a quantity proportional 
to 2?t!, 

The foregoing results will be illustrated by a numerical 
example in the case p = 0. An ideally directive pattern 
would be represented by a 6 function of 9. Accordingly, 
we shall require that A(@) be a normalized 6 function of 
the form 


81, J. Chu, ‘‘Physical limitations of omnidirectional antennas,” 
Jour. Appl. Physics., vol. 19, pp. 1163-1175; 1948. 

8D. J. Leonard, ‘‘The synthesis of the aperture field from an 
arbitrary radiation pattern,’ Paper presented at the McGill Sym- 
posium in Microwave Optics; June, 1953. 
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6) = ——__ exp (18). Ws 

(8) INA 2, p (in6) (12) 

In the limit, for N = © this expression has the value 


1 for 6 = 0 and vanishes elsewhere. Here, by comparison 
with (5), we have A, = 1/(2N + 1) for | n | < N and 
A’, = 0 for | n | > N. From (2) and (8) there follows 


1 
a(@) = ————_ Cy ind). 
(6) Races exp (in6) 
Now, from (9), (8) and (11) one can readily verify that 
Cun = Coy COAT 
ae) = 4 (C, + 2C, cos 6 + 2C2 cos 26 


IN +1 
+ -+. + 2Cy cos N6). (13) 


Unfortunately, to the author’s knowledge, no extensive 
tables of Weber’s functions for > 1 are available. 
However, the series (11) is rapidly convergent when the 
argument is not too large, and can be used for the 
calculation. 

The value of kr has been taken for unity. This corre- 
sponds to an aerial of diameter \/z which, according to 
classical theories, should have an extremely poor 
directivity. 

Four successive approximations to the 6 function 
radiation pattern are shown in Fig. 5; they have been 
calculated by means of (12) for N = 1, 2, 3, 4 re- 
spectively. The corresponding aperture distributions 
have been calculated with (13) and are shown in Fig. 6. 
The amplitude is represented by the solid line. For 
reasons of continuity, the amplitude has been allowed 
to take both positive and negative values; a passage 
from positive to negative values or vice-versa means a 
reversal of phase. The phase is represented by the dashed 
line and does not take into account the said reversals; 
besides, an arbitrary constant has been added to the 
phase in each case, so as to start with zero phase at 
é@ = 0. 

The amplitude shows a number of oscillations and 
the phase a number of steps. Both numbers increase 
with increasing NV. It is to be noted that the order of 
magnitude of the amplitude does not change very 
much up to N = 3. Only with N = 4, the increase of the 
amplitude becomes considerable (note the change of 
scale in the figure). 


CONCLUSION 

In this paper, we have pointed out the inadequacy of 
resolving power to represent the informational limitation 
inherent in the finite size of an antenna or of an optical 
pupil. It is impossible to speak of resolving power, 
without taking into account both the noise level in the 
receiver and the amount of prior information about 
the object, which is possessed by the observer. 

The only limitation which is really found by mathe- 
matics, concerns the maximum number of independent 
data which are necessary to specify a PPI image or the 
echo from a circular object. This number, in turn, de- 


azimotn (9) 


-90° oe 
AZIMUTH /1)) 


Fig. 5—Four successive approximations to an ideally directive 
radiation pattern. 
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Fig. 6—Amplitude and phase distributions on the circular 
aperture for obtaining the corresponding radiation patterns of $ 


Fig. 5. 


pends on the maximum angular frequency which is 
contained in the radiation pattern. 


Angular frequencies are not too obviously related to 
the sine variable which is ordinarily utilized in the 
case of a linear aperture. Linear apertures and Fourier 
transforms which, as it were, represent the natural way 
to treat optical problems, appear less natural in the case 
of a rotating antenna. 

If the straight aperture is replaced by a circular 
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AMPLITUDE 


AZIMUTH(9) 


AMPLITUDE 


AZIMUTH (3) 


aperture and the sine variable by an angular variable, 
the problem of super gain becomes a trivial matters 
It is indeed very easy to synthesize an aperture dis- 
tribution giving rise to any desired angular frequency. 
in the radiation pattern. 

In conclusion, the finite size of the antenna cannot 
by itself set any strict limitation on the information 
content of the echo. Such a limitation can be found 
solely by taking into account the influence of noise. 


¢ 


\ 
ty 


INTRODUCTION 


NTENNAS, whose radiating body has a cross 
section which is small in comparison to the 
length of the antenna and to the wave length; 
., antennas consisting of wires and rods, are to a 
ry wide extent treated with the help of a linearized 
itegral equation, the invention of the author.!-3 
this equation the distance between two points on 
ne antenna is normally represented by the distance 
tween the corresponding points on some central line. 
nly when the distance is small this is not permitted 
hd from such regions arises the only term which 
ontains the dimension of the cross section, which is a 
frameter mainly consisting of a logarithm. The equa- 
on therefore has a certain limited degree of accuracy 
hich is such that the ratio of the radius of cross section 
» the length of the antenna or to the wavelength is 
‘eglected compared with unity. The results which can be 
awn from the linearized integral equation thus also 
mould have this limited accuracy which is a normal 
me in electrotechnics in all kinds of devices, where 
fires are involved. Nevertheless much discussion has 
one on about this accuracy. The only way of finding 
finite numerical answers to this question is to solve 
Kactly the antenna integral equations, both the 
mearized one and the exact one, for some special case. 
( Sal this can be done for a straight cylindrical 
be-shaped antenna. 


(R. Gans has recently expressed the opinion that 
Jallén’s linearized integral equation should not have 
ny exact solution.4* This is a mistake made by Gans 
recause he apparently has never seen my original 
lapers. What he studies and criticizes is the coarser 
rm of the equation given in many American papers 
d books as ‘‘Hallén’s integral equation.’”’ Gans in 
ality criticizes the deviation that is made in those 
pers from my own form, which is not subject to 
y criticism of the kind expressed by Gans.*®’ 


| ¢ Royal Institute of Technology, Stockholm, Sweden. 

t Hallén, ‘“‘Uber die Elektrischen Schwingungen in Draht- 
rmigen Leitern,’’ Uppsala Universitets Arsskrift, pp. 1-102; 1930. 

2E. Hallén, ‘Theoretical investigations into the transmitting 
d receiving qualities of antennae’—WN. A. R. Soc. Sci. Upsal., 
ries IV, vol. 11, pp. 1-44; 1938. 

3E, Hallén, “Elektricitetslara,’’ Stockholm, pp. 1-556; 1953. 
in Swedish.) 
_ 4R. Gans, ‘Zur theorie der geradlinigen antenne,’’ Arch. Elektr. 
bertragung, vol. 7, pp. 169-180; 1953. 

5R, Gans and M. Bemporad, ‘Contribution to the theory of 
e rectilinear antenna,” ‘‘New Research Techniques in Physics,” 
io de Janeiro; 1954. 

6C.H. Papas, Math. Rev. vol. 15, pp. 1007-1008; 1954. 
_1™F, E. Borgnis, and C. H. Papas, ‘‘Randwertprobleme der 
likrowellenphysik,” Springer Verlag, p. 225; 1955. 
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xact Treatment of Antenna Current Wave Reflection at the 
End of a Tube-Shaped Cylindrical Antenna 
ERIK HALLEN}+ 


It must also be remembered that even if I would 
agree with Gans, to some extent, if he had directed 
his criticism to the proper persons, it is for practical 
purposes not very essential if the coarser form of the 
equation is used in the beginning. Those authors have 
at a later stage in their deductions usually completed 
the linearization so that they in reality use the correct 
form even if it has not been written explicitly. As they 
try to find only an approximate solution it is even for 
this reason unessential if their equation is not quite 
the correct linearized one.) 

Any electric field in free space, periodic with respect 
to time as e, can be expressed with the help of a 
vector potential A as follows: 


E = — (grad div A + 6°A), (1) 
J 
where c is the electromagnetic wave velocity and 
p=", (2) 
C 


a wave constant. On a cylindrical antenna oscillating 
under conditions which involve axial symmetry, the 
current and consequently its vector potential has the 
direction of the cylinder axis. If the ohmic resistance 
is neglected the tangential component of E vanishes 
in the surface of the antenna and from (1) follows the 
nowadays well-known fact!~’ that the vector potential, 
and hence the scalar potential, of the antenna field 
is exactly sine-shaped along the surface of a cylindrical 
antenna. This gives the integral equation for the 
antenna current I(x) of a cylindrical antenna, fed by a 
potential jump 2V, in the middle (reference 3, eq. 
S5a1 Oe 


l 2 — Br 
J deI() — / Zee 
=) 2x jJ0 7 


as : (— V.e-#|7| + A cos Bx), (3) 


where 2/ is the length, a the cylinder-radius of the 
antenna, 
r = [(x — &)? + 4a? sin? $]!/?, 

the distance between two surface points, Z, the wave 
resistance of free space (Z, = 377 ohms), and A an 
unknown constant. The minus sign on V,, which we 
have introduced here, although it was not in the 
previous papers, only indicates that we have turned 
the potential jump so that the outgoing potential wave 
is positive when traveling in the direction of negative x. 
In order that (3) shall be mathematically exact the 
ohmic resistance should be negligible and the cylinder 
should have no end surfaces; i.e., it must be a thin tube. 
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(In practice only the pieces nearest to the cylinder ends 
need to be hollow.) 


The current J(x) can be considered either as a 
standing wave or as a system of traveling waves, one 
outgoing current wave traveling in both directions 
from the feeding point, and a series of current waves 
reflected at the ends of the antenna. The terms of the 
right side of (3) are, besides a constant factor, the 
corresponding terms of the vector potential along the 
antenna. Thus —(V./c)e- 8| >| is the outgoing vector 
potential wave and A/c cos $x the sum of all the 
reflected vector potential waves. The outgoing scalar 
potential wave is + V,e%* in the direction of negative 
x and — V,e—#®* in the positive direction. The sum of 
all the reflected scalar potential waves is —jA sin Bx. 
Thus the traveling potential waves have constant 
amplitudes (on the surface of the cylindrical antenna), 
whereas the corresponding traveling current waves 
always decrease. 

The outgoing traveling wave is easily found from (3). 
It is the same as the current on an infinite antenna 
without end reflections, hence A = 0 and/] = o. 
Thus the outgoing current wave satisfies the integral 
equation®®, 


ia 
-—2 
[For the solution of this equation see (9).] Before we 
proceed we will even write down the linearized equa- 


tions, which correspond to (3) and (4). These are for 
an antenna of finite length? (Eq. 24): 


I(€)e~#8l2-€! _ T(x) 
4 Selly |x — é| 


2 e7 i8r 


dtI(t) = | 


ies = V e~8|2|. (4) 


if 


I(x) yeaa dt 


= as (—V.e-#!2l + A cos Bx), (Sa) 
or in a modified form?: 
1(x)[log = ~ 2y = jr — e-B-91(G(1 — x) 
— ¢- 80+ 91(6(1 + x))] + ij =a i i —ipl el de 
—l x 
= ae Vee-#l2l 4 4 cos Bx), (Sb) 


where the function I is the complex amplitude function 
of the sine and cosine integral as defined (and tabulated) 
earlier by the author.’-!° From (5b) we immediately 
get the linearized integral equation for the outgoing 
waves, if we put] = © and A = 0.38 


SE. Hallén, ‘‘Properties of a long antenna,” Jour. Appl. Phys., 
vol. 19, pp. 1140-1147; 1948. 

. Hallén, “Travelling Waves and Unsymmetrically Fed 
reget Tech. Rep. 49, Cruft Lab., Harvard University, Cam- 
bridge, Mass. , pp. 1-48; 1948, 

WTS. Hallén, “Further investigations into iterated sine and 
cosine integrals and their amplitude functions with reference to 
antenna theory” Trans. Roy. Inst. Tech., Stockholm, no. 89, pp. 
1-43; 1955. 
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1(s) [lox — dy — jal 


sa I(6) — He) git ge — 2 
[x él. Zo | 
The difference between (6) and (4) is that in (€ 
the radius of the cross section of the antenna is const) 
quently suppressed except in the first logarithmicé| 
term. There is the same connection between (Sa), (SE 
and (3). The linearized equations are much easier ty 


handle, but that is not the main reason to use them aj 


we can now even solve (3) and (6) exactly. The linea i 
izing has been invented in order to make it possibl} 
to solve antenna problems of much more complicate} 
nature. Even if the antenna has a curved instead ¢} 
a straight central line, has variable cross section and 
cross section which is not circular, integral equatior | 
can still be set up with only one unknown variabli 
of a type corresponding to (5a). The fact that in th \ 
general case the vector potential along the antenna ° 
not sine-shaped, presents no obstacle. If even th) 
ohmic resistance of the antenna is taken into accourf 
as well as an incoming outer field, this general linearizej 
antenna equation can be written:'” tT 


ey = . 
-{ (toc - Her 
=; r(&, x) [x —&| 
l - E 
+f 1 ae [6 sin B(x — s) toes Gs) 2 
2) mit i 
r(&, Ss) 
-2f I(s) cos B(x — s) a’(s) Ae 


a(s) 
+ j ail I(s) sin B(x — s)z,(s) ds 


Y Aiea 2 
=I ylogem aes 


i8r(&8) |p 


=,COS' Pans) (3. aR 


923] Bis) 'sin Ber s) ds 41 Sevecing| eee 
Le Lae | 

+ A cos Bx + B sin Bx (5¢) 
where Q = 2 log 2//a(x) is a parameter. (5c) 


Here x and é are the lengths of the arc of the centré/ 
line of the antenna reaching from —/ to 1; r(&, x) i 
the straight distance between two points on the centrd 
line (thus r(x, x) = 0); a(x) is the radius of cross seq) 
tion at the point x, if circular, and the ‘‘equivalerj 
radius’’ if not; zg is the inner impedance per unit lengty 
of the antenna wire. E(x) is the component along th) 
antenna central line of an incoming outer electric field 
if any, and 2V, the driving potential jump [directed at 
in (3)|, if any, applied in the point x = J, ;and A and 4 
constants. The integrals with respect to s, which haw 


limits. All integrands remain finite even when — = 
or é = 


_ Egs. (4) and (6) for the outgoing current wave both 
fran easily be exactly solved. The general solution of 
oth includes an undetermined solution to the corre- 
pponding homogeneous equations; i.e., the equations 
with the right side put equal to zero. In the case of 
the exact equation (4) this eigen-solution (see further 
pelow) is the wave guide solution for the tube: 

I= Consents, ee 4 (7) 
yreference 3, page 410) where the £,, are the zeros of 
the Bessel function of order 0. This solution in all 
prdinary antenna cases (A > a), when the wavelength 
ns big enough to make B < E,,/a, is aperiodic in space: 
frequency below cutoff frequency of the tube. In the 
ase of the linearized antenna integral equation (6) 
e have (see further below) a corresponding eigen- 
solution to the homogeneous equation: 


i ponstante ey Bee, (8) 
where y: = 1.781072 or log y1 = y = 0.577216 is 
Euler’s constant. Eq. (8) represents traveling waves 
In both directions, which in all ordinary antenna cases 
KX >> a) would have a very low velocity. These waves 
have no physical significance. 

Thus the general solutions of both (4) and (6) are 
undetermined by terms of the kind indicated by (7) 
and (8). However, if we add the condition that the 
polutions to (4) and (6) should have symmetry with 
respect to the feeding point, so that the two waves, 
roing out in both directions, should be equivalent, 
then the solution of (4) as well as of (6) is unique. 
| his solution of the exact equation (4) is (see reference 
, eq. 35.24; reference 8, eq. 8): 


ie) = — 4a V, IB 

be 2a 

| [ eiaz E (0) 
Sr (a? — 62)1.(aV a? — B°)K(aVa? — 6) 

. nd of the linearized equation (6), 

eiax q 

| 4a j2B x a, 
| ee ee 

Be 2, or Jr Plo (00) 


here J, and K,!! (pp. 78-79) are the Bessel and Hankel 
functions of imaginary argument and I an integration 
path in the complex a-plane which follows the real 
axis from —» to +o but avoids a = +6 as if B 
ad a small negative imaginary part. If x is changed 
nto —x, (9) and (10) remain unaltered. 
_ Both (9) and (10) are exact solutions respectively 
of (4) and (6), but they still do not represent exactly 
pure antenna waves. Both contain small terms of a 
type similar to (7) and (8) respectively but with the 
difference that x is replaced by | x |; i-e., (9) contains 


11G. N. Watson, ‘‘A Treatise on the Theory of Bessel Functions,”’ 
2nd Ed. , Cambridge University Press, Cambridge, pp. 1-804; 1944, 
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outgoing waveguide waves (below cutoff frequency) 
and (10) an extra outgoing very slowly traveling wave. 
Those additional parts in (9) and (10) come from the 
poles of the integrand. By changing the path of inte- 
gration we can separate those small terms from the 
rest, which is the true antenna outgoing traveling 
wave, for (9), according to? (Reference 3, eq. 35. 28a): 


I(x) = — 5% Vip(ex)e- | 4, (11) 
where 
2 
¥(Bx) = e%]*| — 
Tv 
1 e- iBlalVi-w 
ire : 
ouV1 — w?H (abu) H (abu) 
+ lie ir du, (12) 
: 1 UV? — 1,0) (apu) H,()(abu) aly 


and in the case (10), (reference 3, eq. 35.36): 
e~ i8|2|Vi1-w 


du 
¥(Bx) = e8|7|— {| ar 4 
2) itl mW oyv4 — wl + 2 log?(4aByim)| 
second tet Rata ; 
U 
. 4 . 13 
= if, uVy? — 1[1 + = log*(gaByiu)] me 


(I repeat that the minus signs before V, in (3), (4), 
(5), (6), (9), (10), and (11) only indicate that whereas 
the current is counted positive in the direction of 
positive x, the potential jump 2V, is directed so that 
it would drive current in the negative direction; i.e., 
the scalar potential wave is positive for negative x 
and vice versa.) Another way of separating the true 
antenna current from the total current follows from 
(17c) and (17d). In both cases the function (6x), 
in spite of the first factor is perfectly aperiodic. 
(This has been diagrammed in reference 3, p. 415). In 
the case of the exact solution (9), and (11, 12) have 
each a distinct physical meaning: (11, 12) is the true 
antenna current on the outside of the antenna tube, 
whereas (9) is the sum of this current and the wave- 
guide current inside the tube. In the linearized case 
there is no such distinction. The new expressions (11, 
12), and (13) still are exact solutions of the integral 
equations (4) and (6) but only on one side of the feeding 
point, either the side of positive x or of negative x; 
for the other side it is necessary to add an eigen-solution 
of the type (7) respective (8) to make the integral 
equation satisfied for all values of x. The expressions 
(9) and (10) are the only symmetrical solutions to 
(4) and (6). We remark that the terms which make 
the difference between (9) and (11, 12) and between 
(10) and (11, 13) contain the small factor af. 

The close connection between (12) and (13) or be- 
tween (9) and (10) is obvious. We have in the de- 
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nominator of the integrands in (12) 


A) (2)H)(z) = J.2(z) + Y.?(z) 


2 
= 1 Le * log? 3 dyiz + 22{ -—2 = 08 2712 
T 


aie log? 3y12) } ET op 


and thus we can get (13) from (12) by suppressing the 
powers of a8 but keeping it in the logarithm. This is 
just what we did when we put up the linearized integral 
equation (5a). The numerical agreement between the 
solution (12) of the exact equation (4) and the solution 
(13) of the linearized equation (6) is very high even 
near the feeding point, in all ordinary cases. Only for 
extremely thick antennas is there a difference. It now 
also appears that the consequent complete linearization 
of the integral equation (5a) with suppressing of all 
powers of a (but keeping @ in the logarithm), which I 
undertook before!” is the only strict procedure. My 
followers have mostly written a fictitious 


= Ve — 2? + a? 


the distance between a point on the surface and a point 
on the axis, instead of | x — £|, and even used a square 
root expression in the first term of (5a). In doing so 
they have not at all increased the accuracy and in fact 
have made (5a) unsolvable, in a strict mathematical 
sense, because the derivative of the left side then will 
remain continuous at x = 0, but not of the right side. 
Gans, in his above mentioned papers, criticizes this 
inconsistency, which he quite erroneously attributes to 
me. The remedy which he recommends, the changing 
of the right side of (5a) as well, does not seem adequate. 
It is better to return to the original for this integral 
equation method.? (When there is no potential jump, 
passive antennas, and the antenna is solid, the distance 
r = ~+/(x — £)® + a? may be used, because one can use 
the vanishing electric field along the antenna axis to 
get an integral equation, but then there are always end 
surfaces.) 

From the exact symmetrical expression (9) for the 
outgoing traveling current wave it is very easy to get 
the potentials and field strengths at any point outside 
the antenna and even inside the antenna tube. We only 
have to apply the formula 


teenie © e-ibrtiat 
x | de | —  d 
TJ 0 Tee) Y 


aoe V a? = B)K (pV a? = B?), p>a 


| MES , (14 
2e%*7] ,(p Vo — B)K,(a V a2 _ B27) DSas : 


where r = V (x — £)? + p? + a? — 2ap cos g is the 
distance between two points, whose cylinder co-ordinates 
are p, 0, x respective a, y, & By putting (9) in the 
integral expression for the vector potential (similar to 
the left side of (3)) we get with the help of (14) the 
vector potential at any point: 
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Rees os eiar a 8) 
C 2 — 8? K (av a — B?) 
(15a) 
Ja x V ae 
Aarne alii org hi a en 
G. wd Tat Bi Te(ahrataee ee) 
(15b) 
Aig Vo ,—i6| |, p = a. (15c)@ 
C 
As the scalar potential V = jc/B (0A ,/0x) we get from 
(15): 
vaved for. Ke(o¥ at BD) ee 
ra B K@Ve—#) 
(16a) k 
a RGN SS) | 
got! || ex » hh A da, p < a (16b) 
ri rat— 6 Tao? — B2) 
aaa en i p = 4. (16c) 
[x1 


As the magnetic field is B, = 


from (15): 
p= —¥:.# f so 6g i eee 0) a 
C rJ pV ae B? K (av a? — B?) 
(17a)) 
Ve Lom Ca Tipe? — B?) ae, 
B, = aa da, p <a 
a Peek I (a Cem fst) 
(7)e 
Vv. 36 Ey e@? — K\(aVa? — 8?) 
B, =.- — Vera On 
rVai— 8 K(aVoi — 6%) 
=a+0 (17@ 
B, = 7. ef ef Ae 
e an Pb eee, B? I (aV a? — Bp?) oy A 
p=a—0. (1idjq 
The axial electric field component is 
[ard 
lade = — JE (° i 24 :) 
3 \ ax? +B 
A/ 0 aaay pie eee 2 
ies ve f gies eS 
Jr K.(aVa? — 8?) 
Va oe 2 
E, Ye f Pp Re seed BR PI oe i) 
JT 1,(aV a? — 62) 
E, = 0, p=a (18c) 
The radial electric field component is Ep = -= : 
p 
aces Ki(pV a? — 6) 
E, = V.2 Ke da, p>@ 
T r V a? = B2 K (aV a2 poms B?) “ 2 I 


ny 2 ih ae Th(pVa? — 8) 
p oe rV a — B T,(aV a? — 8?) ap<a@ 
(19b) 
la : acia® Ki(aV a? — 6?) 
Pp = Vo esa cear Pop Ka al pee: 
p=at+0 = (19c) 
E,= -V if | ACRE 
‘ait Vet 6? T(aVat — Br) | 
p=a-—0O. (19d) 


From (17c) we get the outside current; i.e., the true 
intenna current J, = B, 2ra/y.: 


An 128 Bike Ki(aV a? — 6?) B”) 
—_  . —~ Ve ’ 

Ze PV — 8 Ki(aVat age 

(20) 

ind from (17d) the inner current (waveguide current) 
p= —B,(270/p.): 
| 4 eiaz TG Jo? — 8?) es 2 
i mye (a B?) da. (21) 


Z, “aed rVar— Bp? 1(aVo2 — 8?) 


The expression (20) is identical with (11, 12) and the 
um of (20) and (21) is identical with (9). In (17d), 
19d), and (21d) the integral can easily be carried 
ut and gives a scries of wave guide waves below cutoff 
‘requency (see reference 3, eq. 35.25). The character 
of the potential jump 2 VY, in the feeding point and the 
direction we have given it in this investigation is clearly 
scen in (16c). In the following we will also give some 
pther forms and asymptotic values for some of the 
uantities (15)-(21). 


INTEGRAL EQUATION FOR REFLECTED ANTENNA 
CURRENT WAVES 


_ After this survey of the outgoing current wave we 
turn to the main object, the reflected waves. The first 
investigation I made on them® was based on the prin- 
ciple that a standing wave expression was first obtained 
and then this standing current wave was dissolved into 
a system of traveling waves. Thus the ‘expression 
: 9, eq. 55) for the first, second and following 
traveling waves was obtained. However, there have as 
an only existed approximate expressions for the stand- 
ing waves, consisting of a series of a limited number 
of terms, obtained by iteration from the integral equa- 
tion (5a). Thus the traveling waves will also be known 
through series with a limited number of terms. This 
method is laborious, as already the third term in the 
standing current wave expression (reference 9, eq. 30) 
s extremely complicated. A new direct method of 
i a the traveling waves has been developed later.’ 
It consists of splitting up (5a) into a series of integral 
2quations, one tor each traveling wave. This can be 
done by studying the periodicity of both sides of (Sa) 
with respect to x as well as with respect to /. Thus the 
series of integral equations (reference 3, eqs. 35.61, 
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35.62a, b, c) for the outgoing wave, for the first, second, 
etc., reflected waves, is obtained. From these equations 
it is very easy to find the result (55) in reference 9, 
and even increase the number of terms; i.e., the ac- 
curacy, in the series solutions (reference 3, eqs. 35.65, 
35.66). 


These new integral equations also invite us to try to 
solve the antenna problem exactly in the form of in- 
tegrals without any abbreviated series. In fact, since 
Levine and Schwinger!’ treated sound waves in a limited 
unflanged pipe with the help of Hopf’s and Wiener’s 
solution to a certain integral equation, the integral ex- 
tending from 0 to , it has been evident that the 
problem of the cylindrical antenna (with tube-shaped 
ends) can also be solved mathematically exactly. In 
my book? I have also given the exact solution of the 
problem of the first reflected wave, as it is derived from 
the linearized antenna integral equation (5a), when the 
distance / from the end to the feeding point tends to 
infinity. It is also quite certain that a finite / makes no 
real extra difficulties and that the following waves can 
be exactly determined as well, although formulas be- 
come more involved in these cases. It is our object in 
this paper to make a corresponding investigation based 
on the exact integral equation (3) for a tube-shaped 
cylindrical antenna; i.e., to obtain the exact expression 
for the first reflected wave, and to compare the result 
with the corresponding result from the linearized equa- 
tion. In doing so we will get an exact knowledge of the 
particular role played by the antenna ends. Of course 
the tube-shaped ends are only one of several possibilities, 
but for the role of the ends the tube end can serve asa 
type. As I expected—I do not answer for others—the 
difference between the results from the exact equation 
(3) and the linearized equation (5a) consists in terms 
which have the small factor a8. For thin antennas in 
fact the linearized equation is the most general, it is 
independent of the particular form of the ends, and what 
is common to all antennas with differently shaped end 
surfaces is just what the linearized equation gives. 
But it is very important to know, numerically, for a 
special case how far the agreement between the exact 
solution and the solution of the linearized equation 
extends. 


Two features can be expected to be of special interest. 
When the reflected traveling current wave has traveled 
a considerable distance from the end it is obviously of 
very little concern whether we have used the exact or the 
linearized equation. But in the beginning and especially 
at the very end-point of the antenna the difference must 
be expected to be the greatest. Therefore we will deter- 
mine the exact end admittance of the reflected wave as 
it is derived from (3) and compare it with the end 
admittance derived from (5) which has already been 
determined.* Further, the open tube-end will carry a 


12H. Levine and J. Schwinger, ' ‘On the radiation of sound from 
an unflanged circular pipe,’’ Phys. Rev., vol. 73, pp. 383-406; 1948. 
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small internal current, which analog to the inner 
current of the outgoing wave can be expected to be 
aperiodical in space and only represent an end-charging 
current. This mainly capacitive current branches off 
from the reflected wave current at the end of the antenna. 
We will determine it numerically at the end-point. This 
current has no correspondence in the linearized solution, 
where there is, however, just as was the case with the 
outgoing wave, a fictitious small, slow, extra wave current 
without physical significance.* Besides this, the exact 
shape of the field round the antenna end will be of 
interest. 

For the deduction from (5a) of the complete system 
of integral equations, one for each traveling current 
wave, see reference 3, pages 421-425, 433-434. Although 
the main feature of the reasoning is based only on the 
true antenna waves, it can be repeated in exactly the 
same way even if we start with the exact standing wave 
equation (3), in spite of the fact that its general solution 
contains even the aperiodic tube waves. In this paper 
we will, however, limit the investigation to the first 
reflected wave, and, for simplicity, assume the antenna 
length 21 to be very great. The influence of J on the field 
and current conditions around the end apparently is 
very small anyway. Then we do not need the whole 
system of integral equations and can obtain the needed 
one in a simple way. 

We introduce in our equations the distance z along 
the antenna from the end and thus have x = zg —l1, 
where zg = 0, when x = —/. We usually need not extend 
z to greater values than z < / and (for this part of the 
antenna) have |x| = / — z. The incoming current wave 
according to (9) is in our new co-ordinate: 


I(z) = — 4n dz 
A 21 
ela) 


‘ — da. 
iB (2487) 1 (av a2 — 87) Koa a4 — 76?) 


If 7 increases infinitely there will be no reflected wave 
coming from the farther end z = 21, but only, besides 
the incoming current J(z) and corresponding potential 
wave V.,e~‘6!'-|, one reflected current wave i(z) and a 
corresponding potential wave V,e—78?, Thus we get 
from (3), when/— ~ the integral equation 


i. [7(¢) + «(gy Jae 4 ib 
0 27/0 


= = (—V e768) 21 4 Vie7 182), 


(22) 


e— 1Br 
d 


7) 


(23) 
—€+landr = V(zg — £)? + 4a? sin? do. 


Now, if we fictively define J(¢) as before, even for 
negative ¢, we have, according to (4), 


* ieee 4a 
Bey ae dp vane eee 
i een Dis 


Subtracting this equation from (23) we get the integral 
equation for the first reflected current wave :3 


where ¢ = 


V oe 7p |"-2| f 
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2e p—iBr ih 
[ i(g) a¢ + f 18° 1 = \AT Vye-i0+,2 > 0 (240 
_~o In JO Y Vb i 


g(z), z << 0, 


where i(z) is, for zg > 0, the unknown reflected curren} 
wave, and, by arbitrary definition, for z < 0: 

i(z) = —I(z). (25h 
g(z) is an unknown function which we need not dete) 
mine. V; is a potential amplitude, which has to be detet} 
mined. Eq. (24) is valid whether the antenna length i 
infinite or finite. Now we will use the simplificatior|, 
which comes from making ] = ©. The only consequenc? 
of this is that the incoming current (22) will be simplifiecit 
In fact, the expression (22) for the incoming curren} 
wave approaches, for big /, : 


Ie) = S22 Vieih= 0g, 
Z 


o 


AU a4) 


a’B 


fies = tes — 4% + leapt — 2), (27) 
In (26) terms of the order of magnitude 2, hav 
been neglected. Neglecting even z beside / we get 
constant amplitude of the incoming current wave bj) 
substituting Q; for Q:-,, where Q, = log 21/a?B — y -4 
jm/2. The corresponding asymptotic expressions fo; 
the incoming wave of the vector potential and th) 
scalar potential as derived from (15a), (16a) are (with 4 
replaced by z — 1): 

Vitor Vo pipet) _ Vou log % ei8@-4Q, 1 

c C p 


» Pp 2ae 


V= V,, e7B(2—-2) ~- Ww log g efB(2-NQ,_ -1 
p 

where / is very big in comparison to 2, p, a. For p < & 

we simply get from (15b) and (16b) the asymptotir 

values: 


Pa Vo | ip(e-1) (30 
G ) 
V = Veeree-): (31 


and in this case the approach is closer; the neglecte¢ 
terms are small essentially as e~’”. 

The first terms in (28), (29) together with (30), (31. 
form a potential ‘‘field’’ of constant amplitude anq 
constant direction. It has no physical content becausy 
the field strengths B and E as derived from it are zerc 
everywhere. The electromagnetic potentials of a radia} 
tion field are more purely mathematical and less physica! 
than in quasi-stationary cases. It is therefore mor 
adequate to use the incoming current wave amplitude 
as a measure of the incoming wave than the potentia‘ 
[which we keep only in the unimportant first terms | 
(28)-(31)]. We put the constant 


jhe 7 V .e~ 1819-1 (33) 


oO 


d have for the incoming wave the asymptotic for- 
aulas 


I(z) = —Ieibe (33) 
= - er scone BEL ees “ GUID) AY) (34a) 
Cc 20 p 
f= — Vo C18) phen. (34b) 
c 
= V,e78(2—!) + 2a! log = Coen pO (35a) 
T p 
V = Ve78(-9, iy SG (35b) 
ol 
Been et. > a (36a) 
27p 
B= Otte a. (36b) 


‘he expressions (34)—(36) have an independent physical 
bnse only for z > 0. For z < 0;i.e., outside the antenna 
d, one cannot reasonably make a difference between 
hcoming and reflected wave (or this difference would be 
rtificial). In that case (34)—(36) represent a first part 
lf a total wave (see further below). 


SOLUTION OF THE INTEGRAL EQUATION FOR THE 
REFLECTED CURRENT WAVE 


We now introduce (33) in (25) and (24) and turn to 
he exact solution of the integral equation (24). The 
erocedure for solving (24) is exactly the same as that 
hich I have carried out before for the corresponding 
inearized equation.* The only difference is that we have 
. different kernel, which now is the exact one for a tube- 
aped antenna. The mathematical method is in its 
main feature that of Hopf and Wiener?’ and it was first 
sed on a physical tube problem (an accoustical one) 
»y Levine and Schwinger.!? Our procedure is, however, 
intirely different from that of the latter. One of the 
| we get is that we never need a study of the 
ield to get boundary conditions, but that these are 
fie filled and all constants known. [See the 
very simple deduction of the formulas (48)—(50) below]. 
in fact, we do not need the formulas for the potentials 
ind fields (15)-(19), (34)-(36), etc. for solving the 
i however, we get them, as we have seen, very 
sasily and they are of interest in themselves. 
In order to facilitate our computation we temporarily 
issume that B has a small negative imaginary term 

= B, — je so that B is situated in the lower complex 
semi-plane. We dissolve the kernel of the integral equa- 
ion (24) into a Fourier integral (reference 3, eq. 35.22): 
nea 

deg 

Ny eg 
Ie tf °° —___—. ee 
i; BY eiale-$)2T (av a? — B2)K (av a2 — B?) da. 
Ir J -% 
ven 1(¢) is expressed as a Fourier integral 


(=A fT cvetlrsla) + F(a) day 


13—,C. Titchmarsh, ‘‘Fourier Integrals,’’ Oxford University 
ress, Oxford, England, pp. 1-390, especially p. 339; 1937. 


(37) 
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where 
(oe) 
Fy (a) =| a(u)e—t=4 du, 
0 
0 
F_(a) -{ a(u)e— i=" du- F(a) 


is unknown but regular in the whole lower complex 
a-semi-plane. When a approaches —j7 we get the 
limit value of Fy(a): 
[o ) . 
Fi(a) > ico) | e~ia4 dy = AND : 
0 ja 
F_(a) is known because for negative u, according to 
(25), (33), we have (uv) = Ie78+, and thus 
o I 
— a ei(B-a)u dy 2 SS 
— 2 j(B — a) 
which is a regular function of a in the whole upper com- 


plex a-semi-plane. We finally dissolve even the right 
side of (24) and find it to be 


Nes e7@71G. (a) a: G_(a)| da, 


where G,(a@) is known: 


(38) 


F_(a) (39) 


Gi(a) = ie an: Vie 78 ue—tae dy = EA! us (40) 


Z. Zo j(B + a)’ 
which is a regular function of @ in the whole lower 
complex a-semi-plane. G_(a) is unknown: 


G_(a) = ie 


but regular in the upper complex a-semi-plane. It 
disappears at infinity essentially as 1/—ja in this semi- 
plane. 

Introducing the Fourier integrals in (24) we get 


Ge = 
ily a =68 


g(u)e—i=" du 


ett | Fa Geet teak) .as 


[oe) pare Se at 5 a tte OH ¢ 
vee eiale—1)2T (aV a? — B)K(aV a? — B) da 
2m J —o 
1 foo) 
Sul eet) Peete ae 
27 J - 


Using again Fourier’s integral theorem in the op- 
posite direction the integrations in ¢ and in y give us 
back [F,(a) + F_(a)] and our integral equation attains 
the final form 


a [ eia2!2T (aV Re B2)K (aV ae — 2) 


-[Fy(a) + F_(a)] — Gy(a) — G(a)} da = 0. (41) 
Following the Hopf-Wiener method, we write 

21(aVat — BK (aVa? — 6) = 24%, (4a) 
y2(a) 


where 


—jé 
gia) = ep f — a 
- log [27.(av\/? — BK (avV/e? — B)] 


(43) 
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a) = exp — 
y2(a) a ae) eae 


log [22 (av/t? — B*)K(av/o? — 8%)]. (44) 
Here 6 is a positive number so small that 6 < «¢, ie., 
both the integration paths in (43), (44) go between 
B = B, — jeand —6 = —£6, + je. Then ¢:(q@) is regular 
and different from zero in the whole upper complex 
a-semi-plane, ¢2(a) in the lower semi-plane, and both 
these regions can be extended somewhat to the other 
side of the real axis provided that the border line remains 
within the strip +6. We even find 


gi(—a)g2(a) = (45) 
Eq. (41) now takes the form 
ae e jaz ela) Jat — B Fi(a F_(a 
noe eee Pah i ) + F_(a)] 
- “=F Ge) +G(albda=0. 6) 
gi(@) 


Here ¢1(a)/(a? — B?), (a? — B*)/y2(a), (a? — B*)/¢i(a), 
F_(a) and G,(a) all remain analytical within the strip 
+6. If we anticipate, as is natural, that when @ is 
slightly complex (6 = 6; — je), 2(z) decreases at least 
asee-- (zg >0),,andne(s) at leastvasie(e < 0);e then 
even F,(a) and G_(a) will remain analytic within the 
strip. The integration path in (46) thus can be arbitrary 
if it remains within the strip. The necessary condition 
for this is that the bracket expression vanishes and 
therefore with respect to (39), (40) 


Eli ayeray Semen y 
eala) 


y2( a) 
a Sa ee Le =F eye), 
gi(a) Zo g1(a) 

The left side is analytic in the lower semi-plane, the 
right side in the upper semi-plane; within the strip 
both sides are equal. Consequently they represent the 
same analytic function. As Fy, and G_ are bounded, 
P(a«) must be a polynomial of no higher than the second 
degree, and as F, and G_ vanish at infinity it cannot 
even be of more than the first degree. We may thus put 


P(a) = Gi =F Co(a Cai B), 
where C, and C2 are two constants. 
Putting a = B we get, from the left side of (47), 
Cpe ier 
7B) 


If we divide (47) by (a — £B) and let a go towards 
—j, we get with respect to (38), 


P(a) = 2% 


(47) 


= el pe ia ee ee ie) 
jape(a) ae — B) g2(a) goa)” 
and thus according to (25), (33): 
Gy =0 
Hence P is a constant: 
=j—2 7 (48) 
¢2(B) 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


We determine even V; by using the right side in (47) 
where we put a = —8, which gives 
2B Cave 
— ey —_—_—_—_— 
gi(— —f) Ws 
or with the help of (45) and (48), 


7, 
epee A (49) 
Ar p2?(B) i 


wave (when the incoming wave comes from infinity) : 
I An 
Vo er) 
Seana 
(See Fig. 1 for numerical values.) | 
The Fourier transform of the unknown function 7(z) 


is now known, for from (47), (48) we get 
26 y2(a) 
F + F(a) = j7 —~—I ——.. 
te ex(8) a? — B 
From (37) we now find the solution of the problem) 
The reflected current wave is 


(51) 


By petilsdie jB i elFox(a) 4 a, 52 F 
Ma aie hE “| 
or, with respect to (42), 
jB 
= [—-——_ 
ae : 27 ¢2(8) 


f a €1%70,(a) 
Sl (tals B?) I (av/ a? a B’)K (av/ ie) 
The factor before the integral in (52a) can also bi 
written V, 748¢2(8)/Z, . The properties of ge(a), (2! 
and g(z) will be studied in the following. : 
We state that all the equations (37)—(40), (45)—(S2ail 
are exactly the same as when the equation was linearized 
Reference 3, eqs. (35.52)—(35.57). Thus (52a) and (52b} 
even represent the reflected current wave, as derived 
from the linearized equation, but with yg; and ¢» definect 
as in (43), (44) with the difference that the bracket} 
[27,K.] is replaced by a logarithmic expression, which is 
the limit value of the Bessel function expression i 
powers of a® are suppressed. Thus there is exactly 
the same relation between our solution to the reflectec 
wave integral equation (24) and the corresponding one 
of the linearized equation as there is between the twc| 
exact solutions (9) and (10) of the exact integral equa< 
tion (4) and the linearized one (6) for the outgoing 
wave. It is however our task to carry out the comparison 
completely numerically and find out how thick the 
antenna may be if the linearization shall still be per- 
mitted. 


It is easy to check the result (52a). For z < 0 we can 
add an infinitely big circle in the lower complex a-semi- 
plane to the integration path. As ¢go(q) is regular in the 
lower half-plane, the integrand has no other singularity 


da. 


(52b/: 


j 


within the contour than the pole a = B = B, — je 

and we get for negative z the value 

iB ~ 2(B) | 

4(z) = i! (—2nj) —— e168? = JeiB? 2g < 0, 
7 92(B) 26 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


487 


0.010 


0.008 


0.006 


0.004 


BEEREEE 


0,002 


%0 100 


Fig. 1—Real and imaginary part of end admittance of tube- 
;-haped antenna. Solid black line indicates exact value: (67) and 


. 


in agreement with (25), (33). This is the fictive current 
hich we have introduced to compensate the fictive 
ontinuation of the incoming current wave: 


a(z) + I(z) = 0, 
‘or 2 > 0 we introduce (52b) in the left side of (24) 
land find this side of (24) to be, with respect to (14), 

j8B st 
| ™ 92(B) 

and (for positive z) we close the integration path in the 
upper semi-plane, where gi(a) is regular. The only 


singularity within the contour now is the pole a = 
—B, + je and (53), on account of (45), (49), 


3 <&(V). 


e72701(a) da 


-o a’? — fp? 


(53) 


p28) e- ibe = et BN en ibe = 4m 
g2*(B) Zo 
in accordance with the right side of (24), which equation 
hus is fulfilled. 

For negative values of z the expression (53) represents 
the hitherto unknown function g(z) of (24). 
| The reflected current wave (52), with z > 0, consists 
as was the case with the outgoing current (9)| of two 
arts: an outer antenna wave 7, and an inner wave 
kuide wave i; , below cutoff frequency, which penetrates 
into the tube from the end but which decreases ex- 
onentially. For thick antennas the latter is not quite 
nessential as it represents a current which branches 


View iBs, Z = 0, 


100 a 10000 


(72). Lighter line indicates linearized value: (68) and (69). Broken 
line indicates approximate series (71). 


off from’ the main antenna current wave. It is mainly 
a charge current, and if the antenna has, for instance, 
flat ends instead of tube-shaped ones, it corresponds 
to the small current which charges and discharges the 
end surface. We can easily split (52b) into these two 
currents. We observe that 


1 
T.(aV a? — B2)K,(aV a2 — 6?) 
BN aa ear al 2 Ki | 
a L, ar Kava (54) 
and get 
i(2) = a2) + i(2), 
where 
7.(z) = me JIGB €1%?91(a) PaCS), 
€ 2792 (8) — 0 Vo? — B? K,(aV 2 — B) , 
z2>0 (55) 
jaz Vo? — 82) 
Spee jap e7a*yi(a) (a 62) ie 
MO TrenB) | - Vee — Tea = BF) 
oe 0s (0a) 


With residue calculus we find the latter expression to be 
the following series: 

a8 
i,(2) = 1 > em 


es V/ § 2-428 22/4 / nm 22 
(8) “ e1(j/a V Em” a*p?) 


Vv ¢,2 — a6? 


(56b) 
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where the £,, are the zeros of the Bessel function J.(é). 
(56b) is a series of waveguide waves (below cutoff 
frequency) to which we will return later. For a corre- 
sponding series expression for the wave guide waves 
of the outgoing antenna see (reference 3, eq. 35.25). 
The linearized equation does not give these waves (56b). 


THE ELECTROMAGNETIC FIELD AROUND THE 
ANTENNA END 


We are now in the position that we can give an exact 
description in every detail of the field around the 
antenna end (if this is tube-shaped). The way which is 
physically most straight forward would be to use the 
true currents, the incoming current (33) and the reflected 
current (52), for zg > 0 and express the vector potential 
from them in the form of an integral extending from 

= 0 toz = o [cf. (23)]. But it is easier, and equally 
correct, to extend both currents to zg = — ©, with the 
provision (25) that z(z) + J(z) = 0 for z < 0. The 
field from the (extended) incoming current J(z) we 
have already in (34a), (34b), (35a), (35b), (36a), (36b). 
The vector potential from the (extended) reflected 
current ie is at an arbitrary point p, 0, 2: 


A,= Lf a of e188 oo(a) 
= er 24 


Ome 
May [7 ented, 
-0© a? — 8? 


e~ ibe 


where r = [(2 — £)? + p? + a? — 2ap cos g]!/2. Using 
(14), (42) this gives 
a; neta ieee CERES 9 
*  ” 4ng2(8) a? — 6 K(aVa? — 6?) 8) 
Ole Ome) 
_ ye [ e*oi(a) TolpV a? — 6) 
" Tr oal6) =e IPT (a Ven? =H 


Pade OND) 
For z > 0 this represents the reflected vector potential 
wave, whereas the incoming vector potential wave is 
given by (34a), (34b). For z < 0, ie., outside the antenna 
end, we can no longer distinguish between incoming and 
reflected waves but we get the ‘otal vector potential 
wave by adding (34a), (34b). In this region (2 < 0) 
it is better to go back to the function ¢g: instead of yg, . 
We thus get the ¢ofal vector potential outside the antenna 
end: 


V 


Aer 7 75(2-1) elgg ihe 
é 20 p 
HoJB €1%? p(w) 
27° p2(B) J —«0 a? — B? 
-1,(aV a2 — B2)K ae da, p>a_ (58a) 
Aa — Vo eiB(z—1) 4 Hoi ee 
C see ¢2(B) = fs 
-K(aV a? — B)I(pV a? — B) da, p <a. (58b) 


The expressions (58a) and (58b) are in themselves valid 
even for z > 0, although we prefer to use gy instead of 
g2 when z > 0. The reason why we always make this 
distinction, using g, when z is positive but g: when it 
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is negative, is that we can deform the path of integration ft 
in the upper half-plane in the first case, and in the lowe) 
one in the second. It can be shown [cf. (64), (65a)| fromm 
the integrals in (55) and (57a) that they represent, for) 
z > 0, waves traveling in the direction of positive ap 
(i.e., have a periodic factor e~ 78%), whereas (52a) for 
z < 0 represents waves traveling in the negative direc-} 
tion (periodic factor e78*). 
From the vector potential we get the magnetic field} 
B, = —0A,/dp and thus, using (58a,) (58b) the total 


i a 
magnetic field outside the antenna end (z < 0) becomesij 


: ] 10299(a) 

Eee] eicaie oe pee sete teVe Ts 

a Te ‘ 27? y2(B) J -~0 Va? — B? 
Ta a — B)Ki(pV a? — 6?) da, p>a (59a)R 

: ee) Jaz (a) 

B See IT HojB a ee 
‘ 27 y2(B) J -0 Va? — B? 
AK por =i) AGN GB NG eae om 


write them [using (42)) as 


BS a eee 
i 2m p 41 (8) 
or eltpila)  Kalp¥ at 8°) 


a pa 


| (59) 
-aVai = 6 KiaVai = 68) | 
gems oa iy aca TeV = 6°) il 


ey ps 
: 4? p(B) VC Boel AC Ne Cae 5) 


pu. oll 
In the term outside the integral we recognize the field} 
of the incoming wave (36). If we put p = a, we find§ 


from (59d) the limit value of —27a/y. B,(a) to be} 
equal to the inner current (56a), and from (59c) the} 
outer limit value of + 27a/u. B,(a) to be equal to} 
the sum of the incoming current (33) and the reflected } 
outer current (55). Our interpretation of the physical f 
significance of the two terms (55) and (56a) of thed 
reflected current is thus justified. 


It is easy to verify that outside. the antenna end the 
magnetic field is continuous at p = a. If we subtract} 
(59b) from (59a) and put p = a we find from (reference 
11, p. 80, eq. 20) the result zero. However, it is a lack of | 
elegance not to have a common formula for p < a as | 
well as for p > a outside the antenna end, because the} 
limit p = a@ between the two regions has no physical 
significance. We find a common formula by deforming | 
the integration path in (59a) and (59b) into a double 


line in the lower complex a-semi-plane from a = B) 


to a = 6 — jo. If we further substitute Va? — 8? = 
—jBu we get, for z < 0, the common formula: 


ee Epoch 
27g2(8) J o Vu — 1 

‘J (aBu)Ji(pBu) du,  (59e) » 

valid for all p but only for negative z. The integration ; 


ath should avoid the singular point u = 
mplex semi-plane. 
We finally give even the components of the electric 


eld which are equally easy to deduce. The fotal electric 
Id is 


1 in the upper 


a 5 ) KV a2. — ) 
= — ro | Taz, 
An? pa(B) J =e e179) (a) a CENT) ast) da, 
p>a_ (60a) 
aa 0 ; I o( pV ae a? — 6) 
= — 1, | jazy, 
4n%p2(8) J 0° © 2) FQ — 2) aa 
p <a_ (60b) 
LS A ANY eae 
2mp 4ny2(8) J -0 Va? — B? 
i(p¥ Cif 6?) F 61 
GV a? — B?) ) p TOs ( a) 
ks Be ee) pees) 1(pV a? — 6? Diet Ey 
Meo Ges TGVal ey 
pu. d- (01b) 
The first term of (61a) is the incoming wave (which 


as no z-component). The equations (60)—(61) are 
-alid both for positive and negative values of z, but for 
segative z it is better to write the common formulas 
or the total field outside the antenna end: 


ZB  yebeVw —1 


| ay ii 
27g2(8) Jo Vy2 — 4 


-p2(—jBr/u? — 1)Jo(aBu)Jo(pBu) du — (60c) 
co 
Ep = 7_2Z8_ ebevu—1 
27 ¢2(B) 
| -g2(—jBV u? — 1)Jo(aBu)Ji(pBu) du, (61c) 
vhere the integration path avoids the point u = 1 in 


lhe upper complex u-semi-plane. The formulas (60c), 
161c) are valid for all p but only for negative z. 

Eqs. (52)-(61) give a complete mathematical solu- 
lion to the problem under investigation. 


INVESTIGATION OF THE ANTENNA CURRENT 


The inner current (56b) is aperiodic and decreases 
5 ot loy.d 

‘xponentially. Its initial value at the antenna end has 
nost interest — 


ws 7 1 v1 C/ev Em? = cs) B?) 62 
ou * a(6) > Vin? — ap” sai 


i which we will return later. It constitutes a branch-off 


nainly capacitive current at the end. With the help 
»f (49) we may define an inner end admittance 


, Se S e1C/aV Em® — 2B?) 
es 7, iaBex(8) D, ee Se 


The outer reflected current (55) is periodic and repre- 
ents a wave: By changing the integration path through 


(63) 
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the upper complex a-semi-plane we can write it in the 
form 


ils) = Hen (Bae '8* = SE Video Baden i, (64) 
where 
Wo (Bz) = — 38 ¢2(B) 
—0o etlat+B ¢1(a) da 
eee weer aia) 


(here 1/a? — B? is positive along the integration path). 
By a suitable change of variable this also becomes 


Ven (82) = o(8) 


I ebi-V OY 9, (i8y/u? — 1) 
0 U/u? — 1H“ (apu) H,{?) (abu) 
where u shall avoid the point vu = 1 in the upper com- 
plex u-semi-plane. According to (65a) the amplitude 
function Wa(8z) is an aperiodic function of Bz. The 
index © is used in order to remind us of the fact that our 
reflected wave arises from an incoming current wave 
which has come from infinity. If it comes from a finite 
distance / the problem can also be solved but gives a 
more complicated formula. A finite /, however, influences 
the reflected wave rather slightly. It should be noted 
that (65a), (65b) differ only by the two factors ¢2(8) 
and ¢, from the corresponding formulas for the outgoing 
wave (reference 3, pages 411-412). 

The exact numerical evaluation of ~ (6z) from (65a) 
or (65b) for all values of zg is unhappily very complicated. 
One can fall back on series expansions (see further below) 
which are especially good when 2 is not too close to 0. 
For z = 0 we have however the value of the reflected 
current according to (49): 


i(0) = 40) + 40) = T= 7 oO), 


du, (65b) 


(66) 


and according to (50) the total end admittance for the 
reflected wave 


y, =O = 62), 67) 
Vi Yes 

where ¢goe(8) is simpler to determine numerically. That 
has been done in this investigation for a series of values 
of aB, which give the exact values of the end admuttance 
of the straight cylindrical tube-shaped antenna, shown 
as a diagram in Fig. 1 and Fig. 2. Instead of a8 we have 
plotted the ratio \/a between wavelength in free space 
and radius of cross section. We have the simple relation 
A/a = 27/aB. Even Y; has been numerically computed 
for a few values and as soon as sufficient computing aid 
is available to me I will publish a complete diagram. 
Thus, Yo, Y, and Y; are all known. For details of the 
numerical determination of ¢2 see below. 

Before we proceed further we will even mention the 
corresponding result as derived from the linearized 
integral equation. In that case there is no inner current 
In fact, all the equations (56b), (62), (63) above 


1; 
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Fig. 2—Real and imaginary part of end admittance of tube- 
shaped antenna, exact value. Dots indicate inner end admittance 
(63) 
contain the small factor a8, which is supposedly negli- where 2, = —2 logaB — 2y — ja + 1,(2B8z) + I(2Bzil 


gible at the linearization. Thus with linearization we 
have (reference 3, eq. 35.57): 


Yoo (0) = 92°(8) 


and 
Yo = Y, = > ¢27(8) (linearized equation), (68) 
where in this case 
oO +56 
g2(a) = exp — a log log z 
Qnj J -w4jsf —a GAGE Bye 
(linearized equation). (69) 


The function (68) has formerly been computed (reference 
3, page 432, Fig. 412) and it is introduced in our Fig. 1 
here also for comparison with the exact value for the 
tube-shaped antenna. 

For arbitrary values of z the amplitude function 
Y o@ (82), as it follows from the linearized formula corre- 
sponding to (65b) or (65a) [or (64) and (55)], can be 
expanded into a rapidly decreasing series: 


91 = I? Loe =| 
6 2Bz 


Be Q,-4[-—3p0 =) 101 aj Ot. 202 13)! = 3]oure 21’) 
+ 1,(19 — ]1) — 2S,|28, + --- (linearized equation), 
(70) 


Yoo (B2) = 2,71 + ars| m + 


and the different functions / are the amplitude function‘ 
of the iterated sine and cosine integrals of differen: 
orders as defined in (Hallen,!4 page 4; reference 9] 
pages 4-5; reference 3, page 435; reference 10, page 
4-6). They are tabulated in (reference 10, Tables [V-VI)s 
The parameter Q, increases with increasing z and thi 
expressions within the brackets in (70) decrease, with thif 
exception of the constant, essentially as 1/Bz. Thus thi 
accuracy of (70) increases with z, and it is a very goo) 
expression. An exception is the very neighborhood o 
the starting point (antenna end) z = 0, where the serie | 
gives 


2 
Yeo (0) = Qo¥ += 59 + 4SQe4 + 


ice) 
where S; = > 1/n® = 1.2020567 and Q, = — 2 log a8 -| 
1 
2y — jm. Even this approximate value (the end ad} 
mittance derived from it) is entered in Fig. 1 for com} 
parison. I point out that generally (70) is much mori) 
exact than (71). The antenna current amplitude change} 
more rapidly in the beginning and there the series i} 
least favorable. Observe also that in (70) and (71) thi) 


. . . 
second negative power of Q,, resp Q, is lacking so tha} 


144K. Hallén, “Iterated sine and cosine integrals,’’ Trans. Roy| 
Inst. Tech., Stockholm, no. 12, pp. 1-6; 1947. 


e following terms are very small compared to the first 
ne. Series corresponding to (70) for the outgoing wave 
d for reflected waves when the finite length of the 
ntenna is taken into consideration have also earlier 
men derived (reference 8, page 1141 and page 1145; 
eference 9, eq. 55; reference 3, page 436). 


|The series (70) is much more easily derived directly 
fom the linearized integral equation than by series 
Ikpansion of an exact solution (reference 3, pages 433- 
136). The only attempt so far to evaluate for all z-values 
he exact expression (65b) for the wave amplitude of the 
bflected wave on a tube-shaped antenna has been series 
ixpansion, but as it involves the neglect of powers 
if a8, this only leads to the already known approximate 
ixpression (70). 

It is, however, fortunate that at least the end value 
pr 2 = O is exactly numerically known (the end ad- 
hittance) because when summing up the series of 
fraveling waves on a finite antenna, the end admittances 
llay an essential role and the total current is numerically 
knsitive just to this end value. So, even if at the moment 
Ihe numerical evaluation of the exact reflected current 
ave along the whole antenna (from 65b) yet remains, 
the fact that we know ¥, (0) exactly is an essential result. 
-ombined with (70) for those parts of the antenna which 
fre not quite close to the end it gives a very exact 
pnowledge of the antenna current everywhere. 


_ For the numerical evaluation of the exact expression 
yor the antenna end admittance (50), (44) one has to 
transform the integral (44). This can be done in several 
ays. If we follow the same method as in (reference 3, 
age 431) for the linearized expression, we meet only two 
ierencs, They are 1) the poles of the transformed 
mtegral now form an infinite divergent series, and 2), 
the infinite integral, before compensation, diverges. 
Both difficulties can easily be overcome, and as this way 
if proceeding leads mainly to Bessel functions J., 
[ , of which very dense tables are available, we use this 
| ethod. Otherwise, it is easy enough to avoid the series, 
put then the expression will retain functions J, and K, 
which are not so densely tabulated. 


| I find (cf. reference 3, page 431) from (44): 


| 1 
2 SS SS SS SS 
j i aaraecvery 
| A 1 ee | Ne 
“exp e VYi— ur du 
wy out (aBu)H 6(aBu) 
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ae uU 
4 log [=== 
1 4H) (abu)H ,) (abu) 
epee ie arcsin srl A eee | du 
1? UH ,) (abu) \*) (abu) 2 


are j@li-y-2 


Except for the compensating - bracket term in the 
last infinite integral and the last terms outside the 
integrals, which all contain the factor a8, one recognizes 
in this expression the corresponding linearized one 
(reference 3, eq. 35.58c) if as usual the Hankel functions 
are substituted by their first logarithmical part with 
suppressing of powers of a8. The integrals in (72) are 
easily converted into others with finite integrands and 
finite limits (cf. reference 3, eq. 35.58d). The exact 
value of the end admittance of the tube shaped antenna 
(50) as it follows from (72) is shown in Fig. 1, together 
with the corresponding linearized (68), (69) and the series 
value as derived from (71). Fig. 2 gives a part of the 
exact curve in another scale. 

For the numerical evaluation of the end impedance 
of the inner current (63) we proceed in the same way, 
although the formula now differs because of the imagi- 
nary value of a in ¢g, in (63). For summation of the series 
we need an asymptotic formula for 


n(iver= a) 


for higher values of m. This asymptotic value is found 
to be 


De cee ar | eee Rap 
o(2 Vint — a 2°) - Ve (cos 2 


J o(aB) 
— Y,(a8) 


—jsin a) (73) 


kag = 8) arcty 


Tv 


2 | 1 u du \ 
ro + V1 — w)Ho (abu) Ho (apu)s” 
Em is defined by Jo(Em) = 0. 

The curves, shown in Fig. 1 and Fig. 2, speak for 
themselves. When the ratio of wave length to radius of 
cross section is more than 80-100 there is no visible 
difference whatsoever whether we use my old integral 
equation for thin antennas (the linearized equation) or 
the exact equation for tube-shaped antenna. 
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Propagation in Circular Waveguides Filled With 
Gyromagnetic Material 
L. R. WALKER anp H. SUHLt 


Summary—Using a specific form for the dependence of the 
permeability tensor components of a ferromagnetic medium on 
frequency and magnetizing field, the characteristic equation for the 
propagation constant in circular waveguide is written down. A 
method for discussing the complete mode spectrum of this equation 
is outlined. The general behavior of the spectrum is discussed. 


INCE THE properties of a gyromagnetic medium 

are themselves strongly dependent upon frequency 

and magnetizing field, the mode spectrum of a 
waveguide containing such materials is inevitably an 
involved function of these variables. For a circularly 
cylindrical waveguide, completely filled with homo- 
geneous gyromagnetic material and axially magnetized, 
one can discuss the spectrum rather exhaustively if 
specific analytic expressions are chosen to describe the 
material properties.1 In the ferromagnetic case (to 
which this paper will be limited) where one has a permea- 
bility tensor of the form 


He eke) 
sais 7 UNM 
0 0 Ho| 


the axis of magnetization being in the z-direction, one 
may use the formulas first given by Polder for » and x. 
These are based upon small-signal solutions of the 
Landau-Lifshitz equations of motion. They are 


po 
bo[ . 1— =| 


where the dimensionless parameters a and pare given by 


He M, 
He lvl ate 


w Mo 


pia) 


Y = gyromagnetic ratio, 
magnetizing field, 
saturation magnetization, 
applied angular frequency. 


M, = 


fi) = 


These expressions are simple and adequately representa- 
tive of the qualitative behavior of actual materials. If 
the damped Landau-Lifshitz equation is used, o is 
replaced by « + ja sgn p, where a@ is a small quantity. 
The effects of loss on propagation may clearly be 
examined at the end by expanding in powers of a. 


t Bell Telephone Laboratories, Inc., Murray Hill, N. J. 

1H. Suhl and L. R. Walker, ‘‘Topics in guided wave propagation 
through gyromagnetic media,” Bell Sys. Tech. Jour., vol. 33, pp. 
579-659; May, 1954; and Bell Sys. Tech. Jour., vol. 33, pp. 1133- 
1194; September, 1954. 


Fig. 1 shows how u and « vary with positive o fc) 
various magnetizations, p. » is an even and «x an od!) 
function of co. One notes that » goes through zero <p 
ats V (p?/4) + 1-—p/2 and that pu and 
+1. The points, +o,, +1 and zer} 


¢ = t0,= 
have poles at ¢ = 


divide the range of o into six regions in each of whic] 


uw and x maintain their sign relationships. 


FOR (@) ANDO Te FOR (b) 


LE 
dLo 
\ 


Fig. 1—The relative permeabilities u/u. and k/p. vs o. 


One is well aware, solutions of the field equatior} 
in a gyromagnetic medium may be expressed in terms cj 
two scalar functions, each of which satisfies a seconc} 
order partial differential equation. If these two function} 


are fi,2, we have, if the z-dependence of all functions 


e~ Bz, 
2 | @ Tee age 
[+54 e 2(0, Pp; A)| fase = 0. | 
At the boundary of any cylindrical wave guide we hav 
ae oft = 2) = 1 | 2 of. —* 2b) 
x1? LAy Ov do Xo” Ldo Ov dg 
and 


fi = fe 
where 0/dv and 0/00 denote differentiation normal 
and along the boundary. The 2’s are roots of 
” — [p + o(1 — BA — B? = La 
1—odA 
For circular waveguide these boundary conditions re 
quire that the angular dependence of f1,2 be of the form 
e7"®, and their radial dependence is then given by th 
nth-order Bessel function. The boundary condition 
are now combined to give 


0 and x? = 


. 2 
1 


[ee 23 n| zn ae 3d | 
At Xo? do ale 


his may be rewritten as 
G(A1, 0, p) = G(rz , 0, p) 


vhere, expressing x in terms of X, 


(1) 


| peaches ( Ygleedt) 

r, 0, — = Ey ie — 5 
(\ P) 1 — 2 LA 1 — od | 
The quadratic for \ may be decomposed into two equa- 
i. 

Ai t+ Ae — oAtAn = Pt+oa (2) 
nd 
Nive = — B?. (3) 


“qs. (1) and (2) may now determine for a given r, , p 
ind o, a pair of values of \, one positive (1) and one 
negative (A2), which by virtue of (3) then give a positive 
value for B?. 

Since the transformation ¢ > —o, p— —p,\i > re, 
—\i > —)e, n > —n, leaves (1)-(3) unchanged, both 
volarizations, +n, may be studied together by con- 
sidering all o values with o/p positive. We shall discuss 
here only n = +1. 

_ We would like to say a little about the method of 
solution of these equations. Since we are concerned here 
primarily with the structure of the mode spectrum our 
problem is to keep track of the modes, to be sure that 
none is missed and to see how each is affected by changes 
in the parameters. This task is best carried out graph- 
ically: exact computation could always follow. 


The function G is infinite on the lines X = O and 
= —1 and on the family of curves, 1 — 2/1 — od = 
in?/To2, where the j,’s are zeros of J,; it is zero on 
another infinite family which can be represented ana- 
ytically. It is thus possible to dissect the \ — o plane 
into an infinite number of regions of positive and 
| egative G and within these regions to draw qualita- 
tively the constant G contours. One has also analytic 
information about the value of G for large \ and o. 
iG(A, o) may then be considered to be known in the 
large. Further, the qualitative changes in its topography 
as r. changes can be readily followed. Since 4: > 0 
and A» < 0, (2) may be thought of as a mapping of one 
\ — halfplane upon the other. By considering how the 
infinity and zero lines in one of these half planes are 
thus transformed on to the other, it is possible to 
superimpose G{n, G, rot and G{T(), G, ro}, where 7 
indicates the transform of (2). 

Fig. 2 shows how this works out in practice. It shows 
the \ > 0, « > O quadrant and some lines J and O on 
which G(A, oc) is infinite or zero. The AX < 0, o > 0 
quadrant transforms into the region bounded by O, 
and (I,’)r and the lines J’ and O’ are transforms of 
infinity and zero curves in the left half plane. Regions 
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in which G(A) and G{T(A)} have unlike signs clearly 
cannot give solutions and these are shaded. Solution 
curves (loci of \ with varying o) must then lie in the 
unshaded regions and it is a straightforward matter to 
follow their course. The intersections of J-curves and 
of O-curves, analytic expansions near these points and 
the asymptotic values of the G-function all yield exact, 
if fragmentary, analytic information about the solution 


curves. 


Pal wy, ‘ ve - : 
te) 0.2 0.4 0.6 08 1.0 x 1.2 1.4 1.6 1.8 20 22 
‘ 


Fig. 2—The mapping of G{TO), o} on G(X, o) foro > 0. 7, 
large enough for the guide to propagate TEn-, TMu-, TEi2-modes 
in the isotropic case. 

In Fig. 2 the guide is sufficiently large to propagate, 
in the isotropic case, the TE, , T7My, and TE. modes. 
This is reflected in the fact that 3 solution curves are 
seen to persist for very large o. The point, ’ = 1, 
o = 1, is the origin of an infinite number of solution 
curves, none passing below o = o, and of which all but 
three terminate at a finite co. In the region 0 < o < ap 
there are again three curves, one terminating at a o-value 
below o., two persisting right up to o = o,. 
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Fig. 3—The course of the fully developed modes (solid lines) and 
some of the incipient modes (dotted lines) as a function of o for 
|p| = 0.6. 7. is the same as it was in Fig. 2. 


In Fig. 3, drawn for the same radius as Fig. 2, 
B?/1 + B? is shown for several modes as a function of o. 
There is a nonlinear B? scale at the right. The value of 
p is 0.6. Labels TH11, TMi, TE. and so forth are 
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attached to these curves because it is always possible 
to trace a generic connection between the modes so 
labelled and the corresponding isotropic ones to which 
the name can be properly given. A number of features 
may be pointed out. The two polarizations are split 
even at ¢ = 0 because the medium is supposed saturated 
in a minute applied field. We note three types of cutoff 
about which more will be said later. Thus the TF,; is 
cut off at +o, with ? still finite—this we call type II. 
TM, , on the other hand is cut off at o, for one polariza- 
tion, but cuts off ato = —1 + | b | and 6? = 0 for the 
other polarization—this is type IJI. The two TE, 
modes cut off at 8B? = 0 with a more obscure value of 
o—this is type I. Above | «| = | o.| we see the infinite 
number of modes originating at a | = 1 with’ p* = =, 
and that three of them persist for large | ¢| with 8? 
tending to the isotropic value. All the others cut off 
at B? = 0 (type I). These cutoff points move to larger 
o as fr, increases and when the latter passes through 
a zero of J; or J;’ one cutoff for each polarization goes 
to infinite | o | allowing the mode to escape. It should also 
be remarked that as 7, passes these critical points a new 
branch appears near o = 0 and that the cutoff points 
of some of the modes in | a | & | oo| may jump dis- 
continuously. The double-valued nature of the solu- 
tions just above | ¢| = | o.| should also be observed. 
One also sees that in general both polarizations exhibit 
the same sort of spectrum. 


It is of some interest to look at the three types of 
cutoff point. In type I, where 6? = 0, the value of o is 
complicated but may be expressed with p and 7, in 
parametric form. There the EF, field goes to zero; the 
field is pure TM with an effective permeability, pu 
— «?/u. All of the incipient modes and some below 


CN 
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oo | are of this type. Type II occurs specifically a 

og | = | o,| or » = Oand here B? is not zero. One of th 
x’s goes to an infinite imaginary value and the associate 
fields cling closely to the guide wall. With this are as 
sociated unlimited longitudinal wall currents. Finally, 
type III with 6? = 0 occurs only for » = —x«. The fieli 
is to lowest order a uniform, transverse H; H,, Ey, HH 
are of first order ino — o (cut off) ,;while E, is of the secong 
order. It should be emphasized that any type of mod@ 
whether TE or TM in the isotropic limit, may posses} 
any one of these types of cutoff and indeed may chang) 
from one type to another with a change in guide size. § 
which can be brought out in two ways. If one consid 
what happens to the modes in a guide of very larg) 
radius a rather curious thing appears. For | o. < 
| a | < 1, where yp is negative there are no propagatin: 
modes. For ¢ < —1or0 < o < o, where pu and x haw 
the same sign, all modes tend to have the free space 
for the same polarization as the circular mode cor 
sidered. But, for o > 1 or —o. < o < O; all’mode 
tend to the free space 8 for the opposite polarizatiov 
to the circular mode. In this region u is positive, but | 
negative. Now, if we calculate from the field component 
the amplitudes of the left and right hand polarizatio} 
components of the transverse ~ and H fields in th) 
circular guide a similar picture emerges, at least for th) 
TE,, mode. When yu and « have the same sign we fin i 
for either polarization a field pattern very closely related 
to the isotropic pattern, although we are dealing wit! 
quite different magnetic field ranges in the two cases# 
Similarly when y» and « have opposite sign the fieléf 
analysis gives similar patterns for each polarization, but 
each is quite different from the isotropic pattern. I 


Summary—tThe introduction of ferrite microwave circuit ele- 
ents has allowed considerable simplification in the realization of 
any system functions. However, to date practical low loss ferrite de- 
ices have not been built to operate at frequencies below 3,000 mc. 
any problems arise when one attempts to build devices to operate 
elow this frequency. Some of these problems arise from the fact 
that mechanisms of loss occur in the ferrites at lower frequencies 
hich are negligible at the higher microwave frequencies. In addi- 
ion, at frequencies below 1,000 mc, one can seldom neglect the ex- 
stence of internal anisotropy fields in the ferrite materials. The 
most fundamental limitation to the operation of ferrite devices at 
very low microwave frequencies, however, is that one is approaching 
he relaxation frequency for ferromagnetic resonance, and as a 
esult the performance of ali ferrite microwave devices must 
eteriorate at sufficiently low frequencies, regardless of whether 
me assumes a ferrite whose other properties are ideal. All these 
roblems are discussed and quantitative expressions are obtained 
or the ultimate low-frequency limitation of ferrite isolators, circu- 
ators, and microwave gyrators. 


INTRODUCTION 


HE PROPERTIES of nonreciprocal microwave 
circuit elements are based upon the fact that the 
permeability which a magnetized ferrite presents 
to a positive circularly polarized wave is different 
‘from that which it presents to a negative circularly 
ipolarized wave.! As a result of this fact, the phase 
velocity and attenuation of a positive circularly polarized 
ave is different from that of a negative circularly 
olarized wave when propagating through a magnetized 
errite. As is well known by now, the exact solution 
of guided wave problems through gyromagnetic media is 
often extremely difficult, and one usually cannot find a 
eneral solution to most problems but is forced to find a 
mee solution which is valid for a particular set of 
iq 


arameters. Such solutions are particularly useless to 
se in order to obtain information about the low fre- 
uency limit of operation of ferrite devices. However, 
icrowave engineers are accustomed to predicting the 
loperating characteristics of loaded waveguides from the 
intrinsic properties of the materials which are used to 
load the structure. The intrinsic properties of the ma- 
terials are simply related to the behavior of infinite 
plane waves propagating through the material. Thus it 


| 

_-+Gordon McKay Laboratory of Applied Science, Harvard 
University, Cambridge, Mass. 

1 1t is inconvenient to speak in terms of right- and left-handed 
circularly polarized waves according to the IRE standards when 
dealing with the subject of magnetized ferrites, since the effective 
permeability which the ferrite presents to a right-handed circularly 
polarized wave would then depend upon the direction of propaga- 
ition of the wave. A positive circularly polarized wave is defined as 
one which is rotating in the direction of the positive current which 
produces the magnetic field to magnetize the ferrite. This definition 
IE independent of the direction of propagation of the wave, and the 
ferrite presents a definite effective permeability to a positive circu- 
larly polarized wave which is independent of the direction of propa- 
gation. 
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The Low-Frequency Problem in the Design of Microwave 
Gyrators and Associated Elements 
C. L. HOGANt 


follows that, in general, one can study the behavior of 
infinite plane waves propagating through magnetized 
ferrites, and from this analysis derive quantitative rela- 
tions for the operation of guided wave devices. As will be 
shown later, one must apply the results of infinite plane 
wave analysis to waveguide devices with discretion; 
but as one learns to use the proper discretion according 
to the particular problem, the infinite plane wave 
analysis becomes extremely useful for predicting the 
ultimate behavior of most ferrite devices.” For this 
reason we shall examine in some detail in this paper the 
behavior of infinite plane waves propagating through 
magnetized ferrites, since this is a problem which can be 
easily solved. 


Now the important property of a magnetized ferrite 
can be easily described in terms of the effective relative 
permeability which it presents to positive and negative 
circularly polarized magnetic fields. These permeabilities 
are shown in Fig. 1 and Fig. 2 for a particular set of 
parameters. The equations of these curves (these are 
relative permeabilities) are :3 


47M .y 
G = jj cls 1 
w+ Cee. Ean ( ) 
47M .y 
ges ee 2 
be Grae: (2) 
” 4mhw(y’?H.? She ete 2wyH,) 
cer 4w*\?H,” (3) 
(y2H 2 — w?)? + TE z 
» . 4trw(y?H? + w? — 2wyH,z) 
| = ) (4) 
ory? 22 4 4wd?i,” 
(y en? OP) Deo 


where 


y = gyromagnetic ratio of electrons contributing to 
ferromagnetism of material (assumed to be a 
positive quantity in above equations), 

H, = dc magnetic field applied to material (oersteds), 

w = angular frequency of wave, 

M, = Z-component of magnetization of material 
(gauss), 

parameter which measures magnitude of damp- 
ing of electrons in precessional motion (relaxa- 
tion frequency in ferromagnetic resonance), 


2 The author has previously shown, for instance, (C. L. Hogan, 
“The Microwave Gyrator,”’ Bell Sys. Tech. Jour., vol. 31, pp. 1-31, 
January, 1952.) that the rotation of the plane of polarization of an 
infinite plane wave predicts quantitatively the rotation in a com- 
pletely filled round waveguide which is sufficiently far from cutoff 
for both circular polarizations. 

3C. L. Hogan, ‘‘Ferromagnetic Faraday effect at microwave 
frequencies,’ Rev. Mod. Phys., vol. 25, pp. 253-263, 1953. 
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Now if an infinite plane wave is propagated through 
the above material in the Z-direction, and if it is as- 
sumed that all losses are zero except those arising from 
the imaginary part of the permeabilities described by 
(3) and (4), then the attenuation and phase constant of 
the waves are given by 


at = 0 Venous, (5) 
Bt = wen ouzt, (6) 
where 
go V (ae)? ie)? — pe! 
prt = : (7) 
upt = V (us)? + wes Drewes! (8) 


Provided that | w+’ |? > | ni” |? 
the particularly simple form 
ee ue")? 


Nighi 7 tre (9) 


4 ut 


, Wre= can be written in 
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| 
Now the loss which is suffered by an infinite . 
wave propagating through any medium is related tof 
the attenuation constant by the following relation: ; 


| 
(10)| 
| 


db loss 


eas) OEE aS 
meter path 


or substituting from above: 
Le = 8.70 enourt 
and in those regions of Figs. 1 and 2 in which 
| we |2 > | we” |, 


(11) can be written as 


S.7aY enous if 
2V ps! 


Eq. (12) is valid everywhere for the negative circularly 
polarized component, provided other magnetic losses? 
(i.e, domain wall losses or natural ferromagnetic] 
resonance of demagnetized sample), in addition to those} 
arising from the imaginary permeability of (4), do noti 
occur. From Figs 1 and 2 it is evident that (12) is valid‘ 
for the positive component everywhere, except in thef 
very close vicinity of the zero permeability region of| 
Fig. 1 and in the vicinity of the absorption line shown in’) 
Fig. 2. In these regions, where 


| Hy" |? > | My’ 3 
then (11) takes the form 


a 


[ 
Low-FREQUENCY LIMITATION OF FERRITE ISOLATOR | 


A device of primary importance to microwave tech- 
niques is a nonreciprocal attenuator or isolator which } 
depends upon ferromagnetic resonance loss in the ferrite | 
for loss in one direction through the device. This device# 
can be built by propagating a plane polarized wave along; 
the Z-axis and putting a quarter-wave plate just before | 
the ferrite medium and just after it. Thus, while propa- } 
gating through the ferrite in one direction, the wave will | 
be a negative circularly polarized wave; | 


the wave will be a positive circularly polarized wave. 
The front to back ratio of this isolator in db will be the 
ratio of (15) and (13), if the ferrite is biased to the 


region of the absorption line (i.e., yH, = w). Thus the | 
front to back ratio is 
I, VV uy Ld 
IGS iL. a (16) | 
when yH, = wo, 
um 4 M? 2 
py” (17) 
Aw 
PENN 
— mw Cia 1 
rene (18) | 
Serle, | 
Bi Pet octet at (19) 


Now in general at the lower frequencies (less than 
000 mc), 


27M; 
ae Sie (20) 
(2) 
> that one can write approximately 
pm ety 
Sl agers (21) 
nd (16) becomes 
16M?3y3 
R= / - (22) 


Now if the half-width of the resonance absorption 
ne (shown in Fig. 2) is denoted by AH, then it can be 
asily shown that 


iss yMAH 


2H,” (23) 


= field required for resonance, 
difference between magnetic fields at two 
points where absorption line is equal to one 


half its maximum value. 
Thus (22) becomes 


H,\3 
R= |/120( ZY. 


R2/3 
5.0 


> 
= 
I 


(24) 


or 


H, = AH. 


If now a front to back ratio of 10 is required (i.e., 1 db 
lorward loss to 10 db reverse loss), then 


TT Zo. 2A, 


(25) 


pr the field necessary for resonance must be larger than 
ie times the line width. 

_ Little is known about the resonance line width and 
now it should depend upon frequency. However, line 
Vidths as narrow as 50 oersteds have been measured at 
all frequencies from 500 mc to 24,000 mc. Thus it seems 
irom experimental data available today that one can 
btain a line which is as narrow as 50 oersteds but not 
much narrower. This minimum width appears to be 
ndependent of the frequency, even though any one 
articular sample of ferrite has a line width which de- 
nends upon the frequency at which it is measured. 
hus one can say that, theoretically, an isolator can be 
auilt which has a front to back ratio of 10, provided that 
he magnetic field required for resonance is greater than 
i oersteds. In other words, the isolator must operate 
at a frequency greater than 


f = 2.8(45) 


= 150 mc. (26) 


| 

Below this frequency, the isolator will rapidly de- 
teriorate unless line widths less than 50 oersteds can be 
obtained. Since this at present seems impractical, one 
can say that the lower practical limit for a resonance 
absorption type isolator is around 100-200 mc. 
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To be sure, the above calculation was made for an 
infinite plane wave propagating through a semi-infinite 
medium. However, it can be easily shown that all wave- 
guide geometries which have been tried to date lead to 
a low-frequency limit which is higher than this, except 
for the geometry of thin disks placed coaxially in a 
round waveguide. Most geometries lead to difficulties, 
because the ferrite is at resonance before it becomes 
completely magnetized when it is used at low frequencies 
(below 1,000 mc). Thus, for instance, if one were to 
build a device such as that described above by placing a 
long, slender cylinder of ferrite in a round waveguide, it 
would be necessary that 


2rM ey 


w@ 


<orl; (27) 
in order that the ferrite could be magnetized before the 
region of ferromagnetic resonance is reached. It will be 
seen that this condition contradicts the assumption 
made in (20), from which (22) was derived. One must 
use more exact formulas for this geometry, and these 
formulas lead to results which are not as promising as the 
infinite plane wave analysis. 


COMPLICATIONS AT Low FREQUENCIES ARISING FROM 
UsE oF NONIDEALIZED FERRITES 


In order to calculate the ultimate low-frequency limit 
of the above device, ideal properties were assumed for 
the ferrite material under consideration. It is well to 
state clearly what assumptions are being made and 
whether one can actually realize them. In the first place, 
dielectric losses were completely neglected. As a result 
of work performed at the Bell Telephone Laboratories 
and reported in the paper by J. H. Rowen,‘ the mecha- 
nism of dielectric loss in most ferrites is well understood, 
and it is now relatively easy to manufacture a ferrite 
today with practically any desired composition whose 
dielectric Q is of the order of 1,000. Even materials 
such as Ferroxcube III-C, which for a long time were 
considered to be extremely lossy, can now be manu- 
factured so that the dielectric loss at microwave fre- 
quencies is vanishingly small. To be sure, the low- 
frequency properties (initial permeability) are usually 
degraded by slightly altering the composition and 
method of preparation, but the fundamental magnetic 
properties which are of importance at microwave 
frequencies are change negligibly. Thus one need not be 
greatly concerned with dielectric losses in ferrites except 
for high power applications. 

In addition, all magnetic losses were ignored, except 
those associated with the imaginary part of the permea- 
bility which describes the phenomenon of ferromagnetic 
resonance. Now it is well known from the experimental 
and theoretical work of G. T. Rado® at the Naval 


4J. H. Rowen, ‘Ferrites in Microwave Applications, 
System Tech. Jour., vol. SYA joy, iisieye 15%). 

5G. T. Rado, “Ferromagnetism at very high frequencies’? 
Phys. Rev. vol. 80, p. 273; 1950. 


i Bell 


498 


Research Laboratories and J. Smit and D. Polder® at 
Philips Laboratories that demagnetized pieces of ferrite 
have magnetic losses which are not accounted for by the 
above theory. In the first place, highly sintered ferrites, 
in which domain wall motion takes place in weak fields, 
show large losses due to wall motion at frequencies which 
correspond to the natural resonant frequency of the 
walls. It is to be expected that the natural frequency of 
domain walls could vary over extremely wide frequency 
limits, depending upon the physical and chemical 
structure of the particular ferrite. Adequate experi- 
mental evidence is not available today to verify this 
expectation, since the only clear-cut experiments seem 
to have been performed by G. T. Rado and J. K. Galt.’ 
In a sample of magnesium ferrite, Dr. Rado showed that 
a domain wall resonance occurred at approximately 50 
mc and that appreciable losses due to this mechanism 
extended up to frequencies of at least 500 mc and 
possibly higher. In addition, demagnetized ferrites have 
domain rotation losses which can extend up through 
X-band frequencies. These losses are really ferromagnetic 
resonance absorption, with the natural frequency being 
determined by effective internal magnetic fields. In 
general, these losses can extend from 


Wmin = Ya (28) 
to 
Omaz = Y(Ha + 40M,), (29) 
where 
H, = effective anisotropy field (approximately equal 


to 


) 
MM, ’ 

M, = saturation magnetic moment of material. 
Rado’s data showing these two resonance regions is 
shown in Fig. 3. 

Obviously, when a sample of ferrite is completely 
magnetized by a dc magnetic field, it cannot show 
domain wall losses for small superposed rf magnetic 
fields; and hence one might assume that losses which 
occur in demagnetized ferrites are of little concern to 
microwave applications where the ferrite is used in a 
magnetized condition. However, such is not always the 
case, because these ‘‘zero field’”’ losses are not completely 
removed until dc magnetic fields are applied, which are 
appreciably greater than that which is necessary to 
essentially magnetize the material. If now one attempts 
to build the isolator described above to operate at 130 
mc, then the optimum front to back ratio occurs in an 
applied magnetic field of 45 oersteds, and this probably 
is not a large enough field to completely erase domain 
wall losses. Since all zero field losses are reciprocal (i.e., 


6 J. Smit and D. Polder, ‘‘Resonance phenomenon in ferrites,” 
Rev. Mod. Phys., vol. 25, p. 89; 1953. 

7J. K. Galt, “Motion of domain walls in ferrite crystals,’ Rev. 
Mod. Phys., vol. 25, p. 93; 1953. 
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independent of the sense of the circular polarization),# 


the presence of such losses deteriorate the performances 
of all microwave ferrite devices. 1 


L. G. Van Uitert, J. P. Shafer, and the author® have} 
shown that if one is operating sufficiently far above the | 
minimum frequency given in (28) but still below the; 
maximum frequency given in (29), the zero field domain} 
rotation losses also disappear as the ferrite is mag-} 
netized. In addition, if one is operating at sufficiently] 
high frequencies (above 2000 mc), it is usually possifies 
to reduce the maximum frequency, at which these lossesi 
occur by reducing the saturation moment of the ma- 
terial according to (29). However, for freqeuencies below? 
1,000 mc, it is evident that this approach becomes use | 
less, not only because the saturation moment is be | 
coming vanishingly small (and hence the material is) 
becoming less ferromagnetic), but according to (29),¢ 
®maz cannot be reduced to less than yH, regardless of the 
saturation moment. 


It thus becomes evident that a complete understand-| 
ing of the operation of microwave ferrite devices below: 
1,000 mc must wait until a more complete understanding] 
of domain wall and domain rotation losses in demag- 


y 

§L. G. Van Uitert, J. P. Shafer, and C. L. Hogan, ‘“‘Low-loss 
ferrites for applications at 4,000 mc/sec,”’ Jour. Appl. Phys., vol. 
25, p. 925; 1954. t 


etized ferrites is obtained. What is especially needed is 
n understanding of how a ferrite can be manufactured 
so that these losses can be completely eliminated or 
oved to frequency regions which are of no concern. 

_ The entire theory of nonreciprocal devices has so 
ar been developed by neglecting anisotropy fields. 
uch an approximation is valid for frequencies high 


bnough so that 
2K, 
po 2a(2), 


first-order anisotropy constant in ergs/cc, 
frequency in mc. 


(30) 


Ko = 


Ss 
I 


owever, for operation below 1,000 mc, the first-order 
nisotropy constant of many ferrites is so high that this 
-elation is not valid, and hence the theory as developed 
bove cannot be applied. Thus, if we again consider an 
infinite polycrystalline ferrite medium (so as to neglect 
emagnetizing fields), the effect of crystal anisotropy 
is simply that of broadening the resonance absorption 
ine provided (30) is observed. However, if the frequency 
f operation is sufficiently less than that given in (30), 
ithe problem is complicated, since some crystallites which 
are aligned with their ‘‘easy”’ direction of magnetization 
along the Z-axis (direction of applied dc field) always 
Nave a resonant frequency greater than the applied 
frequency, regardless of the applied magnetic field. 
Crystallites which are aligned with the “hard’’ direction 
f magnetization along the Z-axis actually have their 
resonant frequency reduced by the applied magnetic 
eld, until the applied magnetic field reaches a value 


2K, 
MM, 


lUnder ideal conditions, the resonant frequency of such 
icrystallites is zero at this point, and it then increases 
llinearly with the applied field. Thus, if the frequency of 
joperation is less than 


| 2K, 
|. f= 2.8( =) 


ithe entire sample cannot be at resonance at any given 
field strength; and as the frequency is gradually reduced 
below that given above, the ferromagnetic resonance 
line gradually disappears. When the frequency is so 
low that 


| 2Ky 
| f<«K 2.9( 25), 


then essentially all crystallites in the sample have resonant 
frequencies greater than the applied frequency, regardless 
of the applied field. The results obtained from such a 
material would be similar to a material used at higher 
frequencies but biased with a dc magnetic field which 
places the material well above resonance. In reference 
to Figs. 1 and 2, it would correspond to that material 


Hao = (31) 


(32) 


(33) 
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being biased with a magnetic field well above resonance 
(i.e., 5,000 oersteds). Under this condition, the effective 
permeability which the ferrite presents to the positive 
circularly polarized wave is not sensibly different from 
that which it presents to the negative circularly polar- 
ized wave, and the ferrite thus loses its anti-reciprocal 
property. 

There are only two methods apparent for overcoming 
this difficulty for low-frequency operation. One is to use 
single crystals aligned with the hard direction of mag- 
netization along the Z-axis and to make use of the fact 
that the resonant frequency can be reduced by the 
application of the applied field. H. Suhl has calculated 
the resonant frequency of such a crystal which is cut in 
the 001 plane. These curves are shown in Fig. 4. This 
data was calculated for a material in which 


2Ki 
MM 


It will be noticed from this data that if the applied 
magnetic field is accurately aligned along the 001 direc- 
tion, then the resonant frequency can be reduced suffi- 
ciently far so that microwave devices can be built to 
operate easily at their ultimate low frequency limit of 


= 240 oersteds, 4 2M = 3600 gauss. 
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100 to 200 mc, regardless of the crystal anisotropy. 
However, for the case which Suhl calculated, if the 
applied magnetic field is tilted by 30 minutes from the 
001 direction, the minimum resonant frequency which 
the disk has is about 750 mc. This occurs in an applied 
field of approximately 3,800 eresteds. Thus it appears 
that the geometrical perfection required of the ferrite 
crystal and associated waveguide parts is so critical 
that it would be impractical to attempt to build devices 
which operate below 500 mc by using this technique. 

The other method of overcoming the difficulty which 
arises from using “high anisotropy”’ ferrites is to prepare 
ferrites with vanishingly small anisotropies. These can 
now be prepared in materials with relatively low Curie 
temperatures, and there is considerable hope that this 
might be accomplished in materials with relatively high 
Curie temperatures by making mixed ferrites of cobalt 
ferrite with some of the other ferrite materials. 


Low FREQUENCY LIMITATION OF NONRECIPROCAL 
PHASE SHIFTER 


A nonreciprocal phase shifter must operate in a region 
as far removed from the ferromagnetic resonance line as 
is possible in order to minimize the losses associated with 
this phenomenon. The ideal phase shifter would have 
zero attenuation, but a nonreciprocal phase shifter using 
ferrites must have a finite attenuation, since its operation 
depends upon the fact that the ferrite has an absorption 
line for a positive circularly polarized wave. To obtain 
the low frequency limit of an anti-reciprocal phase 
shifter we need only calculate the differential phase shift 
per decibel loss and then find how low a frequency we can 
go to and still have acceptable operation. 

In referring to Figs. 1 and 2, it is obvious that a 
nonreciprocal phase shifter can be operated in two 
regions. The first and most satisfactory region is in weak 
de fields, where the ferrite is just magnetized but the 
applied field is still too weak to bring the ferrite into the 
vicinity of the absorption line. As will-be shown below, 
this becomes increasingly difficult as one goes to lower 
and lower frequencies. When this is so, then it becomes 
evident from Figs. 1 and 2 that in magnetic fields which 
are considerably larger than that required for resonance 
(i.e., 4,000 oersteds for the particular case illustrated in 
Figs. 1 and 2, the total attenuation can again be brought 
close to zero; but the ferrite still displays a permeability 
for the positive circular component which is  sub- 
stantially different from that for the negative circularly 
polarized component, and hence anti-reciprocal action is 
still possible. R. H. Fox and B. Lax? of Lincoln Labora- 
tory have already shown how operation “‘above reso- 
nance’ can be used to extend the low frequency limit 
of certain geometries. We shall compute the two cases 
separately. 


°R. H. Fox and B. Lax, Mass. Inst. Tech., Lincoln Laboratory, 
Group 37, Tech. Rept. No. 65 ----- 


Again, as in the case of a ferrite isolator, there are 
several different microwave geometries that could be 
investigated, and they would all lead to different low) 
frequency limits; but again we shall find it more illumi- 
nating to examine the intrinsic properties of the material| 
first, and from this information we shall find it relatively) 
easy to examine particular geometries in detail. The 
most fundamental geometry is identical to that discussed| 
with respect to the ferrite isolator and is shown in Fig. 5. 
Again in this case, a longitudinal magnetic field is applied 
to the ferrite, but it is biased into a region to give differ- 
ential phase shift rather than differential attenuation. 
The wave, while propagating through the ferrite in one| 
direction, is a positive circularly polarized wave, and 
while propagating in the opposite direction, is a negative} 
polarized wave. ' 
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Fig. 5—Magnetic spectrum of solid ferramic A in the demag- | 
netized slate. Data were taken on coaxial lines (circles) and on a 


Gir. 821A bridge (rectangles). The value of (u::::-1) is 18.6. , 
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Now the differential phase shift per unit path length 


through the ferrite is given by 


6 = [B_ — 64], (34) | 


where 


B+ = propagation constant for positive and negative 
circular component. | 

The propagation constants are given by (6) above, and 
provided (12) is valid, these can be written as ; 


Bt = wVetout’. (35) | 


—— CE 


Hence (34) can be written as 
0 = wane Vi - Vn] (30) 


In calculating the insertion loss per unit length, we , 
shall neglect the attenuation of the negative component j 
and shall calculate the loss per unit length for the positive . 
component, since under ideal conditions this compo 

J 


suffers a greater loss. The attenuation of the positive { 

component per unit length is given by (13). Thus the | 

differential phase shift per deciebel loss is given by 
BSA Pee eee 


Jip. 4.4y, ie 


(37) , 


| Substituting from (1) to (3), this formula becomes 


4nMy 4nMy 4nMy 
0+ s)(i+tae =) - (14 ;) 
4tr\w : 
(38) 


hich is valid for all field strengths, provided (12) is 
valid. 

In vanishingly small applied magnetic fields (low 
eld side of resonance), (38) becomes 


6 [Y= (CY = 
iy 17.67 2 
Now if 

Nel eit (40) 

Ww 

(39) takes the particularly simple form 

6 2A; 

Te AAR Ce) 


here (23) has been used to replace \ by the resonance 
line width in oersteds. 

Eq. (41) can easily be shown to hold, even when the 
‘elation given in (40) is reversed. However, when 


tnMy ~ 
: ee 1, no such simple relation can be derived; 


(2) 

but the actual relation predicts the same low-frequency 
limit, and hence this relation can be considered as valid 
under all conditions, provided one is operating on the 
ow field side of resonance. 

Now to build a gyrator, a differential phase shift of 7 
adians is required, and if it is intended to accomplish 
this with an insertion loss of less than one-half decibel, 
then 


| eG (42) 
| Tipo Sai At). (43) 
For a line width of 50 oersteds, 

| H, = 685 oersteds. (44) 


| This means that a gyrator cannot be built with an 
insertion loss less than one-half decibel that will operate 
ht frequencies below 1,900 mc, unless some geometry 
an be found which is more favorable than that of an 
nfinite plane wave in a semi-infinite medium, or unless 
e operate at field strengths greater than that required 
or resonance. 

Actually, a 45-degree Faraday rotator requires only 
alf the differential phase shift of a gyrator, and yet 
circulators and other nonreciprocal elements can be 
sonstructed from this element. Thus this particular 
eometry gives a factor of 2, and hence the low-fre- 
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quency limit of a circulator can be placed at approxi- 
mately 1,000 mc from infinite plane wave analysis for 
operation in weak magnetic fields. 

Now for operation in magnetic fields which are large 
enough, so that 


YH, > o, (45) 
(36) can be written as 
hats w? V/ Elo ey 
@ = ST ae \/: + (46) 
and (13) can be written as 
17.40? -~/ woe (1A 
ge w? V/ oe (7A) (41) 


2 2 47M 
vy, \/1 + 3 
Thus the differential phase shift per unit loss becomes 

ee 15k. (1+ oP 
ONT 4nrM 
Eq. (48) shows that the differential phase shift per 
unit loss can be increased without limit by increasing the 
applied magnetic field above resonance. The only 
limiting factor is the size of the element that can be used 
practically, since the differential phase shift per unit 
path length decreases as the magnetic field is increased. 
Eq. (48) predicts that a differential phase shift of 1/2 
can be obtained with an insertion loss of one-half decibel 
in a device operating at 500 mc, provided 


H, ~~ 4xM, . 


CONCLUSION 


(48) 


(49) 


The above analysis is intended to indicate many of the 
problems which exist and must be solved in order to 
decrease the present low frequency limit of microwave 
ferrite devices. It certainly is not all-inclusive, and each 
particular waveguide geometry offers its own particular 
problem which usually arises because of the effect of 
demagnetizing factors upon resonant frequency. In 
addition, guided wave modes usually do not consist of 
pure positive and negative circularly polarized fields, 
and hence further complications are introduced in 
applying the results of the above anaysis to wave guide 
devices. Nevertheless, it is felt that this analysis should 
give engineers an appreciation of the intrinsic properties 
of the materials themselves, and only very clever 
designing will allow one to produce elements whose 
properties are better than the infinite plane wave devices 
discussed above. 
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10 Actually (48) is valid only when Hz << 4mM so that the low 
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Some Topics in the Microwave Application of 
Gyrotropic Media 
A. A. van TRIERT 


Summary—tThe Faraday effect of plane and guided waves is re- 
viewed in Sections I and II. Section III deals with a cavity technique 
for measuring Faraday rotations in a circular waveguide with a 
coaxial ferrite pencil. In Section IV some experimental results are 
discussed, including the evaluation of the permeability tensor com- 
ponents, the relation between Faraday rotation and pencil radius, 
and ferromagnetic resonance in circularly polarized waves. The 
problem of the rectangular gyrotropic waveguide is taken up in 
Section V. A simple method of successive approximations is de- 
scribed and applied to the case of the square waveguide. 


I. INTRODUCTION 


ONRECIPROCAL anisotropic, or simply gyro- 
tropic, media have been investigated lately 
by many authors, both from a theoretical and 

from an experimental point of view. The applicability 
of nonreciprocal ferrites, especially at microwave fre- 
quencies, is now well established, and the number of 
nonreciprocal components incorporating ferrites is 
rapidly increasing. One of these elements, the uni- 
directional waveguide, has found widespread use, 
whereas some others have proved their usefulness and 
are likely to find other applications. In this paper some 
topics will be discussed, scattered more or less, which 
refer to work done in the Netherlands in this field of 
research. 
Gyrotropic media will be defined by the relations 


Be — mH, — jpoH,, 

By = juoHe + mi, , (1) 
Be = [oe le 

f Bes Vales — JrE,, 

Dy = fob. + Ey, (2) 
De = €glt, . 


Eq. (1) applies to ferrites magnetized in the z direc- 
tion, (2) to solid dielectrics (e€2 « €1) or hf gas discharges 
in a constant magnetic field H, along the gz axis. It is 
easy to see that for circularly polarized plane waves the 
medium has a scalar permeability and a scalar dielectric 
constant. For, if we substitute 


H, = se did 2G H, = 0, 
Pe eatery ras HH, =/0 
in (1) and (2), we obtain 
B,= (1+ m)Hz, vy = (41 + we) H,, B,=H,=0, 
D,= (€ aE é)Ez, D, = (€ ae €:)Ey, D,=E, = 0, 
(3) 
or 
B= (ui + w)H, D = (a + aE. (4) 


The upper signs correspond to counterclockwise 


circularly polarized waves, the lower signs to ciockwise 
+ Philips Research Laboratories, N. V. 


Philips’ Gloeilampen- 
fabrieken, Eindhoven-Netherlands. 
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circularly polarized waves. The propagation constants of 
these waves are 


Bt = o[(ui + wo)(er + €2)]*/2 meter}. (5)) 


As is well-known, superposition of a clockwise and a 
counterclockwise circularly polarized wave of equal 
amplitudes, but with B, # B_, results in a linearl 
polarized wave that shows a Faraday rotation 


(6) 


The nonreciprocity of the medium finds expression} 
here in the fact that the direction of rotation is inde-l) 
pendent of the direction in which the wave traverses the 
medium. 

These results are easy to obtain, but complications 
arise if we consider gyrotropic media in waveguides. 
We shall restrict ourselves from now on to media that 
are gyromagnetic only. 


= (6, — B_)/2 radians per meter. 


II. GuIpDED WAVES IN GYROMAGNETIC MEDIA 


Although some important problems in the theory of) 
guided wave propagation in gyrotropic media have been? 
solved, many questions still remain to be answered. 
The problem of the circular waveguide containing a 
coaxial ferrite bar magnetized along the axis has received | 
most attention, and for this configuration the character- 
istic equation determining the eigenvalues of the propa-| 
gation constant is known.!~‘ This equation, however, isa! 
complicated one, from which numerical information can| 
be obtained only at the cost of a considerable amount of! 
computing. For very thin ferrite pencils perturbation | 
theory leads to a result. | 


The case of the rectangular waveguide with ‘rane 
versely magnetized ferrites can be.dealt with rigorously 
for TE,, waves and the like,4* but, except for the com-) 
pletely filled waveguide, it is very laborious to obtain, 
numerical results. | 

The situation is least satisfactory for the case of ai 
rectangular or square waveguide with longitudinal 
magnetization. Here only methods of successive ap- 
proximation lead to some results. 


1H. Suhl and L. R. Walker, ‘‘Topics in guided-wave propagation, 
through gyromagnetic media,’ Phys. Rev., vol. 86, p. 122; 1952; 
Bell Sys. Tech. Jour., vol. 33, pp. 579- 659: May, 1954; pp. 939-! 
986; July, 1954; pp. 11334 1194; September, 1954, 

Hols || Gamo, “The Faraday rotation of waves in a ae 
waveguide,” 


Maes Jour. Phys. Soc., Japan, vol. 8, pp. 176-182; March 


°M. L. Kales, “Modes in waveguides containing ferrites,’’ 
Jour. Appl. Phys., vol. 24, pp. 604-608; May, 1953. 

SIN. A. van Trier, ‘ ‘Guided electromagnetic waves in anisotropamn 
he Appl. Sct. Res., vol. 3, Section B, pp. 305-371; Decembeay 


On the other hand it may be pointed out that a 
ualitative picture of what is going on can often be 
tained by very simple physical arguments, which 
ad to the same conclusions as the rigorous mathe- 
atical analysis. As an example, let us consider a com- 
jetely filled circular waveguide. In an isotropic circular 
aveguide we are more or less free to consider solutions 
jith cosn®, sin, or solutions with exp(+jn®) = 
fi n® + j sinn® as fundamental. These can be called 
inearly” and “‘circularly’’ polarized modes respectively. 
. view of what we have seen in Section I for plane 
laves in gyrotropic media it is unlikely that there will 
p modes which are able to maintain a simple cos n® 
sin n® distribution while traveling along the wave- 
te. So we expect that in gyrotropic media the funda- 
jental solutions have ® dependence exp(+jn@), and 
loreover 6, ~ B_. Superposition of these solutions 
#sults in a wave with alternately cos(n®) and sin (n®) 
istribution; i.e., a linearly polarized mode with ‘‘Fara- 
ny rotation.” 


TEn 


wy 
ay 
fe 


cos Q +jsin 6 
TE3, ree 
ony 
i 
rae Ve 
cos 20 +/ sin 26 
| TM Kt 
2 ie 
| e, 7) 
DY S24 
| cos @ + jsin® 
Fig. 1—Circularly polarized isotropic modes. The transverse 


‘ld pattern of various modes is shown as well as the direction of 
tation of the field. Note that the electric field is drawn for the 
modes, and the magnetic field for the TM mode. 


By studying the transverse field distributions of the 
nrious circularly polarized isotropic modes (Fig. 1), 
e can easily understand why some modes show a large 
: raday rotation, whereas others show only a small 
ect. If the transverse field of the isotropic modes with 
p (jn®) and exp (—jn®), respectively, has at all 
3 ints the same direction of rotation, circular or elliptical, 
nen it follows from (3) that on making the medium 
yrotropic there will be an increase of y at all points for 
f mode and a decrease of » for the other mode. This 


‘sults in a large difference between the effective permea- 


| 
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bilities for the two circularly polarized modes, and, 
therefore, in a large Faraday rotation. If, however, the 
direction of rotation of the field is not the same at all 
points of the cross section, an area of increasing pw will 
counteract an area of decreasing yp, resulting in a small 
difference B, — B_. According to this intuitive reasoning 
the Faraday effect will be large for the TE,, mode and 
the TE2; mode, but small for the 7M, mode. Indeed 
these results are confirmed by the rigorous mathe- 
matical analysis. 


In practical applications completely filled circular 
waveguides cannot be used for several reasons. In the 
case of large gyrotropy there is a considerable difference 
between the transverse field distributions and the 
propagation constants 6;, B_ of the two circularly 
polarized modes, and this makes it very difficult to 
match both modes simultaneously. Another, more 
fundamental, complication is the fact that higher modes 
are likely to be excited. This is made possible by the 
high dielectric constant of ferrites (e 10), and the 
occurrence of higher modes is even stimulated by the 
gyrotropic components (mode conversion). These diffi- 
culties can be avoided by using thin coaxial ferrite 
pencils. The matching problem is then easily solved by 
relatively short tapers and if the diameter is chosen 
sufficiently small there is no possibility of mode conver- 
sion. 


Fig. 2—Cavity with coaxial ferrite pencil for use at 24000 mc. 
The cavity radius r. = 0.5 cm. 


III. AN INDIRECT METHOD OF MEASURING 
FARADAY ROTATION 


The Faraday rotation of guided waves in a circular 
waveguide with a coaxial ferrite pencil can be measured 
directly, as has been done by Roberts,> Hogan® and 
many others. It is possible also, however, to measure 
the wavelengths \,+ of the two circularly polarized 
waves. From these we calculate Bt = 27/\,+ and obtain 
finally © = (6, — B_)/2. The wavelength measurements 
are most easily done by means of a cavity. To obtain 
accurate results a cavity of special form is required 


(Fig. 2). 


5F. F. Roberts, ‘‘A note on the ferromagnetic Faraday effect at 
centimetre wavelengths,’ Jour. Phys. Radium, vol. 12, pp. 305- 
307; March, 1951. 

6 C, L. Hogan, “The ferromagnetic Faraday effect at microwave 
frequencies and its applications; the microwave gyrator,’’ Bell. 
Sys. Tech. Jour., vol. 31, pp. 1-31; January, 1952; Rev. Mod. Phys., 
vol. 25, pp. 253-263; January, 1953. 
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This TE.» circular cavity can be tuned by means of a 
movable piston sliding freely over the ferrite pencil which 
is kept in position by external means. The cavity termi- 
nates a waveguide and the-~reflection coefficient R is 
measured with a directional coupler DC (Fig. 3). The 
microwave source, a 2K33 Raytheon reflex klystron, is 
connected to the system via a unidirectional waveguide. 
The cavity is coupled with the waveguide by means of 
two circular coupling holes located symmetrically with 
respect to the £ plane of the rectangular waveguide. 
Resonances of the cavity are observed as ‘‘dips’”’ in the 
reflection R. 


Fig. 3—Block diagram of experimental set-up. 


The hole in the piston sets an upper limit to the ferrite 
diameters that can be used: it must form a waveguide 
below cutoff to prevent loading of the cavity. As long 
as the ferrite is not magnetized it is isotropic and the 
cavity resonates in the degenerate TE,, mode when 
x = md,/2. As soon as the magnetic field is applied 
the degeneracy is removed (A,; # A,—) and each of the 
original resonances splits into two resonances at x = 
MX gt /2. 

* If the allowed displacement of the piston is large 
enough to cover subsequent resonances, the end effects 
of the cavity are completely eliminated and a very 
accurate measurement of 6, and B_ is possible. Fig. 4 
shows some experimental data obtained with a K-band 
cavity of 1 cm inner diameter. In this cavity Ferroxcube 
pencils with diameters ranging from 0.7 to 3.0 mm have 
been investigated. The maximum error in the Faraday 
rotation 9 is of the order of 0.07 degrees per centimeter. 

It may be added that a resonance splitting similar to 
the one described here has been observed by Beljers? in 
a TE, cavity containing a flat disk instead of a pencil. 


IV. DiIscUSSION OF EXPERIMENTAL RESULTS 


With the perturbation theory it can be shown that the 
propagation constants of the circularly polarized waves 
in circular waveguides containing thin coaxial ferrite 
pencils are given by the expression 


a a | ae iclee Mee eo EF, 66 
Bt ee Bo ap me Bo a lal fee ae Ue ae ee a2 ie a 
(7) 


7H. G. Beljers, ‘‘“Faraday effect in magnetic materials with 
travelling and standing waves,” Philips Res. Reps., vol. 9, pp. 131- 
139; April, 1954. 
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Here B, is the propagation constant in the empty wave) 
guide, 7; is the radius of the ferrite pencil, and the cor) 
stants Ci. are known functions of the waveguid 
dimensions and of the frequency. It is seen that th) 
corrections are proportional to 7,’. | 


% 20 40 60 80 100 720" 2 le, 60 80 100 if 
: HoH (10- Wb/m*) 
H (Oe) 


Fig. 4—Resonance splitting vs applied magnetic field for penci 
of Ferroxcube IV E with radii of 1.25 and 1.50 mm respectively. 


A. Evaluation of yw, and pe 


It is evident that in principle (7) can be used to obtai_ 
experimental values of mw; and pe once ¢ is known. if 
turns out, unfortunately, that for the thinnest ferrit} 
pencils that can be used (7) is not yet valid. It is possible); 
however, to measure A@+ for various radii 7; and tf 
extrapolate the values of AB: /7,? towards 7; = 0. Som} 
results obtained for specimens of Ferroxcube IV hav 
been collected in Table I. In these experiments th 
ferrites were magnetized by a field of about 110 O} 
which is sufficient to nearly saturate them. 


TABLE I 
Theory Experiment 
Ferroxcube 
b/bo bo/ bo i/o b2/ bo 
IVA 1 0.285 1.01 + 0.03 0.31 + 0.03 
IV B 1 0.47 1.10 + 0.06 0.54 + 0.05 
IVC 1 0.43 1.05 + 0.05 0.49 + 0.05 
IV D 1 0.30 1.01 + 0.03 0.31 + 0.03 
IVE 1 0.20 0.98 + 0.02 0.20 + 0.01 


The experimental data can be compared with the, 
oretical values obtained from the Polder® relations fo 
saturated ferromagnetics 


wyM, 


Boer sa 
WH. — w? j 


yo — w2’ Leh oo 
Here y is the negative gyromagnetic ratio, H, thi 
constant magnetic field by which the medium is satu. 


) 


rated, and M, the saturation magnetization. | 
<n ation ee SO i 


8D. Polder, “On the theory of ferromagnetic resonance, 
Phil. Mag., vol. 40, pp. 99-115; January, 1949. | 


our case —yH, K w, and —yM, < w; therefore 


ee (9) 


Mi ~ Ho, 


he agreement between the experimental and theo- 
jcal values in Table I is seen to be satisfactory. 


erromagnetic Resonance 


ne of the circularly polarized modes must show 
omagnetic resonance absorption for a critical value 
the applied magnetic field. This means that one of the 
- must show a singularity. It is evident from (8) that 
hnd ue resonate forw = —yH.,. In that case, however, 
| and Ag6_ remain finite, corresponding to the fact 
I, the resonance frequency is shifted to higher values 
p to the demagnetizing fields. To find the modified 
nance condition we consider the expressions pi + 


+ yuo. Substituting (8), we obtain 
M, 
bi tua t+ Ho = 2ne + ap, (10a) 
— = yM. 
ji — Te le = Zio oe (10b) 


ie. Mi + we +4. Is always positive, but wi — we + po 
1 become zero. So we find as resonance conditions 


w M 


fel. Or J a hres — at a Dey (11) 


experimental of 
curve 


io heoretical 
|__curve 


1.80 


1.78 


1.76 


1,74 


1.72 


6000-8000 
fg (10~* Wb/m?) 
H (Oe) 


| L72, 2000 


ig 5—Ferromagnetic resonance in a Ferroxcube IV C pencil 
adius 7, = 0.35 mm. 


't will be noted that these expressions are identical 
h those derived by Kittel for an infinitely long thin 
ite cylinder in a homogeneous hf magnetic field. 
*. 5 shows the results of a resonance experiment done 
he Kamerlingh Onnes Laboratory at Leiden with an 
-coil in which fields up to 104 Oe could be produced. 
e graph shows the experimental points as well as the 
oretical curves obtained from (7) and (8). 
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C. Large diameter pencils 


We have seen already that (7) applies to ferrite 
pencils with very small diameters only. In practical 
applications we shall often use ferrite pencils whose 
radius is 0.1 to 0.3 times the waveguide radius. As it is 
difficult to obtain theoretical results for this case we 
determined the relation between Faraday rotation and 
pencil diameter experimentally. [t was rather surprising 
to find that in this range of radii the Faraday rotation 
follows more or less the empirical law 


(12) 


as is shown in Fig. 6. This result is confirmed by data 
published by Fox, Miller and Weiss.° 


log 8 = ¢; + Cori, 


“0 0.5 1.0 15 
SS a, mm 


Fig. 6—Faraday rotation vs pencil radius for average radius 
pencils. 


V. RECTANGULAR AND SQUARE WAVEGUIDES 


As we have seen in Section II which dealt with 
circular waveguides, gyrotropy causes coupling between 
normally degenerate modes with cos n® and sin n® 
distributions. Using the same type of intuitive reasoning 
as applied to the circular waveguide problem, we must 
expect in square waveguides a similar coupling between 
the TE»: mode and the JE, mode with transverse 
electric fields 


le = Ee sin uaa E, = 0; 
a 
respectively 
be TED 
E, = E,*® sin ~ : 


There is Faraday effect if the field distribution along 
the traveling wave is alternately TE; and TEiy. 

A satisfactory rigorous mathematical treatment of 
the rectangular waveguide problem has not yet been 


9A. G. Fox, S. E. Miller, and M. T. Weiss, ‘‘Behavior and ap- 
plications of ferrites in the microwave region,” Bell Sys. Tech. 
Jour., vol. 34, pp. 5-105; January, 1955. 
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given. Some conclusions can be drawn from Schelkunoff’s 
generalized mode theory,!® but this method is very 
laborious indeed. A very simple method of successive 
approximations which will be outlined below for the 
completely filled square waveguide, has been used by 
De Vries and the author. We first substitute (3) in 
Maxwell’s equations and obtain 


VXE= —jo//u//H, 
VxH = jwoD = jweE. 


ete 
ee 13) 


(The time-factor is supposed to be exp jut). 

The usual: procedure which consists in eliminating 
the transverse field components from (13) leads to two 
simultaneous equations for the longitudinal components 
of the form 


V Ee + ak, te bH, 
Vie: ae (ty ae dH, = 


(14) 


0? 
where V 2?=V?2 — 3a" and a, 6, c, and d are constants 


depending on w, uw and e. As is well known these equa- 
tions can be solved for the circular but not for the 
rectangular boundary-value problem. Rather than 
following the above approach we now eliminate H,, 


Heid z-ana 
Seal /Ole oy 
aes — ze) 


from (13) and obtain the equations 


og eee 
ia] +(e a) B| 


CA eed lp =i OR — 


O,-H ae OE, 


where 


2 02 2 fokg 
(Vis = 2 aaa Laks oe #1 _— Be ee ae es Z 
wists ( es) as Ox? zi Ho : bi?) dy? B 


We must try to find solutions of 
boundary conditions (cf. Fig. 7) 


Ee 04 tat ry en0 0: 

Ey =0 at x =0,a; (17) 
Ob andy 
Fis erie aa ati a= 10; oo rya=2080 


SAG Schelkunoff, “Generalized telegraphist’s equations for 
waveguides,”’ Bell. Sys. Tech. Jour., vol. 31, pp. 784-801; July, 1952. 
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The general solution of (15) which satisfies (17) is ) 
the form 


MTX ays | 

Popes DE. mn cos —— sin —— | 
a ie i 

5 MEEeS nTy ! 

jpg > £," sin —— cos— . (ff 
mn a b i) 


To obtain the zeroth-order approximations we put t) 
right-hand side of (15) equal to zero. As is easily verifij 
we then obtain the sets of TEn, and TMnn mod) 
One of these is selected and substituted in the right-ha |} 
side of (15), and the first-order approximation is four 


3 


x 
4 
| 
| 
| 
| 


Fig. 7—Rectangular waveguide with co-ordinate system. 


This process can be contained indefinitely. Evident 
nothing can be said about the convergence of the proce 
but it seems at least justified to assume this convergen® 
if wo/ui «< 1. We shall now consider the case of ti 
square waveguide in some detail. i 


Oi @ WB gy a a TE) mode 
: agai 
dsl tS Sy SES Si ues 50 ge ae OoSin a 
a a 
These modes have the same propagation constant 
2 2 2 
pe = cin (1B) (r=) 
M1 Lo bi?) a 


Next we substitute (19) in the right-hand side, and (1! 
in the left-hand side of (15), using the abbreviations 4 


2 
s 5 PA B2 = Nan | 
The result is | 
> CMipnles oP elt es eS 


: on. WSS 
= jj B2 Bo? Dabo te Stak = ; } 
Mi a (21 


EP SRD igh oes a Nee”) sin VAs ES 


. be 5 OF 
= ye Ba? 12,0! sin “2, 
ope a 


iow it is known that, if0 <x <a 


snes > asyeae ee u+vodd, 
cos <=" = ei u-+vodd; (22a) 
ith 
A i 2. eal 5 
Se ea ae OSes pera (22b) 
jubstituting (22) in (21) we obtain 
BME." ale ye)? COS Ahir eh led 
j 6 ee, 2S? cos —— = Pe. gels my a ea 
InP 
b(PanEs TIN ols ga) sin cos an (23) 
— j#g2 01 dc. a+] gin lane Ses eos 2pry 
by q a d a 
}quating coefficients of equal functions in (23), we find 
hat 


Dee pepe nt tart + Preeti 
= fee - B°Ey 10$,27C, Beer. 


Bop 2ot leg Pat) + eee = 0, 


Hes. op 2th?” 4 Por iopE 2th? = 0, (24) 
ig pg OP TIN papa phos ine P 
= —j j #8. 2B 01C 2441527. 
md moreover, that 
N2P2a = A229 = ArPtyretl — FPt120+1 = Q, 
(241) 
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In particular we have for p = q = 0, 
M roe = 2 2 J, OL 2B Se (Cn 
01 (B. B?) ae - Bo 1 (25) 
Ni E,}° — (6a? = lef Mea Se as She Bo 2B LONG: CS ne 
From (25) it follows immediately that 
Ey = t7E (26) 
and 
Bs? = p| 1 in uw Sl (27) 
wai 3 


These formulas confirm the results of our intuitive 
reasoning and describe the coupling between the TE, 
and TE, modes. Using the fact that for square wave- 
guides: Mop,2¢¢1 = Nagtien, and Popegti = Pogtt,2p 
we obtain for the amplitudes of the higher harmonics 
E 2m) = FjE,2 the 
He Noboru le or Co oe 
= F¥ 

M1 Mop,2q4+1N2p,2¢41 = 

Te eae — + jE 2 oth2e 


Ma Pop ete onlin pone Cpa 
~ pa Mop 2er1Non,2e41 — P72p,2041 


> 
Poy 241 


(28) 


It may be remarked that the same analysis has been 
applied to rectangular waveguides. It is found that in a 
rectangular waveguidé no mode coupling occurs in 
general, and that the perturbation of 8 is of the order of 


(42/41). 
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The Seismic Pulse, an Example of Wave Propagation ina | 
Doubly Refracting Medium 
C. L. PEKERIS} 


Summary—An exact and closed solution is given for the motion 
produced on the surface of a uniform elastic half-space by the sudden 
application of a concentrated pressure-pulse at the surface. The 
time variation of the applied stress is taken as the Heaviside unit 
function, and its concentration at the origin is such that the integral 
of the force over the surface is finite. This problem gives an in- 
structive illustration of wave propagation in a doubly refracting 
medium, since both shear waves and compressional waves are 
excited, and they travel with different speeds. There is, in addition, 
the Rayleigh surface wave. For a medium in which the elastic 
constants \ and u are equal, the vertical component of displacement 
w , at the surface is given by: 


Wo = t< 


pe 
y - - 245 - v3 V5 + 3y3 
mur\16 324/722 324/38 4 wi 
V3v3 — 5 1 
1 330/ ape os ie ta 
Zz {3 5 + 3v3 \ 1 : 
DO aN oe ———— 7; 1<7r<5V3+4+ 3, 
mur ) 8 16/3 +37 2 
Z3 (ne See 
W Oe ie, > A/S AE NS: 
where + = (ct/r), c-shear wave velocity, and —Z is the surface 


integral of the applied stress. 

The horizontal component of displacement is obtained similarly 
in terms of elliptic functions. A discussion is given of the various 
features of the waves. 

It is pointed out that in the case of a buried source, an observer 
on the surface will, under certain circumstances, receive a wave 
which travels to the surface as an S wave along the ray of total 
reflection, and from there along the surface as a diffracted P wave. 
An exact expression is given for this diffracted wave. 

The question of the suitability of automatic computing machines 
for the solution of pulse propagation problems is also discussed. 


INTRODUCTION 


HE COMPLEXITY of the problem of propaga- 

tion of waves generated impulsively in doubly 

refracting media, is due not so much to the 
duplicity of the waves, as to the fact that when one 
type of wave reaches a boundary it is generally partially 
converted into a wave of the other type. One can 
conceive of, and sometimes construct, impulsive sources 
which will generate one type of wave only, and such a 
pure type of wave will actually propagate from the 
source until such time as it reaches the first boundary. 
After that time the original type of wave will, generally, 
be accompanied by the second type of wave, traveling 
in a different direction. For the understanding of the 
nature of these intricate phenomena it is sometimes 
helpful to study other doubly refracting media, where 
particular features of the wave problem may lend them- 
selves more readily to experimental or analytical in- 
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vestigation. It is with this in mind that I wish to a 


to your attention some recent results in the theory of 
seismic wave propagation. f 


Consider a uniform elastic half-space characterized } 
by the elastic constants \ and 4, and the density p. 4 
Such a medium can propagate two types of elastic “| 
waves: transverse equivoluminal shear waves S, and q 
longitudinal compressional waves P. The speeds c and 


c, of the Sand P waves respectively are given by 
c= (u/p) cp? = (A + 2n)/dr = 3e%, 


the relations 


WwW Gs Nasi oe 


Qq=¢rt+ Xrz) 


waves: 
Vig — (£2/C5") — =0;. 2V xn ek x 


0, ~ke=sp/G 


both g and x: 


Dez = A(p/Cp)*¢ =F 2u( zz =F Xizz2 ae k? x2), 
Prz u(d/dr)(2¢2 ar Lee aa kx); 


x waves are excited. 


We shall consider the case when the difference in 4 
stress Ap,, across the horizontal plane becomes infinite 4 


at the source in such a manner that 


co 
anf 


Ap,.rdr = Z, 


applied stress at the source will be assumed to be given 
by the Heaviside unit function H(t). 


THE RAY PICTURE FOR THE BURIED PULSE 


Our discussion will be concerned mainly with the case 
when the source is situated on the surface. We shall, 
however, interpolate in this section some remarks on 
certain physical features of the motion of the surface 
produced by a burted source. Let the source be situated 
at a depth H below the surface, as shown in Fig. 1. 
Consider the shear wave S excited by the source. When 
this wave reaches the surface, it is reflected partially as 
the S’ wave, and partially as the P’ wave, shown in 
Fig. 1(a), for the case r < H/+/2. P’ deviates more from 


(1) | 
where we have assumed the elastic constants \ and M. 
to be equal. The separation into two types of waves } 
can be exhibited by the fact that it is possible to express | 
the vertical component of displacement w and the} 
horizontal component g (in cylindrical co-ordinates) by [ 


(2) 
where the potential g satisfies the equation for com- f 
pressional waves, and the potential x the equation for S | 


(3) } 


Here p denotes the operator (0/dt), and the subscripts J 
denote partial differentiation. The stresses also involve § 


(4) f 
(S) } 
so that when one applies a concentrated normal stress 
pz: at the source, both compressional yg waves and shear § 


(6) 


Z being a (negative) constant. The time-variation of the | 


| 


the vertical than does S’. In Fig. 1(b), r = H/+/2, 
und the derived P’ wave is directed along the surface. 
Morr > H/~/2, the incident S wave is totally reflected, 
ith S’ having the same amplitude as SS, but a different 
phase. There is no reflected P’ wave. However, the exact 
tolution of this boundary value problem! yields the 
esult that before the time of arrival of the direct S 
ave, a point on the surface, such as B in Fig. 1(c), 
eceives a diffracted wave which traveled via the path 
AB, traversing the leg OA with the speed c of shear 
waves, and the leg AB with the speed c, of compres- 
bional waves. On the basis of the ray theory, no such 
wave would be expected, since all of the incident energy 
in the case of Fig. 1(b) is carried away by the reflected 
fp’ wave. If one plots the time of arrival ¢ of this diffracted 
wave against the epicentral distance r, the slope of the 
rach line so obtained is of course (1/c,), and the 


ala ly 
V2 
A 


Fig. 1—Ray diagram of the reflection of an SV wave at a free 
jurface. S denotes incident SV wave, S’ the reflected shear wave, 
+nd P’ the derived compressional wave. In (a), r < H/-2. In (b) 
is totally reflected, and a diffracted P’ travels along the surface. 
n (c), (Y > H/¥2) the point B receives, before the arrival of the 
direct S wave, a diffracted P’ wave which traveled along OA with 
he shear velocity c, and along AB with the compressional velocity 
V3c. The diagram was drawn under the assumption that the elastic 
jonstants \ and w are equal. 


intercept of this line with the axis of t is \/2/3(H/c), 
om which the depth of the source H can be deter- 
mined. 

| Mathematically this appears in the form of the follow- 
ing operational result entering into the expression for the 
lisplacement! 


ie J (krx) f(x) xexp(—kH~/x? + 1) dx — 0, (7) 
| te} 


rT <a: 


”€(7) 
> —(2/xR) | _f(iv)o[h? + 7? — v? 
| 1/v3 


(8) 
= rT, ce <1, 
l — (2/7R) rf" sole + 72 — y? 
1/v3 aa (9) 
— Mrv/1 — vI-"2 do, (sn ES 
Le 
Gs ic) aie REALE He, eh = (H/R), (10) 
-=(ct/R), 9 * = [2734+ (1/V/3)V1 — he], 
(1) = (V1 = B — bi — 7), (11) 


ee IA 71). 


1C, L. Pekeris, ‘“The seismic buried pulse,’’ Proc. Nat. Acad. 
ct., vol. 41, pp. 629-631; 1955. 
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Here the arrow denotes operational interpretation, I 
signifies the imaginary part, and f(x) isan even function 
of x having branch-points at x = +(i/+/3) and +z. 
These branch-points are associated with the existence of 
the compressional waves and shear waves respectively. 
7* corresponds to the time of arrival of the diffracted 
wave OAB of Fig. 1(c), and 7 to the time of arrival of 
the S wave OB. Eq. (8) holds only for r > H/v/2, 
while for r < H/y/2 [Fig. 1(a)] it vanishes. 


PLANE , X#U+iV 
10 


Fig. 2—The complex x-plane is cut up by branch-lines (thick) 
at the branch points v = +(1/¥v3) and v = +1.0. The poles are 
situated at v = +(1/2)V¥3 + ys. @ and # denote the values of 
Vvi%i + a and of vi + 2 on the various portions of the v-axis. 


THE SURFACE PULSE 


When the point-source is situated at the surface and 
is integrable in the sense of (6), the operational repre- 
sentation of the vertical component of displacement at 
the surface w(p) is given by? 


w(p) = (Zk/27p) ie J (krx)m(x)xdx, (12) 


with 
m(x) = a/[(2x? + 1)? — 4x?a6], (13) 
a = /x? + i, B= \/ xtc, k = (p/c). (14) 


By cutting up the complex x-plane in the manner shown 
in Fig. 2, one makes the function m(x) regular to the 
right of the imaginary axis, enabling one to apply to 
the integral in (12) the Bateman-Pekeris theorem,’ to 


2C. L. Pekeris, ‘‘The seismic surface pulse,’ Proc. Nat. Acad. 
Sci., vol. 41, pp. 469-480; 1955. 

3H. Bateman and C. L. Pekeris, ‘‘Transmission of light from a 
point source in a medium bounded by diffusely reflecting parallel 
plane surfaces,” Jour. Opt. Soc. Amer., vol. 35, pp. 651-057; 1945. 
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the effect that 


ibe J (krx)am(x) dx 


D 
= —ca/x)r f K ,(krv)uvm(1v) dv. (15) 
With the known interpretation of 
kK .(krv) > 0, Va ech) 
—(1/r) (7? — v?)-1/? VET; (16) 
we thus get 
o) — 
if J (krx)xm(x) dx > 0 1/+/3 tr < 1/3, (17) 
= -@/arre | _ um(tv) (71? — v?)—1/2 dy, 
1/V3 
tr > 1/73, (18) 


where P denotes principal value. 

By rationalization and partial fraction decomposition 
one can evaluate the integral in (18) in closed form,‘ as 
follows: 


WT )e=t0gl x7 3) << 14/3, (19) 
V3 
w(r) = —(Z/327ur) \ TE as 
V 373 + 5 V3V3 — 5 
— A eres — ar V7? ae “3 ah ’ (20) 
1 
V3 ee | eal be 
V3V/3 + 5 
w(r) = —(Z/16 pr) }< e/a amas a (21) 
l<cr<cye= (1/2)V3+4+ V3, 
wir) = —(3Z/8rur), ty: (22) 
The operational representation of the horizontal 


component of displacement g() in the case of a surface- 
pulse of the form H(#), and subject to condition (6), 
is given by 


q(b) = (Z/2xu)(a/ar) | J o(krx)n(x)x dx, (23) 


= [(2x? + 1) — 2ap]/[(2x? + 1)? — 4x%ap]. (24) 


By following the same methods outlined above, one 
arrives at the result 


n(x) 


q(r) = 0, tr < 1/+/3, (25) 
g(r) = (/3/2 Z/16r2ur) {6K (k) — 1811 (8k?, k) 
+ (6 — 4/3) M[—(121/3 — 20)k?, RI 
+ (6 + 4y/3)T[(12./3 + 20)k2, R]}, 
1 N/ 3 <r (26) 


4C. L. Pekeris, Proc. Nat. Acad. Sct., vol. 26, pp. 433-436; 
1940. For details of the derivation, see reference 2». 
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g(t) = (W/3/2rKZ/16 72 ur) {6K (x) — 18I1(8, «) 

+ (6 — 4/3)M[—(12V/3 — 20), «] | 

+ (6 + 4/3) M[(12/3 + 20), «lf, | 

t<r<v=1/v34+—V3, (DE 

a(s) = (0/3/2202 /A6n7ut) OK (ops SSL e ae) 
+ 6 — 49/3) M[— (12/3 — 20),4] 

+6 +4vanlO2VvI+20.d) 4 aaa | 

r>1%  (28)8 

with | 

b= (1/2) (B= 1), «= A/k), 29) 

Kw = | ee 

(30)! 


x/2 dé | 
Wha) =f. (1 + nsin? 0)+/1 — k* sin? 0° ' 


The function II(n, k) can be expressed in terms of 
incomplete elliptic integrals, for which tables are avail-if 
able. 


Fig. 3—Vertical displacement at the surface w(t) due to the. 
application of a Heaviside unit pressure-pulse H(t) at the surface. | 
w(t) = —(Z/arur)G(r), r = (Cst/r). Z (negative) is the surface 
integral of the applied pressure. w(¢) was computed from (19)-(22). 
P denotes arrival time of the compressional wave, S of the shear 
wave, and R of the Rayleigh wave. 


DISCUSSION OF RESULTS 


Fig. 3 shows the vertical displacement w(r7), as com- | 
puted from (19)-(22). The initial motion, due to the 
application of a downward pressure at the source, is | 
upwards, as shown at the epoch P, when the compres- . 
sional wave reaches the point. The arrival of the shear | 
wave S is marked only by a change of slope in w(r). 
R marks the arrival of the Rayleigh surface wave. Just 
prior to this time, w(r) becomes infinite, with an ampli- | 
tude varying with range 7 like 1/+/7, which is char- 
acteristic of surface wave propagation. The steady state 
displacement is downwards, and is reached right after 
the arrival of the Rayleigh wave. 


Fig. 4 shows the horizontal displacement g(7) com- 
ted from (25)—(28). The initial displacement is out- 
rds, but the final displacement is inwards. The arrival 
the S wave is characterized again only by a change 
slope, which is even less marked here. 


Fig. 4—Horizontal displacement at the surface q(t) due to the 
lication of a Heaviside unit pressure-pulse H(t) at the surface. 


) =—(Z/mur)E(r), r = (Cst/r), Z (negative) is the surface 
fegral of the applied pressure. g(#) was computed from (25)-(28). 
|S and R denote times of arrival of compressional, shear, and 
syleigh waves respectively. 


) THE FEASIBILITY OF USING ELECTRONIC COMPUTERS 
FOR THE SOLUTION OF IMPULSIVE WAVE 
PROPAGATION PROBLEMS 


{One of the aims in solving the seismic buried source 

blem for a uniform elastic half-space was to obtain 
| exact solution with which to test the accuracy of a 
‘ect numerical method of solution using automatic 
mputing machinery. Were this approach feasible, 
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then one could cope with the more interesting case of a 
layered half-space. This problem is now under investiga- 
tion, and it is hoped that the results will prove to be more 
encouraging than preliminary considerations‘ led us to 
expect. For, if we write 


w(t) = —(Z/rur)F(r), (31) 


then it can be shown that (12) is equivalent to the inte- 
gral equation 


m(x) = Zhe F(a) r(e? +17)? dz, (32) 


which can be verified by substituting for F(r) from 
(19)-(22). 
It is found that the trial solution Fi(r) given by 


Fi(r) = 0, + < .719574516, (33) 
Fi(r) = —.0612441866; 

719574516 <r < 1.167093607, (34) 
Fi(r) = (3/8), + > 1.167093607, (35) 


when substituted into (32) yields a function m;(x) such 
that the maximum deviation of [m:(x)/m(x)] from 1 is 
1.00086, around x = 1, and that this ratio is closer to 
unity for all other values of x. One might be inclined to 
expect that [F,(r)/F(r)] is equally close to unity. 
Actually, Fi(r) is a very bad solution from the point of 
view of the seismologist, for it yields a P-wave velocity 
which is wrong by 25 per cent; it lacks completely the 
S phase as for a liquid medium, and the Rayleigh wave 
velocity is wrong by 7 per cent. This R phase has fur- 
thermore a variation with distance of 1/r, rather than 
the correct variation of 1/+/7. The source of our diff- 
culty lies in the fact that we are interested primarily 
in minute details of only isolated portions of the func- 
tion, rather than in its over-all behavior. 
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On the Electromagnetic Characterization of Ferromagnetic’ 


Media: Permeability Tensors and Spin Wave Equations — 
GEORGE T. RADOT 


Summary—Various constitutive equations applicable to ferro- 
magnetic and ferrimagnetic media are discussed systematically, 
the emphasis being on a formulation and analysis of the underlying 
assumptions. A distinction is made between the ‘ordinary’? (Max- 
wellian) and certain “‘average”’ field vectors. The latter are useful 
in the presence of RUN atk ihe they include appropriately 


defined spatial averages, , (B) and (R), of the time-dependent come 
~~ 
penene of the ordinary iB and H, respectively. In cases where (B) 


and (R) are connected by a ‘“‘point relation”, the general form of 
Polder’s permeability tensor is extended to nonsaturated media; 
the special tensors due to Polder, the writer, and Wangsness, are 


then reviewed. In cases where (b) and (Rh) are not so connected, 
the ‘exchange effect” and the ‘“‘spin wave equation’’ are discussed. 
Following Ament and Rado, three consequences of this equation 
are treated: the new boundary conditions, and the triple refraction 
and “‘equivalent isotropic permeability” in metals. 


I. INTRODUCTION 


T IS well-known that under certain conditions the 

theory of electromagnetic wave propagation in 

ferromagnetic media is rather complicated. Such 
conditions occur, for example, in the case of microwaves 
propagating in a ferromagnetic medium which is con- 
tained in a waveguide and possesses a static magnetiza- 
tion. The mathematical difficulties and results relevant 
to this case have been reviewed in an excellent article 
published by van Trier.! His paper, as well as the more 
recent ones by Suhl and Walker,” discusses the original 
theoretical contributions of Gamo, Kales, Suhl and 
Walker, and van Trier. 

In contrast to the work of the authors mentioned, 
the present paper is not primarily concerned with the 
mathematical problems of solving Maxwell’s equations 
and satisfying the corresponding boundary conditions. 
Instead, the present paper deals mainly with the physical 
problems associated with the constitutive equations in 
ferromagnetic media. The nature of these equations, 7.e., 
the manner in which ferromagnetic media are character- 
ized electromagnetically, is evidently the root of the 
mathematical difficulties referred to above. Further- 
more, the limitations of the constitutive equations may 
cause ambiguities in the experimentally measured 
electromagnetic properties of a ferromagnetic medium. 
It seems appropriate, therefore, to discuss these equa- 
tions in a systematic and unified manner. 

The only essentially new contribution made in this 
paper is an attempt to establish and justify a general 


{t Naval Research Laboratory, Washington, D. C. 

1A, A. Th. M. van Trier, ‘‘Guided electromagnetic waves in 
anisotropic media,’ Appl. Sci. Res., sec. B, vol. 3, pp. 305-371; 
April, 1953. 

? H. Suhl and L. R. Walker, ‘Topics in guided wave propagation 
through gyromagnetic media I, IJ, III,” Bell. Sys. Tech. Jour., 
vol. 33, pp. 579-659, 939-986, 1133-1194; May, July, and September, 
1954. 


form for the permeability tensor in nonsaturated fert) 
magnetic media, i.e., in media characterized by a doma} 
structure. Since this attempt is purposely not based | 
any special physical model, the presentation of the n¢! 
theory is tantamount to a somewhat lengthy formulatilj 
and analysis of the underlying assumptions. The] 
assumptions, treated in Section II, include a distincti ! 
between the ordinary (Maxwellian) field vectors a’; 
certain ‘‘average’’ field vectors recently introduced }} 
the writer.’ < . 

The quantities (6) and (x) will be defined later on 
being certain spatial averages of the time-depende} 
components of B and H, respectively. In n Section Ip 
those equations are treated arate connect (B) and (h) ft 
what will be referred to as a “‘point relation.’’ Such) 
relation is exemplified by the permeability tensor. |, 
general form is derived in Section IIIA, and its variog 
special forms, originally derived by the writer,’ Polde| 
and Wangsness,’ are reviewed (together with some bac 
ground material) in Section IIIB. 


There is one equation, treated in Section IV, th) 


connects (b) and (h) by other than a point relatic| 
This so-called “‘spin wave equation” and the underlyixt 
exchange effect are briefly reviewed in Section IV.) 
Certain consequences of this equation, namely t;, 
triple refraction, new boundary conditions, and “equiv 
lent isotropic permeability’”’ in ferromagnetic meta; 
are discussed in Section IVB on the basis of Ament ar! 


Rado’s recent work.® i 

Finally, Appendixes I and II contain some remaril 
on the conductivity tensor and on the calculation i 
energy losses, respectively. i 


II. Some ASSUMPTIONS AND DEFINITIONS 


Several assumptions and definitions are formulaty 
and analyzed below. They will be denoted by lower ca) 
letters [e.g., (a)], and will be understood to apply throug] 
out this paper unless an explicit statement is made to tl} 
contrary. 


\) 
A. Ferromagnetism vs Ferrimagnetism 


(a) It is assumed that there is no qualitative differen 
between the electromagnetic behavior of ferromagnet! 


*G. T. Rado, ‘Theory of the microwave permeability tens) 
and Faraday effect in nonsaturated ferromagnetic materials 
Phys. Rev., vol. 89, p. 529; January, 1953. t 

4D. Pol der, “On the theory of ferromagnetic resonance| 
Phil. Mag., vol. 40, PP. 99-115; January, 1949. 

RRS LK Wangsness, ' ‘Susceptibility tensor and the Faraday fe 
in ferrimagnetics,” Phys. Rev., vol. 95, pp. 339-345; July, 1954. 

§W. S. Ament and G. T. Rado, ‘ ‘Electromagnetic effects of sp. 
wave resonance in ferromagnetic metals,” Phys. Rev., vol. 97, f} 
1558-1566; March, 1955. , 


) nd ferrimagnetic media. For the sake of brevity, both 
. will be referred to as being ferromagnetic. 

_A brief discussion of (a) is given in Section IIIB3. 
it will be seen there that only in one exceptional kind 
»f medium, that which is characterized by ‘“‘compensa- 
i ion points,” do the typically ferrimagnetic properties 
bf the medium have a qualitative (rather than merely 
| uantitative) effect on its electromagnetic behavior. 

B. The Ordinary Field Vectors and their Interrelations 

(b) The ‘ ‘ordinary fi field vectors’ are defined to be the 


ield vectors H, B, E, io occurring in the Maxwell theory. 
The meaning of these (macroscopic) vectors is. briefly 
fliscussed below. 

> 
_ The four field vectors and the current density J must 
satisfy the two Maxwell equations 


~ 

> 9 1 oB 
Vv ee 
S< 18 MeV (1) 

pero ea eer k 81 a7) 

Tv 

V —. eee Lees 

HEE pees (2) 


as well as the three ‘constitutive equations’ | (involving, 


Fespectively, D and E, ri and E, and B and i, and some 
if their derivatives) which characterize a given ferro- 
magnetic medium. It may be noted that the divergence 
} > 


equations have not been listed because V-D = 4rp 


| llows from (2) if charge conservation is assumed, and 


V- — 0 is an immediate consequence of (i). The con- 
stitutive equations contain certain material ‘‘constants,”’ 
the permittivity, conductivity, and some generalized 
‘permeability,’ and it will be seen later on that it is 
‘onvenient to define these ‘‘constants’’ by the con- 
stitutive equations in which they occur. This procedure 
r always used in practice but it is logically unsatisfactory. 
(he constitutive equations do not really define the 
constants” since they already act as auxiliary relations 
jor making the solutions of Maxwell’s equations unique. 
lowever, it is well known that this difficulty can be 
resolved.” One can define the vectors E and B as certain 
nverages of the microscopic electric and magnetic fields, 
respectively; the vectors P and M as the number of 
htoms per unit volume times certain averages of the 
tomic electric _¢ and magnetic moments, respectively; 


and the vector a as the number of conduction electrons 
Der unit volume times a certain average of their velocities. 


| = 
Since D and H can ves defined by the usual relations 
pee = = anP, (3) 
—> 
HaeeB tla (4) 
> => . 

't follows that H, B, E, 7) ok as well as the various 
material ‘‘constants,’’ are now uniquely defined in 
Drinciple. 


_ At any given point the above-mentioned averages 
should be taken over a volume V whose linear dimensions 


. 

7J. H. Van Vleck, ‘‘The Theory of Electric and Magnetic 
Susceptibilities,” Oxford University Press, London, pp. 1-13; 1932. 
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are large compared to interatomic distances but small 
compared to a distance LZ in which the ordinary field 
vectors change appreciably. When applied to ferro- 
magnetic media, the latter qualification clearly requires 
that Z does not exceed the smallest dimension, near the 
point in question, of any of the following possible in- 
homogeneities: a macroscopic inclusion, cavity, or stress 
variation, a crystallite, or a domain or a domain wall. 
The requirement that the linear dimensions of V be 
small compared to the thickness of a domain wall is 
particularly important. It shows that the ‘ordinary 
field vectors’ do not average out the exchange effects 
arising from a rapid (but macroscopic) spatial variation 
of the direction of magnetization. In contrast the ‘‘aver- 
age field vectors,’ which will be introduced later, do 
average out such exchange effects in domain walls but 
not in all other situations. 

Except in unusual cases, which are mentioned below 
and discussed in Appendix I, all the known electro- 
magnetic properties of ferromagnetic media can be 
represented by constitutive equations of the form 


= > 
D=eé, (5) 
= = 
WES Aa (6) 
> ==> 
G(M, 0M /dt, V?M, H) = 0, (7) 


where the complex permittivity (« = €: — 7te2), as well 
as the real conductivity o, is a scalar which i is independent 
of M and H. The vector function é will be specified 
later; for the sake of simplicity it is written in terms of Mu 
and H, but it could be written in terms of B and Fy 
by making use of (4). The form indicated for é is 
sufficiently general towfeprescnt the cases where (due to 
the exchange effect) G is a function not only of M and 
i but of veo as well. It should be stated that (6) 
neglects the Hall and magneto-resistance effects, and 
(5), (6), and (7) assume that the medium possesses a 
cubic crystal structure. 


C. The Average Field Vectors and their Interrelations 


(c) Only those physical situations will be considered 
in this paper which permit one to define the “average 
field vectors’ ’ introduced below. 

Let F denote any of the vectors H, B, E, D, ii P. M, 


and let Gi = hy b, ,m) denote its harmonically time 
dependent component. Assume that it is possible, at 
any point in the medium, to find a volume V’ which 
encloses this point and possesses the following two 
properties: First, the linear dimension. of V’ in the 


direction of any specified unit vector 7, is large com- 
pared to the largest dimension, near the point in question, 
of any of the inhomogeneities (domains, etc.) mentioned 
in Section IIB. Second, this linear dimension of V’ is 


small compared to \/4; the wavelength d of ES a 
vector to be defined later, is that wavelength which 
corresponds to the component parallel to 7, of the 
average propagation vector in the medium. The average 
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vectors (F) and (}) at the point in question are then 
defined to be the spatial averages over V’ of F and f, 
respectively. 

It should be mentioned that this definition of the 
average vectors may appear to involve a “circular 
argument” because the specification of the upper limit of 


V’ made use of the wavelength of (f), and of the average 


propagation vector, at a time when (f) had not yet been 
defined. However, this difficulty will not occur in prac- 
tice because one can always assume some sufficiently 
large linear dimension of V’, say 100 times the size of 
the known inhomogeneities, then take \ from experi- 
ment (or from a suitable averaging calculation involving 
the ordinary field vectors), and finally investigate 
whether the assumed linear dimension of V’ is sufficiently 
small compared to \/4. 


Several consequences of the above definitions of the 
average vectors will now be noted. As implied in Section 


IIB, the vectors (PF) and (f) do, by definition, average 
out the exchange effects in domain walls, but they do not 
average out the exchange effects when the latter are not 
localized, as in the situation considered in Section IV. 
Another consequence of the above definition is the fact 
that, because of the skin effect, a different shape of V’ 
must be used in good conductors (e.g., metals), than in 
poor conductors (e.g., ferrites); in the former case V’ 
is evidently shaped like a thin ‘‘pill box’’ parallel and 
adjacent to the surface of the medium, while in the 
latter case V’ is roughly spherical throughout the 
medium. It should also be stated that the average vectors 
introduced above do not always exist. For example, in 
the case of a medium possessing “‘relatively’”’ large 
crystallites, the kind of V’ specified above may not 


exist everywhere, and hence (PF) and (}) cannot be 
defined. On the other hand, it is sometimes possible to 
define (F) and (f) in certain special cases such as in 
uniformly stressed media which will nevertheless be 
excluded from the present considerations. The assump- 
tions required for this exclusion will be stated in Section 
IIG and Section IIH; they concern the meaning of 
“anisotropy” and “homogeneity” of a medium with 
respect to the average field vectors. 

It follows from the linearity of the Maxwell equations 
(1) and (2) that the average vectors also satisfy these 
equations. Thus the equations 


PSE ae (8) 
i pedGhy eG) ee (9) 


~ 
are always valid as long as the (F) can be defined. How- 
ever, the form of the “‘average’’ constitutive equations 


) ~ (B), (10) 
G'((M), 8(M)/at, V2(M),(H)) = 0, (12) 
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requires further comments. Eq. (11) neglects the Hal! 
and magnetoresistance effects, and (10), (11), and (12) 
assume that the medium possesses a cubic crystal 
structure. Only when these conditions are satisfied!) 
and the medium is homogeneous with respect to the} 
ordinary is are the e and a in (10) and (11) the same a: 
the e and a in (5) and (6), respectively. It should furthe® 
be emphasized that the vector function G’ in (12) iff 
generally different from the G in (7); this statement wil} 
be illustrated by the examples of the next Section. 


D. Necessity for Distinguishing between the Ordinary ang 
Average Field Vectors i 


(d) It is assumed that whenever F and (P) are no 
identical, F must be used in any (classical) calculatigel 
which derives the ordinary or the average constitutive) 
equations from the basic physical properties of th 
medium; on the other hand, (F) and particularly it) 
alternating component (f) is necessarily used in thd 
evaluation of any electromagnetic experiment that in 
volves time-dependent fields. ' 


The validity of (d) may now seem evident because Lh 
and (F) have been carefully distinguished in the pre: 
ceding discussion. However, the writer believes that (dy 
is sufficiently important to justify amplification by means} 
of the following four examples. 


1. In a partially magnetized (.e., nonsaturated 
polycrystalline ferrite the relation between 6 and h! 
under the assumptions of this paper, is given by a spirj 
wave equation within the domain walls but by a tensot) 
inside the domains; however, the (experimentally im? 


portant) relation between (b) and (h) is given by aj 
(perhaps position dependent) tensor everywhere (Sec: 
tion IITA). As shown in Section IIIB2 the latter tensor’ 


can sometimes be calculated, but this is done by using by 


h, etc., and averaging the relation existing between; 
them.? ! 

2. In the special case where the ferrite of example 1; 
has zero static magnetization, the tensor relating (0) te! 
(h) reduces to a complex scalar permeability whose 
value is constant throughout the medium. When this 
(initial) permeability is measured as a function of fre- 
quency (yielding the so-called magnetic spectrum), one 
obtains one or two “natural resonances.’’® The enor:) 
mously large width of these resonances is definitely not a 
measure of the basic damping processes involved in the 
b versus h relation, but rather a measure of the distribu 
tion’ of resonance frequencies in a polycrystal. As’ 
emphasized by the writer’ earlier, this distribution is 
“hidden” by the unavoidable representation of the data! 
in terms of a (b) vs (h) relation. ‘ 

3. At megacycle frequencies the initial permeability 


of a polycrystalline ferromagnetic metal, like that of the 
5G. T. Rado, ‘‘Magnetic spectra of ferrites,” Rev. Modern. 


Phys., vol. 25, pp. 81-89; January, 1953. 


i ite of example 2, is described by a complex scalar. 
ja metal, however, the imaginary part of this permea- 
{ty is not solely a measure of relaxation losses but 
Ttially a measure of Joule heating, i.e., eddy current 
ssipation.® These so-called microscopic eddy current 
Bes, which are fundamentally not different from 
croscopic eddy current losses, are always regarded as 
Ing part of the specifically magnetic losses because the 
periments are interpreted in terms of the average 


>tors @), (h), etc. These average vectors are much too 
parse” to take into account the domain structure of 
» metal, and thus they cannot be used for calculating 
P total eddy current losses. On the other hand, one 
Id (in principle) calculate a position dependent 
tion between 0 and h from the physical properties 

the domain structure of the metal. Using the 
inary field vectors one could then calculate the total 
y current loss by the third term of (62) of Appendix 
If this procedure could actually be carried out, then 
> specifically ‘‘magnetic’’ losses (as calculated from the 
st term of (62)) would not contain any eddy current 
htribution and would really be specifically magnetic 
uses. It is seen, therefore, that the magnitude of what 
iction of the total loss one chooses to call ‘‘eddy 
trent loss’’ depends on whether ordinary or average 
iid vectors are used in the calculation. 


‘The situation described above is clearly a consequence 
‘the domain structure of the metal. If the metal is 
agnetically saturated so that the domain structure 
sappears, then there is no longer a distinction between 
ordinary and average field vectors. In that case, 
srefore, the imaginary parts of the appropriate (tensor) 
meability do not even partially represent eddy current 
cts. This was first pointed out by Kittel!® in connec- 
in with ferromagnetic resonance. In spin wave reso- 
ce (see Section IV), of course, one again encounters 
idden”’ eddy current losses but these occur not be- 
Lise the experiments are described by the average 
tors (which does not cause any complications since 
=» metal is saturated) but because of the presence of 
ee effects. 


4. At kilocycle frequencies the initial permeability of a 
llycrystalline ferromagnetic metal is generally a scalar 


‘lating (b) to (h)) which is usually assumed to be real 
ther than complex. In contrast to example 3, there is 
refore no ambiguity as to what is meant by eddy 
rent losses. However, the calculated eddy current 
ses are invariably smaller than the measured losses. 
nis discrepancy is known as the “eddy current anom- 
.’ Apart from the fact that the measured losses 
etimes include relaxation losses, the eddy current 
omaly is probably due to the assumption of a real 
lar permeability. If the permeability were assumed 


°C. Kittel, “Ferromagnetic resonance,’ Jour. Phys. Radium, 
. 12, pp. 291-302; March, 1951. 

C, Kittel, ‘(On the theory of ferromagnetic resonance absorp- 
| Phys. Rev., vol. 73, pp. 155-161; January, 1948. 
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ey) 


to be complex, then the correct total losses could un- 
doubtedly be calculated by (67). Although the latter 
equation involves the average field vectors so that the 
losses obtained from it are approximate rather than exact, 
as explained in Appendix II, in the present case it should 
yield exact results because the complex initial permea- 
bility is in the first place deduced from experiment; this 
can be done, for example, by measuring not only the 
inductance but also the resistance of a coil containing a 
ferromagnetic core. It is seen, therefore, that in this case 
the use of (67) merely amounts to a consistency check. 
A fundamental calculation of losses would have to be 
based on (62), but this is usually too difficult in practice; 
as in example 3, such a calculation requires, among 
other things, a detailed knowledge of the domain 
structure. 


An interpretation of the eddy current anomaly was 
first given by Williams, Shockley, and Kittel;!! their 
arguments are somewhat different from those given 
above but the two viewpoints are probably equivalent. 
In addition, these authors showed convincingly that ina 
simple domain structure the measured eddy current 
losses associated with domain wall motion can be 
calculated correctly by using the ordinary field vectors. 
Thus there is no anomaly when such a calculation can 
actually be carried out. 


E. Frequency Range of the Time Dependent Field Vectors 


(e) It‘’is assumed that each vector ; has the form 
f = fo exp (twt), where f, is complex so that the phase 
of f, may be arbitrary and the phases of its rectangular 
components may all be different; it is further assumed 
that the frequency w/2m does not exceed 10° mega- 
cycles/second, corresponding to a free-space wavelength 
of 3 mm. 

Although this frequency limit is very approximate, 
and may perhaps be increased by a factor of ten or more, 
it does not seem useful at present to discuss those 
“exchange’’ phenomena which pertain specifically to 
the infrared region. Such phenomena have been studied 
theoretically!? but not yet experimentally. 

Another reason for (e) is the following: if wavelengths 
much smaller than the above-mentioned limit were to 
be used, then it would not usually be possible (even in 
sintered ferrites) to define the average vectors intro- 
duced in Section IIC. 


> > 
F. Linearity and Homogeneity of the b versus h Relation 


> =) 
(f) It is assumed that the equation relating 6 to h 


> 
is linear and homogeneous in 0, h, and their spatial 
derivatives. 


11H. J. Williams, W. Shockley, and C. Kittel, ‘Studies of the 
propagation velocity of a ferromagnetic domain boundary,” Phys. 
Rev., vol. 80, pp. 1090-1094; December, 1950. 

12 J. Kaplan and C. Kittel, ‘‘Exchange frequency electron spin 
resonance in ferrites,’ Jour. Chem. Phys., vol. 21, pp. 760-761; 
April, 1953. 
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The validity of the linearity assumption in the usual 
practical situations has been verified by numerous 
experiments, and can be understood theoretically by 
considering particular physical models (see Section 
IIIB) of a ferromagnetic medium. However, it should 
be mentioned that at least one series of experiments!’ has 
demonstrated, in confirmation of magnetic theory, that 
for sufficiently large values of h the relation between 


i and hi is nonlinear. Despite its potential interest, such a 
nonlinear situation occurs relatively rarely at microwave 
frequencies because ordinarily a large amount of power 
is required to produce it experimentally. Furthermore, 
Maxwell’s equations do not seem to have been solved 
as yet for those cases where 0 and / are not parallel and 
are not linearly related to each other. 

The validity of the homogeneity assumption follows 
from physical considerations. Considering only the 


nontrivial case where b ¥ h, one can argue that if the 
then b, 


would not necessarily vanish if ia vanishes. But this 
would mean that no energy dissipation takes place, 
in contradiction to the known fact that in all ferro- 
magnetic media some losses occur. Thus the homo- 
geneity assumption must generally be valid. 


homogeneity assumption were not fulfilled, 


It should also be mentioned that, as a consequence of 
(f), the equation relating (b) to (h) is necessarily linear 


and homogeneous in (b), (1), and their spatial deriva- 
tives. 


G. Meaning of Anisotropy with Respect to the Average 
Field Vectors 


(g) It is assumed that the medium possesses at every 
point: (1) isotropy with respect to the static component 
of (F); and (2) either isotropy or uniaxial anisotropy with 
respect to (f), the anisotropy axis being determined by 
the direction of the static component of (M) or (H) at 
the point in question. 

Part (1) of (g) means, in particular, that the average 
static magnetic properties in the vicinity of a point do 
not depend on direction. Thus the static (M) and the 
static (Hf) are parallel if they both exist. However, their 
magnitudes and directions may be position-dependent; 
this somewhat surprising possibility is clarified in 
Section IIH. 

This isotropy assumption is introduced to exclude 
from the present considerations such special cases as 
single crystals and uniformly stressed media, neither 
of which are necessarily excluded by assumption (c). 
Although the contents of Sections III and IV could 
undoubtedly be extended by means of standard domain 
theory to apply to these special cases, such an extension 
is not yet necessary because the corresponding wave 


13N. Bloembergen and S. Wang, ‘‘Relaxation effects in para— 
and ferromagnetic resonance,’’ Phys. Rev., vol. 93, pp. 72-83; 
January, 1954. 
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propagation experiments have been performed only | 
single crystals which are small compared to \/4; in su 
a situation the wave propagation problem reduces tc) 
quasi-static problem! and the tensor description of t| 
permeability is not essential. 
Part (2) of (g) is a direct consequence of part (1) " 
of assumption (c). For if the average vectors can 
defined, then at any point in the medium the on. 
moo preferred direction (from the ‘ ‘point, of viey) 
of (f)) is that of the static component of (M) or i 
The anisotropy axis is, in general, determined by t 
common direction of these vectors; at the remanence a} 
coercivity points, however, the anisotropy axis is det 
mined by the direction of the static component of (J 
and (H), respectively. | 


H. Meaning of Homogeneity with Respect to the Ana 
Field Vectors ’ 


(h) It is assumed that the medium is homogeneos 


with respect to the static component of (PF) but 
necessarily homogeneous with respect to (f). 

This assumption is not independent and is stated he 
merely for clarity. Since (c) asserts that the medi} 
under consideration permits the average vectors to j 
defined, it follows that the medium is necessariff 
homogeneous with respect to the static component 
(F). This means that the ‘‘average’”’ static properties # 
the medium do not vary from point to point. 4 


However, the medium is not necessarily homogeneo} 
with respect to (f). This is due to the fact that the tin 
dependent properties of the medium depend on ij 
static ‘‘state’’ rather_than on its static properties. Fy 
example, the static (7) (and hence the static (M) ap} 
(B)) may vary from point to point in both directi 
and magnitude; this could be due to the applied fie} 
being nonuniform or the sample shape being irregula) 


In such cases the equation relating (6) to (h) mui 
evidently vary from point to point in the mediut 
even though the vectors (B) and (H ) [which a’ 
parallel due to (g)| have the same ratio everywhe1 
While in some practical situations the medium is in fa 


homogeneous with respect to (f) also, a circumstan| 
which greatly simplifies the electromagnetic calculatior} 
it should be emphasized that even in saturated med] 
this is not always the case. 


III. EQUATIONS THAT CONNECT (>) AND (h) BY A 
POINT RELATION 

Throughout Section III it will be assumed thal 

(7) At every point in the medium the vectors (b) and ( 


are connected by a point relation. By definition, such } 
relation does not contain any spatial derivatives. | 


A. General Form of the Permeability Tensor 


The most general relation between () and (in) e 
is consistent with the assumptions (a) through (i), bi 


| 


I 
f 


not yet take advantage of the second part of (g), 
: cessarily given by the equations 


(bz) = Mi(hs) ap Li2(hy) Se Hi3(hz), (13a) 
(by) = woaihe) + wae(hy) + posthz), (13b) 
| (bz) = paithez) + Mse(hy) + pwas(hz), (13c) 


re the subscripts, x, y, z, designate the components 
) and (h) along the axes of an arbitrary fertine ed 
prdinate system, and the quantities uj, (j, k = 
}, 3) are coefficients to be discussed below. Since the 
| represent ‘‘average’’ permeabilities in the sense of 
ition IIC, they should have been written as (ux), 
_for simplicity the angular parentheses are omitted. 
Evidently the vector (b), which is ultimately obtained 
pr subjecting the given vector (it) to the ‘‘com- 
ment operations”’ involved in (13), must be independent 
the orientation of the co-ordinate system used. 
bs the matrix || m || of the coefficients 5, 


ot just some matrix that relates an arbitrary set of 
bers (hz), (hy), (hz) to another arbitrary set of 
bers (bz), (by), (bz). Instead, || u || represents the 
itrix of the components (in some arbitrary coordinate 
item) of a certain physical quantity called the permea- 
ty tensor ». This tensor is defined to be the operator 


it assigns at every point a certain vector (b) to the 
‘tor (h) in a homogeneous and linear fashion. To 
press the role of this operator symbolically, one 
ites the equation 

> _? 

(0) = uh). (14) 
| make actual calculations, however, one uses not the 
patties appearing in (14) but the matrices which 
respond to them in some arbitrary co-ordinate system. 
+ example, (13) can be obtained as the result of the 
six multiplication corresponding to the operation 
pearing in (14). 

Bince | be || is a matrix of tensor components, it must 
ssess certain definite transformation properties with 
jpect to a rotation of the co-ordinate system. These 
pperties lead to certain invariances (namely the 
trix’ symmetry or antisymmetry, its trace, and its 
jular equation), but they do not lead to invariance of 
whole matrix. Thus the tensor u is, by definition, 
rariant with respect to a rotation of the co-ordinate 
stem, but the matrix | || is not invariant with 
pect to such a rotation. 

ia discussing p, it should be noted that the second 
t of assumption (g) makes it possible to simplify 
be uz and a certain representation of || u ll. To do this, 


Dose any point in the medium and let 7, be a 1 unit 
sor parallel to the static component of the (H ) or 
) that defines the axis of the anisotropy introduced 


(e). Now consider two vectors (/1) and (hz) which are 
nal i in magnitude and oriented arbitrarily with respect 


iz; evidently p assigns to these two vectors certain 
ctors (b,) and (bz), respectively, which do not neces- 
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sarily have any simple relation to (h:) and (hs) or to 
7,. But if (41) and (hz) are not only equal in magnitude 
but form equal angles with a , then it follows from (g) 
that 4 7 must have the following symmetry property: the 
ibs ) and (bs) resulting from the tensor operation must be 
equal in magnitude, and (b,) must have the same spatial 
relation to (1) and 7, as (b2) has to (he) and FS Since 
all the five vectors under discussion start from a com- 
mon point, this symmetry property of » simply means 
that the pyramids formed by (1), (b1), 72, and (he), 
(be), 42 , are congruent. 

Now choose some rectangular coordinate system 
whose positive z-direction is parallel to z,. The above 
mentioned symmetry property clearly requires that the 
whole matrix | mn || of the tensor components must 
remain unchanged if the coordinate system is rotated 
around the z-axis. An elementary calculation shows that 
this invariance is possible only if the tensor components 
bjx Satisfy the relations 


Mil = Moe, (15a) 
biz = — p21, (15b) 
Miz = Mo3 = M31 = M32 = O. (15c) 
Since it is convenient to introduce the notation 
Mil = Bb, (16a) 
Miz = ties (16b) 
M33 = M2, (16c) 


it is seen from (15) that for the type of co-ordinate 
system under discussion the matrix || , || has the form 


Bb ane WD) 
| wl] = |J due 0 (17) 
Ounwad Mz 


This general result will now be discussed. 


1. It follows from the assumptions introduced in this 
paper that the form of the matrix (17) is valid even if 
the medium is magnetically nonsaturated; thus (17) 
is more general than Polder’s* matrix which is, even in 
its general form, valid only if the medium is saturated. 

2. As discussed in Sections IIG and IIH, the direction 


of oD of the axis of u, as well as the magnitudes of the 
tensor components, may vary from point to point in 
the medium; these properties are possessed by Polder’s 
tensor also, but in his case the variations are due solely 


to variations in the static part of H. 


3. In general, the tensor components must be com- 
plex numbers in order to allow a representation of 
magnetic losses. Thus p, wz, and uw, must have the form 


= pa — the, (18a) 
he= bia Tee (18b) 
Me = bel — 122 : (18c) 


The physical requirement that the losses be non-nega- 
tive, i.e., that the time-average energy absorption by 
the medium be positive or zero, imposes the conditions 
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Mea = 0, (19a) 
| Mite < M2, (19b) 
bz ms 0, (19c) 


on the tensor components; if the medium is lossless, 
then the relations (19) are equalities. It is seen that the 
requirement of non-negative losses determines the sign 
of we and wz, but not the sign of wiz. To prove (19), one 
can use the expression 


Pp = (1/4m)(h)-0(B)/ot (20) 


for the “‘magnetic’”’ contribution to the energy absorbed 
per second per cm* by the medium from the field. Eq. 
(20) applies in the vicinity of an arbitrary point in the 
medium and would have to be integrated over the volume 
of a given specimen to obtain the total magnetic loss. 
As shown in Appendix IT, (20) is not rigorous but usually 
it represents a fair approximation. However, (20) does 
hold rigorously if the relation between (b) and (h) 
(which is a tensor in the situations considered in the 
present section) is obtained from experiment. This was 


discussed in example 4 of Section IID. Since (b) and 


> 

(h) are complex vectors and have a harmonic time 
dependence, the time average of P,, denoted by 
((Pm)), may be written in the form 


(Pn)) = (1/8x)Re {(i)*-a(b)/a0} 
= —(w/8r) Im { (h)*-(b)}, (21a) 
which may be combined with the general equation 
(b) = (hy + 4e(m) (22) 
to yield the equivalent form 
((Pm)) = —(w/2) Im { (iy*(m)}. (24) 


The asterisk (*) is used throughout this paper to denote 
the complex conjugate of the quantity to which it is 
applied; in (21a) and (21b) the asterisk could evidently 


have been placed on (b) and (m), respectively, instead of 
on (h). When (21a) is used to prove (19b), it is con- 
venient to introduce the vector (4); which is defined 
to be the pector component of (/) in the plane perpen- 
dicular to7z,. But in the course of this proof!* it must be 


remembered that Gas is complex so that the vector 
product 


(i) x (hye 


Sr a 
does not generally vanish. It is useful to express (h); in 
the form 


(h), = e*((h1) — i(ha)), 


> > 
where (h,) and (he) are real, orthogonal, vectors in the 


plane perpendicular to 1,. If one then combines (21a) 
with (24b), the relation (19b) is easily obtained. 
4, In the case of local uniaxial symmetry [see assump- 


tion (g)] around i,, the role of the tensor u can be ex- 


14 This method of proving the relation (19b) was suggested by 
M. L. Kales. 
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pressed by using the || m || of (17), so that one obtains } 


(be) = whe) — tury), Ci 
(by) =a iur(he) aie u(hy), (23] 
(be) a Mz(he), (22) 


where the mutually orthogonal x-, y-axes are, of cours} 
Sea oriented within the plane perpendicular § 


. Alternatively, the role of u can be expressed by 

equation 
er. 22 

() = u(h) + ind, X (h) + (ue — w)((h)-t2)t2. (24) 

Using the ES defined above, (24a) can be written in t4 


form f 


Hl 
(24) 


we 


> > 
(by =) a en ee 


5. In the limiting case where the medium is ma 
netically saturated, the reversible ‘“‘parallel perme 
bility’’ along 7, must be unity irrespective of any physi¢) 
model. Thus one obtains } 

Mz = 1 
for this case, so that (17) properly reduces to Polder} 
general result. In the other limiting case, that of | 
medium which is demagnetized, the static field a’ 
static magnetization are both zero. Then one obtains 
the basis of symmetry considerations alone 


Be = 0 
Bz = 0 


f 
for this case, so that p reduces to the isotropic init 
permeability » = wi — tye. , 

6. From (17) and (22) it follows that the mati 
|| x || of the susceptibility tensor components must ha | 
the form of (17), and that the components of x x é 
related to the corresponding components of » by th 
relations 


Xa (u = 1)/47, 
tix, = ttys/4r, (25) 
“ged ie (25) 


B. Special Forms of the Permeability Tensor 


In this section the tensor components p, +iH;, all 
uz will be calculated on the basis of special physic} 
models. The three cases to be considered are: (1) se 
urated ferromagnetic media; (2) arbitrarily magnetiz/ 
ferromagnetic media; and (3) arbitrarily magnetiz!| 
ferrimagnetic media. These three cases, first treated |} 
Polder,‘ the writer,? and Wangsness,® respectively, w 
be reviewed from the standpoint of the present pap¢ 
Thus the terminology and notation differ somewh* 
from that used in the original papers. | 

1. Saturated ferromagnetic media. The ea 
made in Polder’s theory of the tensor components ( 
distinguished from his theory of the form of the ca 
will first be discussed. They will be compared, whenev, 
possible, with the assumptions (a) through (i) which a) 
too elaborate for the present purpose since they we! 
ormulated, in Sections II and IIIA, mainly for t 


rpose of deriving the general form of the permeability 
snsor. 

In Polder’s theory, assumption (a) is not stated 
kplicitly, but the resulting tensor components do apply® 
b ferrimagnetic media if there are no ‘‘compensation 
pints.” An assumption equivalent to (b) is used, but 
/) is replaced by the equation of motion (26) discussed 
plow. Assumptions (c) and (d) do not occur because 
jolder treats only saturated media so that there is no 
istinction between the ordinary and average vectors. 
issumption (e) is made, although the upper limit for 
he frequency is not specified explicitly. Assumption (f) 
| automatically fulfilled by the equation of motion (26) 
md the ‘“‘linearizing’’ assumptions (28) discussed below. 
instead of (g), the assumption is made that the medium 
} magnetically saturated. Thus there is uniaxial aniso- 
‘opy with respect to ip at every point, the axis of this 
misotropy (i.e., the 3-axis) being in the direction of the 
catic magnetic field H, at the Point in question; both 
Ihe magnitude and direction of ise, are allowed to vary 
tom point to point in the medium. Magnetocrystalline 
misotropy and stress _anisotropy are neglected; this 
leans, in effect, that H, is assumed to be sufficiently 
urge, and that single crystals are excluded. Instead of 
1), it is assumed, in effect, that the medium is homo- 


‘eneous with respect to the static component of F but 


| > 
lot necessarily homogeneous with respect to f. The 
atter part of this statement allows for the possibility 


see Section IIH) that the direction (z.) and magnitude 
tH i, , and thus the direction (z,) of M, (the static part 


4] 
| 


if vp may vary from point to point even though the 
i a is saturated. Instead of (i), the more specific 
ssumption is made that exchange effects due to spatial 
ariations in the direction of M are negligible, and that 
M and H are related by the classical equation of motion 


(i/yoM/at = MX H, (26) 


vhere y is the magnetomechanical ratio. In terms of 
tandard notation, y is given by ge/2mc; however, in 
errimagnetic media the spectroscopic splitting factor g 
nust be replaced by the effective value g.y, as shown 
iy Wangsness.® Eq. (26) equates the time rate of change 
if angular momentum density to the torque density. 


| 


‘inally, it is Sea that in the relations 


—> 
H= = .+h= Hig + hy (27a) 
— 
M= Me ey ht on, (27b) 


| at > — 
e magnitudes of the periodic vectors # and m are 
lufficiently small so that the approximations 


hyd << ls 
m/ M, <1, 


(28a) 
(28b) 


ire valid. ’ 
Substitution of (27) and (28) into (26), together with 
he general equation 


ay re Hi (29) 
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is easily seen to ye a tensor relation between if and 
i lntace 


); and w, fp, w, are 


given by 
7°H .B 
b ree (30a) 
47M oy 
Me = Saar ee (30b) 
Kz = ib (30c) 


where B, denotes H, + 47M,. Eqs. (30), which con- 
stitute Polder’s results, are seen to contain real numbers 
only. This is due to the fact that (26) does not contain 
any damping (or relaxation) term, and thus does not 
account for energy dissipation. Such a term would limit 
the amplitude of the forced motion of M@ and would, in 
the absence of external excitation, cause M to return 
to its equilibrium orientation M, . Thus the theory is not 
really complete, especially since the existence of a 
damping term must be assumed implicitly in order to 
justify the approximations (28). 

Two types of phenomenological damping term appear 
in the literature. One type, due to Landau and Lifshitz, 
has the form 


(31) 


where ), is a relaxation frequency. If the expression (31) 
is added to the right hand side of (26) then yu, is un- 
changed by the damping, but w and yw; take on the 
complex form (18a) and (18b), respectively. According 
to Hogan, the tensor components are then determined 
by 
(Gael = eee °H oox0” + 87 why? x0 
x0 (YH oe? — w°)? + 4wd,? 
(32a) 


pa =e 


= Amd,w x 0° (v7 00” ap w?) 
(iy = xo(V2Hooe — w)? + 4u,2’ (32b) 
4a Myo x0(y7H 00” roa w”) 
Xo(Y*H oo? — w?)? + 4w2r,? ’ 


810d, oxo" 
RCH Se ee 


where x. = WM,/H, is the static susceptibility at the 
point in question, and H,, = H.[1 + (,/yM,)?]/2 is 
an abbreviation. It should be emphasized that neither 
(31), nor an alternative damping term due to Bloch, 
has been unambiguously verified experimentally. In 
particular, it is not known to what extent A, depends on 
H,, w, etc. Furthermore, in most media the required 
magnitudes of the phenomenological relaxation fre- 
quencies have not been explained theoretically. 


(32c) 


Like 


(32d) 


[iy 


15C, L, Hogan, E 
wave frequencies and its applications,” 
pp. 253-263; January, 1953. 


“The ferromagnetic Faraday effect at micro- 
Rev. Modern Phys., vol. 25, 
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_,it will now be attempted to make plausible just why 
Hi is the field that occurs in (26). Clearly the field acting 
on a given atomic magnetic moment a cannot be B, 
for it was stated in Section IIB that B is the average 
of the microscopic field, and thus B contains a dipolar 
Neither can the field 


acting on pa: be H, for it is easily seen from Maxwell’s 
(macroscopic) equations that, at least in the stationary 


contribution from pq; itself. 
> = 


state, H is the sum of two parts: one is due to currents, 
and the other arises from (surface and volume) diver- 
gences of M. This means, for example, that if one imagines 
a uniform, unbounded, medium saturated in a uniform 
external field due to currents, then H is simply equal to 
this external field throughout the medium. In this special 
case, therefore, H does not contain a dipolar contribu- 
tion from any atom whatsoever. (The essential aspects 
of this special case can be realized by the well known 
configuration of a uniform current winding covering a 
toroidal core.) Thus it is seen that even in the general 
case. there are too many dipolar contributions contained 
in B and too few in H. The true field acting on De (in 
the cubic lattices and locally aligned moments con- 
sidered in |_the classical | model of ferromagnetism) is 


given by H on (40/3) M, which is smaller than B but 
larger than i. The inclusion of the Lorentz local field 
(42/3)M takes account of the fact that the true field 
must contain a contribution from the microscopic 
(dipole-dipole) fields due to all the atoms except the one 
atom at which p,,; is located. If it is now remembered 


that the Weiss field H,, (which arises from the exchange 
effect) aligns the atomic moments approximately 


parallel to each other, so that M is given by Par times 
the number of atoms per unit volume, and that H, is 
parallel to M, then it is seen that the equation 


— > 9 ~ — = 
MX(H+ H, + 441M/3) = MX H 


is valid independent of the orientation of MU. Thus 
neither the Weiss field nor the Lorentz field occurs in 
(26). This conclusion was first arrived at by Kittel.!® 
It may also be noted that while the physical content of 
Polder’s theory is the same as that of Kittel’s!®!° theory, 
the Polder tensor formulation represents not only an 
alternative method for obtaining Kittel’s results, but 
also a method for expressing the (magnetic) constitutive 
relation in a manner which is particularly suitable for 
use in connection with Maxwell’s equations. 


2. Arbitrarily magnetized ferromagnetic media. The 
calculation of the permeability tensor components has 
not yet been performed in sufficient generality to apply 
to all situations of experimental interest involving non- 
saturated media. However, the writer? has made an 


16 C, Kittel, ‘Interpretation of anomalous Larmor frequencies in 
ferromagnetic resonance experiment,’’ Phys. Rev., vol. 71, pp. 270- 
271; February, 1947. 
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approximate calculation which does apply to non-| 
saturated media under some commonly encountered, 
experimental conditions. In that calculation, assump-| 
tion (a) is not stated explicitly, but the resulting tensor; 
components do apply to ferrimagnetic media if there are; 
no ‘compensation points.’”” Assumption (b) is used, but 
(7) is replaced by the equation of motion (33) discussed 
below. Assumptions (c) and (d) do necessarily occur; 
their formulations in the present paper represent, in fact,) 
elaborations of the corresponding assumptions intro-) 
duced in the writer’s earlier calculation. Assumption (e)) 
is made, although in the earlier calculation the uppall 
limit for the frequency was implied rather than ex-} 
plicitly stated. Assumption (f) is automatically fulfilled 
by the equation of motion (33) and the “‘linearizing’ 
assumptions (36) and (28b) discussed below. Assuniial 
tions (g) and (h) are both made. Instead of (2), te 
following more specific assumptions are introduced 
(7,) exchange effects due to spatial variations in thé 


direction of M are negligible within domains; (i) the} 
total volume of the domain walls is so small compared tc} 
the total volume of the domains that the contribution 
of the domain walls to the static bulk magnetization is'f 
negligible; (73) due to the use of a sufficiently high 
frequency, or for some other reason, the contribution of 
domain wall displacements to the time-dependent 
magnetization is negligible; (24) at points not containees 


within domain walls, M and H are related by the t 
classical equation of motion f 


~ a =) 
(1/y)aM/at = M x H’, 


where y (which contains g or ges) is the same as in (26). 


(33)§ 


—_— 


== 


Before discussing H’, which contains H, it is convenient} 


~» 
to introduce the time-independent unit vector wu thati 
—~ 


describes the equilibrium orientation of M at the point) 
in question. Since the magnetization inside a domain} 


is saturated, wu is defined by the equation 
SS = > = > ii 
M=M,+m= Mu-+m, (34)! 
which takes the place of (27b). It should be emphasized) 


that in a nonsaturated medium yw is not the same as 7,2 
because the latter points along the average direction of 


M, over the averaging volume V’. Now introduce, at 
the point in question, an effective static field ie whies 
is responsible for M, having the direction ti. The field 


—P = 
A.=HHAou 
may be thought of as being the resultant 
=> > — —> : 
I 6 Fat od @ bs oF Hong ae Ty : 


— 
of the true static field H, (which contains all static 
demagnetizing fields arising from the divergences of 


M,), the effective field due to anisotropy, jake, . » and, 
the effective field due to nonuniform stresses, Ha 4 


Although ie and Hy cannot be uniquely defined, it) 
should be stated that for any given domain geometry, 


— = > => 

je torque densities M X H,,; and M X Hoy, can 
ways be uniquely defined (at least in principle) on 
je basis of the well known expressions for the free 
ergy due to anisotropy and stress, respectively. Thus 
‘is given by 

| H =H.+h=Ha-+h, (35) 
hich takes the place of (27a). It is evident from the 
wove discussion that, even within the averaging 
blume V’ (see Section IIC), the quantities ih, Bes u and 
ke are functions of position. 

{Although the effects of anisotropy, stress, and mag- 
etic interactions are > included in ne the calculation 


HH. (or rather of M x H.) is not usually possible 
a polycrystal. The problem encountered in such a 
culation is not only mathematical but includes the 
ifficulty of quantitatively specifying the nature of the 
jystallite structure, imperfections, | and stresses. Thus 
| a polycrystal the calculation of H, involves the same 
prt of problems as the calculation of the domain 
tructure or the technical magnetization curve. Never- 
weless, one can establish a rough lower limit for H, 
ha polycrystal (although not necessarily in a puele 
tystal) H. may be expected to exceed the larger one 
| the two quantities H, and K/M,. Here K is the 
hisotropy constant, a quantity whose order of mag- 
itude is usually known. Consequently the approxima- 
son 


(i ea (36) 
thich replaces (28a), is capable of being tested and is 
werefore meaningful even though H, is not actually 
nown. Expressing M and H’ by means of (34) and (35), 


tspectively, and using the linearizing assumptions (36) 


ind (28b), one obtains from (33) 
= > 
= (y/1w)(H.m — Mh) Xu, (37) 


> > 
lhich is linear in m and h but still contains the unknown 
fe . To eliminate H,, it is now necessary to make the 
urther approximations 


A ey <K< ow, 
4AnMoy Ko, 


(38) 
(39) 


thich are satisfied under many (but not all) experi- 
rental conditions. In order to be able to test (38), one 
eds a rough upper limit for H,. Such a limit is easily 
tained by noting that in a polycrystal H, is expected 
be smaller than, or of the order of, that value of the 
‘ue static field which must be exceeded when saturating 
he medium. Inserting (38) and (39) into (37), one 
tains after a short calculation 


>» » 
en Aah oy ee, (20) 


Here H, no longer occurs. Eq. (40) shows clearly that 
rE: ordinary vectors is and h are related by a tensor. 
—> 


owever, the vector u is not known, so that (40) must 
ie averaged over V’ to obtain the (tensor) relation 
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> > : > > 
between (b) and (h). To do this, write u and h in the 
form 


> > > 

u= (u) + bu, 

> > > 

= (h) + bh, 

i >» > 

ee so that Cee becomes 

Ge = (au) X (h) + UX oh) = (uy x (h) + (su 8h). 
(41) 

The first equality in (41) arises from the fact that, by the 


definition of V’, the averages ((u) x bh) and ((h)x x bu) 


both must vanish. If it is now assumed that (5u dh) 
also vanishes, then (41) becomes 


> > > > 

COX =) Mh (42) 
To see what this means, choose some arbitrary point 
A within V’ and let 6u and 6h form the angle a with 
each other. Since V’ is much larger than a domain or cry- 
stallite, the above assumption a asserts that there is some 
point B within V’ at which Sa and bh form the angle 
(— a) with each other but possess the same magnitudes 


> 


as at A. Consequently (éuX 6h) vanishes, so that under 
the assumed conditions the dynamic demagnetizing 
field sh is “random in the average.’ Using (42), one 
obtains from (40) 


> > ; > > 
(b) = (h) + i(4aMoy/w) (h) X (x), (43) 
where the approximate equality is written as an equality 


for convenience. Now let 7, denote the direction, and 
M, the magnitude, of the static magnetization at some 
arbitrary point. Then the equation 


> > 
(u) = (M./M,)i. (44) 
is in accord with the fact that the static magnetization 
in a polycrystal represents the mean value (over V’) of 
M,. Substituting (44) into (43), one finds upon com- 


paring the result with (24a) that u, ue, mz, are given 
by the simple equations 


i = ae (45a) 
pe = —(40M,7/0), (45b) 
be = il. (45c) 


To take damping, into account, one may add (31) (with 


H replaced by H’) to the right hand side of (33). If 
one now introduces ),’, and uses the assumption 


= (4md,/w) K 1, (46) 
in addition to all those stated earlier, then one finds that 
uz is unchanged by the damping, but » and y, take on 


the complex form (18a) and (18c), respectively. The 
resulting tensor components are determined by 


pi = 1, (47a) 
hon I (47b) 
Ha = i (47c) 
ve = d,'[1 — (M./M,)?), (47d) 


where the fundamental questions connected with the 
(to the approximation considered here) damping term 
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(31) causes the applicability of (47) to be subject to the 
same limitations as the applicability of (32). 

It should be emphasized that the derivation of (45) 
and (47) shows that these results are valid even if 7, 
and M, vary from point to point. As stated in the discus- 
sion of Section ILH, such a variation could occur if, for 
example, the applied static field is nonuniform. How- 
ever, under such conditions it is rather difficult to 


measure (or calculate) 7, and M,, so that in practice 


(45) and (47) will probably be most useful when 7, and 
M, are uniform. In that case (45),? and the prediction® 
of a Faraday rotation proportional to M, through- 
out the hysteresis loop, have been verified experi- 
mentally by van Trier.! 

3. Arbitrarily magnetized ferrimagnetic media. It is 
useful to begin this discussion with a brief review of some 
of the similarities and differences of ferrimagnetic and 
ferromagnetic media. In both types of media the ele- 
mentary magnetic moment is primarily that associated 
with electron spin. The spins of certain electrons in these 
media are subject to a cooperative effect due to exchange 
forces (which may be represented by Weiss fields) and 
thus give rise to a spontaneous magnetization. The direc- 
tion of the latter varies from domain to domain and is 
determined by the requirement that the direction- 
dependent part of the total free energy (due to magnetic 
interactions, magnetocrystalline anisotropy, magneto- 
elastic anisotropy, and exchange) be a minimum. How- 
ever, the two types of media differ in the manner in 
which the relevant spins within a domain are oriented 
relative to each other. At the absolute zero of tempera- 
ture, and apart from the quantummechanical zero-point 
fluctuations, the spontaneous magnetization in a ferro- 
magnetic medium is due to parallel spins only, whereas 
the spontaneous magnetization of a _ ferrimagnetic 
medium is due to the fact that more spin magnetic 
moments have a component in one direction (that of the 
spontaneous magnetization M,u) than in the opposite 
direction. 

In a ferromagnetic medium the spins usually wander 
about the crystalline lattice, so that it is only in the 
time average that a certain (noninteger) number of 
them are associated with each magnetic ion; in a 
ferrimagnetic medium, on the other hand, the spins 
may usually be regarded as staying on specific mag- 
netic ions, the latter being arranged in an orderly 
manner on the crystalline lattice. The most com- 
mon ferrimagnetic medium is a ferrite possessing the 
spinel structure. In this case all the ions (of whatever 


type) whose moments are parallel to u are located on 
one set of crystallographically equivalent lattice sites, 
thus constituting sublattice B, and all the ions (of what- 


ever type) whose moments are antiparallel to u are 
located on another set of crystallographically equivalent 
lattice sites, thus constituting sublattice A. Néel showed 
that it is approximately correct to represent the exchange 
forces acting on the ions of one sublattice by means of a 
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negative Weiss field due to the ions of the other subj 
lattice. For the present purposes one can, therefore, 
neglect the so-called AA and BB interactions, and writ) 


= = 
Hws = —dw(—Msa 4), 
= na 

Hwa = —Aw(Msz 4), 


where Ms, , Msg and Aw are positive numbers. T | 
quantity Aw is known as the molecular field coefficient) 
On this model, the magnitude of the spontaneous mag} 
netization of the medium is given by the relation 


M, = Mss a. Msa ’ (4 


in terms of the magnitudes of the spontaneous mag 
netizations of the sublattices. 

It is physically plausible that a ferrimagnetic mediur 
will act electromagnetically as if it were a ferromagneti 
medium provided the following three conditions ar 
satisfied : { 

1. The ‘‘net’’ Weiss field must be much larger tha’ 
all other effective and real magnetic fields, so that one ha 


NIM ee (5C 


2. The frequencies under consideration must b 
smaller than those corresponding to the infared regior 
as required by assumption (e). 

3. The g factor must be replaced by the effective 
factor ge, aS mentioned earlier. ! 

Conditions 1 and 2 insure that the spin system wi) 
have sufficient ‘‘stiffness,’”’ at all frequencies under cor! 
sideration, to maintain the antiparallel alignment of th} 
sublattices A and B during the precessions. Thus th) 
system is effectively a ferromagnet possessing a spor! 
taneous magnetization M,. Condition 3 means thec| 
retically that y must be replaced by Wangsness’ e3, 
pression® for ye. In the case of two sublattices, Yq 
is given by 


i 


ne Ms { 
(Msp/vs) — (Msa/va)’ j 


where v4 and yz refer to the two sublattices. In practic: 
however, the yy that is used in the electromagnet! 
calculations can be regarded as an empirical constant t} 
be taken from the results of resonance experiments. 

By writing for each sublattice an equation of motio) 
similar to (26), and using (48) and (49), Wangsnes* 
shows that under conditions 1 through 3 the results ¢ 
Polder, (30), are indeed valid in a ferrimagnetic mediun! 
Furthermore, Wangsness finds (in effect) that unde 
these same conditions the writer’s results, (45), are alsi 
valid in a ferrimagnetic medium. } 


It should be mentioned that Wangsness does né 
consider arbitrary magnetic interactions or a_ polly 
crystalline structure in nonsaturated media, but he doé) 
consider geometrical demagnetizing factors in bot! 
saturated and nonsaturated media. The first point doe 
not really constitute any loss of generality because tk 
inequality (50) is assumed to hold. The second poir 
simply means that some of the permeability tensos| 


‘rived by Wangsness relate b to the externally applied 
ather than to the actual Be in the medium. 


The equivalence of ferromagnetic and ferrimagnetic 
edia, under the conditions 1 through 3, continues to 
ld even if an arbitrary number of sublattices had to 
- considered in a given situation. This assertion is 
joved theoretically by Wangsness. Furthermore, the 
jperimental verification of (45) was carried out on a 
I rimagnetic rather than ferromagnetic medium.?} 


'The electromagnetic behavior of a ferrimagnetic 
dium becomes more complicated (and the theory less 
aightforward) than indicated above as soon as the 
pproximation (50) cannot be made. This case occurs if 
: medium is near a ‘‘compensation point;” i.e., near a 


ate where the net magnetization or angular momentum 
inishes. Since only a few media possess compensation 
bints, Wangsness’ treatment of such media will not be 
cussed here. 


> > 
7’. AN EQUATION THAT CONNECTS (b) AND (h) BY 
OTHER THAN A POINT RELATION 


!Throughout Section IV the assumption (i) will be 
carded. It will be assumed, instead, that the relation 


Ktween () and (h) does contain spatial derivatives. 
‘hile no attempt will be made to specify the most 
ineral form of this relation, it should be pointed out 
zat the abandonment of assumption (i) necessarily 


sans that the () vs (h) relation is not representable 


ba tensor. 


| The Exchange Effect and the Spin Wave Equation 


\A special physical model will be treated throughout 
tction IV. This model is the result of including the 
xchange stiffness’ term 


— > 
(2A/M,?)MXV°M (51) 
| . The term is a classical torque density whic 

(26). Th (51) ] l hich 
presents the tendency of exchange forces to straighten 


{* any nonuniform orientation of M. Adding (51) to 
), one obtains the ‘“‘spin wave equation” 


(1/y)aM/at = MX[H + (24/M)V2M], (52) 


~~ 
here (2A/M,?)V?M may be regarded as an effective 


Before discussing the origin and consequences of 
!1), it is appropriate to recall that a nonuniform orienta- 
— 


n of M exists inside the domain walls of any ferro- 
Agnetic medium, so that (51) should be taken into 
count whenever the medium is not saturated. This 
n be done, for example, by adding (51) to (33). 
wever, as shown in Section IIIA, it is a consequence of 


mmetry and averaging considerations that in many 


ses the relation between (b) and (h) is nevertheless 
wen by a tensor. In these cases the ‘‘exchange stiffness 
instant’? A, together with many other factors, deter- 
ines merely the values of the tensor components oc- 
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curring in (17). The absence of A in (45) is due to the 
fact that domain wall displacements are explicitly 
neglected in the special model of Section IIIB2. 

Another situation in which a nonuniform orientation 


of M occurs is in the skin depth of a ferromagnetic 
metal. It is this situation that will be considered in the 
present section. Since the medium will be assumed to be 
saturated, (52) will be used, and no averaging of the 


resulting (nontensor type) relation between b and hk 
will be necessary. In principle, however, an anisotropy 
torque could be incorporated into (52). The resulting 


relation between 6b and h could then be averaged in a 
polycrystalline medium to obtain a relation between 


(b) and (hk). The latter relation would also be of the 
nontensor type because a large part of the effect of 
V?M at a given point would depend on the distance of 
that point from the surface of the specimen; this part of 


the V?M effect would evidently not be eliminated by the 
averaging process discussed in Section IIC. 

The term (51) can be derived from the so-called 
Dirac “‘cosine coupling’ between neighboring spins 
provided a number of specific assumptions are made. 
An alternative “derivation” of (51) is based on the 


simple assumption that a nonuniform orientation of M 
gives rise to an exchange torque (and exchange energy) 


depending upon the spatial derivatives of M; if the 


orientation of M does not vary appreciably in an intera- 
tomic distance, then it immediately follows from sym- 
metry considerations that in a medium possessing cubic 
crystal structure the exchange torque must have the 
form (51). References to further discussions of these 
derivations are cited by Ament and Rado.® 


B. The New Boundary Conditions and the Equivalent 
Isotropic Permeability 


Some of the consequences of (52) for ferromagnetic 
resonance were first published by Kittel and Herring!’ 
but may have been obtained earlier by Macdonald.!®}9. 
In the following, several aspects of Ament and Rado’s® 
recent treatment will be outlined. Their work provides 
an explicit electromagnetic theory of exchange effects in 
ferromagnetic metals and satisfaciorily accounts for the 
experimental results of Rado and Weertman.”° The latter 
were the first to observe exchange effects in ferromagnetic 
resonance. Their experimental conditions were chosen 
on the basis of physical considerations and differed from 
those envisaged by the earlier theories. 

To calculate a quantity which corresponds to a per- 
meability in the presence of exchange effects, the par- 


17C, Kittel and C. Herring, ‘‘Effects of exchange interaction on 
ferromagnetic microwave resonance absorption,’’ Phys. Rev., vol. 
77, pp. 725-726; March, 1950. 

5 IR Macdonald, Ph.D. thesis, Oxford; 1950. 

19 ie R. Macdonald, “Ferromagnetic resonance and the internal 
field in ferromagnetic materials,” Proc. Phys. Soc. Sec. A, vol. 64, 
pp. 968-983; November, 1951. 

2G. T. Rado and ih R. Weertman, ‘“‘Observation of exchange 
interaction effects in ferromagnetics by spin wave resonance,’ 
Phys. Rev., vol. 94, p. 1386; June, 1954. 
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ticular physical situation used in the experiments”? will 
be treated. Consider a plane slab of ferromagnetic metal 
extending from the plane y = o to a plane whose y-co- 
ordinate is much larger than the skin depth. Let the 


applied static magnetic field be along 7,, and assume 
that the applied microwaves are plane waves nor- 
mally incident (from air) upon the y = o plane, 
the tangential component of their magnetic vector being 
along 7, . Now combine (52) with the Maxwell equations 
(1) and (2), and note that the displacement current may 
be neglected because of the high conductivity of the 
metal. Using (27), and the linearizing assumptions (28), 
and putting m and h proportional to exp (iw — ky), 
one then obtains a secular equation which is cubic in k?. 
The solution of this equation yields three propagation 
constants (ki, ke, k3) whose real part is positive; the 
corresponding three waves, propagating along 7, , repre- 
sent energy flow into the metal. Since in the no-exchange 
case there is only one such wave, the determination of 
the (complex) wave amplitudes requires, in this case of 
triple refraction, two new boundary conditions which 
must be a consequence of the exchange effect. 

The exchange torques are due to forces that exist 
solely in the interior of the ferromagnetic metal. Conse- 
quently the total exchange torque per unit area of air- 
metal boundary must vanish. Thus one finds 


[o.e) ses eS 
i M X (24/M,2)V2M dy 


= (24/M,?) i ie SCAG oS NR Oar ea EIEN SS) 


Integrating by parts, and using the approximation (28b) 
as well as the requirement A # 0, one obtains from (53) 
the new boundary conditions 


(O70, OV) —="0 at) ve=r0; (54a) 
(Om, /ey)= 0. at yy =.0. (54b) 


Eqs. (54) were first obtained by Macdonald'8 in his un- 
published thesis, and were later derived independently 
by Ament and Rado.® 

The standard Maxwellian boundary conditions, which 
require that 4, and e, be continuous at y = 0, may now 
be combined with (54) to obtain a system of four linear 
homogeneous equations that contain the field in air 
(hoz) and the three fields in the metal (fiz, hoz, h3z). 
From the condition that this system possess a non- 
vanishing solution, the value of the ‘‘surface impedance”’ 


Z = (€2/hz)y=o (SS) 
may then be calculated. The result can be expressed in 
terms of an “equivalent isotropic permeability” which is 
defined by the equation 


21(cZ/w6)?, (56) 
where 4 is the classical skin depth for permeability unity. 


Proceeding in this manner one obtains 


[n — 0? + YL +2)? 


Mequ = Mi — i) = 


Mequ 
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where the parameters 
n = H,/(47rM.,), (58a) 

Q = w/(4rM,y), (58b4 

y? = A/(20M,?282), (58c}) 


are supposed to have such values that each of thy 
quantities 7, 22, and y is negligible compared to unity. i 

The discussion® 2° of (57) and related results will be 
restricted to the following few comments: 

1. If the damping term (31) had been included ir 
(52), then (57) would have to be replaced by a mori 
complicated expression® containing A, . } 

2. If exchange effects are negligible, then the peg 
defined by (56) is simply given by the scalar permeability! 
uz = b,/h,. In the presence of exchange effects, on the 
other hand, ug, cannot be regarded as any kind of ¢ 
(flux density/field) ratio. Thus ug, is, in this cas 
merely a measure of the surface impedance. 

3. Eq. (57) shows that pe does not vanish as long as i 
is finite and A is not zero. The ‘“‘magnetic’”’ losses deter} 
mining pe are due to the combined effect of eddy curren 
dissipation and exchange. These particular eddy curren} 
effects are not to be confused with the ordinary (non 
magnetic) eddy current losses which exist even if y; 
vanishes or is neglected. 

4. Note that in the presence of exchange the value oO 
uo. may become negative, as shown by (57) and by 
experiment.2° This does not mean that the metal car 
generate microwaves. The possibility of a negative u 
merely demonstrates that in the presence of exchange thi 


quantity pq, is not a (b/h) ratio so that there is ne 


restriction on the sign of pe. f 


5. Eq. (57) can be used to obtain not only y (ant 
hence g) but also the important quantity A from experi 
mental results.?° 

6. Eq. (57) remains valid, under certain conditions, | 
even if the sample of ferromagnetic metal is not plane 
and the incidence of the microwaves is not normal. | 

In conclusion, the writer wishes to thank W. S| 
Ament for reading the manuscript and making usefu_ 
comments. : 


———— 


APPENDIX I. THE CONDUCTIVITY TENSOR 


If the magnetoresistance and Hall effects are no’) 


negligible, then the conductivity can no longer be 
represented by the scalar o used in (6) and (11). Instead, 


the relation between & and J, in media in which the ef. 
fects of crystallographic orientation are negligible, is 
given by the equations : 


E,= pits ian put y , (59! 
ap = Pu z oe pity ’ (60? 
EF, = pyJes (61, 


where the rectangular co-ordinate system is defined by, 
the fact that the positive z-axis is parallel to the static 
magnetization or static magnetic field. The tenso 


mponents p, and p,, denote the resistivity measured 
brpendicular and parallel to the z direction, respectively, 
ind py denotes the Hall resistivity. The quantities 
lL» Pi,» Px May depend on the static part of the mag- 
1 tization and/or magnetic field. Relations analogous to 
59), (60), (61) evidently apply to the average vectors 


) and (J) also, provided the assumptions discussed 
\. Section IT are fulfilled. Finally, (59), (60), (61), » apply 


| ally well | to the time dependent components ¢ @and} 


i (e) and G ). 

A simple calculation based on (59), (60), (61) yields 
he components of the conductivity tensor. The latter 
aay then be used to obtain a tensor form of the 
feffective”’ permittivity. Consequently one may expect 
59), (60), (61) to give rise to electromagnetic phenom- 
ha analogous to those caused by the tensor pemmeability. 


h particular, one can calculate a ‘‘Hall rotation’ of 


Inearly polarized plane waves in a ferromagnetic med- 
um. If at microwave frequencies the extraordinary Hall 
fect in ferromagnetic media is much larger than the 
irdinary Hall effect, as it is at zero frequency, then 
he writer’s preliminary calculation shows that under 
hheno conditions the Hall rotation, like the analogous 

enomenon of Faraday rotation, should be proportional 
the static magnetization. However, reliable estimates 
I the magnitude of the Hall rotation cannot now be 
hade because measured values of py at microwave 
fequencies do not seem to exist. 


| Rewriting the Maxwell equations (1) and (2) for the 
ime dependent vectors, and abbreviating 0/dt by a 
idot,”’ 


| APPENDIX II. CALCULATION OF LossES 


one obtains 
x 
—(1/c)b, 
xh = (4n/e)j + (1/6) 4 d, 
, that the use of the vector eae 
Det Sis = en = VC Sey 


ombined with the divergence theorem, leads to the well 
inown Poynting relation 


hi/4n) f hb b dv + (1/4) [ e-d her + fire -e du 
| = = (c/4n) fe xhenda, (62) 


yhere the integrals on the left and right hand sides of 
2) are to be taken over the volume and surface, re- 


> 
Ve<ca— 


ipectively, of a given sample, and iB denotes a unit 
ector normal to the surface. Eq. (62) expresses the 
onservation of energy in adiabatic situations, and the 
onservation of Helmholtz free energy in (the more 
equently encountered) isothermal situations. For the 
surposes of the present paper, the significance of (62) 
5 that the time average of the three terms on the left 
1and side represents the energy per second dissipated in 
he sample due to magnetic, dielectric, and conduction 
Joule) losses, respectively, and that the time average 
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ey AS 


of the right hand side represents the net inflow, per 
second, of electromagnetic energy into the sample. 

The question arises whether the losses can be calcu- 
lated if the average rather than the ordinary vectors are 
used. On the basis of the arguments given below, 
it is now suggested that (62) is rigorously valid in form, 
and its left-hand side approximately valid in interpreta- 
tion, if the ordinary vectors are replaced by the average 


vectors. To show this, define 6h by 
> > 
= (h) + dh, (63) 
. . . . . Ae <0 id ae . 
with similar relations defining 6), de, 6d, 67. According 


to Section IIC, the average (_ ) is taken over a volume 
V’ which is much larger than the inhomogeneities. 


> > 
Consequently the ‘‘cross terms” [ Mn): 8b dv and 


>> 
if 6h: (b) dv both vanish, and one obtains 


> 3 > > 
[ (@)-@) + 5h- 6b) dv. 
Since similar arguments apply to the other terms of 
(62), this equation becomes 


J (aan) (hy. (0) + /4e)Xe) ad) + (i): do 


+f l (1/4)dh- ah i (A/a oe: ad evr: id dv 
= Ht (—c/4z) (e) x (hy: nda + [ (—c/4n)be X bh fae 
(64) 


[Pear = 


or, in abbreviated form, 
L+aAL=R+ AR, 
where L denotes the first integral in (64), etc. 
Rewriting the ‘‘average’’ Maxwell equations (8) and 
(9) for the time dependent vectors, one obtains 
IK 
or in unabbreviated form, 
>? > > > 
(1/4n) [ (i)-(b) do + (1/4n) f (e)- (d) dv 
> > > o> 
+ [ G)(@) do = —(c/4n) f (e) X (h)-nda. (67) 
Although Eq. (67) is rigorously correct, it should be 
emphasized that its left-hand side does not express 
correctly the energy per second dissipated in the sample. 
Note, however, that the time average of AR evidently 
represents the additional scattering due to the inhomo- 
geneities, i.e., the effect of the inhomogeneities on the net 
rate of inflow of electromagnetic energy into the sample. 
Since the linear dimensions of V’ are small compared to 
\/4 (see Section IIC), it follows from physical considera- 
tions (Raleigh scattering) that 
AR«KR (68) 
is a fair approximation. In view of (68), it follows from 
(66) and (65) that AL « L is also a fair approximation. 
Consequently the left-hand side of (67) may be inter- 
preted, to a fair approximation, as expressing the energy 
per second dissipated in the sample. Eq. (67) was dis- 
cussed in Section IID, example 4, and used in Section 
IIIA, (20) and (21a). 


(65) 


(66) 
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Plasma Oscillations 
D. GABOR+ 


Summary—tThis paper is a report on the investigations by the 
author and collaborators F. Berz, E. A. Ash, and D. Dracott at 
Imperial College. F. Berz has theoretically investigated wave 
propagation in a uniform plasma and found that even in the absence 
of collisions only damped waves can arise, because the fluctuating 
velocity distribution contains a term, overlooked by previous 
authors, which represents a flowing-apart of the electron density. 
The cutoff due to this effect alone is at about 1.15 of the Langmuir 
frequency, and the shortest wavelength at about 20 Debye lengths. 

Experimental investigations by E. A. Ash and D. Dracott ex- 
tending over 5 years have at last elucidated the paradox of the 
existence of Maxwellian electron distributions in the positive column 
of arcs at low pressures. The interaction is not between electrons 
and electrons but between these and an oscillating boundary sheath. 
The sheath was explored by an electron beam probe and oscillations 
of about 100 mc observed under conditions when the plasma fre- 
quency in the arc was about 500 mc. Electrons diving into the 
boundary sheath spend about one cycle in it, during which time they 
can gain or lose energies of the order of several volts. Possible 
applications to radio astronomy are briefly suggested. 


INTRODUCTION 


HIS IS a report on the investigations, theoretical 

and experimental, carried out at the Imperial 

College, London, with my students and colla- 
borators Dr. F. Berz, Dr. E. A. Ash and Mr. D. Dracott, 
in the last five years, and which are still mostly un- 
published. Our investigations were stimulated by a 
desire to understand the phenomenon which I propose 
to call ‘“‘Langmuir’s Paradox,’”’ discovered by Irving 
Langmuir 30 years ago, and which so far has defied 
explanation. After five years’ work we succeeded in 
reducing it to a hitherto unsuspected type of plasma- 
boundary oscillation, with which I will deal in the 
second part of the paper. In order to understand plasma- 
boundary phenomena it is useful to study first the 
uniform plasma, and I propose to start with a report on 
this side of our investigations. 


THE PLASMA AS A WAVE-PROPAGATING MEDIUM 


I, Langmuir and L. Tonks,!? were the first to find, 
in 1928, that an idealized plasma without thermal 
agitation, with n electrons and an equal number of ions 
per unit volume is capable of longitudinal oscillations 
with a radian frequency 

Wo? = 4re?n/m. (1) 
This was the discovery of plasma oscillations, but not 
yet of plasma waves, because waves can carry energy 
only if the frequency depends on the wavelength, while 
Langmuir’s formula gives a group velocity nil. Soon 
afterwards J. J. Thomson’ was able to prove what 

t Imperial College, London, England. 

1]. Langmuir, “Oscillations in ionized gases,’’ Proc. Nat. Acad. 
Sci. Amer., vol. 14, pp. 628-000; 1928 

?L. Tonks and I. Langmuir, ‘‘Oscillations in ionized gases,’ 
Phys. Rev., vol. 33, pp. 195-210; 1929. 

3 J. J. Thomson and G. P. Thomson, ‘‘Conduction of Electricity 


in Gases,’ vol. 2, Cambridge University Press, Cambridge, p. 
353; 1933, 
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Langmuir and Tonks suspected, that in the presenc 
of thermal agitation of the electrons the frequency wi! 
depend on the wavelength, and that (1) gives in fac] 
the limit for infinite waves. J. J. Thomson gave the firs} 
dispersion law of plasma waves,, which subsequen| 
investigation showed to be not quite accurate. 


There the matter rested for a long time, until th) 
important paper in 1945 by A. Vlassov,4 which FE) 
Landau! in 1946 subjected to penetrating and illumina H 
ing criticism, followed, a few years later by the thoroug} 
study of D. Bohm and E. P. Gross.® Starting from a, 
integral equation, due to Vlassov, which they derive 
by a novel method, these authors established the dis 
persion law of plasma waves shown in Fig. 1. These ar 
supposed to be undamped, progressive waves; lon] 
waves are damped only by collisions, though Bohm anj 
Gross, as Langmuir before them, adduced good reasor 
to believe that there would be strong damping for waves 
approaching the Debye length, i" 


Ap = (KT /4re?n)1/? ( 


y 
f 


(¢) I 


Gross, 1949. 


2 (RA,)? —+> 3 
> eo 
eo 40 30 20 ey A/a, = 2: 
Fig. 1—Dispersion law of plasma waves according to Bohm an 
4 


integral equation from which the dispersion law i 
derived contains an improper integral, and the pre 
cedure of Bohm and Gross is certainly not justifiabl 
on mathematical grounds. On the other hand the resul 
appears physically reasonable, and F. Berz and I trie 
to justify it by different mathematical procedures. I wi 
now follow F. Berz’s approach,’ as this is by far the mor 
rigorous, omitting the recondite mathematics, which wi 
be published elsewhere. 


We were somewhat concerned about the fact that th 


with collective interraction,’’ Jour. Phys., USSR, vol. 9, pp. 25 
40; 1945. | 
°E. Landau, “On the vibration of the electronic — 

: 


4A. Vlassov, ‘‘On the kinetic theory of an assembly of a 


Jour. Phys. USSR, vol. 10, pp. 25-35; 1946. 
°D. Bohm and E. P. Gross, ‘‘Theory of plasma oscillations, 
Phys. Rev., vol. 75, pp. 1851-1864; 1949; vol. 75, pp. 1864-1876 
1949; vol. 79, pp. 992-1001; 1955. 
™F. Berz, ‘Plasma Electron Oscillations,’ Thesis, London; 195: 


| 
I 
h 


_ Berz found that Vlassov’s integral equation has in fact 
ino rigorous solution corresponding to undamped _ pro- 
pressive waves. On the other hand if one assumes a 
damping; e.g., in time, however small, one can construct 
ithin limits waves with any wave number k = 27/\ 
ia any w (with a small imaginary component), if only 
ne assumes the right sort of velocity distribution of the 
electrons. This is obtained by adding to the fluctuating 
bomponent of the distribution assumed by Vlassov and 
by Bohm and Gross a term of the form 


CE 
Vz — w/k 


f here E is the electric field amplitude in the wave, v, 
ithe x-component of the electron velocities, and C an 
arbitrary constant. By choosing C appropriately one can 
produce any slightly damped wave, hence there is no 
He dispersion relation. (This has been pointed out 
ybefore by Landau, in his criticism of Vlassov, though 
iby a different argument.) On the other hand, if the wave 
us to be undamped, this distribution function has a 
singularity at v, = w/k, that is to say at the wave 
velocity V, as indicated in Fig. 2. This is a nonphysical 
solution, and the only choice in this case is C = 0, 
which gives no waves at all! 


explik(x — v,)], (3) 


y 


AT TIME t 


Fig. 2—Disturbance in the distribution function required to 
maintain undamped plasma waves according to F. Berz, 1955. 


Eq. (3) represents a velocity distribution which is 
carried away with the electron velocities v,, and is 
therefore dispersed in space. This represents a source of 
damping; the electron density waves do not keep to- 
gether as previous authors assumed, but flow apart. 

On the other hand as regards damped waves, the re- 
markable fact emerges that there exists a class of waves 
with minimum damping, with a definite dispersion rela- 
tion, which for long waves, where the damping is small, 
approaches the law of Bohm and Gross. F. Berz has 
worked this out with great mathematical and numerical 
labor for a plasma with Maxwellian electron-velocity 
distribution, and obtained the results shown in Fig. 3. 
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pe/ 


(These relate to waves damped in time; i.e., with a com- 
plex w, not in space, but it is very likely that they 
apply also approximately for complex k.) It is seen that 
the damping, which is very small up to a frequency 
1.08, becomes so strong at about 1.15w, that one can 
say that above this frequency plasma waves do not 
exist. The frequency 1.15, corresponds to a wavelength 
of about 20 Debye lengths; hence the cut-off is at much 
longer waves than hitherto believed.!*9 


1:20 


05 
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P= NUMBER OF PERIODS IN WHICH INTENSITY DROPS Ta "/e 
Zs 


Fig. 3—Damping of plasma waves (without collisions) according 
to F. Berz, 1955. 


Berz has also investigated the effect of collisions be- 
tween electrons and neutral atoms on the damping. The 
result is, roughly speaking, that the plasma oscillations 
will survive only for the interval between two collisions. 
This restricts the region in which plasma waves can 
exist at all, in the conditions usually prevailing in gas 
discharges, to pressures below 10-* — 1 mm, according 
to the nature of the gas. It still leaves a wide field for 
astrophysical phenomena in which plasma waves may 
be of importance. 


SELF-MAINTAINING PLASMA-BOUNDARY OSCILLATIONS 


What I propose to call ‘“‘Langmuir’s Paradox”’ is the 
existence of a Maxwellian distribution of electron energies 
in the positive column of low-pressure gas discharges, 
or for that matter the existence of the positive column 
itself. Neither has a right to exist, according to the present 
theory. The Maxwellian energy distribution of the 
electrons, discovered over 30 years ago by I. Langmuir 
and H. Mott-Smith,!° appears to indicate a very intense 
interchange of energy between the electrons, for which 
the existing theories of Coulomb interaction fail to 
account. The discrepancy in the case of very low pressure 
mercury arcs may be as much as 3 or 4 orders of mag- 


8T). Pines and D. Bohm, ‘A collective description of electron 
interactions, III, Coulomb interactions in a degenerate electron gas,”’ 
Phys. Rev., vol. 92, pp. 609-625; 1953. 

9D. Gabor, ‘‘Wave theory of plasmas,’”’ Proc. Roy. Soc. A, vol. 
213, pp. 73-86; 1952. 

10], Langmuir and H. Mott-Smith, ‘‘Studies of electric discharges 
in gases at low pressure,’ Gen. Elec. Rev., vol. 27, pp. 449, 538, 
616, 762; 1924. 
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nitude. As the theory might well have been at fault, 
E. A. Ash and the author!! have measured the interac- 
tion of electrons with thermal plasmas and with electron 
clouds directly, but found that the somewhat crude 
theory covers the facts surprisingly well. One can say, 
without much exaggeration, that in a mercury arc of a 
few microns pressure an electron will move through the 
plasma of the positive column, between two collisions 
with the negative boundary sheath which covers the 


walls, practically as through a vacuum; it will not ex- 
change any noticeable energy with other electrons. 
How then is it possible that the ‘Maxwellian tail’ of 
fast electroris is constantly replenished, in spite of the 
walls always swallowing up the fastest electrons? 


It has been the fashion, for quite a time, to ascribe 
everything which is inexplicable in gas discharges to 
plasma oscillations, but E. A. Ash!? soon proved that 
an electron beam fired across the plasma of a mercury 
arc was diffused only about as much as expected on the 
basis of the interaction theory, that is to say hardly 
at all. If oscillations were at the root of Langmuir’s 
paradox, there was only one place where they could 
hide; in the sheath at the wall of the discharge tube. 
And this is where we found them in the end, by means of 
the apparatus shown schematically in Fig. 4. 


Fig. 4—Apparatus for observing plasma-boundary oscillations 
according to Ash, Dracott, and Gabor. 


A de mercury arc was maintained in a long discharge 
tube of about 3-cm diameter, with carefully controlled 
mercury pressure, which was varied between 0.5 and 
3 microns in the course of the experiments. The electric 
field in the positive column region is explored by a fine 
electron beam, of only 0.1 mm diameter, which is fired 
across the arc, at a few millimeters distance from the 
tube wall. A part of the wall, a plane plate, 2 cm square 
was made movable by a micrometer screw. In some 
experiments this plate was made of glass, in others of 


11, A. Ash and D. Gabor, ‘‘Experimental investigations on 
electron interaction,’ Proc. Roy. Soc., A, vol. 228, pp. 447-490; 
1955. 

12 E. A. Ash, “Electron Interaction,’’ Thesis, London; 1952. 
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metal. If this is negative with respect to the arc plasma 
it is covered by the negative sheath, well known fror) 
the probe theory of Langmuir and Mott-Smith, which i} 
our experiinents was 1 — 2 mm thick. 


The experiment was first carried out by Ash in 1952{ 
with 1,000 ev exploring electrons, and it appeared t| 
confirm our expectations. The electron beam was de) 
flected as a whole if it traversed the sheath region, nearl'} 
by the amount as expected from Langmuir’s sheat} 
theory; it did not form a spot on the fluorescent screer} 
but a line, at right angles to the tube wall. This couli{ 
hardly be interpreted otherwise than revealing th 
presence of an oscillating electric field in the sheath, ye 
it took two more year’s work by Mr. D. Dracott until w] 
had complete certainty. 

We made sure in the éarly experiments, that the lin| 
was not due to a diffusion effect, by cutting down th) 
beam diameter to 1/40 of a mm, and also that we wer 
not producing the oscillations ourselves, by varying th) 
intensity of the exploring beam within 3 orders of magp 
nitude, from 0.01 to 10 microamperes. Neither had th) 
slightest influence on the length of the line, which thuf 
had to be attributed to a spontaneous oscillating fielc} 
But all attempts to measure the frequency of thes 
oscillations by catching the beam electrons in collector) 
and amplifying the ac current failed completely, becaus§ 
of the difficulties of matching the beam to vhf amplifiers 
In the end we succeeded by direct oscillography. In thes 
experiments the beam voltage had to be raised to 20,00}, 
volts, and the electron gun cathode heated to the limit 
as the beam had to be kept to the very small diamete$ 
of 0.1 mm and thus the usual resources of electron optics 
as utilized in modern CR oscillographs, were not at ous 
disposal. 


ik 


‘ 
l 


The results are shown in Fig. 5. The first two oscillol 
grams are taken with a long time scale; their length i} 
about one millisecond. What one sees here is the ir} 
regular envelope of the vhf electronic oscillations. lh 
order to see these clearly the sweep speed had to be in! 
creased until the duration recorded was of the order o} 
30 millimicroseconds only, as in the last two oscillograms 
These revealed at last the oscillations, which were found 
to be not quite sinusoidal, with a fundamental frequency 
of about 100 mc. The frequency was not quite constant, 
it varied in oscillograms taken in quick succession withi 
about 20 per cent, but this was much less than th’ 
variation in amplitude, shown in the first two oscill 
grams. It may be noted that the frequency of th: 
plasma-boundary oscillations was 100-120 mc when th 
plasma frequency calculated from 1. with m substitute¢ 
from probe measurements was about 500 mc. Thi 
corresponds to n = 3.10°9/cm%. 


i 


Having now made sure of the character of the phe 
nomenon, we can with confidence interpret the observa. 
tions of Ash and Dracott on the details of the fiele 
distribution inside the oscillating sheath. The electrot 
probe allows us for the first time to check the sheath} 
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Fig. 5—Oscillations of plasma-boundary oscillations in a low- 
pressure Hg arc. (a) Two records of boundary oscillations on a 
long time scale, showing the irregular character of the envelope. 
(b) Two records of boundary oscillations on a,very short time scale, 
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fey of Langmuir and Mott-Smith. It is well known 
hat the sheath cannot be explored by a second Langmuir 
irobe, as this immediately surrounds itself with a 
i ae of its own. But the thin electron probe allows 
easuring both the stationary and the oscillatings parts, 
f, and E, of the electric field intensity. The de com- 
onent is measured by compensating the mean deflection 
means of the weak magnetic coils shown in Fig. 3. 
his gives £, , and from this by integration one obtains 
€ , the mean potential in the sheath. The results for one 
ypical case are shown in Fig. 6. (Mercury saturation 
mperature 10 degrees C, pressure 0.5 micron, arc 
urrent 300 ma, = 10%, electron temperature T — 
6,000 degrees.) 
_The steady part of the field is nearly if not exactly in 
reement with the Langmuir-Mott-Smith sheath theory. 
he fact that the field at the plasma edge does not fall 
zero but only to a small constant value agrees, at 
ast qualitatively, with the more exact Tonks-Langmuir 
eory of the positive column. 


The oscillating component is of course quite unforeseen 
y previous theories. Its intensity is remarkably high; 
e peak-to-peak value of the field intensity shown in 
ig. 6 exceeds the mean field over most of the sheath; 
utside x = 1.2 it is so strong that at one phase the 
ectrons are actually dragged into the boundary sheath 
stead of being repelled by it! 


showing the basic frequency of about 100 me. 


It might appear surprising that an effect of this 
magnitude has not been discovered before, but it is in 
fact a very elusive effect. Like many other people we 
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have tried to detect oscillations by attaching amplifiers 
to probes, but without any success.!* The explanation is 
that the oscillations maintain themselves with practically 


13 Strong noise can be detected of course if a magnetic field of 
sufficient intensity is produced parallel to the wall, but this is quite 
another phenomenon. In this case the sheath changes into a sort of 
“‘preoscillating magnetron,” with the plasma as cathode. 
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no supply of energy. They do not radiate outwards, 
because longitudinal oscillations do not propagate 
through the glass, nor do they propagate into the plasma, 
because the frequency of the boundary oscillations is 
well below the plasma cutofi frequency. If one tries to 
extract energy from them, the oscillations collapse im- 
mediately. 


Yet the oscillations have a very important effect which 
has been known for a long time, and this is the phe- 
nomenon of ‘‘electron temperatures,” in low pressure gas 
discharges, first discovered over thirty years ago. The 
oscillating boundary sheath is a very efficient exchanger 
of electron energies, because the electrons spend very 
nearly a full cycle in it. This is easy to see, if one ap- 
proximates the part of the V(x) curve near the sheath 
edge, which contains the great majority of electrons, by 
a parabola. It is well known that electrons in a parabolic 
potential trough oscillate with a constant frequency, 
irrespective of their energy, and in the case shown in 
Fig. 6 this works out to about 60 mc. Hence during the 
time in which an electron dives into the sheath and 
returns again into the plasma, that is to say performs 
a half-cycle of oscillation in the parabolic trough, the 
oscillating field of 100-120 mc goes very nearly through a 
full cycle. It can thus happen that one electron which 
dives into the sheath gains energy both on its outward 
and on its return journey, while an electron half a cycle 
later will lose energy both ways. As the oscillating 
field is of the order 50 v/cm, and the electrons move in 
it for a length of the order 1 mm, they will thus exchange 
several ev of energy at every dip. It is easy to show that 
the mixing-up mechanism is so efficient, that even 
electrons of uniform velocity dipping into the sheath at 
random time will acquire a velocity distribution which 
cannot easily be distinguished from a Maxwellian. 
Electrons which have a certain energy scatter to start 
with will approach the Maxwellian distribution even 
better. 


The purpose of the oscillations is easy to see; it makes 
it possible for the arc to survive in conditions when other- 
wise it could not exist by producing at small cost the 
small number of electrons with energies sufficient for 
ionization, to replace those lost to the wall. If one has 
worked with gas discharges, one can hardly help thinking 
of the plasma as something ‘‘viable,’’ something which 
fills out as much as possible of the discharge space and 
uses surprizing tricks for adapting itself to adverse con- 
ditions, but this, I think, is the most surprizing of all 
its tricks. There is good reason to believe that all low 
pressure, low current arcs maintain themselves by 
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plasma-boundary oscillations. In mercury the collisic| 
mechanism takes over probably only near 100 micro 
pressure. We could not detect the oscillations at tl) 
highest pressures we have used; they appeared to fac 
out as good as completely at 3 microns, but the reason ij 
in all probability, that though they existed, they were rj 
longer coherent over the length of 1 cm in which vw, 


explored the sheath. 


The mechanism by which the oscillations maint 
themselves is also easy to understand in principle, bi) 
not so easy to explain in detail. In principle this | 
evidently a sort of reflex-klystron, in which the electro 
lose a little more energy on the whole than they gai 
the small difference serves to cover the losses. They 
arise by a slight penetration of the field into the plasm# 
or by the interaction of sheath areas which swing } 
antiphase. What is not so easy to understand, is ho 
this oscillation can maintain itself with an electra 
stream which is so nearly Maxwellian. It cannot 
course be completely Maxwellian, as this would corr} 
spond to thermal equilibrium, at which no organizf 
oscillations are possible. We believe that the oscillaticé 
maintains itself on a slight deficiency in slow electroi| 
compared with a perfect temperature distribution. Tl) 
high energy ‘‘tail’’ is, as we have checked by numerou: 
probe measurements, so nearly Maxwellian that it ca! 
not account for the vigorous oscillations observed. 


Though we have not yet succeeded in obtaining j 
complete theory of this complicated and highly no} 
linear phenomenon, we have got sufficiently far | 
understanding it for venturing a rather general co, 
clusion :—Plasma-boundary oscillations are likely to art) 
at almost any type of boundary if the plasma 1s off therm} 
equilibrium. If there are boundaries of a type which do 
not absorb longitudinal waves, these oscillations co) 
stitute a powerful mixing mechanism for increasing tl 
entropy, additional to collisions. Al 

It is possible and even likely that this phenomeng 
plays a certain part in the generation of cosmic rad, 
noise. Dust particles might constitute the boundarie 
and even in their absence the spontaneous densi: 
fluctuations might constitute fluid and transient bou; 
daries, sufficient for producing oscillations, negligibg 
on a laboratory scale but possibly important on a cosm} 
scale. Boundary oscillations on dust particles or arour® 
transient density-nuclei will, in general, possess ¢ 
oscillating dipole moment so that a certain small amou4 
of radiation can arise. I propose to report on this eld 
where. 1 


| Summary—Reciprocal and nonreciprocal propagation of electro- 
a agnetic energy in an infinitely long rectangular waveguide partially 
f ed with one or two ferrite slabs is described. Methods for ob- 
| ining exact solutions of the transcendental equations usually 
ncountered in these boundary value problems are demonstrated for 
‘everal structures. Calculations are carried out for a lossless ferrite 
jmd the phase constant is plotted as a function of the ferrite slab 
ickness. The cutoff conditions for the lowest TE mode are evaluated 
1 terms of the ferrite slab thickness. New modes, not associated 
rith the empty waveguide modes, are analyzed as ferrite dielectric 
nodes, their propagation characteristics are discussed and the 
ff electric and magnetic field patterns are plotted. The rf electric 
ields are plotted for all reciprocal and nonreciprocal modes and the 
ppropriate field configurations are used to explain the operation of 
yerrite cutoff isolators, the field-displacement isolator, the field- 
lisplacement circulator, and the nonreciprocal phase shifter. Solu- 
fons above ferromagnetic resonance are shown and the E-fields 
ire plotted. A brief comparison of the operation of dispersive devices 
it high and low frequencies is made. The calculations are extended 
include absorption loss, and nonreciprocal attenuation is plotted 
#s a function of slab position near resonance. 


INTRODUCTION 


LECTROMAGNETIC problems involving fer- 

rites in waveguides, lead, with a few exceptions, 
to transcendental equations which are rather 
romplicated. In general it is difficult to evaluate the 
ropagation constant from these equations. The situa- 
tion is especially complex when one considers a wave- 
uide partially filled with ferrite material. In particular, 
he problem of the ferrite rod in circular waveguide, 
hich is of practical importance, has been extremely 
ificult to analyze. The only explicit expressions that 
nave been obtained in a problem of this type are the 
approximations using perturbation theory, or the 
>quivalent, for a very thin ferrite sliver in circular guide. 
lowever, there is one class of problems that can be 
valuated exactly. This is the rectangular waveguide 
partially filled with one or two ferrite slabs and propa- 
ating in TE modes which have an electric field com- 
onent only in the direction of the applied dc magnetic 
eld. A typical structure which yields to exact analysis 
is shown in Fig. 1. The discussion in this paper will be 
evoted to an outline of a method for obtaining solutions 
nd their applications. A description of the behavior 
nd configuration of a number of modes for a selected 
ange of the physical parameters involved, namely, the 
lab thickness, the internal dc field, the ferrite mag- 
etization, the operating frequency and the waveguide 
idth will be considered. The results will be used to 
xplain the operation of several rectangular waveguide 
devices. 


_ ™* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with Massa- 
chusetts Institute of Technology. 

+ Lincoln Laboratory, Massachusetts Institute of Technology, 
Lexington, Mass. 
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Theory of Ferrites in Rectangular Waveguides” 
K. J. BUTTON ann B. LAXt 


Fig. 1—A single ferrite slab against the side wall of a rectangular 
waveguide of internal width L. 


ANALYSIS OF THE SINGLE-SLAB STRUCTURE 


Maxwell's Equations 

It is assumed that the ferrite is magnetically saturated 
by the applied dc field and that the region of operation 
is either below or above ferromagnetic resonance. 
Therefore the losses are assumed to be negligibly small 
so that the complex propagation constant contains only 
the phase term 8. The validity of this assumption will 
depend, in some cases, upon the material having a 
relatively narrow resonance line width. 

In a nonconducting ferromagnetic medium, Maxwell’s 
equations are 


NEA ao + ay oh (1) 
es = feel 


where the time dependence exp (jwt) is to be assumed 
throughout. The wave equation expressed in terms of 
the rf magnetic field is then 


> o> 
VxVxh = wepo(i + x)-h. 


© 
If the medium is magnetized in the z direction, x denotes 
the magnetic susceptibility tensor: 


Xxx Xazy 0 
We GER) Xaz 0 
0 0 0 


For these transverse electric modes, the components of 


=D. . . 
h are assumed to have the form exp (jkmx) exp (—jBy) 
within the ferrite medium, where k» is obtained from 


Rm? = wwe — B? (2) 
and 
i oe fl + xer)* + salt 
1+ xez 
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A similar procedure applied in the empty region of the 
guide yields the familiar relation 


Ra? = wenn. — B. (3) 


Whenever k» or ka are imaginary, for convenience we 
shall substitute K, = —jkmor Ka = —jka. 


The Single-Slab Structure 


It is now possible to consider the solution of an actual 
case such as that of the transverse electric modes in a 
rectangular waveguide containing a vertically mag- 
netized ferrite slab against one side wall as shown in 
Fig. 1. Since the transverse electric field intensity must 
vanish at the side walls, either the circular or hyperbolic 
sine function must be used to describe the E-fields in 
each region. For real ka and Rm, 


E, = [E, sin knx| exp (—j6y) (Region 1) (4) 
E, = [E. sin ka(L — x)| exp (—j8y) (Region 2), 
where L is the width of the waveguide. The expressions 


for the rf magnetic fields may be obtained from Maxwell’s 
equations through the use of (4). 


The boundary conditions at the face of the ferrite 
require the continuity of the tangential components of 


E and h. These two boundary conditions result in two 
homogeneous linear equations in F, and EF, whose 
determinant must vanish. The resultant transcendental 
equation cannot be solved explicitly for the phase con- 
stant, 6. However, it can be solved for the waveguide 
width L, as follows: 


—Rabess 
(Bik eta ne: 8 at 4 (5) 
Ra 7, + Rm cot Rnd 


where 6 = (1 + xzz)/xzy. The appearance of the 
linear term in B indicates that propagation associated 
with this particular structure is nonreciprocal. For a 
given slab thickness 6, the choice of a suitable trial value 
of B permits the evaluation of the waveguide width L. 


Numerical Solution 


The above procedure was carried out for a microwave 
frequency of 9,000 mc, a standard waveguide width of 
2.286 cm, a saturation magnetization of 3,000 gauss, a 
dielectric constant of 10 and an internal dc field! of 1,000 
oersteds. Several values of 6 were used with appropriate 
choices of 8 and the result is shown in Fig. 2. Curves 
A and B show the phase constant as a function of slab 
width for forward and reverse propagation in the lowest 
TE mode corresponding to the fundamental waveguide 
mode. The electric field configurations shown have been 
computed from (4). It is clear that the electric fields 
have been slightly distorted from the empty waveguide 
pattern in such a way that the mode is required to 
propagate in an effectively narrower waveguide. As the 

1 The calculations are plotted in terms of the actual internal dc 
field that is found within the ferrite, namely, H; = H (applied)— 


N,M. Nz is the usual demagnetization factor which depends only 
upon the geometry of the sample. 
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slab thickness is increased, cutoff is reached. For curv 
A and B, B = 0 ata thickness of about 44 mm. Und 
these conditions, this point represents the limiting thic 
ness of ferrite which may be used for a nonreciproc 
ferrite phase shifter unless the slab is moved away froy] 
the wall.? 


The Ferrite Dielectric Mode 


Another mode, not associated with a normal wav} 
guide mode, also propagates at a large value of B i 
shown by curve C. The electric field for this mode | 
shown in Fig. 2. There is no propagation in the rever'} 
direction in this mode until the waveguide is almoj 
filled with ferrite. At this point forward propagation } 
cut off and propagation in the reverse direction is esta 


lished as shown by mode D. 


c 
{ FORWARD 


0 
{ REVERSE 


ee ee ee 


A 8 
t FORWARD { REVERSE 


PHASE CONSTANT, B(radians/cm) 


a! a 
0.8 1.2 1.6 


FERRITE SLAB THICKNESS, 8 (cm) 


Fig. 2—Propagation constant of lossless ferrite modes in standa| 
9,000 mc rectangular waveguide as a function of ferrite slab thic}i 
ness. The single slab against the wall has a saturation magnetizatics 
of 3,000 gauss. The internal dc field indicated is 1,000 oersteds. 


The existence of these two sets of mode patter 
represented by A-B and C-D is significant for the al 
plication of these modes to practical devices. I) 
particular, referring to Fig. 2, it can be seen that in | 
large range of ferrite thickness, propagation is exclusive)! 
in mode C which is unidirectional. The theoretical resul 2 
indicate the possibility of one-way propagation. It 
necessary, however, to use a sufficient thickness of m: 
therial to cut off the reverse propagation of mode J} 
Furthermore, as one might expect, this cutoff depenc: 


strongly on waveguide width, frequency and apple} 


field. 

On the assumption that this one-way transmission lir 
is a two-port device, thermodynamic arguments can : 
advanced which indicate that such a device cannot exi, 
for a lossless idealized system. Further investigatior 


will be made to resolve this apparent paradox. 


a 


?B. Lax, K. J. Button, and L. M. Roth, Jour. Appl. Phy. 
vol. 25, p. 1413; 1954, 


he Ferrite-Guided Mode 


: In attempting to analyze mode C in the limit of small 
ickness, the analysis indicated that it could not be 
sociated with any of the normal modes of the guide. 
he electric field configuration of this mode strongly 
ggests that it is analogous to dielectric propagation 
hich has been discussed by Schelkunoff.? Consequently 
e consider this possibility directly; that of a semi- 
finite ferrite slab backed by a conducting plate as 
nown in Fig. 3. Here one can assume that the electric 
eld within the ferrite follows an hyperbolic sine and 
nat it is decaying exponentially in the region outside. 


A sinh KA* 


B exp See x) 


O eee 


| Fig. 3—A semi-infinite ferrite slab backed by a conducting plate. 
he electric field for the unidirectional guided mode is shown. The 
Topagation constant as a function of slab thickness is shown as a 
(a line on Fig. 2. 


‘his field is very similar to that of mode C. The substitu- 
ion of these fields into Maxwell’s equations, following 
he procedure outlined above, results in the following 
transcendental equation which has been solved for the 
ab width: 


1 imito 
6 = — tanhrt! : 6 
Tn - = Rabess ( ) 


he positive values of 8 for forward propagation yield 
mode guided by the ferrite as assumed in Fig. 3. 
he dashed line of Fig. 2 shows the propagation char- 
cteristic which coincides with the line for mode C for a 
aveguide less than half filled. Apparently these are the 
ferrite dielectric’? modes. However, negative values of 
} for reverse propagation do not yield a guided mode. 
Therefore the unidirectional behavior of this mode in a 
vaveguide is not surprising. 


3S, A. Schelkunoff, ‘Electromagnetic Waves,” p. 428, D. Van 
lostrand Co.; 1943. 
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THE TWIN-SLAB STRUCTURE 
The Reciprocal Mode 


Another and closely related problem is that of twin 
slabs, one against each side wall of the guide and each 
magnetized in the same direction. Although the equations 
are slightly more complicated by the addition of two 
boundary conditions, the method of analysis is exactly 
the same as before and leads to the solution: 


ip poner ea ne (2) . (7) 
Re q 
where 
p= eS cosh K,6 sinh Kn 
and 


2 22 
g = E = ee | sinh? Xu as es) cosh? K md. 
Mes Ra MestRa 


The absence of the linear term in £6 indicates that 
propagation associated with this structure is reciprocal. 
Suitable sets of values of 8 and 6 are chosen until (7) 
yields a guide width Z corresponding to standard 9,000 
mc waveguide. These results are shown in Fig. 4 where 


4.0 


| 


6 tf) 
FORWARD { REVERSE 


3.2 


T 


n 
> 


E F 
{ reciprocat { { recipRocac } 


PHASE CONSTANT, 8 (radians/cm) 


1 1 —————— 
0.4 0.6 0.8 1.0 


FERRITE SLAB THICKNESS, 8 (cm) 


Fig. 4—Propagation constant of the twin-slab lossless ferrite 
modes in standard 9,000 mc rectangular waveguide as a function of 
the thickness of each slab. 


mode E£, associated with the dominant waveguide mode, 
is again cut off through the use of relatively thin slabs. 
Since mode E is reciprocal and is almost symmetrically 
distorted, there is no obvious device application here. 
It is the ferrite dielectric mode that is again of interest 
for practical purposes. The propagation characteristic, 
shown by curve F, is reciprocal but the direction of 
propagation determines which slab shall “guide” the 
wave. For forward propagation, the electric field has a 
very sharp peak at the face of the left slab. In the other 
direction the peak is at the face of the other slab as 
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shown by the dashed line. This explains the principle of 
operation of the resistance sheet isolator discussed by 
Fox, Miller and Weiss.4 This device depends for its 
isolation on the presence of a resistance card against the 
face of one of the slabs so that a large loss is experienced 
in the direction in which the card finds itself in high 
E-field. In the opposite direction, the attenuation should 
be much less since the electric intensity is very small. 


The Nonrectprocal Mode 


By reversing the magnetic field at one of the ferrites 
of the twin slab structure, a third set of modes can be 
achieved. Here again the ferrite dielectric mode is 
nonreciprocal and unidirectional as shown by curves G 
and H in Fig. 4. Mode G propagates only in the forward 
direction and is cut off when the guide is nearly com- 
pletely filled. Reverse propagation in mode H is then 
established. As before, the theory indicates that a 
proper choice of slab thickness may result in a one-way 
transmission line. The electric fields for modes G and H 
are antisymmetric with a node at the center of the guide. 
Eq. (5) for nonreciprocal modes was used to obtain these 
results where L was taken to be half the actual waveguide 
width to give the electric node at the center. The lowest 
nonreciprocal TH waveguide modes for oppositely 
magnetized twin slabs are not shown here because they 
would be expected to follow curve E fairly closely. 


Magnetic Field Configurations 


The rf magnetic field patterns for these modes are 
also easily obtainable from this analysis and are helpful 
in the discussion of the behavior of other devices. The 
longitudinal component, h,, and the transverse com- 
ponent, h,, are shown separately in Fig. 5 for the 
forward propagation of the reciprocal mode F. Note 


that the transverse component of h crosses the axis and 
becomes negative at about 3L/4. The longitudinal com- 


ponent of h however, never crosses the axis. For thicker 
slabs, h, does not achieve the low values that it does in 
the case shown here. It is the longitudinal component 
which determines the efficiency of operation of the 
slotted-wall field-displacement circulators discussed by 
Fox, Miller and Weiss.* These devices operate on the 
same principle used in a simple slotted line where a 
longitudinal nonradiating slot is cut in the broad face 
of the guide along a line where the longitudinal h-field 
is zero. In the case of the ferrite loaded guide, even though 
the h, field is not zero, it is so small (for a thin slab) 
on the right hand side that very little radiation would 
be observed through a longitudinal slot cut in this 
region. But for reverse propagation of the reciprocal 
mode F, the peak of the h-field is found on the right- 
hand side so that radiation would take place through a 
slot on this side. For optimum performance it appears 
from Fig. 5 that the maximum directivity or isolation 
in the devices described would be obtained if the slot 
were placed near the face of the slab. Furthermore, since 


4A. G. Fox, S. E. Miller, and M. T. Weiss, Bell Sys. Tech. Jour., 
vol. 34, pp. 5-104; 1955. 
6 Ibid. 
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SLAB THICKNESS, 8 = 0.185 cm 
PHASE CONSTANT, 8 = 3.50 rad/cm 


is 


RF MAGNETIC INTENSITY (arb scale) 


0.6 


0.4 


FRACTION OF GUIDE WIDTH, x/L 


Fig. 5—RF magnetic field components of the twin slab mode } 
for forward propagation. This ferrite dielectric mode is reciproce|i 
but the peak intensities will appear on the right for reverse propage} 
tion. 


a large ratio of maximum /, to minimum h, is essentia! 
to the successful operation of this circulator, a thin slal} 
is required. However, sufficiently thick slabs must b 
used to cut off the waveguide mode E. 

The rf magnetic field patterns for the single slal} 
ferrite modes are almost identical to those of the twi/ 
slab modes except that neither component of a goe 
negative anywhere. 


THE NONRECIPROCAL PHASE SHIFTER 


Magnetic Field below Ferromagnetic Resonance 


If one is not restricted to operation of the device witl 
slab against the wall but will permit the slab to bi 
moved away from the wall, the solutions appear to b 
quite different. The analysis in this case is considerabh 
more complicated by the addition of the parameter a 
the distance of the slab face from the nearer waveguidi 
wall. A drawing of the slab in the guide is shown in| 
Fig. 6. A sine or hyperbolic sine function is suitable té 
describe the rf electric fields in regions 1 and 2 but <¢ 
linear combination of a sine and cosine (or hyperboli¢ 
functions) is required in the ferrite region 3. The method 
of analysis and numerical solution, however, is simila. 
and leads to a transcendental equation, which in thi! 
case, has been solved for the position of the slab.® 


6 Lax, Button, and Roth, op cit. ‘ 


Va 


Fig. 6—A single ferrite slab moved a distance a from the wall of 
rectangular waveguide of internal width L. 
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| Fig. 7—Phase constant vs position of slab for a slab thickness 

0.1 cm. The dotted line shows the variation of 8 for a nonmagnetic 
lectric slab having the same dimensions and dielectric constant 
the ferrite slab. 


is equation has been solved numerically for a slab the 
ickness of one millimeter and the result is shown in 
iz. 7 for the lowest TE mode. Here the points at a = 0 
rrespond to the points at 6 = 0.1 cm on curves A and 
of Fig. 2. If the slab thickness were increased, the 
intercepts of Fig. 7 would move toward 8B 0 as 
scribed by curves A and B of Fig. 2. But if the slab 
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Fig. 8—Relative electric field intensity as a 0.1-cm ferrite slab 
is moved away from the wall. The internal dc field is 1,000 oersteds 
and the frequency is 9,000 mc. The field pattern for a nonmagnetic 
dielectric slab would be similar in the empty region to the curve for 
positive propagation in the two cases shown. 


is moved away from the wall the phase constant in- 
creases sharply. Access to the cutoff condition of the 
waveguide mode is thus denied except for very small 
values of a, or possibly, for very thick slabs. 


This can be understood, perhaps, by noticing that as 
the slab is moved away from the wall, a continuous field 
displacement takes place, as shown by the electric fields 
of Fig. 8. Here the waveguide width appears to be 
effectively enlarged rather than being reduced. This 
enlargement effect finally reaches a point at a ~ L/4 
when the lowest TE mode gradually turns into a ferrite 
dielectric-type mode. The latter is characterized by an 
hyperbolic function for the transverse component of the 
rf electric field in the empty region. 

The work carried out on this problem has been helpful 
in understanding the nonreciprocal phase shifter.” The 
differential phase shift, 8B, — ®B_, can be obtained di- 
rectly from curves like those of Fig. 7. It is well known 
now that the proper position of the slab for maximum 
differential phase shift is closer to L/8 than to L/4 for 
practical values of 6 as shown in Fig. 9. These results 
are for several thicknesses of material at an internal dc 
field of 200 oersteds. As the slab thickness is increased, 
the optimum position of the center of the slab moves to 
the left until the slab face is nearly against the wall. 
Further discussion of this nonreciprocal phase shifter 
and also the lowest TE waveguide mode for twin slabs 


magnetized oppositely may be found in reference 2. 
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Fig. 9—Differential phase shift vs location of center of ferrite 
slab for several values of slab thickness. 
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Fig. 10— The phase constants for forward and reverse propaga- 
tion (upper figure) and the differential phase shift (lower figure) 
as a function of slab position. This solution is for a slab 1.35-cm 
wide in a standard 1,300 mc rectangular waveguide having an 
internal width of 16.5 cm. The ferrite has a saturation magnetiza- 
tion of 3,000 gauss and is operated above ferromagnetic resonance 
at an internal dc field of 1,000 oersteds. 


Magnetic Field Above Ferromagnetic Resonance 


The region above ferromagnetic resonance may be of 
interest for propagation in ferrite-loaded waveguides at 
low microwave frequencies. The assumption of a low 
loss ferrite is a bit more difficult to justify in this fre- 
quency region. However, if one assumes that it is pos- 
sible to obtain polycrystalline ferrites which have line 
widths of 50 oersteds (equivalent to single crystal ma- 
terial) then these calculations which are based only on 
the dispersive properties should be valid.® An evaluation 
of the differential phase shift for the single slab case has 
been carried out at a point several hundred oersteds 
above resonance for a frequency of 1,300 mc. The result 


SBemlaxcmen pene of merit for microwave ferrites at low and 
high frequencies, " J. Appl. Phys., vol. 26, p, 919; 1955, E 
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Fig. 11— Phase constant vs ferrite slab thickness for forwar| 
and reverse propagation in the region above resonance. This solty 
tion is for a slab against the wall in standard 9,000 mc waveguid | 
The internal dc field is 4,000 oersteds. 


has been obtained as a function of slab position usiné 
(8). The upper curves of Fig. 10 show the phase cor 
stants for a slab thickness of 1.35 cm (about 8 per cen 
of the guide width). | 

Since the differential phase shift, shown in the loa 
curve, indicates that the optimum position for this thic4 
slab is against the wall, it is worth while to return to th 
simple equation which we have for this case, (5), t 
discover the nature of the solutions obtained abovi 
ferromagnetic resonance. The curves shown in Fig. 1jj 
have been worked out for a single slab against the wa 
using an internal dc field of 4,000 oersteds at X-bancé 
Here the “cutoff” of the waveguide modes is not ad 
complished at all. A continuous field displacement take 
place as B increases with 6 until each mode graduall 
becomes a ferrite dielectric mode. The electric fields ar) 
shown in Fig. 12 for forward and reverse propagatio 
at the transition point where forward propagation 
still in the lowest TE mode but the reverse propagation ! 
guided by the ferrite. 


Nonrectprocal Attenuation 


Each of the problems discussed thus far have bee 
restricted to regions of negligibly small attenuation. It i! 
possible, however, to extend the calculations to includ 
losses, in which case, the propagation constant become 
complex, 7.e., f = a + j8. The particular loss mecha 
nism which has been investigated is that associated wit, 
ferromagnetic resonance and the complex permeabilit, 
tensor is represented in terms of the Zest eo 


relaxation time.® If these quantities are substituted i 
Se eee \ 
® Lax, op cit. q 
; : : 
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_Fig. 12—Electric field intensity in a standard 9,000 mc wave- 
juide with a single ferrite slab against one wall. The internal dc field 
, 4,000 oersteds. The slab thickness of 0.16 cm has been chosen 
ch that forward propagation is in the lowest TE mode while 
everse propagation is guided by the ferrite. 


8), two simultaneous transcendental equations can be 
btained. Choosing suitable values of a, 6 and 6, the 
sorresponding position of the slab for the lowest TE 
node can be found. Typical curves of the attenuation 
ind phase constant as a function of slab position are 
jhown in Fig. 13. These calculations were carried out at 
1,375 mc for a slab one millimeter thick using the X-band 
roperties of Ferramic R-1. The resonance line half- 
vidth at half-maximum is 250 oersteds. The point A 
harks the location of the edge of the slab for maximum 
lifferential attentuation, and B is the point of maximum 
lifferential phase shift. 


| 


_ The internal dec field used here is 2,100 oersteds, which 
s 400 oersteds below resonance. Fig. 14 shows the plot 
f the maximum forward attenuation vs internal dc 
eld. The curve was not carried above the half-maximum 
point because of mathematical complication. 


CONCLUSION 


_ The analysis has been carried out for a few structures 
nd a restricted choice of parameters to illustrate some 
f the properties and applications of the solutions. 
hese do not exhaust the possibilities of this theory. 
he properties described here are certainly sensitive to 
hanges in the magnitude of the internal dc field and 
robably also to the ferrite saturation magnetization. 
requency dependence within several bands of fre- 
uencies must be investigated. The unidirectional modes 
nd cutoff conditions suggest possibilities for circulators, 
ilters and radiation and switching devices. Changes in 
arameters may lead to optimum design conditions for 
uch applications. 

The structure chosen for the demonstration of attenua- 
ion calculations is a fairly complicated one. It would be 
rofitable to repeat such calculations for one of the 
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a (cm-') 
B (radians /cm) 


SLAB POSITION, a(cm) 


Fig. 13—Attenuation and phase constants for each direction of 
propagation as a function of the location of the slab edge. The slab 
thickness is one millimeter and the properties of Ferramic R-1at 
9,375 mc were used. The internal dc field is 2,100 oersteds. 


a(cm7') 


FORWARD ATTENUATION, 
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Oo 1800 2000 2200 
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Fig. 14—Maximum forward attenuation versus internal dc 
field in a region below ferromagnetic resonance. 


simpler structures in the investigation of the ferrite 
dielectric modes. Dimensional effects observed in wave- 
guide and cavities can be studied in this way and some 
are probably associated with these new modes. 
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Panel Discussion on Boundary Value Problems | 
of Diffraction and Scattering Theory—(I) | 


Chairman: G. Sinclair 


Panel Members 


N. Marcuvitz W. Franz TR, JER, IRS ia 
C. Miller R. Timman W. Braunbek 
I. Imai C. Schensted H. C. van de Hulst 


G. Sinclair, Univ. of Toronto, Toronto, Can.: When 
he was organizing this Symposium, Dr. Siegel attempted 
to select papers which were on a high scientific level. 
However, I am glad that he did not exclude engineers, as 
many engineers have a very legitimate interest in the 
problems being discussed since, for example, the solution 
to a diffraction problem is potentially useful as the solu- 
tion to an antenna problem. In constructing antennas, it 
is usually necessary to mount them near a structure such 
as a building, ship, or aircraft. The calculation of the 
receiving pattern of the antenna in the presence of the 
structure can often be reduced to a determination of the 
diffracted or scattered field at the antenna when a plane 
wave is incident on the structure. Hence I suggest that 
we do not lose sight of the fact that there may be a prac- 
tical application, no matter how mathematical the paper. 
W. S. Ament, Naval Res. Lab., Washington, D. C.: 
Bremmer and others have shown that normal mode solu- 
tions in microwave problems and ray solutions are con- 
nected through Poisson’s summation formula. It is my 
opinion that the normal [T*ourier-Bessel expansion, for 
cylindrical diffraction problems at least, and the creeping 
wave solution are similarly connected. The kinds of in- 
tegrals one gets look very much like Ramanujan’s integrals 
on the order of Bessel functions, and Poisson’s summa- 
tion procedure can be applied if it is possible to take a 
Fourier transform on the order of the Bessel functions. 
What is the connections between this and Watson’s trans- 
formation ? 

W. Franz: Munster Univ., Ger.: The Watson trans- 
formation is fairly simple to use, and if we use it, we 
can make several of the series more convergent. 

C. Muller, Univ. of Bonn, Ger.: In order to justify 
the application of Poisson’s summation formula you 
have to check quite complicated conditions, whereas the 
application of Watson’s transformation is straightforward. 
It may turn out in the end, that what you get by using 
Poisson’s summation formula is what Dr. Franz gets by 
his contour integrals. 

F. J. Zucker, AF Cambridge Res. Center, Cam- 
bridge, Mass.: Dr. Marcuvitz has given an example 
in which there is a continuous spectrum of leaky waves. 
The structures we deal with in engineering quite fre- 
quently do not have a continuous spectrum, but a discrete 
one, where you have infinitely many discrete leaky modes. 
In ordinary waveguides, or slow open waveguides we can 
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manage to excite one leaky mode predominately. Sincvj 
you don’t have a wedge or cone, in what domain are thes 
leaky waves strictly applicable ? 
N. Marcuvitz, Polytechnic Inst. of Brooklyn, Bklyn.} 
N. Y.: Leaky waves can only arise if there exists a con} 
tinuous spectrum of modes, and, in fact, leaky waves ar 


alternative means of expressing radiation from thé 
) 


system. 
Zucker: I realized that the leaky waves had to equiva’ 
lently represent a continuous spectrum, but I didn’t realiz/| 
that they had to form one themselves. If you apply th 
transverse wave equation with a transverse impedanci{ 
condition, and allow a complex propagation constant, thery 
you get, in certain cases, a discrete of solutions. This i 
not a continuous set. 
Marcuvitz: I didn’t mean to imply that the leaky wave’ 
solution, being the poles of the reflection coefficient or thi) 
zeros of the impedance of the system, always form a dis 
crete set without exception. They are always discrete 18 
number but they may be infinitely discrete. In the case # 
treated, namely the case of a structure with no dissipation} 
in the form of a channel in a non-dissipative dielectrid 
medium, these complex zeros are infinite in number bu 
most of them correspond to beyond-cutoff waves, that iff 
waves that leaked but nevertheless were beyond cutoff 
J. B. Keller, New York Univ., New York, N. Y.:! 
The problem of the corner of a screen has also beer’ 
treated by Kraus of New York University, by means 0: 
separation of variables in sphero-conal coordinates. There 
then results the problem of the eigenvalues of a pair o7) 
simultaneous Lamé equations, which is treated to a certair} 
extent but not completely. One finds that there are three! 
explicitly known eigenvalues, namely, 0, %, and 1, cor 
responding to screen angles of O (a needle), x (a half 
plane), and 2x (complete plane). From this, Levy ot 
California conjectured that the eigenvalue is a linear func-| 
tion of the screen angle, and, in order to verify the con-} 
jecture, he computed the derivative of the eigenvalue witk\ 
respect to the angle at the angle x. He found the value of| 
the derivative was indeed one, in accordance with the 
conjecture. What is the extent of the disagreement be-| 
tween Levy’s conjecture and the results obtained by Prof? 
sraunbek? I might also mention that the results obtainec 
by Kraus, which are not absolutely precise as yet, seem 
to be in disagreement with the conjecture. 

W. Braunbek, Univ. of Tubingen, Ger.: My methoc 
is only an approximate one, and cannot be used when the} 
angle is very small, or very near x, so the case of a needle! 
cannot be calculated with my method. My method car 
only be used for angles near the value 2/2. I cannot zt 
at this moment whether my results agree or disagree with 
the conjecture. 


| 


| 


| 


. Motz, Oxford Univ., Eng.: I want to ask Prof. 
Vlarcuvitz whether this particular representation of solu- 
ions with reflection coefficients is confined to the two- 
limensional case which he treated. For example, with 
ylindrical symmetry, the solutions could, I imagine, not 
e expressed in this form. What would be the relation to 
lhe poles of the reflection coefficient ? 

Marcuvitz: I believe that in three-dimensional prob- 
ems, and particularly in the case of cylindrical symmetry 
which you mention, exactly the same situation prevails. 
“here is an exact analogy between that problem and the 
wo-dimensional problem which I treated, the only differ- 
ince being that the e”¥ functions are replaced by combina- 
ions of Bessel and Neumann functions. In fact the field 
! roduced by a point source in a cylindrical region of the 
ype I considered has been worked out in an Indian 
journal. The problem treated may have been a scalar one, 
but in any case the vector problem can be solved. 

Vv . Twersky, Sylvania Elec. Prods. Inc., Mountain 
iew, Calif.: Dr. Miller indicated he could compute a 
vertain function, called the efficiency, for a distribution of 
Hipoles, and this was essentially a normalized maximum 
| tensity output. It was not clear to me that you could 
I ctually compute the maximum value of this, without 
wing explicitly the amplitudes of the dipoles in the 
Hietribution, that is, without knowing the actions and 
‘ateractions of one dipole with another. 

Muller: Perhaps I had better answer this by giving an 
»xample of a scalar case, in which the matrix has roots 
ky and Ay. Without knowing the problem, we can deter- 
Lene the efficiencies which are the values of dy and Ag 
lirectly, just by knowing the geometry of the arrange- 
ent. The same is true in the vector case, except that the 
atrix is more complicated, but again is determined by the 
i 


( 


reometry of the set-up. 

In the case of creeping waves on a perfectly 
fonducting cylinder, one of the most important quantities 
is the decay factor or the exponent that characterizes the 
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mode. Has Dr. Franz computed these mode constants for 
waves on a dielectric cylinder? 

Franz: We are now making these computations. 

H. C. Van de Hulst, Leiden Univ., Netherlands: 
Can anyone inform me of any numerical work which has 
been done for diffraction by a parabolic cylinder ? 
Keller: S. O. Rice published some work in the Bell 
System Technical Journal some time ago. He used the 
exact solution for a perfectly conducting parabolic cylin- 
der, in terms of parabolic cylinder functions and took a 
Watson transformation. His results can be interpreted in 
terms of creeping waves, as I will show in my paper later 
in this Symposium. 

C. L. Pekeris, Weizmann Inst., Rehovoth, Israel: 
I would like to ask a question of Dr. Miller. In the case 
of a continuous distribution of m, if you have a closed 
medium, simply connected, with a continuous m, and you 
observe the electromagnetic field on a surface outside it, 
can you from that, determine m? 

Muller: No. To determine the coefficient of diffraction 
from the diffraction itself, is, as far as I can see, far from 
being solvable at present. 

Pekeris: When you say “no,” do you mean the problem 
is not unique? 

Muller: It may be. It can be shown there are changes 
such that they can be inside the region and not radiate 
at all. 

Twersky: Would Dr. Franz explain the physical charac- 
teristics of creeping waves? 

Franz: Creeping waves are analogous to water waves 
incident on a wooden cylinder. I might also mention that 
Hartnagel has done some experiments on diffraction by a 
razor blade using optical wavelengths and has obtained 
good agreement with the creeping wave concept. 

Van de Hulst: The creeping wave concept can be ap- 
plied to any curved surface, and besides it is not necessary 
to think of the injection as due to a plane wave. 
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Panel Discussion on Boundary Value Problems of Diffraction 
and Scattering Theory (II) 


Chairman: S. Silver 
University of California 
Los Angeles, Calif. 


Panel Members 


H. Bremmer* A. E. Heins* M. Kline* 
P.C. Clemmow* __D. S. Jones* BSk Ritter? 
CFE Dolph* JaKellert K. M. Siegel* 


W. V. Tilston (Sinclair Radio Labs., Toronto, Can.) 

The discussion period was a lively one in which mem- 
bers of the audience as well as those of the panel par- 
ticipated. The following is reconstructed from a tape 
recording of the proceedings (with one exception as 
noted) and at least the general sense of the remarks is 
given here. In view of the fact that the speakers sup- 
plemented their comments by blackboard material of which 
there is no record and, as time does not permit submitting 
the transcriptions to the respective contributors for check- 
ing, it seems inadvisable to attempt to report the discus- 
sions in the form of direct quotations. The names of con- 
tributors to the discussion who were not members of the 
panel are listed under each paper. 

1. Kline—“Electromagnetic Research at the 
Institute of Mathematical Sciences of New 
York University” 

Contributor: S. Karp, New York University. 
Prof. Kline, in presenting his paper, chose some six topics 
as being representative of the character and scope of the 
program of the Electromagnetic Research Project. In 
response to inquiries during the discussion period concern- 
ing the distribution of these topics among the group, 
Kline listed the individual members of the project par- 
ticularly responsible for the work. Since his paper is a 
comprehensive survey of the entire project and is well 
annotated by appropriate references there seems to be no 
point in giving references for the particular subjects 
which he spoke about as illustrative material. 

Among the topics which Kline reviewed was the work 
by Karp on the relationship between the separation of 
variables technique and the Wiener-Hopf integral-equa- 
tion technique for solving certain classes of boundary 
value problems. In this connection Heins inquired as to 
the sense in which the separation of variables technique 
was construed for treating the radiation (or scattering) 
from a pair of semi-infinite parallel conducting planes. 
Karp pointed out that, in general, the class of problems 
which he treated is that for which separation of variables 
in cartesian coordinates can be used by division of the 
space into suitable regions. Thus, in the case of the 
parallel planes three fundamental regions are considered, 
one the semi-infinite free region, a second the space be- 


* Authors of papers presented in the session under discussion. 
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tween the plates, and the third the two partially infinite) 
regions in the semi-infinite domain containing the plates] 
which are exterior to the parallel plate region. The solu-; 
tions are set up in the three regions in terms of basi 
functions which arise by separation of variables in car. 
tesian coordinates. The process of connecting the three) 
regions then leads to a function-theoretic problem of the 
same basic nature as that of solving the Wiener-Hopi 
integral equation for the system. 


Scattering Theory in Terms of a Vector 

Keller inquired as to the special advantages of using| 

I 

and magnetic fields when treating the boundary valu 
totic solutions to Maxweil’s equations without regard tc 
; 

both the electric and magnetic vector and thus makes| 
boundary value problem, the appropriate problem he 
0 


Combining the Electric and Magnetic 

the Bateman-Silberstein complex vector inasmuch as it is} 

i 
problem. Bremmer pointed out that as in the Luneberg+} 
a special type of boundary value problem such as is on 
The Bateman-Silberstein representation leads to a simul. 
possible the discussion of the electromagnetic field as ar), 
should consider is that of determining the acy 

| 


2. Bremmer—“Asymptotic Developments and , 
Fields” 

th 

necessary to resolve the vector into its component — 
Kline work he was treating the general theory of asymp4 
countered in scattering by a perfectly conducting obstacle}; 
taneous development of all higher-order equations fou 
entity. If one wishes to relate the development to 2 
form of a field corresponding to assigned values of E and 


H over a surface, the objective being to determine the 
propagation of the field in the sense of transport along aj 
family of rays. When dealing with a scattering problem} 
it is indeed necessary to resolve the Bateman-Silberstein) 
vector into its component fields E and H and, as Kline 
pointed out, it is further necessary to resolve each field 
vector into spatial components in order to match the 
boundary conditions. 


3. Siegel, Schultz, Gere and Sleator—“The Theo: 
retical and Numerical Determination of the 
Radar Cross Section of a Prolate Spheroid’y 

Contributors: H. C. van de Hulst, Leiden Univers 

sity, W. Franz, Munster University, L. I. Schiff)j 

Stanford University, and F. J. Tischer, Redstone 

Arsenal.  Siegel’s point that the particular oscillatory 

character of the variation of the radar cross section of 

the prolate spheroid with wavelength, in which the seconct 
maximum is considerably greater than the first, makes the} 
applicability of creeping wave theory questionable stimul-| 
ated a great deal of discussion on the prolate spheroid 
problem and creeping waves in general. { 


| 
f 


| 


| Tischer attempted to show that the creeping wave part 
pf the solution to diffraction by an obstacle is an explicit 
jesult of just Maxwell’s equations. He showed that the 
reometrical shadow is inconsistent with the field equa- 
ions, and that there is a field in the shadow region which 
s an analytic extension of the field in the illuminated 
jegion of space. However, his analysis cannot delineate 
-xplicitly the character of the field in the shadow region; 
ihe creeping wave phenomenon cannot be extracted from 
just the field equations alone. 


| The question of treating the scattering by the spheroid 
4s interference between an optical field and a creeping 
wave field was taken up by van de Hulst. He first called 
fttention to the fact that for the case treated by Siegel 
and his co-workers in the region of the scattering curve 
inder consideration, the dimensions of the spheroid are 
uch that the radius of curvature at the nose is RR=0.014. 
he creeping wave theory is an asymptotic representation 
pf the field which is obtained when the dimensions are 
yarge compared with the wavelength and, therefore, it 
should not be expected to yield significant results when 
lhe dimensions are small compared with wavelength. (It 
should be noted here that Siegel’s consideration of applic- 
iubility of creeping wave theory was based on the point of 
riew that although its formulation is obtained out of an 
asymptotic solution, it represents a physical process and, 
fherefore, it is desirable to investigate its applicability to 
»roblems such as treated in his paper.) 


| Prof. van de Hulst proposed that the scattering from 
he spheroid should be considered from an entirely differ- 
wnt point of view. Taking into consideration the fact that 
he transverse dimension of the spheroid is small compared 
with the wavelength, he suggests that the structure be 
dreated sectionally by static field approximations such as 
sed by Rayleigh in the treatment of scattering objects 
entirely small compared with the wavelength. A phase 
Mistribution along the major axis of the spheroid is to be 
introduced to correspond with the fact that in this direc- 
ion the dimension is comparable with the wavelength. 
or a fixed axial ratio, as the ratio of major axis to wave- 
Hength increases, the transverse dimension increases pro- 
portionally and more coherent radiation returns in the 
Hirection toward the oncoming wave. It is thus possible 
tor the second maximum to exceed the first. Lastly, he 
sbointed out that a more critical evaluation of the phen- 
pmena can be made by studying the complex amplitudes 
" ather than just absolute values and he should like to see 


In a written communication Schiff develops a similar 
idea. The following is the complete text of Schiff’s 
¢ommunication : 

_ “The purpose of these remarks is to propose a simple 
hysical explanation for the striking difference between 
the back scattering of electromagnetic waves from a 


sphere and from a prolate spheroid viewed end on. When 
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the cross section is plotted against 2ma/X, where a is the 
radius of the sphere and the semi-major axis of the 
spheroid, the first few successive maxima and minima 
come in about the same places. When expressed in units 
of wa* for the sphere and xb*/a? for the spheroid, where 
b is the semi-minor axis (these being the asymptotic 
values of the cross sections), the first maximum and the 
first minimum have roughly the same values. Succeeding 
maxima decrease and succeeding minima increase in the 
case of the sphere. However, the first few succeeding 
maxima increase in the case of the spheroid, and the 
corresponding minima either remain about the same or 
decrease. It seems likely that the comparison of the 
minima is not very significant, since they are all close to 
zero anyhow (this does not show well on a logrithmic 
plot). The comparison of the maxima, on the other hand, 
calls for a physical explanation. 

It is suggested that a fundamental difference between 
the sphere and spheroid cases is the following. In the 
case of the sphere, the dimensions along and transverse 
to the direction of wave propagation are the same. Thus 
retardation effects, which arise from comparable magni- 
tudes of object dimensions and wavelength, appear at the 
same value of 2xa/X for both transverse and longitudinal 
directions. In the case of the spheroid, on the other hand, 
retardation becomes significant for the longitudinal direc- 
tion at a value of 2ma/A somewhat less than unity, whereas 
at this point 21b/A is very much smaller than unity. Thus 
one must consider interference effects along the length 
of the spheroid long before one need consider them for 
the transverse dimensions. So long as the transverse dimen- 
sions are small compared to a wavelength, the scattering 
effects of the object can be represented by an oscillating 
electric or magnetic dipole ; in this regime the cross section 
rises in proportion to \—* as d decreases or 27a/ A increases, 
and is referred to as Rayleigh scattering. When the wave- 
length becomes comparable with the longitudinal dimen- 
sion of the object, interference maxima and minima 
appear because of the phase difference between the cur- 
rents induced in portions of the object at different dis- 
tances from the source. In the sphere case, the maxima 
and minima and the departure from Rayleigh scattering 
appear at the same point, since the longitudinal and trans- 
verse dimensions are the same; thus as soon as the scat- 
tering shows interference oscillations, it tends to settle 
down to its asymptotic value. In the 10:1 spheroid case, 
the oscillations appear first as A decreases, but the Ray- 
leigh rise is expected to continue until 2nb/\ becomes 
comparable with unity, after which the cross section 
should settle down to its asymptotic value. The spheroid 
calculations have not yet been calculated out far enough 
to see whether or not this behavior is found. 


The validity of the foregoing picture could be tested 
by calculating the back scattering from a spheroid that 
has on its surface a current distribution defined in the 
following way. Imagine the spheroid to be immersed in 
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a static electric field perpendicular to the major axis, and 
along the direction of polarization of the incident radia- 
tion. This will give rise to a surface charge distribution. 
Then allow the field to oscillate sinusoidally in time with 
very low frequency; this will give rise to a surface cur- 
rent density that also oscillates in time with the same 
frequency, and that has a dipole character so far as the 
short (transverse) dimensions of the spheroid are con- 
cerned. Finally, assume that this current distribution is 
modulated by a phase factor that is a function only of the 
distance parallel to the major axis, and that corresponds 
to the actual wavelength. Such a calculation would not be 
very laborious, although not trivially easy, either. 

Since the calculation described in the last paragraph 
has not yet been done, the result of a much simpler cal- 
culation will be mentioned here. The spheroid is divided 
into infinitesimal sections by planes perpendicular to the 
major axis. The static surface charge density is computed 
for each of these sections as though it were part of an 
infinitely long cylinder of the local diameter immersed 
in a transverse electric field. Then as the field changes 
slowly, the surface current density is computed as though 
the charge flows only circumferentially, not along the 
length of the spheroid (which would actually be the case 
since the diameter changes from point to point). The 
back scattering is then computed from this current den- 
city, modulated by a phase factor along the spheroid. The 
result of this very simple calculation reproduces the 
numerically computed back-scattering cross section, ex- 
cept for: (1) the Rayleigh rise and the first maximum are 
one-quarter of the correct values; (2) successive maxima 
are equal instead of increasing; (3) successive minima 
are zero. Maxima and minima appear in about the correct 
places. It is expected that the slight shadowing of the 
half of the spheroid away from the source will prevent 
the minima from being zero, which would improve agree- 
ment with the exact calculation. Further, the calculation 
described in the last paragraph must certainly give the 
correct Rayleigh rise; since this is well known to be given 
correctly in terms of the static dipole moment; thus the 
factor of four would come out correctly. Such an im- 
proved calculation should therefore take care of points 
(1) and (3) above; it does not seem possible to say in 


advance whether or not it will take care of (2) as well.” 


Franz turned the discussion once more to the creeping 
wave model emphasizing the point that the creeping wave 
theory is an asymptotic result obtained when dimensions 
are large compared with the wavelength. He was sym- 
pathetic with the view expressed by Siegel that the creep- 
ing wave solution is possibly more than just an asymptotic 
representation and has a basic physical significance, but 
noted that Siegel had mistakenly considered the creeping 
wave contribution to be monotonically dependent on the 
dimensions. In the case of a sphere the creeping wave 
contribution behaves like 


(ka) */3e—2.2 (ka) 1/8 
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which is a function that exhibits a maximum. The damp-\ 
ing factor is somewhat different for the case of a spheres 
from that for the case of a cylinder and should again be! 
different for the spheroid. Franz felt that the damping’) 
factor should be closer to 3 than to 2, because the noseli 
in the case under consideration is more like a sharp edge 
than a smoothly varying cylindrical surface. . By combin-/j 
ing the several factors he was able to show that the creep-( 
ing wave analysis gives the position of the observed) 
minima with good accuracy (or more precisely the separa-} 
tion between the minima) and can account for a second} 
maximum which exceeds the first. | 

4,. Clemmow—“Edge Currents in Diffraction 

Theory” 

Contributors: C. L. Pekeris, The Weizmann Insti- 
tute. Pekeris noted the work of Schwarzschild (1912) jj) 
on a treatment of diffraction by an infinite slit by iterative 
application of the Sommerfeld half-plane solution on the? 
basis of multiple scattering considerations. Keller com-jj 
mented that Schwarzschild’s work was directed towardjf 
developing the formal solution to the slit problem by thes 
iterative procedure and establishing the convergence off 
that procedure, but that Schwarzschild did not attempt toj/ 
evaluate the transmission coefficient nor did he consider? 
the question of the asymptotic form of the solution for] 
short wavelengths. Referring also to other work, Keller 
mentioned that of Karp who treated the problem from} 
the point of view of scattering by the edges, his own 
treatment by the method of diffracted rays, the variational ® 
treatment by Levine, and the work by Fox on the acoustic } 
pulse. Clemmow noted that he was aware of the work of 
Karp and of Levine which led to evaluation of the trans- |} 
mission cross section. He emphasized that his work wasy} 
particularly concerned with the asymptotic behavior of | 
the diffraction field, for which the only similar results he} 
is aware of are those of Burgis discussed by Timman in/ 
another paper in this symposium. His (Clemmow’s) re-¥) 
sults give the near zone region of the diffraction field in| 
addition to the far field and the transmission coefficient 5 ; 
the asymptotic expression for the transmission coefficient. 
of a slit gives values that are accurate to within one per ‘I 
cent for slit dimensions as small as 2nd/\ ~ 3. | 

Tilston, commenting on Clemmow’s formula J 


for the ratio of the electric field at the center of a circular 4g 
aperture to the electric field intensity of the incident plane 
wave, noted that the oscillatory character of the field | 
persists as a/A (or ka) goes to infinity and inquired as to | 
whether such a result is reasonable on grounds of physical ¥ 
considerations. Clemmow pointed out that the result is} 
in fact borne out by the many experimental studies on! 
diffraction by a circular aperture, and that the physical ' 
explanation is contained in the idea that the diffraction is‘ 


related to sources at the edge of the aperture. The field / 
contributed by a source on an element of arc varies! 


hversely as the radius of the aperture, but on the other 
and, the circumference is proportional to the radius and 
he combination of these factors results in a resultant field 
order unity. 
Keller stated that the same result is obtained by the 
ethod of diffracted rays. The system of diffracted rays 
as a caustic which in the case of a circular aperture and 
normally incident plane wave reduces to the axis of the 
erture. The field associated with a diffracted ray is 
jroportional to k—~” but the effect of a caustic for the 
iven case is to multiply the diffracted field dependence on 
by &” resulting in an over-all contribution of order 
jity. | 
Silver added further to this discussion the remark that 
he result was a particular consequence of considering the 
hcident wave to be an infinite homogeneous plane wave 
eld. When the primary source is a point source the 
yxcitation at the edge diminishes with increasing radius, 
d correspondingly the oscillation of the resultant field 
t the center diminishes with increasing radius. In this 
yonnection he also commented on the consideration of 
/’—> © when the incident wave is a plane wave. His 
joint of view is that it is meaningful to discuss only the 
4symptotic behavior of the field as A + 0, even though the 
icale factor of the field is a/A, when the incident field is 
‘self a homogeneous plane wave over the infinite region; 
‘ith respect to such an incident wave the limit a— oo 
‘with A fixed) is not definable. 
5. van der Pol—“On Discontinuous Electro- 
magnetic Waves and the Existence of a Sur- 
face Wave” 
Sontributors: H. Poritsky, General Electric Com- 
pany, and C. L. Pekeris. Prof. van der Pol’s reference 
p a surface wave component in his solution evoked con- 
aiderable interest. Poritsky called attention to his paper 
vhich was to be given later in the symposium in which he 
eats the same problem by another method. He resolves 
ine spherical wave field into plane waves, evaluates the 
jeflection and refraction of each plane wave, and then 
iuperposes the component plane wave fields to obtain the 
esultant field. 
| Pekeris challenged the interpretation of the term in 
juestion in van der Pol’s solution as a surface wave, 
loting that the implied velocity of propagation of the 
omponent is higher than that of the other two terms and 
hould correspond accordingly to a first arrival prior to 
he other terms at a given point of observation. There is 
io first arrival corresponding to that wave and, therefore, 
whe term cannot represent a distinct surface wave com- 
ponent. In reply to this, Bremmer stated that Pekeris’ 
jriticism refers to the Sommerfeld surface wave but that 
not what the term in the van der Pol solution represents. 
he van der Pol problem is that of a transmitter on the 
round. The third term in the solution has the significance 
f a surface wave only insofar as it satisfies a two-dimen- 
jional wave equation. Any discussion of a surface wave 
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in the true sense must be based on a consideration of the 
behavior of the field as the transmitter is raised above the 
ground. A surface wave component should decay with 
increasing transmitter height. At present nothing is known 
about the possible behavior of van der Pol’s solution for 
a transmitter position with respect to ground different 
from zero. 

Keller called attention to a forthcoming paper by him- 
self and Friedrichs in the July or August issue of the 
Journal of Applied Physics, in which they treat the prob- 
lem of pulse solution for a source above the ground by 
the method of diffracted rays. The essence of the treat- 
ment is that there is a family of diffracted rays associated 
with the geometrically-refracted wave in the ground; the 
diffracted rays are generated at the surface. The criterion 
of first arrival noted by Pekeris is satisfied by the solution 
inasmuch as the diffracted wave cannot reach a given 
point on the ground until the refracted wave has reached 
that point. 

6. Heins—“The Excitation of a Perfectly Con- 

ducting Half-Plane by a Dipole Field” 

In reply to a question from Dr. Tilston, Heins amplified 
his presentation and pointed out that the half-plane prob- 
lem is a special case of a class of problems which can be 
treated by the technique which he developed in this paper. 
The radiation from a semi-infinite circular tube can be 
obtained readily in a similar manner, and more generally 
the method permits a ready determination of solutions to 
the vector wave equation for a certain class of problems 
once the corresponding scalar type of problem has been 
solved. He emphasized, in commenting on a remark made 
by Professor Marcuvitz, that the method is exact in its 
technique and that the edge conditions are fully satisfied 
by the solution. 


7. Jones—“A Critique of the Variational 
Method in Scattering Problems” 

Contributor: R. G. Kouyoumjian, Ohio State Uni- 
versity. Kouyoumjian commented on the parallelism be- 
tween the work of Rumsey and that of Jones. He pointed 
out that the essence of Rumsey’s method is that the 
stationary expression for the scattered field is a conse- 
quence of the reciprocity theorem and can be arrived at 
without recourse to a variational principle. Rumsey intro- 
duced the reaction principle as a basis for setting up the 
fundamental system of equations from which the sta- 
tionary representations are obtained subsequently. 

Jones noted, however, that his paper was developed 
from a different point of view. The basic system of 
equations arise without recourse to any additional physical 
principle. The entire development is based on a general 
theory of linear integral operators and follows along lines 
similar to those laid down by Galerkin a number of years 
ago in the theory of elasticity. He shows not only the 
equivalence between the reciprocity theorem and varia- 
tional theorems but also establishes criteria for evaluating 
the accuracy of approximate solutions. 
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Dolph in commenting on Jones’ results stated that they 
are to be expected from the general aspects of variational 
principles and showed how it is possible to derive the 
Schwinger variational principles from the usual varia- 
tional princtples for linear operators by requiring the 
variational form to be reduced to a scalar invariant repre- 
sentation. 

8. Dolph—“The Mathematician Grapples with 
Linear Problems Associated with the Radia- 
tion Conditions” 

Contributor: W. C. Hoffman, Rand Corporation. 
In response to a question from Hoffman concerning the 
saddle-point theory presented in the paper and its relation 
to saddle-point methods used in treating propagation 
problems, Dolph explained that the nature of the problems 
were not really the same. He was concerned in the present 
paper with the functionals for which there are various 
types of variational principles and the nature of the sad- 
dle-type surface which would -constitute a geometrical 
representation of those functionals. This general problem 
is not directly related to the asymptotic development of 
integrals. 

9. Keller—“Diffraction by Convex Cylinders” 
Contributors: G. Toraldo de Francia, National In- 
stitute of Optics (Florence, Italy) and V. Twersky, 
Sylvania Electronic Defense Laboratory. It was 
noted by Toraldo that Keller’s approach to the diffraction 
problem is similar in its general features to that which 
he had taken in some work of several years ago. In the 
case of diffraction of a plane wave by an aperture in a 
plane screen, it is found that the diffracted field given by 
the Kirchhoff approximation can be resolved into a system 
of diffracted plane waves. The nth diffracted wave obeys 
the relation 

(Siaeetou— 1 ake =—10 
where S,, is a unit vector defining the direction of the 
diffracted plane wave, S a unit vector defining the incident 
wave, V a vector parallel to the screen, and k a vector 
normal to the screen. This can be generalized to the case 
when either the incident wave or the screen are curved 
by using 

Soa va =0 
where JN is normal to the screen and f is a suitable func- 
tion defined on the screen. Diffraction can thus be treated 
to a first approximation by a ray method, an extension of 
Fermat’s principle to the diffracted ray system being 
obtained by subjecting the stationary value of the optical 
path to a condition that f = constant. It then follows 
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that at the edge of the aperture the rays thus defined have 
maximum intensity when forming with the edge the same 
angle as the incident ray. The latter particular result was 
obtained by Rubinowitch in 1917. | 
Keller remarked that he was familiar with Rubia 
witch’s work and that the ideas outlined by Toraldo were} 
contained in the general method which he (Keller) pa 
sented. The rays passing around curved bodies in his} 
treatment are special cases of diffracted rays. It is possible 
to introduce a generalized Fermat’s principle for diffrac-| 
tion, whereby a class of rays from object point to a field, 
point is established by the seeking of a stationary path} 
which involves an arc of the boundary of the obstacle.) 
The total field at a point is the result of interference} 
between 
(a) direct rays from thé source to the field point, 
(b) reflected rays, established by the usual Fermati 
principle, i 
(c) diffracted rays, established by the conditional Fer-} 
mat’s principle. 
The question was posed by Twersky as to how Keller’s! 
method can be applied to bodies which are not perfectly 
conducting and are of arbitrary shape. Keller sketched? 
the general lines along which the analysis of such a prot 
lem would proceed, in which a system of transmitted rays§ 
is added to the field. He noted that the paper by Fried-} 
richs and himself to which he referred in the discussion} 
of the van der Pol paper is an illustration of a problem 
involving general media. Regarding the arbitrary shape 
question Keller remarked that it is necessary to have exact 
solutions for a class of problems such as the half-plane, 
the wedge, the circular cylinder, the sphere problems 
which he terms canonical problems—in order to obtain the} 
proper distribution of energy among the systems of rays 
from point to point along the surface of an obstacle. 
Replying to another question from Twersky as to the! 
treatment of diffraction by a hollow cylinder having a slit’? 
in its surface, Keller stated that at the edges of the slit 
systems of diffracted rays are generated in accordance? 
with the edge diffraction in the half-plane problem. Some? 
of the rays enter into the interior where they are reflected’ 
from the walls according to ordinary laws of reflection. 
The multiple reflection of the rays entering into the in-| 
terior develops the field inside; there is no surface wave 
phenomenon in the interior. The diffraction of rays at 
the edges of the slit together with multiple scattering of, 
rays striking the edge from the interior make up the, 
diffraction phenomena observed outside the cylinder. 
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_D. Wheelon 


J. Herbstreit W.S. Ament 
| Twersky J. Ortusi H. Motz 
W. Straiton D. K. Bailey J. B. Smyth 
N. Smith 


iesner: The first two questions I have are directed 
_ Dr. Wheelon and the first one is from T. J. Carroll: 
Nhat sort of ten centimeter fields well beyond the hori- 
n can be calculated from the Gaussian correlation func- 
ns used this morning to discuss phase variations over 
tical paths ?”” 

heelon: I have not worked on beyond-line-of-sight 
oblems in detail. I understand, however, that the Gaus- 
an correlation of dielectric fluctuations does not give 
e right answer, either with respect to range or fre- 
liency. The exponential correlation seems to give good 
reement for these same experiments. One then asks, 
Why did you use the Gaussian correlation this morning ?” 
the answer is frankly one of mathematical facility and is 
falidated by the result that the rms phase error is sub- 
-antially insensitive to the correlation model. The phase 
brrelation between adjacent paths is sensitive to the 
orrelation model, and provides one hope of identifying 
ne proper correlation. 

Maybe Carroll knows the answer. He asked 


he question. 

Jarroll: I was just afraid that the audience might draw 
ne conclusion when you’re talking about the phase varia- 
ions over optical paths with the Gaussian correlation 
nctions that you’re talking about the same type of thing 
4s is talked about in fields far beyond the horizon. There 
jre several places where these people have tried this 
alculation to get the scattered fields beyond the horizon 
4sing the Gaussian correlation, which is the most logical 
me. And their results aren’t in the right ball park, as you 
ntimated you have heard, too. 

heelon: Right! I do not believe, however, that one 
ould seriously suggest evaluating scatter theory on the 
asis of the Gaussian correlation, since the success of 
catter theory is founded on the exponential form. 
iesner: We have a second question on the subject of 
his correlation function, and this one is directed to Mr. 
Wheelon by Dr. Norton. “Have you determined a formula 
or the correlation of phase received on spaced antennas 
or an atmospheric model in which the correlation func- 
ion has a form | ectrl/ a, rather than |e” Vere 

heelon: From simple ray theory, the phase correla- 
‘ion between parallel optical paths is e = 7 Ki(#) where x 
is the ratio of the antennas spacing (d) to the turbulence 
scale length J,. The exact electromagnetic method pre- 
sented this morning proves very difficult when one tries 
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to calculate with the exponential correlation. I believe that 
the almost complete agreement between ray theory and 
this new approach for the Gaussian model indicated by 
this morning’s talk encourages one to extrapolate from 
ray theory to the exact answer rather freely. 

Wiesner: The next question is also by Dr. Norton. 
“How does this compare with Herbstreit’s data?” 
Wheelon: I think that p= Ki(#) agrees quite well 
with the data of Herbstreit and Thompson. The phase 
correation between adjacent paths for the Gaussian cor- 
relation is just p= e—**. The large scale lengths encoun- 
tered by CRPL and the 500-foot baselines; 1.2, x ~ %, 
used mean that we have not yet reached this asymptotic 
region of decision. 

Herbstreit: We have data for separations on the order 
of these. As I remember it was something of that order, 
and in close, it seemed that the correlation function like 
this d/l, factor, seemed to follow very closely an assumed 
curve based on an /, of approximately 2,500 feet as I 
pointed out on the slide that I showed. 

There is one other comment I’d like to make—that is, 
that the data that I showed this morning are based on a 
five-minute sampling period. And if other lengths of 
sampling periods were chosen, the form of the correlation 
function vs antenna spacing you would get would be 
different. This might be considered in terms of the, let’s 
look at the diurnal variation only, the refractive of the 
phase variations. At night we’ll get a very low value, in 
the day time we'll get a very high value. You have a very 
large diurnal cycle. Then you go down to a period of the 
order of an hour and look at the rms variations that occur 
inside the sampling period of an hour and you'll find that 
they are considerably less than would be observed over a 
period of a day. And that the correlation function would 
be less over a period of an hour than it would be over a 
period of a day between two adjacent paths. Then you go 
to a 5-minute period and again the rms value is lower and 
the correlation coefficient is lower, and then you can even 
go to smaller periods and you'll find that you still have 
lower rms values and lower correlation values. So actu- 
ally it seems to me that there is going to be a whole 
spectrum of correlation functions and rms values that 
have to be taken into account to describe the physical 
processes that are involved. 

Wiesner: Are there any further questions or comments 
from the panel or from the floor regarding this paper? 
If not we’ll proceed on to the second. I have a question 
directed to Dr. Twersky from H. Meyers of the Rand 
Corporation. “Can you estimate the amount of signal that 
leaks through the grating of a parabolic reflector of a 
radar antenna where the grating spacing is 1/10 to 1/20 
wavelength, and secondly where tolerances are about a 
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fiftieth wavelength; i.e., how many db down is the trans- 
mitted wave from the free space wave?” 


Twersky: The answer to the first part of the question 
is “no” and the answer to the second is “I don’t know.” 
Wiesner: Are there any further questions or any com- 
ments regarding this paper ? 


Toraldo: My name is Toraldo, University of Florence. 
Since the question of surface waves in gratings has been 
raised, this reminds me of a point which I want to make— 
something that I had the opportunity to investigate four- 
teen years ago—but since I published it in an Italian 
journal I don’t think many people have read it. I was 
concerned with the function, with a row of evanescent 
waves in all diffraction phenomena, in particular, diffrac- 
tion by grating. Since evanescent waves were very well- 
known in total reflection, I asked myself whether there 
could be any connection between the two phenomena, and 
it appeared that there is a connection. If you consider a 
grating like this transparent grating and an incident wave 
which I will represent by ray, you have a perfect trans- 
mitted wave, and a reflected wave plus diffracted waves, 
and a reflected wave diffracted in all directions. Well, 
if you increase the angle of incidence, one wave, for ex- 
ample, becomes evanescent, and the other becomes evanes- 
cent at the same time; but if you have a grating on the 
surface separating two media of different indices, it may 
well be that if this is a diffracted wave, its corresponding 
wave is diffracted by transmission, so that when you in- 
crease the angle of incidence one wave disappears and 
becomes an evanescent one while the other is still a plane 
wave. Well, what then happens is, as soon as one wave 
disappears, all this energy, as far as experiment can tell, 
goes into the other. This is the phenomenon that I called 
total transmission because it is absolutely analogous to 
that of total refraction. I could demonstrate just by mak- 
ing the grating on the surface of a prism so that this wave 
could come out. 


Twersky: I should mention that problems of this kind 
have been treated by Fano, who treated corrugated surface 
between two different media, and in fact, it was he who 
as far as I know first indicated specifically the role of 
the surface wave to account for anomalies such as those 
due to Wood. I would also like to say something else in 
connection with the question that I was asked. I stressed 
the literature today which dealt with the range where the 
wavelength is small compared to spacing. There is, of 
course, a much larger literature for the other range, 
approximations from the static case. And here the best 
survey for this region will be found in Marcuvitz’s hand- 
book and I don’t doubt that this question that was put to 
me might well be resolved from the material there con- 
tained. 


Wiesner: I have another written question. “How do 
your results on rough surfaces compare with Ament’s 
conjectures ?” 
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Twersky: Well, they’re rather remarkably in accor) 
with some of his conjectures, but on the whole, quis 
different. Perhaps I could take just a couple of minutélf 
to summarize the principal results in regard to angulé} 
and wavelength dependence of the reflection coefficien)} 
and back-scattering that I obtained. The model that iy 
treated consists of a perfectly conducting plane. To begiyt 
with, we have one arbitrary bump, arbitrary in size ani 
dielectric properties, and we know the behavior of thi) 
bump if it were alone on the plane. And now suppose W 
have a plane polarized wave incident on this polarize! 
either horizontally or vertically. And its direction is giveg 
by &s. The specular direction with respect to the plane 9} 
specified by &, and some arbitrary vector is given by litthh 
vector r. These are all unit vectors. Then we extend thi 
to a uniformly random distribution of such bumps on 6 
plane. By uniformly random I mean that the distribu 
obeys ideal gas statistics. And we get the following Sit 
ple expression for the reflection coefficient. We find tha’ 


l 


in general, reflection coefficient can be written in terms off 


I 


plus or minus here distinguishes horizontal and vertica) 
polarization. For rough surfaces, that is the three-dimenii 
sional problem, we find that the impedance z can be writ 
ten mp/k* where k = 2x/d times the scattering ampli 
for one bump and is evaluated in the specular direction of 
reflection with respect to the plane. Here we take the do! 
product of this with the direction of the incident e or / 
field for the two cases, vertical or horizontal polarization 
and this is divided by cos a where a is the angle of in) 
cidence. In the two-dimensional problem, ‘that is the 
striated surface may be made up of arbitrary cylinders} 
you get the same form for the reflection coefficient, whict| 
is essentially the same for the impedance except for ¢j 
dimensional factor, if we had a distribution of bumps, say) 
two different kinds or some distribution in their size o1 
dielectric properties. Then it turns out that these im:| 
pedances are all in series and we would replace 2 in here) 
by, say the sum of the appropriate 2’s, or by an integra 
over this parameter whatever it is. This is the reflectior| 
coefficient, the ratio of the specular intensity to that in- 
cident. The differential scattering cross section, that is. 
the incoherent scattering from unit area surface, can Be 
written in a general form.! The nicest thing about this 
general form is that you don’t have to use any units. This 
works in all of them. Now these are the general results 
and the specific applications were made first to cylinders 
of arbitrary size and dielectric properties, and then to 
hemispheres. Incidently, one gets the same form of these 
results not only for the electromagnetic case but also 
for the acoustic case. And for these arbitrary spheres or 
semi-cylinders, one finds that, in general, reflection co- 


efficients near grazing incidence is of the form 1 minus 


ae 


2 
the reflection impedance in the form = + (j A 2). 
ee 


1A result from Dr. Twersky’s paper was written on the board. 


» term of the order of beta, where beta is the horizon 


reneral result, and I am attempting to prove this. This 
ids to be the polarization. As far as the differential 
yattering in the back direction, we find that the horizontal 
larization op is of the order of B*, and o, is of the order 
|B’, and here we discover something rather remarkable. 
pu see this result agrees with Mr. Ament’s conjectures. 
ment: Twersky got 1-8 for his reflection coefficient. 
» I understand your © means the order of 8? 

wersky: 


iwersky: In both polarizations. But it is a different 0. 
different consequences. 

ment: That’s all right. I proved that the back-scat- 
rer which was p(@), necessarily in the two-dimensional 
Wse—went as ©” u?, and therefore I don’t trust your 
ductions from your reflection coefficients into your 
ick-scattering. Of course, you didn’t do it that way. 
: ersky: I think you’re a little confused by what I 
cant by this proportionality symbol. There is no func- 
re dependence between the reflection coefficient in 
He forward direction and the back scatter differentional 
Hoss section. It just turns out. It’s quite clear that there 
/a functional dependence, however, between the reflec- 
bn coefficient and the total integrated cross section per 
nit area of surface. That is, there is a general reflection 
eorem you indicated in part. You should also have 
ded the absorption per unit area of surface. And, in 
ict, these results that I mentioned before that I wrote 
y»wn. My general reflection coefficient cross section can 
derived rather trivially from elementary Fresnel con- 
eration and the general energy theorem. 

iment: I should have said that my surface was lossless. 
he surface I examined and rejected was formulated self- 
»nsistently and this, I believe, can be said of Twersky’s 
irface and Karp’s surface and all the surfaces I have 
bard of here, except possibly Meecham’s. In that assump- 
n, it is convenient—well, the surface I had was a 
frallel-plate one of edges ending in the plane. I assumed 
Ssentially that the current in each plate was identical and 
pended with distance this way only according to the 
Jane-wave phase factor. If you then assume that the 
htire scattered. field is caused by currents that are pro- 
uced in this manner you get bad results, and you will 


te 


‘wersky: I would like to comment on this. I think 
here is a fundamental fallacy in the assumption of this 
ype of model for a rough surface phenomenon, in par- 
cular, because it gives you completely the wrong kind 
£ polarization effects. I think I can show this more 
imply with a picture. 

iesner: It gives you the wrong wavelength dependence. 
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Twersky: I am making no great claims of the surfaces 
I treat, that is, perfect planes with bumps on them are 
really very reminiscent pictorially of the kind of rough 
surfaces one encounters in sea-surface problems or rough 
surfaces in general. However, I do believe that they show 
the essential kind of incoherent scattering phenomena, 
essential polarization phenomena, and also the essential 
coherent phenomena. Now at this point I just want to 
mention this question of polarization. We have here a 
bump on a plane, an arbitrary bump, a single one with, 
suppose, a plane-wave incident on it. Now for the case 
of vertical polarization, we know that this problem is 
equivalent to the problem of a bump of a cylinder, or 
sphere, or something consisting of this plus its image, 
excited by two plane waves. This is true for either polari- 
zation. For the case of vertical polarization, however, 
these two have the same sign. Now, as you approach 
grazing incidence, the situation you come to is simply the 
case of this solid object excited by a plane wave twice the 
amplitude, and we know that this cannot vanish in the 
forward direction. It has to remain finite because the 
total scattering cross section is expressed in terms of the 
forward value of the scattering amplitude. This tells us 
this about vertical polarization. On the other hand for 
horizontal polarization, we have the same situation essen- 
tially at least in the picture, except that we have a minus 
sign. And as you approach toward grazing incidence, you 
end up with situation of the solid scatterer with no in- 
cident wave, and the forward amplitude is as a consequence 
zero. Now, the minute you take away the ground plane 
here, as Ament has done, and you have a bunch of semi- 
infinite plates—and I don’t care what their distribution is 
—you do not get this kind of an imaging effect. Now, 
while it’s true that in the case where you have a highly 
absorbing surface you also do not get complete cancella- 
tion in this limit as grazing incidence is approached, I still 
believe that the perfectly conducting ground plane is really 
more reminiscent of the physical problem than this. And 
another thing I would like to bring out is, of course, that 
you get an entirely different wavelength dependence. And 
to be specific, let’s consider the limiting cases—we have 
hemispheres on a perfectly conducting plane. Suppose, 
in one case, they are very small compared to a wavelength, 
and in the other case they are very large compared to a 
wavelength. Let’s look at horizontal polarization first. 
We see that in general the wavelength dependence of the 
reflection coefficient near grazing minus unity is the same 
as the back-scattering cross section near grazing and 
they’re both proportional to A”. For the small spheres, 
for the horizontal case we get n = 4, for the vertical case 
we get 2 = 2. On the other hand for very large spheres, 
we get = 2 for horizontal, and we get zero for vertical. 
For the two-dimensional problem of cylinders for horizon- 
tal we get 3, for vertical we get 1, and here for large 
diameters we get 2 and zero. The essential point of this 
is that the horizontal polarization for either large or 
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small is more sensitive to wavelength—involves higher 
powers of wavelengths than the vertical. These results on 
the angular dependence that I indicated seemed to be in 
qualitative agreement with the summary of sea-surface 
data that is given in Kerr. And in a sense it’s not too 
surprising. The two mechanisms that have been postulated 
for sea-surface scattering have been (1) the swells which 
are very large compared to wavelength, and (2) the rip- 
ples, which are very small compared to wavelength. 


Wiesner: That seems to summarize this subject quite 
adequately. We'll turn now to the paper by Straiton and 
Tolbert. 


Ament: I am curious to know whether you tried to 
explain the difference in slope of your scintillations of 
the vector parallel to the reflected wave vs those trans- 
verse? You may have mentioned this and I missed it. 
Straiton: I said that when we first plotted those curves 
they had the same slope but then I realized that I hadn’t 
taken into account the points where we got no solution 
and which we assumed as zero. If you throw out those 
points you get the same slope. If you put them in as hav- 
ing zero value, it distorted the slope so that I don’t put 
any great confidence in the fact that the slopes are differ- 
ent or the same. 


Wiesner: The next question I have is directed to Mr. 
Herbstreit. He is asked by T. J. Carroll to explain how 
he takes into account the ground reflected rays in inter- 
preting his measured phase in the single-path experiments. 
Herbstreit: The single-path experiments were con- 
ducted at 1,000 mc and both on the mountain and on the 
ground we used antennas which were fairly directive in 
the vertical plane. And the vertical angle above the hori- 
zontal trom the Garden of the Gods site to the Pikes Peak 
site was of the order of 9° which would mean that the 
ground reflected signal would be of the order of 18° off 
of the principal axis of the antenna beam. At 18° off axis 
the response of the antenna is down of the order of, I 
think 20 or 30 db from that on the axis, which would 
mean that small perturbations in the phase of the ground 
reflected signal would not influence to any great extent 
the perturbations in phase on the direct path. 

Wiesner: [| have only one question for Dr. Ortusi and I 
have given it to him to read. 

Ortusi: The question is the following: “Can a carcina- 
tron quarter wave magnetron be made into a rectifier 
where some voltage could be used for adjusting the fre- 
quency at which rectification takes place?” I suppose it is 
possible, but a carcinatron is an oscillator and the noise 
factor will be too great. I don’t know if the usual type 
of carcinatron can be used for a rectifier. 

Wiesner: Let us turn to Dana Bailey’s paper on ionos- 
pheric irregularities. I didn’t receive any written ques- 
tions, so will turn to the panel and see if there are any 
questions or comments they would like to make regarding 
it. Dr. Wheelon? 
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Wheelon: I’d like to address a question to Dr. Baile} 
here. Throughout the talk there was mention of going | j 
the auroral zone so as to get the effects. Maybe one @ 
the slides ran by too fast or I missed something, but ju’) 
what has the aurora got to do with this ionospher# 
E-layer scattering ? 
Bailey: Well, let me talk about that just a little bit. 1) 
the first week of observation in January, 1951, we na 
this very interesting observation, that during a period ch 
moderate to intense magnetic disturbance the intensity ¢ 
the scattered signal seemed to be well above what woul 
have been expected. This was a single event, therefor} 
not.a necessarily significant one, but we thought, on th 
basis of the SID behavior that it might be significant, an 
as a result of this the research program was extended ini 
the North. It had the dual purpose, of course, of als 
finding some means of communication if possible whic} 
was immune to the usual disturbances that hf experience? 
in the Far North or the Far South due to magnetic dis) 
turbance. Now the auroral zone, in this connection at an}: 
rate, is just merely a convenient way of referring to thi 
circular region centered more or less on the geomagnetila 
pole where magnetic disturbances are most frequent an| 
most severe. I wasn’t pointing to any specific connectio}: 
between this propagation and the phenomenon of auror 
borealis. Though I think there are actually connection 
in some cases. Does that answer the question? ) 
Wheelon: I think so. Did you notice signal enhancell 
ment when visual aurora were current ? | 
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Bailey: Now, this is a very interesting question. | 
made a specific search for signal enhancement during th) 
presence of aurora in the intersecting region of our twi 
beams. The only way we could do this, of course, was ti 
have observers stationed at each end of the Arctic path’ 
examining periodically the direction in which the bean! 
was located. You couldn’t guarantee by merely seeing! 
aurora in that direction that it was in the beam intersec} 
tion unless the observers at both ends reported this mort 
or less at once. Even then there was some possibility fo: 
error. Now, in this program, at least on our North-Sout! 
path at Barrow, we simply didn’t find any very good cor 
relation of special events on the signal intensity record’ 
ings in the presence of aurora in the beam. We though’ 
for awhile we might find a correlation of the Arad 
sporadic E, but this, if it exists, is a poor one. There 
were many cases of good aurora in the beam with n¢d 
unusual effects at all. Now on the other hand, this is < 
subject I didn’t have to get into at all this morning 
there are effects associated with specular reflections from 
the auroral shafts, as in a recent paper by Booker, Gart- 
line, and Nichols in the Journal of Geophysical Research: 
When this goes on we get the phenomenon of very rapic 
fading which has been referred to in this context as sput: 
ter, which is almost without any doubt at all identical witt 
the kinds of things Booker, Nichols, and Gartline reportec 
from Cornell and, in fact, the same sort of thing that the 
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nateurs on 2 and 6 meters experience when there is 
jrora visible to the North. When this kind of aurora 
lists (it’s a special kind), and also must be in a special 
sition with respect to the path, the shafts of the aurora 
ust be in a position so that we have an essential condi- 
jpn of specular reflection. But when we get this condition 
jb then get a phenomenon of very rapid fading, a signal 
‘opagated by the aurora with very rapid fading character- 
tics. Now if this is stronger than the scattered signal, 
en this pretty well dominates what we record. Remem- 
r that we’re using cw signals here, and therefore we 
ive the summation of whatever is coming to our receiv- 
s. This phenomenon has fading rates of 200 or 300 cycles 
r second and in fact spreads a monochromatic spectrum 
he out into the spectrum. This kind of thing is very 
teresting and very characteristic in the auroral regions. 
‘heelon: Where are the sounding devices with which 
u established the presence of sporadic E with respect 
the Alaska path? Or do you actually have sounders 
Here ? 

failey: On the Alaskan path, the best criterion for 
poradic E on the path is the observation that the recorder 
ply went off scale. This has happened from time to 
ime when the sporadic E intervened and gave us a signal 
hich was very much stronger than the scattered signal. 
‘ow this could be to some extent checked by the midpoint 
pation; there is a near midpoint station at Fairbanks, 
_laska, and some further work was done on geomagnetic 
ects by having an ionosphere sounder at each terminal 
well as an ionospheric sounder at Anchorage and one 
: Barrow. 

Viesner: Dr. Twersky? 

‘wersky: You indicated that there is some kind of 
ontroversy between two schools of thought as to the 
nechanism for ionospheric propagation. I wonder if you 
puld elaborate on that a little: 

| iesner: One of the schools isn’t represented here. 
@ailey: Our Chairman has pointed out that one school 
sn’t here. I’ll have to do them justice; this means I’ll have 
» bend over backwards to favor them, but never mind. 
n the subject of what is happening; 1.e., how we are 
jetting these vhf signals, two schools of thought have 
| eveloped. I think I made my point at the outset of my talk 
nat we are still openminded on this question. As you 
jrobably realize from my hasty presentation this morning, 
his idea was originally sparked largely by consideration 
if possible reality of the tropospheric scatterer, as in 
8o0oker and Gordon. This wasn’t the only thing which 
| spired it; however, there are independent reasons, quite 
ndependently of the possible applicability of Booker- 
: ordon type of thinking to the ionosphere, for supposing 
hat the ionosphere is rough and irregularly distributed 
ind therefore could give rise to signals that we might, for 
ack of a better term, call scatter. I think one has to realize 
n the context here that the use of the word “scatter” is 
ised as a convenience rather than an indication of convic- 
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tion on the part of the people who use it that this is the 
correct word. It is simply a convenient word and we 
haven't a better one. Fading of single rays is one of the 
evidences we have for irregularities, re the work of 
Ratcliff and the group at Cavendish in the late 40’s. Then 
there is also the ionospheric winds’ experiment that leads 
many people to believe that there may be various kinds of 
turbulent motions, shears, etc., going on, particularly in 
the vicinity of temperature inversion in the 80-90 km 
region, and finally we have the much more direct evidence 
of what happens to long-enduring meteor trains which 
appear up there, which simply, if they last long enough, 
are observed to break up and distort quite violently. Now 
this is the most positive evidence of all really, because this 
represents motion of matter, and all these other things 
may be incorrectly referred to as motion of matter. Well, 
these are the various kinds of reasons, along with the fact 
that many people for a long time had observed that, with 
the application of higher power on oblique paths, the 
highest frequency from which useful signals could be 
gotten, from what was supposed to be sporadic E, often 
seemed to increase without any elear indication of a limit 
and, therefore, by going to very high powers, very direc- 
tive antennas, it was possible to suppose some of the signal 
might be returned by something which had hitherto been 
called sporadic E. In this connection I think some of the 
effects Which we have been getting are very closely related 
to what people have been calling sporadic E. These are 
the arguments in favor of the use of the word “scatter” 
in this connection. The other school of thought are the 
people, and these are represented primarily by the Stan- 
ford group in this country and the Canadian group at 
DRB, Forsythe, and Hogan, and McKinley at the National 
Research Council of Canada, who have argued that there 
is no need to invoke scatter at all. The entire results which 
we have obtained can be demonstrated, to their satisfaction 
at any rate, to be nothing more than the overlapping re- 
sults, at a forward oblique incidence, of the scattering or 
reflection of signals from meteor trains, and that there are 
enough meteors to do this. There are many arguments that 
we advance against this hypothesis. They seem to continue 
to overlook some of these arguments, although I am well 
aware that they know them. The best evidence we have 
is the separation of the two different strata which scatter 
day and night. There is no optical evidence from any of 
the meteor work, that I am aware of, to indicate that 
meteors produce a significant part of their ionization much 
below about 90 km, with the exception, of course, of the 
very rare and very large ones which go all the way down 
to the ground. Now our daytime signals, on these southern 
paths at any rate, are definitely down in the vicinity of 
70-80 km, and it would be very difficult by any stretch of 
our experimental technique or allowances for unforseen 
errors to get them any higher than perhaps 80 or 82. So 
that this poses a real problem for the people who claim 
that the daytime signal is due to meteors alone. You have 
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to be very careful not to generalize on this because there 
is a very sharp geomagnetic dependence which goes across 
the United States. When you get as far north as Boston 
or Ithaca things are quite different in the E layer than 
they are if you get down around North Carolina some- 
where. At night, as I think I have said, we have never 
denied the fact that meteors can have an important influ- 
ence. I just might try to use this wonderful writing 
machine a minute to illustrate a little more what I am 
talking about. Let this be a time scale here of midnight 
and let this be a rather unprecisely defined term which 
measures the amount of ionization produced in the E- 
layer. I won’t put a letter on it or anything. Now, in 
general, the meteors produce. There are lots of wrinkles 
to this argument and I’m deliberately simplifying it quite 
a lot. In general, meteors are most frequent, and there- 
fore the largest number of meteors will go through a 
given area of the earth’s upper atmosphere at about six 
o’clock in the morning and the fewest at about 1800. Now 
if one got slightly more esoteric in the arguments about 
meteors one cculd find that this may be a double peak at 
six o’clock in the morning and the minimum at 1800 may 
be shifted over toward nineteen or twenty. But in general, 
it is a very simple thing and one could represent this first 
term as simply a sine wave—it isn’t truly a sine wave—it’s 
more sharply peaked in the morning and really broader 
in the minimum. That represents the meter component 
coming into the atmosphere. Now the solar ultra-violet 
contribution to the background ionization in any region in 
which inhomogeneities, in this case the D or E region will 
always produce its maximum component about noon, 
which will be a function of the cosine of the zenith angle 
of the sun and has a function something like this: a 
symmetrical thing, dropping away to unmeasurable quan- 
tities at sunset. So that you get two terms, a sort of roughly 
sinusoidal component due to meteors, and one which has 
a simple peak at midday and fades away to unmeasurable 
quantities at night. In our original paper we said that the 
diurnal characteristics, as observed in the first few months 
of this experiment, could be reasonably accounted for by 
a combination of these two factors. In the middle of the 
day we felt the ultraviolet term definitely dominated, and 
that this was probably so well into the evening. But in the 
early morning hours we were at a loss to think of anything 
better than meteors. Since that time we have seen no 
reason to change this position. The height data has tended, 
at least, to be consistent with this view, in that in the 
daytime, particularly in the winter, we get heights down 
around 70 km. The meteor people are rather at a loss to 
explain the formation of any kind of scattering stratum 
down there resulting from meteors. On the other hand, 
at night, when the layer gets up to the region of 88—90 
km, the meteor people are perfectly happy to accept his, 
and so are we, because, after all, that’s what we observe. 
So I think this is the position, at the moment, in the con- 
troversy. We believe that both these factors are important, 
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and it’s therefore of great importance to try and perfor! f 
experiments that disentangle these effects. Now the! 
are all mid-latitude results at 50 mc that I’m talking abo|p 
now. When we go to the polar regions the picture is qui 4 
different. Up there the amplitude of that sine wave I dre} 
awhile ago is greatly reduced, but it is still present. An 
the ultraviolet behavior, of course, is also very differer ( 
In the summertime the sun is up nearly 24 hours a dats 
in fact, on some of our paths it is up for a few weeks. Sp 
that we get a great deal of ionization‘and direct ultraviol!\ 
action there; whereas, in the winter time it is practical!) 
completely removed. Now, in spite of this, the signals } i 
the. winter, with no ultraviolet at all, exhibit a diurn!}) 
characteristic not unlike that which we observe in tt) 
summer except the level is much lower, and the only thin} 
which this curve has in common with the meteoric hype 
thesis is the continued presence of the minimum in thy 
evening. But the level of this minimum is very differen} 
Now a final word on this. In the experiments we havi 
performed on our paths, where we have always had highly: 
directional antennas directed at a common volume halif 
way between the transmitting and receiving point, w 
have not been able to find, during meteor showers, an\) 
pronounced enhancement of the signal. We find a differer' 
appearance of the signal as recorded with our time cori 
stants, in that we find more meteors, but the average o% 
integrated level is not significantly different durin 
showers. However, when you get off the great circle patil 
and are observing off to one side, observing the illuminate 
area from a point off to one side, the picture is quiti 
different. Here, if anything, you may in some cases favo: 
the meteors, but you certainly greatly reduce any scatte: 
component which is fairly directionally sensitive. In thi 
case, if you take the integrating circuit out, you could 
expect to find, I think, enhancements, significant enhance! 
ments, during meteor showers, and this is precisely wha‘ 
the Canadian group up at Ottawa has found. Just because 
we were not together on all these points, we have jus’ 
recently done a most interesting experiment. In fact thé 
experiment is going on right now. It isn’t finished, it i¢ 
only started. Preliminary results, I think, can be report 
on. We've set up a second receiving station some 120: 
130 miles south of Sterling, Va. We chose this par! 
ticular location with an eye on Eshelman’s theory about th 

probabilities of occurrence of meteor signals, in which he 
pointed out that we had chosen the worst possible antennas 
to operate our communication services with; if the signa 
was all meteors we had chosen to use the worst possible 
antennas. We knew that this wasn’t so, but thought we 
had better do a more positive experiment to demonstrate 
it; and we have now performed the experiment by going 
down to a point which is some 7° south of Sterling, as 
measured at Cedar Rapids, or something like, roughly, 14° 
at the midpoint of the path, and erecting an absolutely 
identical receiving station to that at our Sterling Station, 
but directing the rhombic, in this case, at the midpoint area 
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| that we are having more or less the same common 
lume. We now are recording, with as much care as we 
Hie able. This gets to be quite complicated. You have to 
limpare signal generators quite carefully here, you are 
yorrying about decibels. We now are recording continu- 
tisly the signal both at Sterling and at this new place at 
jrrysburg, Va. with a very interesting result. Eshelman 
edicted that to the extent meteors were a dominant phe- 
ymenon, at least an equivalent phenomenon as a con- 
iibutor to the net signal, that we ought to get more signal 
| we orient our two antennas, not directly toward one 
jother, but off to the north of the geometric midpoint 
| the path in the northern hemisphere. This is, in effect, 
He exact geometry we have on this path. We’ve left the 
fedar Rapids transmission alone, but put up a second 
ceiving station to the south so that it is looking to the 
rth of the center of its path. According to Eshelman 
fe ought to get more signal when we do this. We went 
frough his paper very carefully and put our station as 
harly as we could exactly where he said it ought to be 
dr maximum signal. The result of this experiment is very 
teresting. From about 11:00 at night to about 11:00 in 
ye morning the signals down at Carrysburg are 1 or 2 db 
Hronger than the signals at Sterling. To this extent Eshel- 
van is confirmed. The amount is very small but they are 
(finitely stronger. But from about 11:00 in the morning 
' about 10:30 or 11:00 at night the signals at Sterling 
e stronger. This is in the period of the day when meteors 
he going through their minimum. From the point of view 
| design of antennas for communications systems, one 
ould design an antenna which will do the most good to 
u, at a time when the signals are weakest. And this is 
jecisely what the antennas, which we have built on the 
listing system do. And so we feel we are vindicated and 
ink we have also found an interesting result for Eshel- 
hn. He hasn’t yet heard about this and I’m sorry he’s 
lot here. But this leaves it pretty much as we have stated 
| | along. Meteors definitely do play a role in scatter pro- 
{gation but they’re not the whole story and at certain 
mes they’re not the dominant part of it. And with that 
Il leave the controversy. 

iliesner: JI think the meteors could probably be 
4anged to cosmic dust and we would have less confusion, 
cause it is not the large visual meteors we normally 
serve that are making the contribution being discussed 
ire but rather the very small particles. 

iwersky: I’m not here as an official representative of 
hbford but I do have very close contact with the workers 
| this field. And maybe their thinking has changed some- 
at since the IRE meeting, at least, I find them a lot 
} re open-headéd about this question. 

jiesner: Carroll, would you like to make a comment? 
Arroll: Did he say open-headed? I just wanted to 
ment that perhaps Dana inadvertently gave the im- 
lession that this is only a two-way controversy, and I 
nted to point out that he used the word “scatter,” nearly 
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always, I thought, in the sense of incoherent or scatter 
from turbulence, whereas I believe in the ionosphere just 
as in the troposphere that there are adherents of coherent 
scatter for the phenomenon. You see, in the troposphere 
the controversy, which is analogous to this, is only a two- 
way controversy because there is no meteor effect. I should 
just like to point out that I drew the impression in reading 
over the proceedings of one of the sessions of the URSI 
meetings at The Hague that people like Appleton and 
Dellinger were attributing this phenomenon to coherent 
scatter from the D-layer, or sporadic D as they called it. 
Wheelon: I was just going to make a wild conjecture 
that has occurred to me for some time. That is, perhaps 
this turbulence, as we know it, has to have its origin 
somewhere and, of course, something has to be feeding 
energy into the top of this decaying bubble structure and 
then eventually be tapped off with friction at the bottom ; 
and perhaps, these meteors, or this meteoric dust, do in 
fact, as they whiz through the E-layer, provide this mec- 
hanism that initiates the turbulence, and what you are 
seeing at the low points is simply the decaying of the 
turbulence that is initiated during the meteoric period 
when it is highest. I guess this occurs in the night time; 
during the daytime it is cooling off and gradually boiling 
down and then comes back when the meteors return in the 
evening. But this is only a conjecture. It would provide 
a nice bridge between the two things if it were true. 
Wiesner: Isn’t there a wind shear layer at about this 
height, Dana? 

Bailey: There is a temperature inversion on a supposed 
shear layer at about 85-90 km somewhere in there. I 
should point out, I think, that in defense of the meteors— 
I’m now arguing on their side for a moment just to show 
you that I’m trying to be open-minded here—you have 
only to introduce one additional argument here to make 
the meteor argument stand on a much firmer footing, and 
that is that somehow you have to introduce an argument 
which says that the electron production efficiency of a 
meteor is somehow related to the position of the sun in 
the sky, or the rate which the auroral or Arctic ionosphere 
is being bombarded by corpuscles. So this is the source 
of most of the disturbance up there. Now, if you can 
somehow produce an argument which says that a meteor 
passing through a sunlit bit of the ionosphere produces 
lots more electrons per unit path length than one passing 
through the night or one passing through a region of the 
Arctic ionosphere bombarded by particles, then, I think, 
you put the meteor people on much stronger ground. Then 
they can open up their arms and take on board our day- 
time results that our signals are much stronger in the day- 
time at a time when the meteoric occurrence rate doesn’t 
fit. Now this has been suggested by ourselves in some of 
our reports, and I notice recently it has been suggested 
by Forsythe in a recent paper of his. This is an argument 
which it would be very interesting to know more about. 
We just don’t have an answer on this at the moment. We 
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do have one very slight observational point which has not 
yet been confirmed and may be wrong. But when Boles 
was up in College, Alaska, last winter, using a radar, he 
was quite convinced, when they were examining the sky 
for meteors through a region of active aurora, that he 
observed many more meteors than he did at any other 
time. If it could be confirmed, of course, this would be 
again rather a direct affirmation of this point for the 
Arctic. It is a point which will have to be worked on some 
more. We just don’t know the answer. 

Wiesner: It’s interesting to conjecture that the meteor 
ionization should somehow be a function of ultraviolet 
illumination but no one has been able to postulate a sensible 
mechanism to account for this to the best of my know- 
ledge. In this connection there is one interesting additional 
fact, namely, that even the very late nightime-early morn- 
ing signal which we are willing to attribute to cosmic dust 
shows a solar cycle dependence that we don’t understand 
and which is very intriguing. This is completely not under- 
standable from a meteor ionization point of view, unless 
the amount of cosmic dust is somehow correlated with 
the solar cycle as well. 

Kearey from NEL: Isn’t it possible to conjecture 
that during the time that the ultraviolet light is striking 
the ionosphere an appreciable number of molecules may 
be in metastable states. If this is the case the energy 
needed to ionize the molecule would be much less than 
when the sunlight is not on the ionosphere. If this were 
true then the meteors of smaller energy might possibly 
produce the ionization during the time that the atoms were 
in metastable states and would otherwise not. 

Bailey: This is the sort of argument which I had in 
mind. In fact I’ve heard that argument made. There is 
another argument in connection with meteors that can be 
made too. We might as well have it out now since we are 
on the subject. That was one, to the best of my knowledge, 
proposed by Feinstein. He proposed that meteors being 
consumed by friction in going through the atmosphere 
leave a lot of metallic atoms behind them in the form of 
virtually atomic or molecular particles which therefore 
settle very slowly through the atmosphere. These in many 
cases have very low ionization potentials, and thus for 
periods henceforth, he predicted—and this is the thing we 
have never been able to confirm, partly because we have 
never looked for it carefully—if this were true, that after 
a large meteor shower such as the perseids, the gemineids, 
and quadrateids (which are the three biggest showers we 
observe by radio methods each year) for a period, depend- 
ing on the rate of settling, of several days to possibly a 
week after the shower, our signals during the daytime, at 
any rate, ought to be stronger than normal due to the fact 
that these metallic particles are ionized so easily, and 
thereby increase the number of free electrons in the 
medium. Now this is a thing we have never looked for 
but here is another way that meteors can be introduced 
into the picure if one wishes to try to think of ways to 
bring them in. 
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Wiesner: Why don’t we turn now to Dr. Motz’s paper) 
I have several questions directed to him. First: “Couj’ 
you tell us something about experimental work on tl} 
Cerenkov radiation?” i 


Motz: Well, as far as Cerenkov radiation is concernei 
there has been one paper by Danos, Cashwin, and other| 
who had an electron beam going through a little 1-c} 
cavity and out of this cavity it came along. It grazey 
dielectric, and in this kind of experiment it is very essere 
tial that the electron beam grazes the dielectric very closel™ 
In this experiment, powers, of the order of 10 to tk 
minus 7 watts, were obtained at about 1-cm, I believe. Tha) 
is, so far as I know, the only experiment on Cerenkot 
radiation, which has been performed. 


Wiesner: The second question which was asked bi 
several people is: ““What is the connection of your wor} 
with that of Purcell and Abele?” I 


Motz: Well, there are two experiments performed oj} 
light generation. One by us. We took the assembly ch 
magnepoles, just as I sketched in the lecture, and th) 
magnepoles were spaced 40 millimeters from each othey 
There were about twenty of them and the electron beanjt 
was passed through this structure. Well, it carries out i 
kind of sinusoidal orbit. I say for short, in this case, t / 
beam undulates, and we used a very high energy beariji 
which was available at Stanford—that was a 200-million!) 
volt electron beam—and we produced visible light. I), 
this case that is undulator radiation. Here Cerenko 
radiation could not be emitted. On the other hand, Purcel# 
and Smith, after this, did an interesting experiment wher 
they took a grating with a grating constant of a microvt 
or so and passed a 300 kv electron beam along the surfacil 
of this grating. They obtained a light output which, i 
you look at their formula for the frequency which shoule 
be received, is exactly the same as the undulator formulad 
However, the light emitted in this experiment is no/ 
created by the undulator effect ; it is Cerenkov light. On 
can see when considering the election grazing this grating! 
that the undulating movement of the electron beam ii 
very small compared with the amplitude of the surface 
charges, and can conclude that the radiation here is dud 
to surface charges induced in the conducting grating: 
Therefore one has, in effect, the Cerenkov light. The 
formula is very similar, because in this case, by a simple 
Huygen’s construction is does not matter whether it is! 
actually the electron beam or the surface charges whic 
do the radiating, and therefore the geometry of the ray! 
optics is exactly the same, and one finds the same result 
as in the undulator case. 
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Wiesner: Are there any questions that the panel would 
like to direct to Prof. Motz? Are there any comments you 
would like to make? Are there further questions ?—This 
gentleman back there? 


Elliott: My name is Bob Elliott from Hughes. Dr. 
Motz, would you please comment on what factors affect 
the coherence of undulator radiation? 


ptz: Well, the coherence factor is very important. 
yherence is a subject which has many aspects and I 
m’t quite know what type of coherence your question 
Fers to. One can speak about coherence in the sense 
it one means by it that radiation emitted by the undula- 
- would show interference phenomena with radiation 
aitted by another undulator or by another source which 
troduces radiation of a similar property. The simplest 
ie to say is that two undulator radiations would show 
rerference phenomena. That is one aspect of coherence, 
d, of course, in that sense undulator radiation is com- 
stely coherent. That is the importance of the light 
periments, because as far as I know, this is the first 
periment. JI mean the experiments by ourselves and 
ircell are the only examples of coherent light yet gen- 
ated. Now, there is another aspect of coherence, and 
nt concerns the intensity in the case of millimeter 
we production. The high intensities, which we have 
ceived in our own millimeter wave experiments, were 
ly possible through the bunching action of the elec- 
yns. That’s to say the electrons act coherently as they 
Now, to understand this, one could say that 
2 power radiated is due to the self-feed acting on the 
rctron. Now the self-feed will be very nearly the 
me in the vicinity of the electron. And so, if there is 
t an electron near, or if there is an electron nearby, it 
buld also act on the other electron, but the other electron 
's a self-feed, so both the self-feed and the mutual-feed 
itl act, and hence the power radiated will be proportional 
{the square of the number of particles provided that the 
articles are near enough, and what is near to be under- 
pod in the following way: there will be of course, a dif- 
action effect; there will be consolidation of intensity if 
= nearby particles stretch over a full wavelength. If, 
iwever, the bunch is small compared to a wavelength, 
en complete coherence will be obtained and the bunch 
ll act like one giant electron. Factors of a million in 
sensity can be obtained that way. 

Lliott: If you said what powers you’ve made by this 
sethod, I didn’t hear it. Could you tell us what power? 
pu said that you had high intensity signals. 

otz: Well, I wasn’t asked about undulator radiation. 
was only asked about Cerenkov radiation so I didn’t 
fake statements about undulator powers yet. It is hard 
jmake a statement because— 

liesner: You made one. You said you had high in- 


{ 


lotz: It is hard to make a precise statement, but we 
id an energy of about a watt in the band from Imm down 


jotz: Ina pulse. Yes. 

liesner: Are there further comments or questions? 
ow we'll separate the men from the boys. Anyone who 
fnts to lose his clearance will discuss the next paper. 
e have two questions directed to Dr. Severin. The first 
them: “Please indicate the reflection resulting from 
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each type of oblique incidence?” Shall I repeat the ques- 
tion for you? Did you understand it? 

Severin: Oh yes. With this reflection coefficient of a 
dipole absorber as a function of angle of incidence—and 
this absorber is matched for vertical incidence—and you 
that means the ratio of the reflected amplitude to the 
incidence amplitude of nearly 0.3. That means the power 
ratio is nearly 10 per cent. In the next slide I could give 
you some idea about the possibility to match such an 
absorber for an angle which you wish. I mean, if you 
wish to have an absorber which is effective for a fixed 
angle of 23° in the second case here, then you have to use 
an absorber which is not matched for vertical incidence. 
I mean the dashed curve on the right, and you can achieve 
an absorber which is perfectly matched for the angle 
which you wish. Thank you. 


Wiesner: I have another question: “Given an absorber 
coated disc, how will its diffraction pattern differ from 
that of a reflecting disc?” 

Severin: I’m not quite sure for very high-absorbing 
materials, but we have made some measurements on Cir- 
cular discs of small loss tangent and enter in diffraction ; 
phenomena are quite nearly the same as for a completely 
reflecting disc. You can get each from the other by multi- 
plying it with the reflection factor. I think it is in a paper 
in 1951 in the Zeitschrift fiir Angewandte Physik. 
Wiesner: I don’t quite know what the author had in 
mind there, but possibly he’d like to amplify his quesion? 
Zucker from AFCRC: [I just wanted to know what 
would happen if the loss tangent is very large? Can you 
make it disappear ? 

Severin: We have not made investigations on diffrac- 
tion with very good absorbing discs, but I think we are in 
the beginning status with such investigations and we in- 
tend to measure the diffraction on a plane, on a half-plane 
which is perfectly absorbing. I mean—it’s your question. 
Zucker: Yes, the specular reflection will disappear, but 
what happens to the side lobe? That essentially is the 
question. 

Wiesner: Are there further questions, either from the 
panel or from the floor? I thank you, Dr. Motz. There 
is a question here directed to Dr. deBettencourt and the 
panel. I suppose some of us are in the position to answer 
this question. “Much experimental evidence and empirical 
formulas are available on ground-received signal strengths 
in the scatter region. Is similar data available for airborne- 
received signal strength in the scatter region?’ Now, I 
can start the ball rolling on this by saying that certainly 
there isn’t as much, but there is some. There is the Air 
Force Cambridge Research data which was done by Mr. 
Rogers, and, I believe, Newman, there, in which they 
flew an airplane out over water distances of a couple hun- 
dred miles and observed the scatter signal, and when they 
flew close to the ground they found signals which were 
comparable with those that were found over land. I 
believe what little height exploration they did gave the 
kind of height dependence one would expect from a scatter 
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signal, but I’m not completely clear on that. Possibly Dr. 
Carroll can amplify this statement, with some additional 
data reported. Do you have any, Mr. Herbstreit ? 


Herbstreit: The original reason that we established our 
Cheyenne Mountain field station in Colorado Springs was 
to essentially assimulate or to find a site that looked like 
an aircraft site. The Cheyenne Mountain Station was 
essentially a fixed aircraft, at roughly 3,000 feet above 
the terrain. And we have conducted measurements from 
those, the essentially ground level, on up to the top of the 
mountain. These are primarily tropospheric measurements. 

Guess I should have remembered that. We have to be- 
lieve in reciprocity. Since you’re transmitting from the 
height— 


Ament: There were some experiments done by NRL in 
1945, or 1946, written up in 1948, as I recall since I wrote 
them myself, dealing with the scatter propagation or long- 
range propagation over water, up to 200 miles at X and S 
band. Your altitudes flown were roughly from 100 to 
1,000 feet, and the general upshot was that there was no 
height gain in the distant field. Once you are thirty miles 
or so beyond the horizon, the general fluctuating charac- 
teristics of the signal were completely different. I repeat 
that there is no height gain as far as we could tell in this 
distance. 

That’s a pretty dangerous statement isn’t it? Because 
certainly when you get within line-of-sight there would be 
a different signal— 

You're in the distance field. 
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Ament: Right. And the fluctuating character was com 
pletely different. I have a stack of reports that high, an) 
anyone can write to me, or preferably to the Technice} 
Information Officer at NRL, and those are available. I dil 
not remember the exact number of the report. It’s a ver) 
old report. 
Carroll: As I think about it, since you raised the ques} 
tion, I find it astonishing that there are so many experi) 
ments in airplanes. Just run over the list. Gertz’s firs) 
400 me flight has a couple of very interesting kinks in th’) 
curve. As I recall it, the only one of his airplane flight} 
that doesn’t show the scatter region is the one at 14,00\}) 
feet. I have since asked Gertz and it appears that thé 
airplane ran out of gasoline before it got out far enoug 
Certainly one would have to include the NEL measurej} 
ments near San Diego in this category, some of then 
which began, I guess about 1943, and perhaps the earliest 
I think, is to go back to the March, 1933 issue of thy) 
PROCEEDINGS OF THE IRE, and one finds numerous airy 
plane flights there which seem to show the effect. Thy) 
unfortunate part seems to be that frequently the curve} 
weren’t carried quite far enough to show it in all th, 
flights but it certainly is there in a large number of then! 
twenty years ago. i 
Whose work was this? i 
Carroll: I’m thinking of both the Trevor and Carte} 
papers, and the England, Crawford, and Mumford paper 
Wiesner: Is there any further comment on this point 
Well, I think we’ve done well by Dr. deBettencourt} 
Unless there are further questions or comments from thd. 
floor I’ll adjourn the meeting. 


if 
ey 
it 
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.C. Simon 


hairman: This panel discussion is on Antenna Theory 
ind Microwave Optics. Whereas other sessions have had 
heir “creeping” waves, this session starts and ends with 
Haves on wires, and sandwiched in between are a variety 
if other antenna and microwave problems. 


1. R. King—“Theory of the Corner Driven 
Square-Loop Antenna” 

Solljahn: I have two questions on this paper. Prof. 
King showed a slide of his square-loop antenna with 
ransmission lines connected to each of the four corners 
IFig. 2). He later replaced these transmission-line ele- 
hents with circuits which are not entirely equivalent 
(Fig. 7). It seems that his equivalent lumped circuits 
Annot adequately represent the transmission lines since, 
vith some conditions of feed for which the proper sym- 
thetry does not exist, the transmission lines will be excited 
nan in-phase mode so that the currents at the two ends 
Af the adjacent elements of the loop antenna will not be 
Hontinuous, whereas with King’s equivalent circuit we 
Hequire a continuity of current. My second question is 
inis: In breaking down the solution into component parts, 
Prof. King chose four different phase sequences, one in 
hich the excitations were in phase at the four corners, 
| second in which there was a 90° phase lag at successive 
orners, another with a phase lag of 180° and a fourth of 
170°. I would like to ask Prof. King if it would not be 
hore straightforward to break the excitation into two 
hodes, one in which the opposite corners are driven in 
jhase and one in which the opposite corners are driven 
jut of phase. It should be possible, by superimposing 
hese two modes with the corresponding pair for the other 


| *Nos. 1 to 10 are numbers of papers presented by the authors, 
Yrs. Tai and Bolljahn were also members of the panel. 
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anel Discussion on Antenna Theory and Microwave Optics 


pair of corners to synthesize any combination of voltages 
at all four corners. 

King: Dr. Bolljahn is, of course, entirely correct in his 
remarks with respect to this circuit. My analysis is not so 
general that it includes not only radiation from the loop 
but also radiation from all transmission lines that are 
attached to it. An essential restriction is that the loop is 
the only radiating element. Any circuit that radiates not 
only from the loop but also from the connecting elements 
cannot be handled by the methods presented here. I am 
afraid I was not sufficiently explicit to point this out, and 
Dr. Bolljahn has made a very good point. The equivalent 
circuit was intended to represent only the case with trans- 
mission-line distributions on the transmission lines, in 
which case the corner junction or coupling effect may be 
represented with a lumped network. But when there are 
wires projecting out at the corners with radiating currents 
this is a different kind of a loop. It could be analyzed, 
but it would be difficult. 


Prof. King then illustrated his comments with dia- 
grams, pointing out that his analysis was restricted to the 
case without radiating currents, that is, co-directional cur- 
rents, on the transmission line. He advocated use of the 
two simplest modes, the zero phase sequence with all 
voltages equal at the four corners, and the alternating 
phase sequence with succeeding voltages reversed. He 
pointed out that the diagonal mode advocated by Bolljahn 
was much more complicated owing to the fact that the 
side is oscillating as a whole. This concluded the dis- 
cussion. 


2. Meixner—“The Radiation Pattern and In- 

duced Current in a Circular Antenna with 

a Circular Slit” 
Chairman: Three questions have been given me by 
J. R. Wait, of the National Bureau of Standards, for 
Prof. Meixner. I shall read the first one. “Would not a 
much better approximation be obtained if the perturbation 
of the current near the edge were accounted for?” 
Meixner: I did not mention this in my talk except that 
by cutting off the current I have violated the edge condi- 
tion. This idea was invented by Bouwkamp and me almost 
at the same time. One could of course adjust the current 
near the edge so that it satisfies the edge condition, but I 
think that the current need be corrected only within about 
one wavelength of the rim. I am sure that one can get 
better results in this manner. We are trying to verify 
this point, but have not yet obtained numerical results. 
In the case of the oblate spheroid which I mentioned, we 
are just now carrying through the necessary calculations. 
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Wait: I wish to add that in certain two-dimensional prob- 
lems on which we have worked, such as ribbons, we were 
able to get very close agreement, as you say, by adjusting 
the current at the edge, to simulate the currents at the 
semi-infinite knife edge. 

Meixner: The radiation pattern is represented very well 
even if one violates the edge condition, but all other 
things, such as the radiation impedance of the antenna, 
cannot be approximated by such a procedure. 


Chairman: The second question from Dr. Wait— 
“Were the exact theoretical calculations based on an 
oblate spheroid of vanishing or finite minor axis?” 
Meixner: The calculations were carried through for an 
oblate spheroid with minor axis equal to zero. We could 
have done it, of course, for a minor axis a little larger 
than zero, but I think the results would not have been 
very much different. 

Chairman: Wait’s third question is: “Is it not possible 
that the agreement between the exact and approximate 
curves is only true for axially symmetric problems ?” 
Meixner: Well, that is a question, of course, because 
we have only dealt with the axially symmetric problem, 
but I feel quite sure that this will be true also for other 
distributions of sources, but I do not see a way to prove 
this because, at the present time, we have no rigorous 
numerical results for the distribution of sources which 
are not axially symmetrical. But this is a point which will 
be taken up in our future program. 


Wait: I might add that one problem which can be treated 
in the same manner is a set of arbitrarily oriented slots 
on very thin elliptic cylinders, that is, one can make 
rigorous calculations by means of Mathieu functions and 
also do it with the same approximation as you did. How- 
ever, if the slot is near an edge, the agreement breaks 
down completely. I also would like to call your attention 
to the work of Johnson at the Royal Aircraft Establish- 
ment in England at Farnborough, who studied slots near 
the edges of wings. He was able to treat rigorously the 
leading edge of the wing, but could only treat the trailing 
edge using an approximate method similar to yours, and 
the agreement is only fair in this case. 

Meixner: Well, this is a point that must be investigated. 


3. Bekefi and Bachynski—“Aberrations in 
Circularly Symmetric Microwave Lenses” 


Chairman: This paper particularly interested me be- 
cause it is a good start on the application of classical optics 
to microwave optical problems. 
Toraldo: I would like to ask if Dr. Bekefi has con- 
sidered repeating his measurements in the case where the 
diaphragm does not coincide with the lens edge. The 
reason why I think this is a good thing to do is astig- 
matism. As Dr. Bekefi has mentioned, astigmatism is a 
very bad aberration. It is bad for many reasons. One is 
1 J. R. Wait and R. E. Walpole, “Calculated radiation charac- 


teristics of slots cut in metal sheets,” Can. Jour. Tech., vol. 33, 
pp. 211-227; 1955. 
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that you cannot correct it by means of a single lens t 
Whenever the diaphragm coincides with the lens edge, no} 
matter whether you are employing spherical or asphericahy 
surfaces, or whether you are employing a single lens or a% 
cemented doublet or triplet, the astigmatism is always’ 
equal in order of magnitude to the focal length multiplied) 
by the square of the field angle; but if you place the dia- 
phragm away from the lens and leave some spherical}} 
aberration, which has very little importance provided it is} 


limited, in that case you can correct for astigmatism. 


Bekefi: I have looked into Prof. Toraldo’s suggestion o 
minimizing astigmatism by a displacement of the dia 
phragm, but I believe that such a system, though widely) 
used in optics, has no practical application at microwave 
frequencies where the lenses are not very many wave-jj 
lengths in size. By keeping the diaphragm coincident wit 
the plane of the lens, full use can be made of the entire 
lens aperture and thus achieve maximum intensity in the’ 
narrow main lobe of the image. If the diaphragm is dis-| 
placed, this can no longer be done because diffraction{f 
would take place not only from the hole in the aperture} 
stop but also from the edge of the lens, and this would) 
generally cause a serious deterioration of the image. To 
minimize this double diffraction effect one would be) 
forced, either to reduce considerably the size of the dia-|j 
phragm or, keeping its dimensions fixed, make an exces-) 
sively large lens; neither of the two alternatives are’g 
satisfactory. 


I should now like to comment briefly on Prof. Toraldo’s# 
statement that one cannot eliminate astigmatism in a two- 
surface lens. I believe that a fairly thick lens can be made} 
anastigmatic. In fact Martin? discusses the design of an’) 
aspheric lens that would be sensibly free from spherical 
aberration, ordinary coma, third order astigmatism and| 
curvature of field, provided that certain criteria as to the} 
thickness and refractive index are obeyed. | 

We are planning to investigate such systems in the very & 
near future. ! 
Toraldo: Yes, I was referring to lenses that are more on 
less “thin.” In that case you cannot correct for astigma- | 
tism, but if you introduce some thickness, the diaphragm} 
cannot coincide with the lens because the lens is not a- 
plane. . . . Toraldo then raised a question regarding the 
energy density diagrams which Bekefi had shown. Bekefi: 
stated that these equal energy density contours were cal- § 
culated from the Kirchhoff diffraction theory and were | 
not densities of ray traces. He stated that the Seidel ! 
aberration theory and ray tracing theory were used only to. 
evaluate the magnitude of the aberrations illustrated in 1 


the slides. | 


Chairman: We find in antenna theory that the calcula- | 
tion of two-dimensional integrals is very difficult. 


2L. C. Martin, “Wide-aperture aplanatic single lenses,” Proc. ¢ 
Phys. Soc., vol. 56, Pt. 2, pp. 104-113; 1944. | 
| 


Keller: I would like to ask Dr. Bekefi if he computed 
iny diffraction patterns himself, or if he just used the 
yesults of Nijboer for the theoretical diffraction pattern. 
Bekefi: The majority of the theoretical results that were 
thown on the slides were obtained by Nijboer himself. 
Hi'lowever we have now a quite extensive program of 
;omputations, some of which are performed on desk cal- 
culators and others with the aid of an analog computer 
puilt by Prof. Farnell in our laboratory. The aim of the 
fnew calculations is to elucidate several questions of inter- 
est that have received as yet little or no attention. Just to 
mention a few; there is the study of the phase distribution 
nd of the energy flow in the region of the focus, the 
study of the effects of nonuniform lens illumination in 
he presence of aberrations, and an investigation of 
Haustics. 

WKeller: Was it necessary for you to evaluate the in- 
Ip egral completely over the entire aperture or did it suffice 
o take contributions in the neighborhood of the stationary 


fects of small aberrations. In this case the integration 
was carried out over the whole aperture by expanding 
ithe integrand in a series of ascending powers of the aber- 
‘ation coefficient and integrating term by term. If the 
aberrations are small, the whole aperture tends to con- 
m-ribute to the integral, and there are no significant areas 
(close to stationary phase points) which contribute to the 
exclusion of other regions. 

I should like to add that we intend to investigate large 
aberrations using the analog computer I mentioned pre- 
iously, and I believe that it will then be possible to 
analyze contributions from the various portions of the 
| perture. The reason is that the computer has been set 
up to integrate over a spiral path about the aperture 
center, and in the process of integration the value of the 
integral is recorded. 

4. Elliott— “Spherical Surface-Wave Antennas” 
\Chairman: This paper has produced the largest number 
ie questions to date. I am going to read the first two 


uestions at the same time. The first is from F. J. Zucker: 
“How is the spherical cap antenna constructed?” The 
4second is from J. R. Wait: “Could the author outline how 
ithe spherical surface is terminated to prevent a reflected 
jwave on the structure?” 
Elliott: The spherical caps were made out of solid 
faluminum stock and machined on a lathe. They are 24 
finches in diameter and, in the case of the sphere con- 
istructed with a radius of two feet, the original raw stock 
was 3 inches thick. The surface was terminated by merely 
letting it stop. W. Lucke of the Stanford Research Insti- 
itute showed that.in the case of a corrugated plane surface, 
ithe reflection coefficient due to the end of a surface which 
is abruptly terminated by a ground plane, was approxi- 
mately equal to the fractional amount of trapping. The 
corrugated surfaces that we used had about 6 per cent 
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trapping. This meant that the amplitude of the reflected 
wave is 6 per cent of the amplitude of the wave reaching 
the edge, assuming that the theory of Lucke can be 
extended. Considering the fact that about half of the 
power has leaked off before the wave reaches the edge, 
one can assume that only 4 per cent of the amplitude of 
the wave excited at the mouth is reflected at the termina- 
tion. This results in a reflected power level of about 25 db 
at the feed. Therefore no attempt was made in this case 
to taper the depth of the teeth at the termination, although 
this is frequently done. 

Chairman: I have some other questions on the same 
paper. The first of three questions turned in by Wong of 
the National Research Council, Canada, is: “You mention 
that the antenna was broadband, having a bandwidth of 
approximately 12 per cent. How did you measure the 
impedance and what was your vswr?” 

Elliott: The vswr of the corrugated spherical cap an- 
tenna was measured by cutting an axial slot in the outer 
conductor of the coax which drove the feed. The vswr 
curve never exceeded 1.2 over a range from 8,400 mcs 
to 10,000 mcs. The pattern had only minor variations 
over this frequency band. 


Chairman: Wong’s second question is: “Is the cor- 
rugated spherical antenna limited to Ee polarization?” 
Elliott: Yes it is. Unfortunately, I did not have time 
to mention the dielectric-clad sphere which does not have 
this limitation. If a spherical surface is machined from a 
good conductor and then a dielectric film is bonded to this 
surface, one can trap waves in a manner analogous to 
that of the corrugated surface. Moreover, one can trap 
them with either polarization. If a composite dielectric 
film is used, one can trap both polarizations equally well 
and thus obtain any arbitrary polarization. We are work- 
ing on this problem now and some of the experimental 
results will be discussed at the National Electronics Con- 
ference in Chicago by Mr. Plummer of our laboratory 
who is doing this work . 


Chairman: Wong’s third question: “How much loss in 
gain occurred with the null filling you accomplished ?”” 
Elliott: I think I mentioned that with a flat corrugated 
surface, in an infinite ground plane, the theoretical gain 
was about 8% db and that with a flat corrugated disc and 
no ground plane the experimental pattern gain turned 
out to be about 614 db. This was reasonable, and all of 
the subsequent gain figures should be compared to this 
6% db. For the spherical cap with radius 6 feet, the gain 
dropped to 5.9 db, a loss of 0.6 db, and one may recall 
from the pattern that null filling was intermediate. For 
the more radical curvature of a 2-foot radius sphere, the 
gain dropped to 5.1 db. Then, when the teeth on this 
2-foot radius sphere were tapered, which gave the best 
pattern of all, the gain rose to 5.6 db. The price paid for 
null filling in this case was 0.9 db with respect to the 
original flat prototype. 
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Franz: Does Dr. Elliott have a simple intelligible ex- 
planation of how surface waves are kept on the surface 
by rings of corrugations? Is there an easily intelligible 
mechanism which prevents the waves from loss by 
radiation ? 

Elliott: I think that the explanation can be offered for 
a flat surface and that the physical picture is similar for 
the cylinder or the sphere, although the mathematical func- 
tions are much more complicated. Imagine an unperturbed 
ground plane of a perfect conductor with a wave passing 
along the surface. The wave must be vertically polarized. 
The way a wavelength is determined is to measure the 
distance between two successive positions on the surface 
at which the current has the same instantaneous value. 
If this surface is corrugated by raising teeth, and there 
are many of these teeth per wavelength, the electric field 
at the top of the teeth need not be entirely normal. 

For proper depths of teeth the total electric field can 
actually be tilted forward. The current now has to flow 
from the top of one tooth down across the bottom back up, 
down the next tooth, etc. The longitudinal distance be- 
tween successive positions where the current has a com- 
mon instantaneous value can be a wavelength which is not 
so large as in air. Therefore, with the same frequency, 
the phase velocity is less and the wave has been slowed 
down. The limit on this is that the total path length going 
down one tooth, across the bottom, and up to the top 
must not exceed half of a wavelength, for then the wave is 
sped up. Thus for depths of corrugations between 0 and 
d/4 one can slow the wave down. The electric field now 
has both a vertical component and a horizontal component 
and these two components are in phase quadrature with 
each other. The component which is still normal to the 
surface is in phase coincidence with the magnetic field, 
indicating a flow of power across the surface. The com- 
ponent which is tangential is in phase quadrature with the 
magnetic field, indicating that the power that gets sent 
down in the space between two teeth comes back up and 
then progresses down between the next two teeth. I think 
you can see how, by varying the depths of the teeth, one 
can control the amount that the wave has been slowed 
down. The same simple picture applies in the spherical 
case, 

In further discussion between Franz, Elliott, and 
Zucker it was pointed out that if the spherical cap antenna 
is corrugated (with or without dielectric filling), then Eo 
is a permissible component of the electric field but E=50: 
If the sphere is dielectric-clad, without corrugations, then 
both Ee and E, are permissible. 


5. Simon—“Application of Periodic Functions 
Approximation to Antenna Pattern Syn- 
thesis and Circuit Theory” 

B. A. Lengyel, Hughes Aircraft: In listening to Dr. 
Simon’s paper I was reminded of a theorem of Fejér in 
which he has shown that while a Fourier series of a con- 
tinuous function may diverge, the arithmetic mean of the 
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partial sums does converge. Now we have seen that Dr’ 
Simon replaces the Fourier series by a trigonometriy) 
series and one might naturally wonder what relation thy 
trigonometric series employed by Dr. Simon has to thy 
arithmetic mean of the partial sums of the Fourier series)) 
Simon: Asa matter of fact in the approximation procesy) 
of bettering a Fourier sum and not a Fourier series (¢/ 
Fourier sum is limited to a certain number of terms) jf 
I used a classical linear summation process and the resul 
of one of these processes is the Fejér sum. If I take ap 
summing function such as (1— t) I obtain the Fejér sum} 
but unfortunately the order of the errors is 1/n at bestip 
It is possible to get a lower error by using a generalizec)) 
Fejér process with a summing function (1 —¢??), and, ay 
I explained this morning, for a special case it was best tq 
take p = 4. 
Tai: I have a question which applies to the papers of 
three speakers in this session: Dr. Simon, Dr. Toraldol 
and Prof. Kraus. The question is that of pattern synle 
thesis. As you know, given the power pattern, the cori 
responding source function is not unique. A questi 
which can be asked is: “What further information do we 
need to give a practical answer to the problem? There are 
two kinds of problems involved; one deals with coherenis 
radiation and another with incoherent radiation. Now foil 
incoherent radiation what quantity do we need to int 
vestigate ?” 


Simon: One of the aims of my paper was to show thati) 
once you start with distinct sources, then you have 2 
limitation in the successive derivatives of the power pat-ié 
tern. It seemed to me rather important that these limita-] 
tions involve only the over-all length of the antenna vs the} 
wavelength. A second limitation is placed on the maximu 
error which you make when you try to approach a given 
function f and this was the Zamansky theorem referred 
to in my paper. y 
J. Kotik, Technical Research Group: The existence 
of a bound on the derivative of the power pattern de-) 
termines only the length of the antenna and the wave-| 
length. It seems to me to be completely in contradiction! 
to the possibility of super-gaining. I wonder if any of! 
the panel members could clear this up. j 
Toraldo: At first sight one might conclude that Simon’ 
paper is in contradiction with my paper and with the ideas* 
of people who have worked in super-gain, but this is not 
the case. The reason is this—Simon normalizes his pattern? 
to V*. If you take V? to be unity, you find that the angular! 
derivatives are limited. Now what is V?? The V? is the’ 
total power. It is radiated power plus reactive power.’ 
Now, we are interested only in radiated power when we 
are speaking of gain and this may be only a fraction of 
the total V*. That is why those limitations that Simon 
has found may be much less effective if you have a large; 
amount of reactive power and a small amount of radiated- 


power. Does this answer your question? 


I don’t know what is the reactive power at 


joraldo: Well, I believe that the way in which you 
\Iculate your V is this. You add the amplitude, let us 
y, of the individual dipoles that you have in your array. 
yjow these dipoles are assumed not to react on each other, 
jasmuch as one dipole does not influence the current 
lhich is feeding the other one, but this is not true for 
se power radiated because they are interfering with each 
her, so that the presence of the other dipoles may inhibit, 
» to speak, one dipole and impair its radiation so that 
ae radiated power even at infinity is smaller than it would 
e if you could just add the powers radiated by each 
rparately. 

imon: I think you are right when you say the inter- 
ction between the dipoles should be taken into account. 
quite agree there, but when you want to look at the 
idiation of an antenna, you are only interested in the 
val part of the radiation. You can always find a distance 
- which there is no reactive part, if you go far enough 
Way. 

foraldo: That is right, but please do not misunder- 
iand me. I am not criticizing what you are saying. I 
ly wanted to state that your paper is not at all at vari- 
ince with the results of super-gain investigations. 
limon: That is right, I think. Actually I have never 
cen a large super-gain antenna and I wonder if it is not 
| mathematical trick. 

‘oraldo: Perhaps we may agree on that. 

(otik: It still is not entirely clear to me whether the 
Y? in Simon’s paper is the radiated power which one 
ould find if one made a pattern measurement, or some- 
3 else which Toraldo has called the radiated plus the 
ractive power. If it is only the radiated power I would 
4ke to repeat my original question, namely, that if you 
fave a bound on the derivative of the radiated power how 
‘an you also have a super-gain antenna in which as much 
if the energy as you like can be put in a fixed direction, 
ir its neighborhood ? 

Mlliott: I wonder if, for the given length of array, 
| yhether you can get super-gaining or not depends upon 
|, the number of terms you are willing to take in the 
fabrication of this pattern. If m turns out to be greater 
than the number of half wavelengths in the length of the 
articular array, then you can begin to super-gain the 
jattern. 

Kraus: I would like to make a practical comment about 
e matter of super-gain but before doing that I wonder 
one of the distinctions here is between what is some- 
mes called directivity which is based only on the radiated 
attern, and the gain of the antenna which is often defined 
s the signal from the antenna with respect to a reference 
faving the same power input. In other words this latter 
includes the efficiency. Thus you may by super-gaining 
btain an increase in directivity, but may at the same time 
ret a decrease in gain. From a practical point of view it 


ELECTROMAGNETIC WAVE THEORY SYMPOSIUM 


559 


might be cheaper to build a bigger antenna to get the 
desired increase in gain. The situation where super-gain- 
ing might be expedient is where you have an unlimited 
amount of money and a fixed size of aperture. 

The following remarks were submitted by Dr. Simon 
after the symposium for inclusion in the Proceedings: 

During the panel discussion Dr. Kotik asked if the 
limitations on V?(©) derivatives, introduced by this paper, 
contradicts the notion of super-gain. 

The answer, as it was pointed out by Prof. Toraldo, 
may be found in Dr. Schelkunoff’s work on arrays. 

In this paper it has been shown that, with 


x= a sin 0 
the power pattern at infinity V?(@) for a number n 
of independent sources can always be written under the 
form of a trigonometric sum of order n, let say P,(*). 
This P»(#) has a 2x period in x, and represents V?(0) 
only inside an x interval equal to 


2nd and 
7a Tipe ee) 


Ik? of SS a the measure of this interval is greater than 
rn 
2 
the maximum MM of formulas (14), (15), and (16), which 
is the maximum of P,(*#) over 2m, may not be the maxi- 
mum of V?(@) for a 2m variation of ©, which can be 
called M’. As the maximum limitation of V?(©) deriva- 


the period 2x. It is no more true if d <-—. In that case, 


tives is only imposed by the factor M@ 5 it is possible to 


think that distributions may be found such as V*(0) 
derivatives are great compared to M’. This must not be 
taken, of course, as a proof of the physical realizability 
of super-gain, but rather as the fact that the super-gain 
notion is not incorrect on the mathematical point of view. 
6. Mushiake—“A Theoretical Analysis of the 
Multi-Element End-Fire Array with Par- 
ticular Reference to the Yagi-Uda Antenna” 
Elliott: I would like to ask Prof. Mushiake to com- 
ment on how complicated this problem gets analytic- 
ally as a function of the number of elements in the end- 
fire array? Does he feel that if you double the number 
of elements that you only double the difficulty of the 
analysis? 
Mushiake: In theory in the case of the equi-positioned 
n-element antenna array the number of parameters is 
(3n -1). If the number increases from three to four the 
difficulty increases I think more than twice. 
Bolljahn: I would certainly agree that the difficulty 
would increase at a greater rate than the number of 
elements up to a point. If you get enough elements so 
that you have essentially a traveling-wave structure then 
the analysis is done in a quite different manner, and you 
think of a single mode which actually involves all of the 
elements in the array. 
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Mushiake: Yes, I quite agree with you. 
7. Kraus—“Resolution, Pattern Effects, and 
Other Problems of Radio Telescope An- 
tennas” 


Chairman: This very interesting paper introduced the 
subject of radio astronomy as a whole together with its 
associated antenna problems. It raises a number of new 
questions such as, “What is it that the radio astronomers 
are trying to measure?” I have one question in particular 
I would like to ask Dr. Kraus. “When you presented 
typical radio telescope patterns synthesized from the con- 
volution of typical radio astronomy objects and the an- 
tenna pattern, why did you assume the typical objects 
to be uniformly illuminated rectangles? Is there a reason 
for this other than that it is a simple assumption to 
make?” 

Kraus: First of all, Dr. Spencer, that is a simple 
assumption. It is not only the simplest and easiest to apply 
but there are also cases where that type of distribution 
may approximate actual sources. 

Chairman: Such as the edge of a hydrogen cloud? 
Kraus: It could be a spherical surface with uniform 
radiation from it, or equivalent uniform distribution as 
we measure it with a fringed fan beam which is wide 
compared to the diameter of the source. 

Gabor: I want to make a few remarks with which 
Prof. Kraus will probably agree. One of these remarks 
can certainly be misunderstood and that is, that the in- 
tegral equation which is the convolution integral can 
be solved. The fact is we just haven’t got the data for 
this solution. What we can do is this. We know the re- 
action of the area to a Dirac function, or delta function. 
And then we can, if we like, construct a reciprocal oper- 
ator to that which will transform the transformed function 
back to the Dirac function. But this is an hypothesis. If 
the source happens to a single star then we get, of course, 
a star. But, as Toraldo di Francia has shown, it need not 
be a star. Even with point sources the method does not 
work, because the reciprocal pattern to two point sources 
constructed in this way will not be two delta functions. 
Nevertheless what is gained by this reciprocal transfor- 
mation’? Prof. Kraus mentioned at the beginning, position. 
Well it is probably often believed that position and 
resolution are connected. They are not. One can de- 
termine the position of a star if one knows that it is a 
point source with any accuracy limited only by noise. 
That is one thing. The other is if you have previous 
knowledge that there are two stars, or one star of a certain 
diameter, then again it is wrong to believe that the resolu- 
tion is a limitation. It is not. That is in a paper I presented 
to the Manchester Symposium in April. I showed that if 
one uses suitable tricks, one can take the whole photon 
content which comes from this star and put it either into 
position or into its diameter. The photons are not related 
to information, that is, they are not specific to the data of 
information. It is up to the tricks of the experimenter. 
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This is all I wanted to say and part of it has already bee! 
said by Toraldo. 

Kraus: I might add a comment that, in determinir 
the source distribution one definitely is making use ©) 


say anything about periodicidies that have a period thi), 
is less than the Rayleigh resolution, so that there are ir} 
numerable solutions which may give the same result. 
Ament, Naval Research Laboratory: I have some mj 
marks that bear strongly on both the above commen’). 
by Dr. Gabor and Prof. Kraus, and also on the info, 
mation theoretic aspects of Toraldo’s paper. The generi) 
idea here is that one has some prior knowledge on th! 
radio sources. This prior knowledge is that the intensity, 
which is what you are measuring, is a non-negative func 
tion of position and my remarks bear on how to use th 
fact in transforming your integral equation into a knows 
ledge of this intensity distribution. The idea is this. On} 
has, in the case of a one-dimensional problem, some nor 
negative function B(*) which is the brightness as a func} 
tion of angle across the sky, and your integral equatiolf 
has the form 


/ B(x) K(x,y)dx = M(y). 


(It may not be a difference kernel) where M are th) 
measurements as a function of angle. One difficulty, of 
course, is that you have some noise, of unknown quantity} 
added in there. Another difficulty is that the necesoinm 
information in M/(y) may not have been acquired ove’? 
a large enough range of y so that if this were a differenc 
kernel one could not fully take the Fourier transforn‘t 
Futhermore, for many kernels one has at least a discret!? 
set of “phony” functions which can be added to thi! 
brightness distribution. That would give you no chang 
in M/(y) for the finite aperture case discussed by Toraldo4 
There is a continuous set of such functions. Now, th! 
question is: What can we do? There is in informatior] 
theory a general idea similar to the second law of thermo4 
dynamics which may be applied here. Entropy is defined! 
as : 

(GA i B log B dx. ) 


This is a quantity which has physical meaning only wher | 
B(x) is non-negative. When B(x) is a probability dis 
tribution in the information theoretic sense, this measures) 
entropy or information content. Here we have a non-4 
negative function and one wants to maximize this infor! 
mation, or minimize the entropy or something of thal 
nature with respect to the integral equation as a set of! 
constraints. The result is, essentially, 


B(x) = exp| Ba ook) |, | 


and the new unknown A(y) must be determined throughl 
the equation | 


My) = [ Kao) exp | 2a OKs) fev. 


| he sum on y occurs because as Toraldo pointed out there 
‘may be only a finite number of y values, or a finite num- 
per of pieces of information in your data due to a finite 
juperture. Obviously B(x) is non-negative if A is positive 
ind the kernel is positive. 


_ do not understand this theoretically but it looks like a 
rood way with some meaning to yield a positive answer. 
omputationally it might be very difficult. It turns out 
that this form has features that eliminate these “phony” 
solutions and I think this could be very important; that 
S 


izes the number of bad solutions in the resulting B. 
This, in a way, is a quantitative use of the second law of 
the thermodynamics instead of the qualitative manner in 
which I used it in my talk yesterday. 

Chairman: The discussion has progressed from a very 
practical talk on radio astronomy and radio astronomy 
antennas to fundamental problems in information theory. 

his I think is a good thing. 


skome to my paper. 

Chairman: Yes. This will be possible. 

bGabor: I should like to answer Dr. Ament’s remarks. 
The point is that what he is trying to give us is the theory 
of field theory. It has little to do with Shannon’s infor- 
: vation theory because in Shannon’s information theory 
the means are coding and matching, neither of which is 
fat our disposal. Coding in astronomy is done by nature 
erself and matching more or less in the same way. The 
f ost we can do with field theory is to filter out the noise 
in an optimum way, and then this criterion which you 
have suggested here to reduce the uncertainty to a mini- 
um is an extremely impractical one. The only one we 
an practically use is Wiener’s mean-square criteria. No- 
body has yet tried to use it in astronomical problems be- 
: ause nobody has wanted to make the statistics of the 
Ithings you want to observe, and that for a very good 
jreason. Because if astronomy is a real science, then one 
must keep away from information theory, or that part of 
{the information theory which has been developed by en- 
ineers for engineers. In engineering the problem is to 
\transmit something which somebody knows, so that the 
fother shall know it. Astronomy, being a science, seeks 
{to learn something which nobody knows, and therefore I 
ido not have to go further into that, but I want to say that 
lif you want to find any new thing, then keep away from 
information theory. 

iAment: I have kept away from information theory be- 
cause I do not know anything about it. I just picked up 
ithis from hearing one talk on the subject. The trouble 
with the least-squares fit is that there is no guarantee in 
that, nor is there in taking Fourier transforms, that you 
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will get a non-negative answer. The problem is, how do 
you get a non-negative answer? This is one way. 
Chairman: [| think there is a real problem in optimizing 
the design of pieces of equipment like a radio telescope, 
in the Wiener sense, in the light of the spectra of the 
things you are going to observe. If you have not observed 
them yet, how do you know what to use for your optimi- 
zation criteria? 
Simon: One could ask himself if really the mean-square 
criterion would be the best criterion to approach delta 
Dirac functions. It seems to be that the least mean-square 
criterion is best to approach sinusoids. What do you think, 
Dr. Gabor, of that question? 
Gabor: I can only say that so long as you are using 
analysis with pencil and paper the only criteria that will 
permit progress is the mean-square method. If you are 
using computing machines, then, of course, you can do 
other things ; you can use the maximum absolute deviation 
criteria or you can use the minimum criteria. 
Simon: Yes I do agree, but unfortunately it does not 
work when you want to get out of a filter, a delta function. 
You know, mathematicians have worked a lot on the fact 
that the least mean-square criterion was not a good crite- 
rion. That was what I tried to point out today. 

8. Knudsen—“Radiation from Ring Quasi- 

Arrays” 

Kraus: I would like to ask a question of Dr. Knudsen. 
You mentioned in connection with one of these ring 
arrays a field that was very similar to the one in the helical 
beam antenna. I wonder if you would just say a little 
more about that? 
Knudsen: Yes, I think I had better use the projector. 
It was a case where we had a ring array of tangential 
antennas. We can just as well replace them with a circular 
wire on which there is a constant amplitude, but a pro- 
gressive phase. I suppose that reminds you of one turn of 
the helical antenna. 
Kraus: In this case the turn spacing is zero. 
Knudsen: Yes, that is right. That makes a difference. 
Kraus: So that it is a progressive wave in a plane and 
not traveling along an axis. 
Knudsen: Yes. I am considering just one turn so that 
the pitch is zero, and therefore, the radiation pattern be- 
comes different. In this case we get the following radiation 
pattern. This is the radiation pattern in the vertical plane 
for the five components, and this is for the © component, 
but in the helical case you get a pattern that is not sym- 
metrical with the center of the plane. 
Kraus: Yes, this is similar, but not exactly the same 
thing. 
Knudsen: Ohno, not at all exactly. 

9. Toraldo di Francia—“Directivity, Super- 

Gain, and Information” 

Chairman: In this connection I noticed that Dr. Toraldo 
used the term “space frequency” or “angular frequency.” 
Although it is common in some fields, it may not be 
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familiar to some of the people in the audience and I would 
like to have Dr. Toraldo define it. 


Toraldo: Let us consider the diffraction pattern of a 
single point, something like this. This is a coordinate in 
the image plane. We may very well speak in terms of 
optics because, as you know, there is a perfect equivalency 
in these things between radio astronomy, or radio and 
optics. Well, you can make a Fourier analysis of this 
diffraction pattern. That is, the diffraction pattern can be 
synthesized from some sinusoidal curves having different 
frequencies. These are what we call “spacial” frequencies, 
that is, frequencies in the direction of +. Now if you have 
an object whose amplitude is something like this, the net 
result in the image is that you have to add for each point 
of the object a diffraction figure like the one sketched 
above. Mathematically what you obtain is a convolution 
integral. Now, there is a well-known theory in the Fourier 
analysis which says that if you make a Fourier analysis 
of this pattern, the spectrum is the product of the spec- 
trum of the simple diffraction pattern and the spectrum 
of the object. So if the diffraction pattern does not con- 
tain any spacial frequency beyond a certain limit, the same 
is true of the image, and that is why the image is com- 
pletely determined by a finite number of sampling points. 
I also, perhaps, might answer some questions by Dr. 
Ament and Dr. Gabor because I refrained from doing 
this when they were directed toward the other papers, 
although they did concern my paper. I only presented the 
case of coherent radiation where you just add the ampli- 
tudes but there is also the case of incoherent radiation. 
This is the one that Dr. Ament was referring to, where 
you have to add to the illumination which is the square 
of the amplitude, and you have a function which is always 
positive. What happens in that case, first of all, is that 
the spacial frequencies that are contained in the image are 
higher than those that are contained in the spectrum of 
a coherent object. This is because the spectrum of the 
square is the spectrum of the convolution of the function 
with itself, so that the frequencies are more or less 
doubled. But this does not say that you have more infor- 
mation, and this is the point that Dr. Ament raised. It 
is true that you have more sampling points, but you can- 
not choose at these sampling points a function at will, 
because if you choose arbitrary values for the function 
you may very well come out at some places where the 
function is negative, and that is impossible. What happens 
is this; you can choose the value of the function at this 
point, and as soon as you do this the possible variation 
in the limits of the function at the other points is re- 
stricted. Thus you apply constraints at the other points 
so that the integral which Dr. Ament showed, that gives 
you the entropy at a given sampling point, is limited 
by two limits which become narrower and narrower. 
When you add all the information which is contained at 
each sampling point, you end up with less information 
than you had expected. I believe this partially answers 
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his question. As to the question of filters that Dr. Gabo 
raised, I think that in the case of astronomy it is T woul 


true that the objects are mostly unknown, but I woul 
not say so about the noise. For instance, think of “a 


pheric noise. I think that it is not useless to analyze the ] 


spacial frequencies which are contained in this noise sc 


as to attenuate them by means of a proper filter. In that) 
case you can filter out your real information from your) 


noise information perhaps. ) 
In reply to a question, Dr. Toraldo mentioned that some 


of these ideas would appear in a paper of his entitled!) 


“The Capacity of an Optical Channel in the Presence of 
Noise.” This would be published shortly in Optica Acta 
which is an international European journal of optics. ” 


Gabor: I have two remarks concerning Dr. Toraldo’sh 
paper. The first is that he has slightly misrepresented thel 
sampling theorem, but this is frequently misrepresented) 


According to the sampling theorem in the form given for! 


the first time by Whittaker, you know the precise valuely 
of the unknown function at the sampling points, only you'y 
do not know it between. Now where are those sampling 


points? 


Toraldo: Well generally they are equi-spaced but there} 
is no fixed origin for the first one. # 
All right, so we do not know where to put 
them; otherwise it would be very nice. If something in-f 
terests us then we put the sampling points there, but there} 
is no way to put it. This is always misrepresented in in-| 
formation theory. Now the second, I am deeply suspicious 
of the super-gain filters because there is a theorem withil} 
which I suppose you are very familiar concerning the? 


Gabor: 


reciprocity between the radius of gyration of an antennaj 
pattern and its Fourier transform. (Gabor illustrated the) 
following remarks with diagrams.) If you have some! 
sort of pattern here, and some sort of x pattern here, and} 
you take its Fourier transform, you can do something 
similar like this. 

Simon: Dr. Gabor, could you state the limits of the’ 
transformation ? 

Gabor: The limits are of course infinite. 


Simon: This is very important because I do not know | 
what is infinity, I know only the limits. In many super- | 
gain realizations the way to arrive at super-gaining is to | 


go to infinity. 
Gabor: That is exactly what I am coming to. Imagine 
that you cut this out of paper, after first squaring it to 


obtain the power transform, and then you determine the 
radii of gyration. Let this be the angle alpha, then there 


is this simple theorem: 


Aa:AX > 4/2. 


These are what are sometimes called radii of gyration or? 


effective radii and there is the Parseval-Schwartz un- 
certainty relation connecting the two. Now, if one works 
out, as I have done, the optimum which one can get for a. 
certain finite extent of the antenna, then one gets the t 


: 


j 


y 


t 


rst solution. The best solution for a cylindrical antenna 
_a half-cosine function, cos x, and for a rotationally 
ismmetric antenna J,(r). Then one gets a certainty of 
ipw much it is, but one gets sidelobes that are 22 or 23 
ip down in this case; so I am deeply suspicious of 
rof. Toraldo’s result that you can put the gain up be- 
ibnd any limit and put the sidelobes down below any level. 
i t I suspect it is really the same trick as that of 
'Voodward, who also constructed a super-gain antenna 
lyme ten years ago in the Journal of the Electrical Engi- 
‘pers, and it turns out that what he has really shown is 
iis: You must back up your area with what amounts to 
| colossal dielectric baffle. That is to say, here is your 
intenna and you must put behind it an optically less dense 
Hedium so that there is an evanescent wave running side- 
gays and then, of course, you can get almost anything. 
Wr. Simon is quite right in saying that we need not worry 
pout directive power but we must worry about the size 
if the baffle, because it costs just as much as the antenna. 
thairman: I would like to comment on certain aspects 
£ Dr. Gabor’s remarks. In 1931 I published in the Physi- 
Wl Review *4 a general method of correcting for the 
moothing effect of an apparatus. If you have an input 
linction Go(*), where x may be distance, angle, time, 
' cetera, the output function G;(#) is modified or per- 
mrbed by the transfer function F(x) of the apparatus. 
b1(x) is the convolution of G,(x) and F(+). 


Gale i) Oe OW 


hn the case where F(x) has finite moments, 
)=Sa"F(x) dx, and G.(#) is continuous with con- 
Hmuous derivatives, D” G,(x#), it is valid to expand 
Ho(4—a) in a Taylor’s series and integrate term by 
drm, so that 


nN: 


G(x) = pee wed |Gu() = P(D) Go(x). 


\(D) is a generalized admittance operator. If F(x) is 
wal and positive, its second moment is positive and G: (+) 
‘as a smoothing effect on Go(%) as it “cuts the corners.” 


G(x) == E at D + : be D?—.- [ec 


thus, if p, is zero the fractional error is proportional to 


| 1 we D?Go(x) 

| : Zz Ho G.(x) j 

here 2/1. is the square of the radius of gyration of 
\(~), which Dr. Gabor has mentioned. 

| Now the power diffraction pattern of a uniformly illumi- 
fated rectangular aperture has infinite second moments 
hd this theory does not converge. However, in 1941 
lorbert Wiener showed me how, by tapering the illumi- 


4#3R. C. Spencer, “Additional theory of the double X-ray spec- 
jometer,” Phys. Rev., vol. 38, pp. 618-629; 1931. 

'4R. C. Spencer, “Some Useful Operational and Fourier Tech- 
ques,” (June, 1953), to be published in Proc. of Symposium on 
licrowave Optics, McGill Univ., Montreal, Can. 
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nation over the aperture he could minimize the radius of 
gyration \/pe2/u. of a diffraction pattern. For a slit he 
found the amplitude f(x) should be cos x out to the first 
zero, and for a circular aperture it should be J,(7) out 
to the first zero. These are the functions just mentioned 
by Dr. Gabor. 


I also would like to comment on the theorem quoted 
several times today that the spatial frequency spectrum 
of the image is the product of that for the object and that 
for the impulse response, which, in the case of incoherent 
points, is the antenna power pattern. The spectrum of the 
antenna power diffraction pattern turns out to be simply 
the autocorrelation function of the antenna aperture am- 
plitude illumination. Thus, if you had a series of equally- 
spaced uniformly excited dipoles, whose f(#) is repre- 
sented by the series 1111...., the autocorrelation A(*) 
is represented by the square of this series, 1234... .321, 
which approximates the isosceles triangle corresponding 
to uniform illumination. 


You can extend the idea to the autocorrelation of rec- 
tangular arrays, as I did in my Manchester paper’, and 
obtain a rectangular array of practically double the num- 
ber of digits in each dimension. Each row or column is 
again triangular in shape, which gives an idea of the rela- 
tive magnitude of the space frequencies you could pick 
up by means of a rectangular array such as Dr. Kraus 
used in his radio telescope. 


Now, if we could get an idea of the possible space 
spectra of most interest to radio astronomers (I have 
been told that not all radio astronomical objects are Dirac 
delta functions) then we might use the information in 
the design of a radio telescope and make a start on an 
optimum design. However, as the maximum number of 
space frequencies in any direction is simply the number of 
wavelengths along the maximum antenna diameter in that 
direction, one can only modify to some extent the inter- 
mediate space frequencies. Although as Prof. Gabor has 
stated, information theory cannot add anything, it cer- 
tainly should be able to tell you how far you are from an 
optimum design in certain situations. 


10. E. Hallen—“Exact Treatment of Antenna 
Current Wave Reflection at the End of a 
Tube-Shaped Cylindrical Antenna’’® 


Tilston, Sinclair Radio Laboratories: I understood 
from the paper that the kernel in this integral equation 
is e##R/R, where the R was in the form of |R-R,|. I have 
no quarrel with this kernel. I think it is a perfectly good 
kernel. However, I would like to know whether there is 
an impression in the paper that the other kernel, namely, 
that due to a dipole field on the axis, was incorrect. Was 
this stated? 


5R. C. Spencer, “Antennas for Radio Astronomy,’ AFCRC 
Report TR-55-101, presented at Symposium on Astronomical 
Optics, Manchester, Eng.; April 17, 1955. 

6 In the absence of Prof. Hallén, selected portions of this paper 
had been read by Prof. C. L. Dolph. 
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Dolph: I am sorry I did not catch the very end of your 
question. 

Tilston: Other people have also used a kernel e#**®/R, 
where FR is now the distance from a point on the axis to 
a point on the surface, and I got the distinct impression 
that this was considered to lead to an incorrect equation 
Dolph: There seems to be, of course, a great deal of 
controversy in this field as to how you linearize. Now, 
let’s go back. Are you objecting to Hallén’s nonlinear 
integral equation, or are you objecting to the way he 
linearized it? I am a little confused. 

Tilston: I am objecting if there is an inference that it 
it incorrect to use as a kernel this function e**/R where 
R is the distance from a point on the axis to a point on 
the cylindrical surface. 

Dolph: There is very definitely the statement by Hallén 
that this is incorrect. Would you like to have me read it? 
Tilston: Yes, if you would please. 

Dolph: (Quoting from Hallén’s paper), “My followers 
have mostly written a fictitious 
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the distance between a point on the surface and a point on 
the axis, instead of |x — é|, and even used a square-root 
expression in the first term of eq. [5(a)] of the paper. 
In doing so they have not at all increased the accuracy 
and, in fact, have made [5(a)] unsolvable, in a strict 
mathematical sense.” 


Hallén has one other remark, which I did not quote, 
which might perhaps remove some of the confusion. 
“When there is no potential jump, or with a passive an- 
tenna and the antenna is solid, the distance 


R=V(x— 2+ @ 


is used because one can use the vanishing electric field 
along the antenna axis to get an integral equation, but 
then there are always end surfaces.”’ So that it would 
appear that the implication is just as you have inter- 
preted it. 


Tilston: I am glad you read that statement about the 
potential jump, because I have used this kernel in a report. 
However, I did use an electric field which was not dis- 
continuous along the surface. However, there have been 
other papers which I still believe are valid, among them 
Prof. Synge’s paper. He used this kernel and I believe the 
equation is valid for the following reason. In Prof. 
Synge’s paper it is merely a matter of using the Lorentz 
reciprocity relation, and applying this relationship to the 
surface of the cylindrical antenna and the sphere at in- 
finity. Both fields in this relation satisfy the radiation 
condition at infinity and have no singularites in the region 
under consideration, this region excluding the region in 
the interior of the antenna. Let E, H be the field which 
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we wish to find, and Fy, H; be a suitably chosen auxiliary | 
field. If Ey, H; is the field of a dipole located on the axiyf 
then E,, H, has no singularities in the region under con 
sideration. Therefore, the equation as such is correc 
There is a question, however, as to whether you can us 
this equation to get a unique answer, but the equation a) 
such is certainly correct. The only question, as I see 14 
could be about the uniqueness of the solution. Actual 
I also would like to hear Prof. King’s remarks on thi | 
point. : i | 
King: From my point of view this is mostly a mathemalt 
tician’s argument. I think that the singularities which ar) 
discovered in the solutions and the difficulties with th’ 
integral equation in which there is a discontinuous righ} 
side and a continuous left side are largely the result off 
using physically fictitious generators. If a physically “7 
izable generator or circuit is used, these difficulties do nox 
occur. I think that the difficulty is a consequence of locatih 
ing the generator at the driving point of the antennai 
If the antenna is driven, for example, from a two-wir 
line, and an actual physically realizable generator i 
coupled inductively to the line, there is no problem of anj 
singularity. Difficulties arise in the attempt to analyz 
an anténna with a gap which is supposed to be driven b| 
a rotationally symmetric electric field which is maintaineqi 
who knows how, and which has a current which goes oie 
into free space at the gap. This is a physically impossiblje 
problem and it will have mathematical difficulties. | 

There must always be a transmission line. It may bi 
of any type. As a simple model, consider an antenn: 
which is connected internally to a point generator by t 
biconical transmission line. If the voltage across and th.) 
current in the end of this line are calculated, an imj) 
pedance is obtained that involves no singularity. Nov 
consider the problem of an antenna of finite radius whicl 
is driven by a discontinuity in scalar potential across iff 
fictitious belt on its surface. If it is assumed that thy) 
current is in effect concentrated along the axis, there i@ 
bound to be trouble. An interesting situation arises, how) 
ever, if results are calculated ignoring the mathematica) 
singularities, and are compared with what is measured op) 
an antenna driven by any type of transmission line. If the! 
measured data are plotted as a function of the spacing o:} 
the line, as this is reduced progressively, the limiting 
values agree with the theorectical ones. In other words, 
the justification for a procedure which has mathematica | 
peculiarities which no mathematician can resolve, is simu 
ply that it is a limiting case of any transmission line as its) 
spacing is reduced to a negligible value, a physically un; 
realizable zero value in the limit. It appears to me thai 
all discussion about singularities at the driving point ig 
simply the result of trying to analyze a physically impos) 
sible setup. When you use generators which don’t exisi) 
and rotationally symmetric fields maintained by nothing 


| | all, you are bound to come out with something which 
pes not lead to a nice mathematical form. 

Holph: I would like to say just a few words, again 
noting from Hallén’s paper, in answer to Dr. Tilson’s 
aestion about the uniqueness. “The eq. (4) and (6), 
hese are respectively the linearized and the non- 
nearized forms which we had on the slides once before) 
ihr the outgoing current waves both easily can be solved 
actly. The general solution to both includes an unde- 
mined solution to the corresponding homogeneous 
juation, that is, to the equation with the right-hand side 
ht equal to zero.” Then he goes on to say: “However, 
|we add the conditions that the solutions to (4) and (6) 
ould have symmetry with respect to the feeding point 
» that the two waves going out in both directions should 
b equivalent, then the solution for (4) as well as (6) is 
thique.” I should have mentioned that I was talking 
bout the symmetric solutions here. 

|. S. Jones, University of Manchester: The question 
Jwant to ask is about Hallén’s solution of the scattering 
wave by a tube for which he says he has an exact solution 
ptained by a new method. I’m very interested in new 
iethods, and I wonder if Prof. Dolph could possibly tell 
je how it differs from, and the advantages over, the 
Nandard method that has been used for this problem by 
einstein and by Pearson. 


iolph: Dr. Jones, I’m not sure I can answer your ques- 
pa because I do not know the papers of Weinstein or 
searson. I, myself, have not worked in this field for 
me time. However, I can quote precisely what Prof. 
jallén says about this method. I not that Hallén does not 
‘fer to Weinstein or Pearson. There is no reference to 
hy work connected with the Wiener-Hoph integral equa- 
pn except that of the paper of Schwinger and Levine 
thich is on the radiation of sound from the unflanged 
rcular pipe. “The mathematical method is in its main 
‘ature that of Hopf and Wiener, (see Titchmarsh, p. 
89; 1937) and it was used first on a physical tube problem 
inn acoustical one) by Levine and Schwinger in 1948. 
i procedure is, however, entirely different from that 
if the latter. One of the advantages we get is that we 
ipver need a study of the field to get boundary conditions, 
hit that these are automatically satisfied and all constants 
own. In fact, we need not know the formulas for the 
tentials and fields for solving the problem; however, 
4e get them, as-we have seen, very easily, and they are of 
terest in themselves.” This quotation may or may not 
Ip, but it is true that he does follow through on this 
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nes: Thank you very much. 

jai: My comment is rather general, not specific, but it 1s 
brtinent to the problem of a cylindrical antenna. From all 
1e works that have been going on for many years, I think 
will mention that by Carson Flammer on this model 
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that Prof. King has sketched here. His work has not 
been published yet, but I think it is of interest as an exact 
mathematical model. He used prolate spheroidal wave 
functions to discuss this problem. The gap is here con- 
sidered as part of the system, and we have a perfect an- 
tenna system for which we can define the impedance with- 
out ambiguity. Of course the formulation happens to be 
one in parameters of conductance and susceptance instead 
of resistance and reactance. The results for conductance 
compare very closely with what Stratton and Chu did 
many years ago, and his reactance is better in the sense 
that it does not have the singularity in the Stratton-Chu 
model. So I say I think that for the dipole problem his 
work seems to close a very important argument as to 
what’s the best mathematical model. In regard to other 
methods, particularly those of Prof. Hallén, Prof. King, 
and some others, I think they are probably comparable if 
we don’t think too seriously about the approximations 
that are involved in the model. 


Someone from the audience mentioned that Gabor had 
asked Toraldo a question which he had not as yet an- 
swered. 


Toraldo: The question already has been answered seven 
years ago but not by myself. Woodward and Lawson 
answered the question. It is perfectly true that when 
you have an aperture you can express the amplitude that 
you have over it by means of a Fourier transform. Each 
term of the Fourier series or integral (it doesn’t matter 
what) represents a plane wave going in a given direction. 
Now in order to introduce exactly the amplitude here on 
the aperture you must have an integral that goes from 
—oo to too. The variable is the sine of the angle made 
by the wave with the normal to the plane. This sine can- 
not go to infinity with a real angle, so when the sine be- 
comes greater than unity, the plane wave becomes an 
evanescent wave, that is, a wave for which the E and H 
tangential components are in quadrature so that there 
is no radiation away from the screen. Now, the relation 
which Dr. Gabor wrote, A x A a eqauls something of the 
order of X is correct, providing that you don’t understand 
by A x the half-width of the x-pattern and by A a the 
half-width of the a-pattern. You have to consider the 
whole spectrum and the whole aperture so that provided 
you have a diffraction pattern that has a very small central 
lobe and high lateral lobes, which are in the region of 
evanescent waves, you can have a much smaller value of 
this product. This settled the question, I think, from the 
theoretical point of view. I mentioned it in my paper and 
I said that I quite agree that from the practical point of 
view the question is really difficult, and I strongly doubt 
that it is feasible to obtain much higher gain than with a 
conventional aperture. 


Bolljahn: I wish to comment on a subject akin to that 
of Dr. Elliott’s paper. We at SRI observed the difficulty 
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Dr. Elliott mentioned of high sidelobe levels with an annu- 
lar corrugated surface or annular trapped wave antennas, 
and we also considered the possibility of reducing these by 
placing the antenna on a nonplanar surface. In order 
to examine the behavior of trapped waves on certain 
axially-symmetric, nonplanar surfaces, we employed the 
sometimes useful technique of starting with a simple field 
solution and finding what type of boundary can support 
it. Unfortunately, we haven’t followed this to the point 
that Dr. Elliott has with his sperical surface so I cannot 
comment on how successful these structures might be 
from the standpoint of sidelobe suppression. 

Consider a cylindrical TM wave having a magnetic 
field of the form: 


H, = g i H,(2) (r\/ b2 — 2). ey), 


where 1, ¢, and gz are the cylindrical coordinates. 

This is the outward traveling type of wave with phase 
variation both vertically along the z axis and radially. 
With a solution like this it is possible to find surfaces on 
which the real part of E x H* is equal to zero. At large 


values of r where the asymptotic form can be used for thy 
Hankel function, these surfaces become conical, and closy) 
to the axis they deform in various ways depending on the 
values of the real and imaginary parts of h/k. For com) 
plex values of h, surfaces exist across which the powell 
flow is zero but on which both tangential E and tangentia)) 
H are finite. It follows that a reactive sheet could be | 
placed on this surface having a surface reactance every: 
where equal to the ratio of tangential E to tangential A 
without disturbing the solution. Hence, starting with thi 
known solution we can find the surface for which thi} 
wave function is a solution to the traveling-wave 0: 
trapped-wave problem. It turns out that the requirec| 
surface reactance function on these type surfaces is i) 
function of radius for relatively small values of 7 but tha/} 
it becomes a constant for r>>.. 
Chairman: Thank you, Dr. Bolljahn. I don’t think tha |) 
I will ask for any more questions because it is almos 
5:30. I want to thank the panel and other speakers fo:) 
participating in the discussions, and now we _ shal}: 
adjourn. 
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Discussion of Papers 


Walker and Suhl—“Propagation in Circular 
Filled with Gyromagnetic 


| the exact results for filled guide? 


Lax: Would you like to make some comments on the 
problem of circular waveguide partially filled with ferrite? 
Perhaps you have some words of encouragement for 
young theoretical physicists or mathematicians who might 
have the courage to attempt this problem. 

Walker: It is an admirable and fruitful problem for 
some one else to tackle. There are additional parameters 
introduced which will make the transcendental equation 
more involved. 

2. Hogan—“The Low Frequency Problem in 
the Design of Microwave Gyrators and 
Associated Elements” 

Lax: The expression for the figure of merit for a Fara- 
day Rotator operating above resonance indicated that it 
could be improved indefinitely as the field is increased. 
Would you discuss this further? 

Hogan: One could possibly see this intuitively. The cal- 
culation are based on the assumption that the only loss 
mechanism is that associated with ferromagnetic reso- 
nance absorption and that the shape of the absorption line 
above resonance is Lorentzian. Therefore, the loss curve 
goes as 1/H”, and the differential phase shift goes as 1/H. 
The loss would decrease faster than the differential phase 
shift so that, theoretically, the figure of merit would in- 
crease as the magnetic field is increased in the region above 
resonance. 

Lax: I presume you are applying this to a thin pencil 
of ferrite? 

Hogan: No. This was not applied to a pencil but cal- 
culations were based on an infinite plane wave propagating 
through a slab of finite thickness and infinite transverse 
dimensions. This is not the geometry most widely used. 
You can calculate by these techniques almost any geome- 
try you wish such as the work you and R. H. Fox did at 
the Lincoln Laboratory in the rectangular waveguide. In 
most of these cases that I have done so far, I found that 
the particular geometry I picked appeared to be the opti- 
mum geometry. No other geometry would be better than 
this; none would go to lower frequencies with better 
characteristics. I chose this particular geometry in order 
to specify numbers which I think as of now are just about 
the rock bottom limit. 

V. Twersky (Sylvania Elec. Prods., Inc.): Did you 
imply that you had solved the problem of a plane wave 
incident on a bounded slab? 


Valker: No. We have not done that except at reso- Hogan: I[ did not worry about reflections from the slab. 
lance where presumably the perturbation method is not Is this the problem or just a plane wave being propagated 
blpful because » and K vary drastically. through the slab? I did not try to solve an electromagnetic 


568 


wave problem. I was trying to arrive at the low frequency 
limitation of these devices due to the relaxation mechanism 
of ferromagnetic resonance. 

Twersky: Then it is actually the uniform, infinite me- 
dium that you have treated. 

Hogan: Yes. 


Twersky: The bounded slab is still an interesting 
problem. 

Hogan: Yes. 

Lax: We have carried out calculations at Lincoln Lab- 


oratory on the bounded slab. Interesting dimensional 
effects can be obtained near resonance when losses are 
included. 

G. S. Heller (Lincoln Lab., M.I.T.): Gintzberg in 
Russia treated the bounded slab! and obtained reflection 
and transmission coefficients. These were recently re- 
ported. Also Balzer at Lincoln Laboratory obtained the 
scattering matrix for a bounded slab.? 


Lax: This is correct. However, we have now included 
the dependence upon the magnetic field particularly in 
the resonance region where the results are very interesting. 
Rado: When I read Dr. Hogan’s paper in the Journal 
of Applied Physics,? I realized that not only the magneti- 
zation but also the anisotropy must be small in the low 
frequency limit. One method for achieving this was to 
add zinc to the ferrite, and thereby decrease the effective 
anisotropy and hence the natural ferromagnetic reso- 
nance would be shifted to very low frequencies and gyra- 
tors, etc., would work much better. The significance of 
their work is that they obtained a very low anisotropy 
and at the same time a nonlossy dielectric constant. 


Welch: Dr. Hogan stated that if a small region in the 
material were magnetized parallel to the applied field one 
situation existed and if it were magnetized perpendicular 
another situation occurred. He indicated that as little as 
a half-degree prevented the zero frequency from being 
reached. 


Hogan: If you try to operate any microwave device at a 
frequency below the natural resonance of the material 
in its own internal anisotropy field you are licked before 
you start. For the device to work well the frequency of 
operation should be greater than the equivalent value of 
the anisotropy field in megacycles. I shall argue as Smit 
did at the NOL conference last fall. If you neglect the 
demagnetizing factor, for simplicity, and apply the mag- 
netic field along the hard direction, you can saturate the 
crystal along the hard direction. The magnetization vector 
flips over into the hard direction when the applied field 
is exactly equal to the effective anisotropy field. Here the 
effective torque acting on the dipole is zero, and there 


One A. Gintzberg, “Dokalady,’ A.N. USSR, vol. 95, p. 753; 
2M. Balzer, “Transmission of Plane Waves Incident Normally 
on Infinite Slabs of Ferrite,” Lincoln Lab., Group 37 Rep.; Octo- 
ber 28, 1952. 
3L. G. Van Uitert, J. P. Schafer, and C. L. Hogan, 
Jour. Appl. Phys., vol. 25, p. 925; 1954. 
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is a zero resonance frequency if you apply an rf pulse atp 
right angles. If the magnetic field is tilted out of the harc 
direction by even a half-degree, then Suhl has shown tha 
for nickel ferrite the minimum resonant frequency goes 

from zero to 750 me. A field applied, in the easy direction 
gives a resonant which begins at the effective crystalling) 
anisotropy and increases with the field. In effect, if youy 
are operating at a frequency below 2.8 megacycles times} 
the anisotropy field, then it is impossible to obtain reso-): 
nance according to Suhl. In other words, you cannot ob-) 
serve ferromagnetic resonance in Ferroxdure at X band, 


Welch: Does the averaging method of Rado apply tc) 
the problem just described? 
Rado: Yes, I think the problems are not the same because 
Hogan is concerned with the effective internal field. Hg) 
considered extreme cases of the directions of the magneti) 
field with the crystalline axes. In general, there will be 
intermediate cases, and the average fields which I men, 
tioned average out all of these effects. One can use these 
average fields for electromagnetic problems but not for 
predicting the actual tensor components of the material/s 


Welch: The constants in Maxwell’s equations using the 
averaged field, should be measured values rather thar 
those predicted from the solid state. | 
Rado: Exactly. Only under special conditions, namely § 
high frequencies, i.e. K band or at millimeters, can ond 
compute the tensor components in terms of fundamental 
quantities such as the saturation magnetization, frequency 
and so on. In general, where one cannot make these 
approximations, at low frequencies, then all one can da) 
theoretically is to give the form of the relation betwee di 
B and H. I tried to define the conditions for which thatfi 
is a tensor. 
Lax: If you measure the tensor components experimen~ 
tally, including the loss and the dispersion, would you putia 
these into Maxwell’s equations ? : 
Rado: Yes. That is the point. You measure the tensor‘ 
components and use them. You have to measure them} 
for each material, if you have a complicated domain 
structure, cavities, inclusions, etc. 


3. Van Trier—“Some Typics in the Microwave 
Application of Gyrotropic Media” 

Heller: Dr. Van Trier, did the theoretical curve drawn} 
along the experimental points for the pencil of ferrite 
in the circular guide take loss into account? 
Van Trier: I did not consider losses in the theoretical. 
calculations, but the discrepancies occur very far from, 
resonance also. I agree with Dr. Heller that part of thej 
discrepancies near resonance may be due to losses, buts 
these do not account for all the differences. 


Lax: If you took losses into account the actual disper-i 
sion would be less than the theoretical. Whereas for the! 
curves shown by Dr. Van Trier, the experimental curves) 
are above the theoretical curves, probably due to pertur- 
bation by the relatively large ferrite diameter. 


{ 
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Yan Trier: What I meant was that the difference is 
ue to the fact that the perturbation formula giving B. 
lid not apply although the radius was small. You had to 
o to smaller radii to get a better fit. I agree with this 
mpletely. 

Hogan: These measurements were taken on a polycrys- 
alline ferrite, which does not have a Lorentzian line 
thape. This is unimportant on the tail ends of the line, 
jut near the absorption line the deviation from Lorentzian 
s critical in calculating the differential phase shift. Since 
yne theoretical curves are based on a Lorentzian line, one 
vould not expect them to fit the experimental curves for 
polycrystalline material near resonance. 


x: Measurements made by Artman and Tannenwald 
t the Lincoln Laboratory on polycrystalline material using 
avity techniques and very small spheres, so that no dimen- 
ional effects occurred, indicated that the experimental 
ines fall below those drawn for a nonlossy medium. The 
llispersion is definitely less for magnetic fields below reso- 
ance than those for the ideal medium. 

Hogan: Yes. 

wax: Dr. Van Trier, did you compare the results of 
ie reiteration method and those obtained from second- 
irder perturbation theory ? 

Jan Trier: No. But I have the feeling that they should 
ee the same in the first order. 

ax: Dr. Berk and I have done these things in a some- 
what different manner. He calls his mode expansion 
tethod in which he takes into account the higher mode. 
_have used the second-order perturbation theory analo- 
HES to that used in quantum mechanics. It appears that 
its obtain expressions in the denominator which are 
differences of the eigenvalues as in the perturbation 
eory. 

Yan Trier: The results I have obtained are essentially 
he same which can be derived by Schelkunoff’s method. 
' | understand Schelkunoff’s and Berk’s method have much 
im common. I expect that they must give the same results 


00. 

f eller: The method of Berk and Schelkunoff are almost 
‘xactly alike. It’s a matter of a different type of bookkeep- 
ing for the modes. 

if an Trier: That’s right. 

Berk: To my knowledge a mode expansion method was 
irst given by Schelkunoff in a rather clandestine fashion 
yhich eventually became publicized. Schelkunoff used 
he ordinary TE-TM modes completed with the necessary 
\ ird set which would account for nonvanishing diver- 
fence of the medium. I expanded the fields not in TE-TM 
hodes—although like TE-TM modes—which individu- 
lly cannot account for propagation in an empty wave- 
uide. The advantage of this expansion was simplicity. 
want to stress that the difference was one of bookkeep- 
ihg, however, a rather important one since it simplified 
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used the ones accounting for the transverse electric field. 
Therefore, although there is a similarity in the methods, 
each has its own sphere of application. 

4. Pekeris—“The Seismic Pulse, An Example 
of Wave Propagation in a Doubly Refrac- 
ting Medium” 

Twersky: The problem of the seismic pulse was pointed 
out earlier in the proceedings by Prof. Pekeris, van der 
Pol and Poritsky. During the panel discussion Keller 
summarized the geometrical treatment that he and Fried- 
richs have done. The physics of the problem is still not 
clear. If you could give some indication of the mechan- 
isms and perhaps clarify your implications of the short- 
comings of the geometrical approach of Keller and Fried- 
richs we would be obliged. 

Pekeris: The physics of the situation is very simple and 
phenomena that I exhibited also equally simple. We ex- 
pected three waves and we found three waves in the 
surface pulse. In the buried pulse I just indicated one 
phenomenon ; an interplay between certain rays that come 
out of geometrical optics and other diffracted energies 
which are obtained by diffraction only. I tried to empha- 
size this diffracted ray which, according to geometrical 
optics, should carry zero energy—yet on the record it gives 
quite a bang. Of course, the origin of it is quite simply 
the fact that we are dealing here not with plane waves to 
which geometrical optics would apply exactly but we are 
dealing with spherical waves. It is this deviation between 
plane and spherical waves that we have to see the origin 
of these diffractive phenomena. The paper of Friedrichs 
and Keller which you mentioned, I haven’t seen,—but 
theirs, as I understand it, is not a geometrical treatment 
but a wave theory treatment and it is essentially the same 
nature as the sort of thing that I was discussing. 
Twersky: It is geometrical in the sense that Keller has 
been using the term throughout the session; that is, a ray 
treatment not restricted to the usual class of geometrically 
reflected rays. There are these diffracted rays which he 
introduces and, in principle, one can construct an exact 
solution to the problem in terms of these various classes 
of rays. 

Pekeris: I like to think of diffraction as not being a part 
of ray theory ; that is, a subject in itself. 

Twersky: Then you meant the ordinary geometrical ray 
theory ? 

Pekeris: Yes, you get a reflection coefficient for the re- 
flected ray which is 100 per cent, in ordinary plane wave 
theory. Therefore there is no energy to go elsewhere, and 
yet, by diffraction you find some energy and that is sur- 
prising and that energy is diffracted energy. 

Heller: If you assume that you had such a ray as this 
diffracted ray and computed the travel time for that, 
would that give you the right travel time? 

Pekeris: Yes. In fact you use the travel time to find 
something about the speed of the medium. It is another 
phase which you pick in geometrical optics. It is very 
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much akin to the so-called refracted ray in which the 
exploration industry is based; not totally, but about 25 
per cent. That means hundreds of millions of dollars 
are spent every year on methods which are excluded by 
ordinary geometrical optics. 


Schiff: In regard to the geometrical optics limit, one 
would expect this to apply when the wavelengths were 
short compared with the distance from the source so that 
one is getting essentially plane wave propagation. Now, 
since Dr. Pekeris was dealing with a step pulse which has 
all frequencies and all wavelengths present in it, one 
would think offhand that the geometrical optics limit 
might never be applicable. On the other hand, if one were 
to make a Fourier analysis of his displacement, in time 
that is, at some distance, and then look at those com- 
ponents which correspond to sufficiently short wavelength, 
then one might see how the geometrical limit is applicable. 
Twersky: The geometrical optics, as used at NYU by 
Keller, does not refer to the usual ray optics. It is a ray 
procedure designed to lead ultimately to the asymptotic 
solutions of the wave equation and does not have the 
limitations of zero wavelengths of the elementary ray 
optics. 

Schiff: I assuming the two Lame’ parameters, » and A 
are equal, is this just a matter of numerical convenience to 
choose a particular set of values or does it simplify the 
analysis significantly ? 

Pekeris: No, it does not simplify the analysis at all. 
You have to assume some value and it is customary with 
theoretical seismologists to assume A equal to yp. 


5. Rado—“On the Electromagnetic Charac- 
terization of Ferromagnetic Media: Per- 
meability Tensors and Spin Wave Equa- 
tions” 


Twersky: Dr. Rado, please amplify on triple refraction 
in connection with your spin wave problem. 

Rado: Actually there are at least six waves instead of 
three. The situation is: as you remember we had the 
equation 


—. 
1dM 
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where A is the exchange constant over the saturation 
magnetization squared. When you combine this with the 


Maxwell equation, then you can see, that the v?M term 
will give extra waves; two extra propagation constants. 
The equation for the propagation constant is of the sixth 
order in & so there are really six waves. But we consider 
only three because the ones which are reflected from the 
back side of the metal do not really count since the metal 
is assumed to be very thick compared to the skin depth. 
Perhaps I did not emphasize that the static magnetic field 
is in the z direction in the plane of the sheet and that the 
x-component of the microwave field impinges at right 
angles onto the sheet. There are other solutions but they 
are suppressed by the waveguide usually. Of these three 
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waves, one is strongly attenuated and all the effects are/ 
really from two of the three. You do not really observe’ 
the three or two waves separately, but experimentally thell 
combined effect of all the waves appears in the surface} 
impedance, and that is the source of the effective per- 
meability. There is then no tensor connection between; 
B and H in this case, fundamentally because of the exe 
change effect. As a result of that, you can have an inter-)) 
esting situation appearing in the last part of the per-jk 
meability, « = #; — #2. This negative ‘ue ordinarily means 
that you have a generator. It does not mean that in this 
case. i 
Welch: Dr. Rado, you mentioned a difference in the spin] 
wave in a material like the ferrite and in the ferromagne-}f 
tic metal. Would you explain that again? 
Rado: In principle, you have the spin wave effects in all 
ferromagnetic media. In practice, they can be completely} 
neglected in ferrites because the conductivity is very low. 
If the conductivity is low, then the V? M term is very} 
small so that you can neglect it. In metals, it had been 


be neglected, but it turns out that in special cases one can) 
observe this term. I think it can only be observed in a few), 
substances except in single crystals, where the waves 
propagation effects should be interesting. You can use the} 
effect of spin waves to measure A, which is essentially 
the exchange integral. | 
Lax: You mentioned an upper frequency limit in treat- : 
ing the ferrite problem in relation to the permeability 
tensor. You said the limit would occur somewhere in the} 
infrared. This limit should vary from material to material’? 
and depends on the Curie temperature and the anisotaay 
field of the ferrite. | 
Rado: Oh, yes indeed. That is all true. I just tried to | 
make it simple and say that somewhere in the infrared't 
region there has to be a limit. It will depend on the} 
material that you use. As far as I know it has not been!» 
found experimentally, but Kaplan and Kittel have dis-d 
cussed it theoretically. It would be interesting to find this! 
experimentally. t : 


Lax: I believe they were referring to a zero field reson-\) 
ance in the absence of an externally applied field. They 
estimated that this limit might be in the region of 100 to’! 
200 microns, or 1 to 2-tenths of a millimeter. I am not 
positive about these figures. b 


Rado: [ don’t remember them either. Evidently a simi- 
lar thing can be carried out for the general case, that is," 
where there is a magnetic field. 


in Maxwell’s equation if instead of solving for the mag- | 
netic field as we do in the magnetic problems, we solve'l 
for the electric field. If we try to set up the similar] 
problem instead of triple refraction, we get double refrac-{ 
tion and we get a fourth-order equation for the propaga-} 


tion constant. Would you care to comment on this Prof.’ 
Gabor? : 


\Gabor: Investigations of this have never been properly 
rarried out. Everybody has considered the one-dimen- 
sional problem only, and the general equation for the 


anisotropic problem has not even been set up. 


6. Gabor—“Plasma Oscillations” 


Lax: You mentioned something about Thomson’s formu- 
dlation of the plasma wave problem and that it is incorrect 
in two regards—they ignore some of the considerations 
that Bohm and Gross and Vlasov use, and evidently 
ignore the more recent perturbation of the distribution 
functions that you and your students have worked out. 
ut nevertheless, Gross has considered this problem, and 
e took into account the magnetic field, and made the 
refinement that he and Bohm considered for the simpler 
problem. Yet his conclusion was that the problem is so 
complicated, that for semi-quantitative results Thomson’s 
approach was quite satisfactory when one is interested in 
learning the gross effects of the phenomena. 


Gabor: It was indeed. It was wrong by a factor of 34. 
n order to follow Thomson’s approach, one must be sure 
jof a few things beforehand. First, that you have a Max- 
wellian distribution. Second, that you have your condi- 
tions under which the macroscopic transport equations are 
valid. Incidentally, this is the assumption made in most 
hof the work of Bailey. And only these papers of Vlasov, 
'Bohm and Gross, and Dr. Berz follow the microscopic 
papproach. Of these I consider only the last one as free 
‘from the error of treating the fatal singularity in a 
cavalier fashion. 


"Walker: I do not understand the alarm and despondency 
jinto which you are thrown by this singularity inasmuch 
jas this integral exists for all complex values of the fre- 
quency and would appear to have a finite limit as the 
frequency becomes real. It seems to me like a perfectly 
ihandy thing to have around. Why do you think it gives 
1 rise to difficulty ? 

(Gabor: Yes, as soon as you have collisions, or as soon 
4as you don’t, you assume that the waves are damped. 
‘Indeed, that is where that integral is finite, but there is a 
minimum damping. That is a surprising fact which came 
(out from Berz’s work. The damping cannot be put down 
{to zero but only to a certain finite limit. The dispersion 
‘curve which I showed was for the value of minimum 
1 damping. 

|Walker: I don’t understand this question about damp- 
ing. In the case of a continuous velocity distribution run- 
ning from minus infinity to plus infinity as the Maxwel- 
lian equation would, I believe that you very frequently 
do not get undamped waves. If you attempt to solve the 
dispersion equation exactly rather than make a certain 
approximation to it, as Bohm and Gross, strictly speaking 
there is no dispersion relation in the sense that Bohm and 
Gross give it, because there is no solution to the equation. 
This is not because the dispersion equation is wrong. The 
solution is not right. 


Gabor: Yes, in the case of the Maxwellian distribution 
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there are no undamped wave solutions and there are an 
infinity of damped solutions. What I gave was just the 
lower limit. In reply to Vlasov in 1946 Landau used a 
distribution function which extended over the complex 
positive plane with no poles. I cannot see what a distribu- 
tion function means if you extend it over the complex 
plane. It happens to be right, but I do not believe them. 


Walker: If the distribution were Maxwellian, there 
would be very little difficulty in extending that definition 
to complex values and to seeing that it had no poles. 


Gabor: This has no physical meaning. The Maxwell 
distribution would have poles and essential singularities 
too. 


Lax: In order to get the results you mention, you cannot 
assume that the distribution is Maxwellian; you have to 
make a correction. Can you say how you calculate this? 


Gabor: That is a very lengthy calculation, and a part of 
it must be numerically calculated. The formula is very 
difficult and by substituting into the Vlasov equation, you 
can immediately verify that the equation makes sense. 
Lax: Can you say something about the physical origin 
of this perturbation ? 

Gabor: The physical origin is roughly speaking associ- 
ated with the exclusion of those electrons which happen 
to run with the wave. If you eliminate those completely, 
i.e., extract the poles of the integral I showed you, then 
there is no difficulty. Any electrons running with the 
wave produce a singularity. These bring to mind the 
famous trapped electrons which Bohm and Gross excluded 
from theory. The curious phenomenon arises that a plas- 
ma wave does not run through a medium like an ordinary 
wave which leaves the medium behind, but the plasma 
wave can always trap a few electrons in the wave trough 
and carry them along. Bohm and Gross chose to eliminate 
the difficulty simply by saying “take the intensity so small 
that there are no trapped electrons,” but the mathematical 
difficulty does not vanish because even then you have a 
few electrons in the gas which run with the wave. You 
certainly have it if you approach the Debye wavelength 
because, then, the wave velocity of the plasma waves 
approaches the mean velocity of the electrons. This brings 
me back to your first question, Mr. Chairman—Nobody 
has treated these things properly three-dimensionally and 
with finite conditions. As soon as you construct reason- 
able three-dimensional wave packets instead of single 
waves, this bogey of the trapped electrons just vanishes, 
because if you have a finite packet then the trapped elec- 
tron can slip out sideways. 


Lax: I think the problem has been encountered now, to 
some extent experimentally, in semiconductors at low 
temperatures ; Kittel’s group in California and our group 
at Lincoln Laboratory have observed some effects on the 
cyclotron resonance at low temperatures. According to 
Kittel, the possibility of having the plasma bouncing back 
and forth as a stiff medium, from wall to wall may occur 
when the electrons do not freeze out as in a material like 
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InSb. In connection with this, we have considered a 
problem which looks mathematically very similar to the 
one Dr. Rado treated, if you put in the plasma terms and 
take into account the boundary conditions. Then Kittel’s 
relations hold so long as the dimension of the medium is 
either smaller than an effective skin depth or smaller 
than a plasma wave. Then you can treat the plasma as a 
stiff medium. 

Gabor: How small must that be? 

Lax: I have not yet calculated that, but I believe it will 
be much less than a millimeter for the cases we considered. 
Gabor: But then nobody can get dimensions less than a 
plasma wave because a plasma wave certainly extends to 
infinity, in wavelength. They have a lower limit. 

Lax: The phenomenon we have observed occurred in 
dimensions which are larger than the ones I mentioned. 
I’m just placing an approximate upper limit on this, since 
the actual samples that have been used are of the order of 
a millimeter. These effects do exist. 

Gabor: I am not familiar with this work but I imagine 
it was inspired by the Pines and Bohm theory of collec- 
tive oscillations in metals. 

Lax: No, I think this is a much simpler treatment. Kittel 
merely assumes a depolarizing effect just as he does in 
the ferro-magnetic case on the surface. This tacitly as- 
sumes that the plasma moves bodily back and forth with 
the field. I do not think you can necessarily assume this. 
Gabor: This means the wavelength is long compared 
with the dimension. 

Lax: Yes, however this has to be justified for each 
particular situation. 

Pekeris: It has been mentioned that the distribution 
of the energy of the electrons in the plasma is Max- 
wellian, Plasma has been defined as a medium in which 
there are these long range coulomb forces, so long that 
you can never think of one electron colliding with just its 
neighbor; it always collides with a cloud of them. The 
collision with one partner is a seldom event; the common 
event is to collide with a whole flock of them because you 
are always in the vicinity of many of them. I want to ask 
the panel whether the Maxwell distribution law was ever 
proved under such conditions. I know Maxwell and Boltz- 
mann proved their distribution law under specific condi- 
tions where they took into account only double collisions 
where a triple collision was already a rare event. Very 
likely this law holds under plasma conditions but has it 
ever been proved? 


Gabor: It has never been proved and nobody cares. It 
has been, so to say, “proved” by Gibbs’ methods which are 
not direct. The Boltzmann method has been followed up 
using the collision method to a few interacting partners. 
But approaching thermodynamical equilibrium by Gibbs’ 
methods starting from the second principle and then look- 
ing for the equilibrium, there is no doubt that any interac- 
tion, unless it is counteracted, will present a Maxwellian 
distribution. 


Welch: I would like to review in short some of the workyy 
that has been done on some of the properties of thei) 
plasma ; the bulk properties, similiar to the work that has4 
been done on the ferrites. This work was not included inj! 
the program of the conference because to our knowledge it 
not much has been done in recent years. I did this work 
about eight or nine years ago and it has been reported. Iti 
is interesting to note some of the similarities that exist. I/) 
hope some of the people who are mathematically inclined 
will solve some problems which have boundary conditions. i) 
This work started with the ionosphere, propagation prop- 
erties of that as a plasma. A few years ago people becameyy 
interested in the magnetron which is a cylindrical struc- 
ture with a cathode in the center and swarms of electrons 4 


proaches the velocity of the slow-wave structure, a syn- 
chronous condition is obtained, and at a little higher volt- 4 
age the system starts oscillating. In plotting the resonant ip 
wavelength against anode voltage the frequency will in- 
crease as this swarm expands. During this period it may i 
have, effectively, a negative dielectric constant, analogous | 
to the negative permeability in a ferrite. Then when the i} 
velocity of synchronism is approached you get a rapid in- # 
crease and at some anode voltage oscillation commences } 
and the frequency comes back down. I was particularly i 
interested in explaining this preoscillating behavior and } 
in making measurements. The dielectric constant of such 


istics as the permeability of the ferrite medium, and there } 
has been a great deal of work done on it. If you want to |) 
use a perturbation theory, ordinarily you do not know ' 
which swarms to perturb but in this connection the theory 
of Dr. Gabor and the theory of Ortussi, earlier in the 
week, is perhaps helpful. ; 
This general class of problems include gas discharge, 
the electron swarms of the magnetron, and the long beam ¢ 
of electrons moving in the slow wave structure as in a | 
traveling-wave tube. The paper by Dr. Lax on Wednes- | 
day morning, dealt with the plasma characteristics in a , 
semiconductor and should have been included in this ses- |} 
sion. Another paper by Dr. Heller on Wednesday, where 3 
he considered the perturbation of the tensor rather than 
the perturbation of the sealar values of the permeability, , 
is also pertinent. I believe that more experimental and 
theoretical work along the lines indicated here would sug- | 
gest many other related problems. ! 
Lax: Dr. Gabor, both you and Dr. Gallet mentioned that 
one of the mechanisms for coupling the plasma wave into | 
the electromagnetic wave is by the use of a magnetic field | 
in which you are propagating transversely to the magnetic + 
field. I know that Gross has considered this problem but ° 
he did not take into account the corrections to the Max- - 


a = 


wwellian distribution which you believe are so essential to 
the problem. I gather that the computation is complicated 
as it is. But can you at least say something about how this 
ould affect the results predicted by Gross? 

I abor: Presumably not very much for long waves and 
}imy guess is that you should simply follow, more or less, 
the gross dispersion equation. The correction is much the 
same as that for the Bohm and Gross dispersion relation 
Hwithout the magnetic field. The dispersion relation does 
ymot change very much except when cutoff comes in. It is 
Hrather important and someone should work on this. 
[Lax: You mentioned that the plasma wave in essence 
dies out with one collision. Would the magnetic field 
affect this result ? 

Gabor: Presumably not. These are collisions, inciden- 
i a which scatter over an appreciable angle. So it is not 
exactly the total effective cross section. And the magnetic 
fields could not change the results. But a few surprises 
may still be in store if one looks at this carefully. Inci- 
dentally, in that coupling in the magnetic field very nicely 
assumed by Gross, there exist no pure transverse waves, 
and it is quite obvious that in the presence of the magnetic 
ifield there exist no pure longitudinal waves. 

{Lax: Is this the case when the propagation is longitudinal 
along the magnetic fields? 

(Gabor: Yes, that is an exception to this. Then you can 
‘have pure longitudinal waves which won’t radiate. 

[Lax: I presume this is also true in the spin waves. When 
jyou try to propagate longitudinally along the magnetic 
ifield, you do not get any coupling to the spin waves? 
Rado: I think it is true that you get only double refrac- 
ition instead of triple refraction. I am not sure of the 
(details of the problem at the moment but I think it is not 
jof real interest, because it turns out that if you have that 
{situation it is almost impossible to think of an experiment 
‘which will give the effect. To go into this in further 
detail would take too long. 


4%. Button and Lax—“Theory of Ferrites in 


| Rectangular Waveguide” 

| E. H. Turner (Bell Telephone Labs.): Were the trans- 
\verse field distributions for the cases where the ferrite 
)was away from the wall computed using the same para- 
i meters as those mentioned earlier? In this case the modes 
2 are normal waveguide modes rather than ferrite dielectric 
‘modes, are they not? 

|Button: The parameters used in the calculation of the 
‘case where the slab was not against the wall were the 
same, namely the slab thickness of one millimeter, the 
| saturation magnetization of 3,000 gauss, a dielectric con- 
stant of 10 and the internal dc magnetic field was 1,000 
oersteds. When the slab is near the wall it is a perturbed 
waveguide mode, but as the slab is moved away from the 
wall, out into the region where the electric field intensity 
would be high in the empty waveguide pattern, the mode 
turns into a ferrite dielectric mode. By this I mean, that 
it turns into a mode which is guided by the ferrite. 
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Turner: This is not, however, one of these modes which 
has the very peculiar behavior of transmitting in one 
direction. 

Button: That’s right. 


Turner: As you let the thickness of the material go to 
zero, nothing peculiar happens, does it? 


Lax: Let me say that there is a transition here. It turns 
out that when you select the parameters as we did in the 
first problem, that there is a definite distinction between 
the zero limit of the normal mode and the zero limit of 
what we call the ferrite mode. The ferrite dielectric mode 
in this case with the slab against one wall of the wave- 
guide was compared to the guided mode of a ferrite slab 
bounded only on one side by a conductor. The plot of B 
at small thickness for these two cases was nearly identical 
and @ increased very rapidly with decreasing thickness for 
the ferrite dielectric mode. Hence, in this case at zero thick- 
ness the limiting value of 8 did not correspond to any value 
of the lowest normal mode. For other parameters quite dif- 
ferent from those chosen here B does not have these 
characteristics and the separation of these two types of 
modes is not distinct in the limit of zero thickness. This 
may be the case when the ferrite is moved away from the 
wall of the waveguide. 

Turner: How do you distinguish your ferrite dielec- 
tric modes? To me the distinguishing thing was the be- 
havior with zero ferrite thickness; the fact that you get 
an infinitely slow wave in the limit. 

Lax: The ferrite dielectric mode is obviously correct 
when it is up against the wall. 


Turner: I see, then this other one should not have been 
called a ferrite dielectric, is that proper? 

Lax: This is a question of semantics, rather than in 
actuality. Under the conditions which you people did your 
experiments there does not appear to be a clear distinction. 
You did state that, under certain conditions the modes 
were perturbations of the fundamental mode and in this 
case you talked about the modes very much like they had 
properties analogous te that of the normal guide. Perhaps 
both points of view are correct, depending upon the selec- 
tion of the parameters. 

Button: I believe the term ferrite dielectric mode is 
fairly descriptive of what we are talking about, and that 
is, namely, that the wave is guided by the ferrite material, 
and as long as this is so the restriction on the waveguide 
width is not particularly important. 

Turner: There is another point, and that is, if an ordin- 
ary dielectric shrinks to zero thickness, then you have a 
normal waveguide situation. In the case of what you have 
chosen to call the ferrite dielectric modes, this is certainly 
not the case. 

Lax: If you look at the characteristic curve of this 
dielectric mode analogous to that of a conducting sheet 
against a ferrite slab, is has the same form (except for 
different numbers since you are including the permea- 


574 


bility properties) as the dielectric modes discussed by 
Schelkunoff.* It has the same character. 

Turner: It has an hyperbolic dependence. 

Lax: No, I mean the beta as a function of thickness. 
This is how we identify it. 

Turner: Does not the case where you claim propaga- 
tion in one direction only for a two-terminal pair system 
violate the conservation of energy and/or the second law 
of thermodynamics? In other words, it presumably viol- 
ates the first and second law. 

Button: First, I believe there are no propagating TE 
modes missing from the diagrams that I have shown on 
the screen. I believe that all of the TE modes are there. 
That is, if one or more modes were missing then you 
would not be able to postulate a one-way transmission line 
or anything like it. Secondly, in applying the second law 
of thermodynamics one must have an apporpiate model 
which includes this element in order to discuss the possi- 
bility of the violation. Apparently no convincing models 
have been proposed. I do not say that a model cannot be 
drawn which demonstrates the violation. 

Lax: The only piece of information which is concrete 
is the analysis that we have. And this we have checked 
and rechecked, and we believe it. It seems to indicate the 
existence of this paradox. Now if it is possible to de- 
scribe this element as a two-terminal network (which may 
be questionable) and one works out the scattering matrix 
for such a system one runs into a contradiction. So this 
appears, on the surface, without very deep examination, 
that the device may violate the first law of thermody- 
namics, The other argument is a phenomenological one, 
which may be even more questionable in the versions that 
I have heard, since it brings in a number of artificial 
filters and black bodies and it is not clear what the spec- 
trum of the black body is. The claim is that if you place 
a black body on one side of the device then you are going 
to pour energy from low temperatures to high tempera- 
tures without doing work. We recognize the paradox and 
more research done on this problem probably will 
resolve it. 

Button: These curves of B versus § that were shown 
here on the screen are correct. Whether the one-way 
transmission line works or does not work is not a question 
of the validity of these curves. 

Walker: I would certainly like to agree with you. You 
have the only real roots; I think we will all agree. 
Heller: Most of the thermodynamic arguments that I 
have heard regarding this device assume a very ideal situ- 
ation which starts ovt with the proposition that energy 
propagates in one direction and not in the other. If you 
are going to start out with that assumption then, in fact, 
you have started out by violating it. I contend that the 
premises involved do not apply to this problem at all. In 
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each mode; also if you put an arbitrary black body into f 
a waveguide you should expand the field in terms of all if 
the modes. This also means all the cutoff modes. One way 
to get around this thermodynamic argument is to say that 
this thing is based on loss. But then the argument is: “But | | 
you never introduce loss into the equations?” Certainly, ¥) 
loss can be included in the cutoff modes and that dispels 
that kind of thermodynamic argument: 


Walker: One should not start to talk too much about 
the second law here because so few people really under- * 
stand it well enough to be sure of what they are saying, 4 
speaking for myself, anyway. It seems to me that there 
is a difficulty in this problem in any case which is simply 
connected with the first law. As Dr. Lax said, you might 4 
assume that this is simply a two-port device. In other |} 
words if you put empty waveguide at each end which will 
propagate only the dominant mode, and if you went far 
enough away at each end then you could suppose that 
you had only the amplitudes of the ingoing and out- 
going dominant modes. The condition that the device 
is lossless insures you that if you look in at one end 
with the far end of the waveguide terminated, you will i 
see a certain reflection coefficient. Then if you go to 
the far end of the device, terminating the near end, b 
you will see the same reflection coefficient, differing # 
only by a phase factor. This means that the device 
behaves in a sort of quasi-reciprocal way. It does not 
show signs of transmitting power effectively in one way ff 
and not in the other. It seems to me that the real paradox 
is, how does this actually come about in practice, if in the 
section containing the ferrite there is only one genuinely 
propagating mode? Does the possibility exist that you | 
could actually fit boundary conditions and thus excite 
various amplitudes of cutoff modes which would bring 
everything out in accordance with the first law? Now you 
might imagine for a certain fixed length that you had 
done this. Then, if you make the ferrite section fifteen 
times longer, you will either have to assume that the am- 
plitudes of the cutoff modes that are excited in order to 
do the job are simply enormous, or else the amount of the } 
propagating mode that is excited is extremely small. In | 
any case no one has a clear picture of the disposition of 
the fields inside the ferrite which will satisfy the first law. 
That is where the real problem is apart from any ques- | 
tions about the second law. | 


Most people, when they are looking for modes of propa- 
gation, simply look for real roots, and if the root leaves 
for the complex plane, it is ignored from then on. I 
thought the possibility might exist that the two genuine 
waveguide modes which have now disappeared in this 
problem under these conditions of magnetic field had not 
gone very far into the complex plane; that they were not 
very strongly cut off. So I looked for these roots, and it 
turns out that this is decidedly not so. They have about 


yone neper per wavelength. So they are really quite strongly 
cut off. There is no plausibility argument of that kind. 
Lax: Mr. Button has also found this complex mode, I 
do not know just what numbers he obtained but perhaps 
‘he might tell us. 
Button: One can almost see this intuitively. As I 
pointed out, the TE waveguide-type mode is being forced 
into an effectively narrower waveguide and if this process 
is continuous, then the cutoff that occurs due to this phe- 
nomenon is just'as strong at that in which you actually 
narrow the waveguide down. One knows in that case that 
the wave is attenuated very sharply thereafter. 
(Gabor: It is generally impossible to break down the 
second law of thermodynamics with a lossless device. In 
a lossless device, the second derivative with respect to time 
will come in. In other words, the system will be reversible. 
‘Tt has been shown by many speculators a long time back 
that it is perfectly impossible to take any machine or 
demon and make it break the second law. 
Lax: We do not disagree. The question is: can you apply 
the second law of thermodynamics to this system as it 
actually operates under the chosen conditions in a micro- 
wave circuit? 

Gabor: Certainly not. 
|Lax: We are saying that you can build a nonreciprocal 
( device using a four-terminal network. 
‘Gabor: That’s right. 
| Lax: Perhaps the problem resides in: Is this a true two- 
_terminal network, or is it, in essence, a four-terminal net- 
work? You have four modes in this device; we described 
four modes. Does each mode represent, intrinsically, a 
terminal ? 
Walker: I do not understand your last remarks at all. 
What do you mean by saying that you have four modes? 
You have an infinite number of modes. 
Lax: I say four modes in the sense that the field con- 
figuration for each of them is different. You have two 
of what we might call ferrite dielectric modes in the two 
| directions of propagation. And then we have two modes 
| which are cut off which are more like the distortion of 
the normal waveguide modes. 
| Walker: Yes, but I don’t see why you should deny to 
those modes which have been cut off since birth, their 
| natural rights. 

Lax: Oh, but we are not. We are saying that they are 
| there. They have values of @ in the complex plane. 
| Walker: Then I don’t see why you should mention 
| four modes or any finite number of modes particularly. 
| And why do you raise the question of this being a two- 
| terminal or four-terminal ? 
| Lax: There are higher modes too, which have a com- 
| plex propagation constant. However, the eigenvalues of 
the higher modes are of such magnitude in the complex 
plane that in any perturbation calculation involving inter- 
action of these modes only the four I mentioned need be 
considered. 
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Walker: Would you say that there was any doubt, for 
instance, about the application of this theorem using the 
scattering matrix? ] mean, you would agree that you could 
get far enough away so that there was nothing but the 
dominant modes in the waveguide. 

Lax: Yes, there may be some doubt. 

Walker: One possibility presumably might be that this 
device works exactly the way you say it works but that 
if you take a substantial length of this thing that the am- 
plitudes of the cutoff modes which are demanded in order 
to satisfy the boundary conditions would just make it 
necessary to take into account the actual loss in the 
material much sooner than you would ever have thought. 
Gabor: Just a little imaginary experiment: Imagine 
that you take your device and put on one side a body at 
a certain temperature 7 and on the other side a 100 per 
cent reflecting mirror. Now all the modes will get the 
energy kT. Now take the mirror away and put a body of 
the same temperature there and absolutely nothing will 
happen. It is already in equilibrium. You can’t break 
down the second principle with this sort of thing. 
Hogan: [ think that we are all agreed that there is some 
kind of a paradox which none of us really understands. 
Turner: The longitudinal component of the rf magnetic 
field does not equal to zero only because the solutions 
with the hyperbolic dependence in air-nlled regions are 
chosen. The inference that I drew from this was that 
previous publications® were incorrect because they stated 
that you could have a longitudinal / equal to zero. In this 
new work you are reporting now, only one set of para- 
meters was chosen and hence too many conclusions can- 
not be drawn from the results. 


Lax: We made one assumption which need not neces- 
sarily be made to make the field displacement devices 
work. We assumed that it is desirable to choose only this 
dielectric mode, in other words, cut off the other modes, 
for optimum design of such device. Under these condi- 
tions, as you point out, hy does not go to zero. However, 
if you do not assume this, you have these other modes in 
the device. How do you suppress them for optimum 
operation of these new devices? 

Turner: Experimentally, our results to date have not 
indicated that the optimum case is one where you use 
what you term the ferrite dielectric modes. For example, 
in the field displacement isolator, im my paper last Wed- 
nesday, | believe anybody who heard it would have real- 
ized that it was a normal waveguide mode that was being 
used. And, from the experiments which various of us have 
done at Bell Laboratory at Holmdel, I don’t think there 
is any doubt that the most practical cases have been ones 
where we have not had very large ferrite fillings ot the 
waveguide and in general we have not been operating 1m 
this ferrite dielectric region. That is, they are noriial 
waveguide modes for most practical situations. 


5B. Lax, K. J. Button, and L. M. Roth, Jour. Appl. Phys., vol 
25, p. 1413; 1413; 1954. 
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Button: How can you be sure which mode you are 
propagating unless you have calculated all modes exactly 
using the actual parameters of your experiments? I have 
not done so because I could not tell the Fox, Miller, and 
Weiss paper what these were. 

Turner: In specific instances we certainly have. This is 
precisely what I did for the paper that | gave Wednesday. 
We find an electric field null and the experiments cer- 
tainly justify it, I think. We were using normal wave- 
guide modes. For the normal waveguide mode, I find an 
electric field null for the dominant mode, a null which 
is in the interior of the waveguide. We have the behavior 
of this mode as a function of magnetic field and ferrite 
thickness, and so forth, and the experiments agree very 
nicely. So to my mind, there is no question. 

Discussion of Future Directions for Research 

in Electromagnetic Wave Theory in Modern 

Physics 

Lax: At this time I would like to ask Prof. Schiff to 
make some remarks on the last topic on our discussion 
panel. 
Schiff: I realize that this is an extraneous topic and 
would only like to point out one way in which I think 
that some of the work that could be done in electromag- 
netic wave theory could be of value and interest to current 
research in modern physics. In talking about modern 
physics, I will arbitrarily restrict it to atomic or nuclear 
physics. This, of course, leaves out a lot of other interest- 
ing topics. 

In the first place, one might ask: “Under what circum- 
stances can classical electromagnetic theory be used in 
connection with atomic or nuclear physics?” In order to 
answer this, one has to see when the scattering of electro- 
magnetic waves, for example, by an atom or by a nucleus, 
can be treated classically. It is evident that if the wave- 
length is sufficiently long this can be done. If the wave- 
length becomes comparable with the size of the system, 
then one has to inquire whether the energy content of a 
single quantum of this radiation is comparable to the 
energy content of the object which is being scattered. An 
easy way to decide this is to write down an expression 
for the energy content per unit volume of each particular 
type of matter. In the case of normal atomic matter this 
is of the order of magnitude of one electron volt per 
cubic 4. This is about the amount of energy that one finds 
in the electronic structure of atoms or solids. In the case 
of nuclear matter the figure is approximately 1 Mev. in 
the cubic region whose dimensions are 10° cubic cm. If 
I call the first one the atomic energy content and the 
second the nuclear, the second one turns out to be about 
107 bigger than the first 

Now, write down the ratio of the energy contained in 
the volumes whose dimensions are L (which is ¢ L? to 
the quantum energy of an electromagnetic photon or 
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length I will use the symbol ) which is the ordinary | 
wavelength divided by 2z. This is h c/L where h is I 
Planck’s constant divided by 2m and c is the speed of light. 
This ratio gives a measure of the energy content to the 


quantum energy. If R is large compared to one then the i 
classical theory can be used for electromagnetic scattering |) 
even for short wavelengths because the wave will always ( 


have a small quantum energy. If, on the other hand, the 


ratio is less than or of order one, then quantum theory 
must be used except for long waves, and then one loses 4 
all the interest of the diffraction theory which is taking 1) 
up so much of the attention of electromagnetic scattering 1) 


problems at the present time. 


Well if one puts in some numbers, one finds that setting | 
R equal to one, which is kind of a division point, the 
length which comes out in the atomic case is approximately 
10 A units and the length that comes out in the nuclear 9 
case is approximately 107’cm. In both cases these are ’ 


larger than the objects that we are interested in. The 
length in the atomic case is around 1 or 2 A and in the 
nuclear case is around a few times 1078cm. So one is 


forced to conclude that the classical theory is not directly |} 


useful in connection with electromagnetic scattering pro- 
blems as applied to atoms and nuclei. 


There might, however, be exception in the case of § 
scattering of electromagnetic waves from large molecules, | 
which could have dimensions somewhat larger than 10 A | 
units. And this is one of the items that I would like to set } 
aside as of possible future interest to electromagnetic [ 


scattering theory. Micro-crystals are another possibility. 
The wavelengths would then be in the soft X ray region 


of the order of 100 4 or so and would certainly present § 


experimental difficulties but from a theorectical point of 


view, there might be a lot to be gained in this way. Now / 


in order to deal with these problems one has to have solu- 


tions for inhomogeneous media; that is the scattering of | 


electromagnetic waves from a large molecule which has 


a variable refractive index. And problems of this sort | 
have not received very much attention from those engaged | 
in electromagnetic scattering theory. Most of the effort | 


has been devoted either to boundary value problems with 
perfectly reflecting boundaries in free space or else to 
problems in which various homogeneous media are sepa- 
rated by boundaries. And with a few exceptions, practi- 
cally no effort has been devoted to inhomogeneous media; 
that is media which have a continuously variable refrac- 
tive index. 

Now a second important point at which the classical 
theory could be useful is to serve as a model for solutions 
of the Schrodinger or Dirac equations which are the per- 
tinent equations in dealing with the scattering of electrons 
or nuclear particles. Here, almost any information or any 
techniques can be developed in connection with the solu- 


tion of any wave equation, electromagnetic, acoustic, or 
whatever would be of great help in atomic or nuclear phy- 
pics. The equations have very similar structures. The main 
ifference is a potential energy appears which plays an 
exactly analogous role to the variable refractive index in 
he acoustical or optical case. One example that is of con- 
siderable current interest and one which occupied me and 
others at Stanford very greatly lately, is the scattering 
f very high energy electrons from nuclei. In this case, 
ithe nucleus is represented as a charge distribution which 
assumed to be spherically symmetric, but not necessarily 
niform with a sharp boundary. Rather, instead of assum- 
ing that the charge density as a function of radius has a 
sharp edge it might have some sort of a rounded shape. 
This problem can be solved and has been solved in the 
icase in which the charge distribution and therefore the 
otential or in the optical analog, the refractive index, 
thas spherical symmetry. However, there is another closely 
related, and very interesting problem, of the case in which 
the charge does not have spherical symmetry and is dis- 
torted into an ellipsoidal shape. This actually occurs; in 
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many nuclei the nucleus is not at all spherical but is dis- 
torted and has a very large electric quadrupole moment. 
With that much distortion methods applicable to the spheri- 
cal symmetry problem simply do not work. We did cal- 
culations by perturbation theory, but we did not do them 
as well as we would have liked to. 

Another thing which will be coming up shortly is the 
question of granularity in the nucleus; there is reason to 
believe that there are local inhomogenieties which also 
will affect the scattering. 

Now these are problems in which ideas or techniques 
from electromagneting scattering theory could be of great 
help. These are very difficult things and I don’t wish to 
minimize the difficulties. It may well be then, that attention 
paid to electromagnetic scattering problems in the case of 
inhomogeneous media will pay off first of all in connection 
with the structure of large molecules, secondly by analogy 
with the more elementary problems of electron and nuclear 
scattering and, finally, it might even be that this may 
prove in the end to pay for itself in the better design of 
microwave lens systems. 
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A-1 ABSTRACTS OF CONTRIBUTED PAPERS—SCATTERING, DIFFRACTION, AND 
GENERAL MATHEMATICAL PAPERS 


1. Diffraction by an Infinite Grating of 
Cylinders in the Resonance Case—S. N. 
Karp and J. J. Radlow, New York Univer- 
sity. We consider the problem of an electro- 
magnetic plane wave incident on a grating 
of conducting cylinders of arbitrary shape. 
The electric vector is parallel to the genera- 
tors of the cylinders. We examine the ap- 
proach to the limiting case in which the 
wave number k, spacing d and angle of inci- 
dence ¢ are related by the condition that 

= (2an/d + k cos $)?, for some integer 7. 
No restrictions are imposed on the relative 
magnitudes of the cylinder dimensions and 
wavelength, but we require that both be 
small as compared to the spacing. The shape 
of the cylinder is immaterial. The final for- 
mulas are expressed explicitly in terms of 
second and third order determinants involv- 
ing certain scattered amplitudes of an 1so- 
lated cylinder congruent to an element of the 
grating. The amplitudes in question occur 
when the isolated cylinder is excited by the 
incident field and by a plane wave travelling 
parallel to the direction of the grating. The 
predicted variation of intensity with wave- 
length in each spectral order is essentially 
different from what would be expected for 
wavelengths bounded away from resonance. 


2. Diffraction of Electromagnetic Waves 
Caused by Apertures in Absorbing Plane 
Screens—H. E. J. Neugebauer, Adalia 
Limited, Montreal, Canada. This paper is 
an approach to the problem of diffraction 
by an aperture in a plane infinite screen 
which is not a perfect conductor. 

The total electromagnetic field is split up 
into an unperturbed field (closed aperture) 
and a perturbation field. The perturbation 
field can be split up in two fields each satis- 
fying Maxwell’s equations, one being sym- 
metrical in the tangential components of the 
electric vector, the other one in the tangen- 
tial components of the magnetic vector. The 
first one may be called the symmetrical, the 
other one the antisymmetrical perturbation 
field. Similar conditions to those postulated 
by Bethel! for the perfectly reflecting s¢ screen 


can be derived for the symmetrical, Epert, Ss) 


oct s and the antisymmetrical Baan a 


He field. 

Up to this point the theory which can be 
generalized to include transparent screens, 
is rigorous providing screen thickness is 
negligible compared to free space wave- 
length. 

Approximate solutions for the perturba- 
tion field can be obtained for large apertures 
if the unperturbed field is known and multi- 
ple scattering can be neglected. 

Two very simple cases are the perfectly 
reflecting and the perfectly absorbing screen, 
the incident field being plane and linearly 
polarized. 


1H. A. Bethel, Phys. Rev., vol. 66, p. 163; 1944. 
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An approximate solution obtained for the 
perfectly reflecting screen from Bethe’s con- 
ditions is: 


H,(F) =0O 
eet th soe 
H,(F) = 2wpomr i l os 
a k gf PA thr) 
 — Qouow OZF 


where A denotes a point in the aperture and 
F the field point behind the screen. 


— 

This solution, Epert, s, Apert, s, is sym- 
metrical. It is in agreement with experi- 
mental results.?4 

Interchanging of the electric and magnetic 
vectors yields a solution for the fictitious 
case of a screen which is a perfect magnetic 


conductor. This solution, Epert,a, Hpert, a, 1S 
antisymmetrical. 

The solution for the perfectly absorbing 
screen is the arithmetic mean of that for the 
perfect electric and perfect magnetic con- 
ductor. 

Without going into details is may be 
added that, for a screen whose reflection 
coefficient for normal incidence is p?, the 
solution can be obtained in a form 


OE 


Epert, s ae Pan Epert, a. 


The described method obviously does not 
yield the field near the screen. Yet, it sug- 
gests that also in other cases of absorbing 
scatterers a useful far field approximation 
might be obtained by proper superposition 
of the solutions for the two limiting cases of 
a. perfect electric and perfect magnetic 
conductor. 


2H. E. J. Neugebauer, The Eaton Electronics Re- 
search Laboratory Report No. b6 under Contract AF 
19(122)—81 to the USAF, Cambridge Research 
Center. 

3G. Bekefi, J. Appl. Phys. vol. 24, p. 1123; 1953. 
4S.G. Buchsbaum, A. R. Milne, D. C. Hogg, G. Bekefi, 
G. A. Woonton, ‘‘Microwave diffraction by apertures 
of various shapes,’ J. Appl. Phys., to be published. 


3. Microwave Tandem Slit Diffraction— 
Leroy R. Alldredge, U. S. Naval Ordnance 
Laboratory. The diffraction of a plane elec- 
tromagnetic wave by two identical slits in 
tandem is investigated for normal incidence 
with the polarization parallel to the edges of 
the slits. The slits are assumed to be infi- 
nitely long thus reducing the problem to 
one in only two dimensions. 

Theory shows that the scattering cross 
section coefficient (c) is proportional to the 
imaginary part of the far field forward 
scattering factor. The stationary form of ¢ 
is developed in terms of the incident field 
and unknown currents on the edges of the 
conductors forming the slits. 

Experimentally, a parallel plate system 
described earlier by Row is used. Measure- 
ments were made for tandem separations up 
to 2\ and for slit widths from 0 to 1.4), 


For slit widths greater than 0.3 and for, 
a tandem slit separation of zero, corre- «j 
sponding to a single slit, o computed from) 
the stationary form assuming zero edge cur- {j 
rents is in good agreement with the exact,) 
theory of Morse and Rubenstein and asj 
determined experimentally. 

A calculation was carried out using the) 
Kirchhoff-type approximation in the sta-)| 
tionary form of o for a-tandem slit separa- ji) 
tion of 0.157. The results are in good agree- 4 
ment with the experimental values for slit} 
widths greater than 0.5\. The experimental 


as the slit width changes. 


4. Convergent Representations for the?! 
Radiation Fields from Slots in Large Circu- |) 
lar Cylinders—L. L. Bailin and R. J. Spell-‘ 
mire, Hughes Aircraft Company. It was W 
pointed out by Sensiper! and others,? that’! 
cylindrical wave representations in terms of? 
harmonic components were very slowly con- 
vergent when applied to large cylinders." 
This difficulty seriously handicaps the de-’) 
sign of cylindrical antennas in the millimeter} 
wavelength region since it makes the deter- jj 
mination of the radiation characteristics jj) 
from slots on cylinders where ka is large aq 


tedious numerical job (k = css and a is 
radius). It is the purpose of this study to 
present approximate representations for | 
cylindrical waves which are accurate enough |i 
and suitable for use in the design of slot} 
arrays antennas where ka is in the range of § 
10 to 1,000 or more. 

Following the techniques of van der Pol 
and Bremmer,’ highly convergent repreyy 
sentations have been obtained which are’s 
valid in different azimuthal sectors around | 
the cylinder. Sensiper! investigated the’} 
second order approximations to the principle’: 
radiation characteristics for both the cir-" 
cumferential and,axial delta-slots and the} 
present study extends these results to third! 
order. This is necessary to achieve suitable | 
accuracy for values of ka between 10 and? 
100. The accuracy of each representation is’) 
determined by comparison with known? 
values computed from the harmonic series. || 
Thus, the quantitative behavior of the ap- | 
proximations can be described in the so-i 
called optically illuminated region where thes 
azimuthal angle is given by /¢/<7/2, in. 
the shadow region, r>¢@>7/2, and in thes 


1S. Sensiper, W. G. Stearns, and T. T. Taylor, “A, 
further study of the patterns of single slots on circular!) 
conducting cylinders,’’ TRANS. IRE vol. AP-3, p.@ 
240; August, 1952. S. Sensiper, ‘‘Cylindrical Radio, 
Waves,’ Hughes Technical Memorandum No. 310. ° 
2W. Franz and K. Depperman, ‘‘Theorie der beug- 
ung am zylinder unter beruchtsichtigung der kreich- 
welle,”’ Annalen der Phystk, vol. 10, p. 361; 1952. W. 
Franz, “On the Green's functions of the cylinder andj 
the sphere,” Z. fur Natur., vol. 99, pp. 705-716; 1954. . 

. Imai, ‘‘The diffraction of electromagnetic waves by” 
a circular cylinder,’ Z. der Physik, vol. 137, pp. 31- 4859 
3H. Bremmer, “Terrestrial Radio Waves,” Elsevier, | 
New York. 4 
) 


a 


iding the efforts of Sensiper and the present 
jtudy, it is felt that a convergent repre- 
sentation could be found which would ac- 
yurately approximate the intractable har- 
onic series for large ka. 


Electrodynamics of Continua—P. C. 
rosenbloom, University of Minnesota. 
Maxwell’s equations are supplemented by 
ne more vector equation, similar to the 
Navier-Stokes equations, obtained by equat- 
ing the rate of change of the momentum 
a region to the Lorentz force acting on 
that region. The system now becomes a 
aetermined system of nonlinear equations of 
yperbolic type related to the theory of 
ijlasmas considered in recent years by some 
hysicists. We obtain a priori estimates for 
ithe solutions and an existence proof, also a 
inathematical foundation for the application 
‘}f perturbation methods. We apply these 
esults to the theory of the physical con- 
Hitants of a dissipative medium and to the 
theory of the Hall effect. 


i», An Analysis of Edge Behavior in Vector 
Diffraction Theory—S. N. Karp, New York 
University. The problem of diffraction of an 
lectromagnetic field by a plane disc of 
rbitrary shape is discussed by a procedure 
»ased on the electric or magnetic field itself. 
fach Cartesian component can be expressed 
mm terms of a suitable acoustical field plus a 
sadiating singular homogeneous solution. 

An expansion theorem relative to the edge 
wehavior of the acoustic solution will be 
resented. This allows the unique determi- 
ation of that solution from boundary con- 
litions alone, if these are assumed to be 
indopted uniformly. A general construction 
yor singular functions of the required type is 
itiven in terms of the scalar Green’s or 
iNeumann’s function of the disc for an arbi- 
rary distribution of the characteristics 
ingularity along the rim. For the half plane 
me obtains a particularly simple result. 
Certain geometrical relations are deduced 
etween the leading terms of the singular 
fel components, in terms of the arclength 
variation of curvature along the rim. These 
yelations generalize known results for a cir- 
cular disc, and lead to a functional equation 
or the determination of the arclength dis- 
tribution of singularity. From the solution 
of this equation (where possible) and from 
the Green’s and Neumann’s functions, the 
necessary singular corrections to scalar 
theory can be constructed by quadratures. 


Gy 


. Experimental Measurement of Diffrac- 
on of Light at a Half-Plane—Franklin S. 
Harris, Jr. and Glen J. Morris, University 
of Utah. Diffraction of light and other elec- 
tromagnetic waves at a half-plane is of 
interest because of its geometrical simplicity 


simple theory which is adequate for most 
ses, rigorous and approximate solutions 
y Sommerfeld and successors have lacked 
fz00d experimental measurements for com- 
parison. Earlier work at the University of 
Utah! has been extended with an improved 
ecording electron multiplier photometer. 


: Keith Leon McDonald and Franklin S. Harris, Jr., 
J. Opt. Soc. Amer., vol. 42, p. 321; 1952. 


With a long light path a variety of experi- 
mental conditions, including different screen 
boundary conditions, were investigated and 
the intensity distribution in the diffraction 
pattern measured. The implications of the 
results are discussed with relation to other 
experimental work and theories. 


8. An Expansion Theorem for Electromag- 
netic Fields—Calvin H. Wilcox, Air Force 
Cambridge Research Center. If E(r), H(r) 
is a free-space electromagnetic field which is 
defined in the exterior of a sphere /r/ = 

and satisfies Silver’s radiation condition 
then E and H have ip as of the form 


Hey =< > eae) 


r” 
n=o 
valid i in |r| A c. The vectors An = A’n’® 
AAO + An, $ are determined by the Fadi 
tion pattern Ao = At + A%, ® through 
the recursion relations 


Ay Veena oe 2 (sin 6 Ao?) + 21, 
sin 0 
2tkn A’ny = ee A'n + DA'n, 
ip il, 7, Syace 
1 0a 
where Df = Sap od sin 0 30 
1 of 
+ Sin? 6 3¢?' 


while 21k An? = n(n—1) An? 
+ DAn_1? + De Anis ,n — 1, 2,3,--- 
and 21kn An? = n(n—1) An_13 + DAn_;? 
Ee DpAnin =il 2436. 


OA'n 1 
= 2 
where DeAn = 2 — ag tp 
~ 2 cos 60 An3 
sin2?@ da 
2 0A,’ 2 cos 0 OAn? 
LIES lar ee Ve ATT) rr 
1 
SS 3 
sin? 6” * 


As an application of the theorem a char- 
acterization of the free-space tensor Green's 
function 


1 
Ter) \7 +9V 


eiklr—r! | 
4n|r—7'| 
is given. The free-space Green's function 
etk|r-r’| 


4n|r — 7’ | 


7 


G(r, 7’) = 


is characterized by 
1. (Vv? + Rk) Gir, r’) = 


Dain jean a 
1 or 
uniformly, 
on Ae BEC TNT a 
Go Js(r’e) or 
4.°G(r, 1) = gir — 7’|). 


An analogous characterization of T(r, 1’) 
is difficult to obtain because T° has no 
simple symmetry property like 4; however, 
the expansion theorem yields the following 
characterization: T° (r, r’) is the unique 
tensor defined by A (r) = Y° (7, 7’):4u 
where 2 is an arbitrary constant unit vector 
and 

1 VX (VX A (1) — RA (r) = Or #7, 

2. hm rx (v x A) ikA} = 0, 

uniformly, 
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’ sin 0 


be A ae mate r 


0,7, 


Here (r, 6, @) are spherical coordinates with 
origin at r’ and polar axis along %. 


9. The Hyperbolicity of Maxwell’s Equa- 
tions—W. James, University of Minnesota. 
The hyperbolicity of Maxwell’s equations is 
verified according to Garding’s criteria for 
hyperbolic equations. 

The equations for dissipation media are 
transferred to the wave equation form and 
the Cauchy problem for these equations is 
solved by the M. Reisz method. That is, 


> > 
given the values of E and H at t = 0, the 
solutions are found for t>o. 

The above solutions are reduced to the 
special case for vacuum. It is proved that 
these solutions actually satisfy both the 
initial conditions and Maxwell’s equations 
for vacuum. Crude estimates are worked 
out for the solutions, their time derivatives 
and curls. Crude conditions are obtained 
for the conservation of energy to hold. 

Several special cases are worked out ex- 
plicity for the homogenous Maxwell’s 
equations. 

The same method is applied to Dirac’s 
equations for a free electron, and for the 
propagation of elastic waves. 


10. Diffraction of 3.2 CM Electromagnetic 
Waves by Dielectric Cylinders and Semi- 
Cylinders—A. B. McLay and M. K. Sub- 
barao,! Hamilton College, Canada. Diffrac- 
tion patterns in the close vicinity of long, 
1 inch diameter dielectric cylinders of lucite, 
tenite and hard rubber have been observed 
in planes through and behind the rods and 
transverse to the incident radiation, which 
was polarized parallel to the long axis of the 
cylinders. The patterns of lucite and tenite 
are in fair agreement with those calculated 
by Froese and Wait.? 

Patterns have been observed similarly for 
a 11% inch diameter lucite cylinder and for 
the same rod machined to a plano-semi- 
cylinder and placed with plane face towards 
or away from the source. Calculations for 
the cylinder have not yet been made, nor 
have the more difficult ones for the semi- 
cylinder. Marked trends in the patterns in 
the three cases are correlated in part with 
geometrical optics focusing. In the case of 
the semi-cylinder with plane face away from 
the source, double internal reflection seems 
to cause observed distortion of the field. 
This is most marked near the bearing, from 
center of the plane face, predicted by geo- 
metrical optics for a beam totally internally 
reflected by the plane face and re-reflected 
at angles slightly less than critical by the 
cylindrical surface. 


1M. K. Subbarao is now at the Indian Naval Labora- 
tory, Cochin, India. 
2 Froese and Wait, Can. J. Phys., vol. 32, p. 775; 1954. 


11. Tensor Scattering Maxtrix for the Elec- 
tromagnetic Field—D. S. Saxon, University 
of California. The scattering of an arbitrary 
incoming wave by a lossless, but otherwise 
unrestricted, scattering object is described 
in terms of a tensor scattering matrix, uni- 
tary in all of its indices—continous and dis- 
crete, This matrix can be explicitly exhibited 
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in terms of the plane wave scattering ampli- 
tude for each of two mutually perpendicular 
directions of polarization of the incident 
wave. In other words, once the scattering of 
a plane wave by a given scatterer is known 
for both polarizations, then the tensor 
scattering matrix is also (and immediately) 
known. With the aid of the tensor scattering 
matrix, the reciprocity relations are easily 
established in very general form and the 
cross section theorem, including an interest- 
ing extension, follows without difficulty. 


12. A Simplification of Electromagnetic 
Scattering Problems Involving a Sphere— 
Nelson A. Logan, Air Force Cambridge 
Research Center. It is the purpose of this 
paper to emphasize the simplification that 
results from direct treatment of the problem 
of finding the radial components of the elec- 
tric and magnetic field. This method is 
closely related to the auxiliary potential 
approach but has the advantage of dealing 
directly with components of the field from 
which the remaining components are readily 
obtained. The chief advantage is that simple 
vector-constructions are used to determine 
the radial components of the primary elec- 
tromagnetic field. The application of the 
boundary conditions then leads readily to 
the desired scattered field in a manner that 
is no more difficult than the problem of 
scalar-wave scattering by a sphere. Applica- 
tion is made to the problem of a dipole 
oriented at right angles to the polar axis of 
a sphere of arbitrary electrical properties. 
By- employing a well-known expansion 
theorem for a five-dimensional wave func- 
tion, the radial components are readily 
found. The ease with which this solution is 
obtained suggests that the introduction of 
orthogonal vector wave functions or auxili- 
ary potentials represents an unnecessary 
complication of a relatively simple problem. 


13. Diffraction by a Semi-Infinite Cone— 
Leopold B. Felsen, Polytechnic Institute of 
Brooklyn. Alternative representations are 
obtained for the fields radiated by arbi- 
trarily placed scalar (acoustic) and vector 
(electromagnetic) point sources in the pres- 
ence of a semi-infinite cone with simple 
boundary conditions. A radial transmission 
representation is useful for the field evalua- 


A-2 ABSTRACTS OF CONTRIBUTED PAPERS—MULTIPLE SCATTERING, SCATTERING FROM 
ROUGH SURFACES, AND TRANSMISSION AND REFLECTION PROBLEMS 


1. Optical and Radio Twilight and Modes— 
Thomas J. Carroll and Rose M. Ring, 
Massachusetts Institute of Technology. The 
brightness of the molecularly scattered twi- 
light from the clear sky can be calculated 
roughly from the mode theory used in recent 
years to understand propagation of radio 
waves well beyond the horizon through the 
earth’s troposphere which acts as a dielectric 
layer to guide waves feebly but reliably into 
the deep shadow. The idealized air layer is 
taken to be either a homogeneous layer, or a 
layer with linear, bilinear, or curvilinear 
taper to vacuum at some large height. Both 
the absolute value and the attenuation rate 
in db/mi of important modes come out for 
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tion when either the source or observation 
point is located near the cone tip, and for 
the determination of the plane wave back- 
scattering on the axis of cones having large 
or small apex angle. An angular transmission 
formulation is highly convergent for the 
computation of plane wave scattering by 
the tip of a small-angle cone, with incidence 
on or off the axis and observation points 
lying in a region which excludes the rays 
reflected from the sides of the cone according 
to geometric optics. The radial transmission 
representation is in terms of a discrete spec- 
trum of modes, while the angular transmis- 
sion formulation comprises a continuous 
spectrum. Approximate closed form results 
derived from the rigorous expressions above 
are presented and compared with results 
derived in the literature by physical optics 
and other approximate formulations. 


14. Some Variational Formulas for the 
Changes in Electromagnetic Scattering 
Cross Section and Dyadic Green’s Func- 
tions Due to Boundary Perturbations— 
Carson Flammer, Stanford Research Insti- 
tute. The first part of this paper presents the 
first order change in the scattering cross 
section for electromagnetic waves resulting 
from a small deformation of the boundary 
of the scattering object. 

The second part of the paper is concerned 
with the first and second variations of the 
dyadic Green’s functions upon deformation 
of their original domain of definition. In 
particular, the variations of the dyadic 
Green's functions for a sphere and of those 
recently derived by the author for a circular 
disk are considered with a view towards 
obtaining good approximations to the 
dyadic Green’s functions for oblate sphe- 
roids of large and small eccentricities. 


15. Electromagnetic Scattering by Sphe- 
roids as Power Series in the Ratio Diame- 
ter/Wavelength—A. F. Stevenson, Wayne 
University. A general method previously 
developed by the author for calculating the 
scattered field as a power series in k is 
applied to the case of a spheroid, the electro- 
magnetic constants of which are arbitrary. 
Results are presented for the differential and 
the total cross sections for arbitrarily- 
oriented spheroids and also for the cases 


idealized models in satisfactory agreement 
with observations both for radio and light 
waves without use of arbitrary parameters. 
Because the index of refraction of tropo- 
spheric air is substantially independent of 
frequency, the frequency dependence is 
small for the radio or optical twilight calcu- 
lation over the vast spectral range involved 
(factor more than 108). The slight but essen- 
tial novelty of the treatment is the use of 
both of the independent solutions of the 
radial wave equation in constructing the 
allowed modal wave functions in the in- 
homogeneous air layer, and fitting these con- 
tinuously to the airless earth type of waves 
in the homogeneous vacuum above where the 


— 


where the orientation is random or deter~ 
mined by streaming. Krishnan’s relation 
Via = Hy is proved for a ree 
scattering body of arbitrary shape. I 


16. Variational Corrections to Geometri 
Optics in Scattering by a Conducting 
Cylinder—Ralph D. Kodis, Harvard Uni 
versity. A pair of variational principles is 
formulated for obstacle scattering which are}, 
analogous to those already studied in con) 
nection with aperture scattering.’ The first/ 
of these contains geometric optics implicitly!) 
while in the second the geometric optics!) 
term is made explicit and is split off to leave} 
a stationary form for the correction alone.) 
With the physical optics current distribution!) 
as a trial function, the first terms of the! 
corresponding asymptotic series in inversé 
powers of ka can be evaluated for the cyl?) 
inder scattering cross section. The relative 
accuracy of these results is estimated b 
comparing them with the known exact solu 
tion at frequencies for which |<ka<10, anc 
it is pointed out that further improvementp 
will require a more accurate trial function. |) 


1H. Levine and J. Schwinger, Comm. in Pure anc 
Appl. Math., vol. 3, p. 355; 1950. } 


17. On the Correction to the Total Geo-? 
metric Optical Scattering Cross Sections of} 
a Circular Cylinder and of a Sphere—)5 
S. I. Rubinow, Harvard University. A scalai} 
plane wave incident on a conducting circular\y 
cylinder is considered. The total scattering} 
cross section has a well known series expan: 4 
sion in terms of Bessel functions whick) 
converges slowly for large values of ka. Ir 
this case the series may be summed approxi: 
mately by means of two simplifications 
firstly, replacing the Bessel functions by the » 
dominant terms of the appropriate Debye™ 
asymptotic expansions (different for differ-? 
ent values of index m relative to arguments 
ka), and secondly, replacing the summatior’ 
sign by an integration over the index. The! 
result indicates that the correction to the 
geometric optical cross section so obtained! 
is of order (ka)—%. The results for the) 


sign of the correction terms. Similar con.) 
siderations pertain to the sphere. 


usual outgoing radiation condition may be 
applied. By contrast, all current hypotheses? 
about scattering of radio waves from turbu-/) 
lence in the troposphere assume unphysica}/: 
discontinuities of the index or its derivatives, 
throughout the medium. 


= 


2. Transmission Characteristics of Paralle)| 
Wire Grids with Variable Tilt Angle— 
O. J. Snow, U. S. Naval Air Development) 
Center. Small diameter parallel conducting 
wires were imbedded in thin, flat plasti ! 
sheets and located close to a receiving para:} 
boloidal dish using plane wave incident) 
energy at X band. Polarization was paralle}} 
to the wires, whose grating interval was) 


ried between a fifth wavelength and a 
Jhole wavelength for different panels. Re- 
‘rived intensity was measured for varied 
rating tilt angles about an axis lying par- 
lel to the wires and near the center of each 
Nanel. Sharp and intense absorption dips 
Here observed for tilt angles at which the 
!hrasitic reradiation maxima lay in the end- 
ire direction. The shapes and angular posi- 
ns of transmission vs tilt angle curves are 
‘ven to a moderately close approximation 
a tentative theory which assumes that 
fhe input impedance of the grating is con- 
¢ant with varying tilt angle and that the 
iarasitic currents drawn by all wires are 
ite The apparent absorption energy is 
iurther assumed to be proportional to the 
ub under plots of the first order reradia- 
‘jon lobes. A more precise theory, which in- 
ihudes the effect of varying input imped- 
jmce, was required to predict sharp absorp- 
jjon dips of smaller magnitude, also observed 
/kperimentally. 

|, Light Scattering of Colloidal Spheres— 
iW. Heller, Wayne University. Manual and 
lilectronic computations of scattering cross 
Kections for colloidal spheres were carried 
mut for the parameters a = 0.2 (0.2) 7.0 
1.0) 15 and m = 1.05 (0.05) 1.30, on the 
fasis of the Mie-theory, and in conjunction 
tyith L. Langden, J. McCartey, W. J. 
lfangonis and A. F. Stevenson. From these 
Linctions the specific turbidities, scattering 
} atensities for selected angles, dissym- 
4etries, wavelength exponents and depolari- 
lations were calculated. Analytical expres- 
xons were developed in order to allow inter- 
polations of the specific turbidities for any 
malue of a and m within the range given. 
elationships of particular interest, on 
hiccount of the comparative simplicity, were 
pound (a) between the maximum turibity at 
|| given particle diameter or wavelength on 
he one hand and m on the other; (b) be- 
een the a value at which the turbidity 
inaximum occurs at either constant wave- 
sength or at constant particle diameter, and 
. From a combination of these relation- 
hips it became possible to determine both 
{the diameter and the refractive index of a 
liven colloidal material by means of tur- 
yidity measurements alone. The range of 
¥alidity of the various analytical expressions 
as found to extend up to m values of at 
rast 2.0 and a few of them appeared to be 
uitable for extrapolations to m values of 
mterest in the radar range. The various 
3elationships were compared with those ob- 
Gained from approximating theories on 
light scattering with particular emphasis on 
lhe treatment by van de Hulst. 


i 


4. Solution of the Helmholtz Equation with 
andom Boundary Values—Jack Kotik, 
Wechnical Research Group, New York, N. 
. Following Kame-de-Feriet, who dealt 
| ith the equations uz, + Uy, = O, 
Mee — i i 0, we oases solutions of the 


half-plane, with Ba ennaane Satnes: 
e replace the usual boundary values f(x) 
py f(x, w) where xeR(R = real numbers) 
hnd we®, [2 a measure space with 
(2) = 1]. The fundamental assumption is 
hat f(x, w) is measurable on RxQ and that 


if| = fig (x, w) | du is a bounded function 


of «. Some results are: 

1) For almost all w f(x, w) generates a 
solution u(x, y, w) of the Helmholtz equation 
vial d= if: k(x-x', yy) f(x’, w)dx’, where 
y>O and k(x, y) is an appropriate Green’s 
function. u(x, Ot, w) = f(x, w) outside a set 
of measure zero which may depend on w. 

2) u(x, vy) = 4 u(x, y, w)du is generated 


by f(x) = fo f(x, o)du; u(x, ot) = f(x) for 
almost all x. 
If we assume further that o,2(x) =| f(x) He 


is a bounded function of x, that f(x) = O, 
and define 


o* (x) ae age 
¥ (x, &) x 
Po, (5 By, a) Le y) & (Em) 


i ica y) = |u (x, y)|? 


2 ———— 

/ (x, y) = u (x, y)? 
we find that 
YT’ (x, y, &, 7) 


= [nk (e — x,y) 
h(E 18") (x, &) dx! de’ 
WG Or <1, Go) <Rik@ —«',9)| 
Gq (x) dx’ 
If f (x, w) is stationary of order 2, i.e., 
7 (x, §) = 7 @ — £) 
then 
Gene, ny= p (ee—sb,-y) 49); where 
p(x, 9) = fp kb ( — x, 9) 7 (x) dx! 


These results may be useful in treating 
scattering from rough surfaces. 


5. Forward Scattering for Non-Absorbing 
Mie Particles—Rudolf Penndorf, Air Force 
Cambridge Research Center. Extensive 
computations have been completed for the 
angular Mie scattering coefficient ig using 
the IBM 701 electronic data processing 
machine. They have been computed for 
O < a < 30 in steps of Aa = 0.1 (a = size 
parameter 27r/h), for 5 indices of refraction 
between x = 1.33 and 1.50. The angular 
steps are 5° between O°<6<170° and 1° 
between 170° and 180°, where @ is defined as 
the angle between the incoming and the 
scattered ray, thus 6 = 180° is the forward 
scattered ray. 

The results show the already known fact 
that the flux scattered in the forward direc- 
tion as compared to the total scattered flux 
increases with the size parameter a. But 
important details have been found, for ex- 
ample, whereas 7 in the forward direction 
generally increases with a, two types of 
oscillations are superimposed. A large one 
leading to secondary maxima and minima 
at about the same a@ values where k(a) 
attains maxima and minima, and a smaller 
one in the interval between these secondary 
maxima and minima. 

Furthermore, percentages of the flux 
scattered in the forward direction, 1.¢., 
180° + 0, have been computed for n = 1.33 
and selected values of a to show numeri- 
cally the importance of the forward scat- 
tered flux and its dependence on the size 
parameter. 
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6. Total Mie Scattering Coefficients for 
Real Refractive Indices—Rudolf Penndorf, 
Air Force Cambridge Research Center. 
Extensive computations have been com- 
pleted for the total Mie scattering coefficient 
K using the IBM 701 electronic data proc- 
essing machine, which show in detail the 
nature of the function. K has been com- 
puted for O< a < 30 in steps of Aa = 0.1, 
for indices of refraction n = 1.33, 1.40, 1.44, 
1.486 and 1.50. In addition computations 
have been carried out form Y1landn = ©. 

The results show minor oscillations super- 
imposed on the large oscillations. From a 
careful analysis of all available data for the 
range from » = 0.8 to m = © simplified 
approximate relations have been deduced to 
compute smoothed K values of an accuracy 
of 5 to 10 per cent for a very wide range of 
size parameters. Thus K values for any 
index of refraction and for any size range 
can be computed with an accuracy sufficient 
for most practical applications of the Mie 
theory. 


7. A Method for the Calculation of the 
Distribution of Energy Reflected from a 
Periodic Surface—William C. Meecham, 
University of Michigan. The problem con- 
sists of finding the amplitudes of the plane 
waves reflected from a periodic surface due 
to a plane wave incident upon the surface 
from a specified direction; consideration is 
restricted to two dimensional problems. 
Following the method of Trefftz, one can 
attempt to fit the boundary condition ap- 
proximately through the use of a finite 
number of functions which satisfy the differ- 
ential equation (here, the wave equation). 
One ordinarily proceeds through the use of a 
variational method (frequently based on the 
Rayleigh quotient). In the present calcula- 
tions the square of the error in the boundary 
condition is minimized (rather than the 
Rayleigh quotient); furthermore, the class 
of trial functions is restricted to include only 
those plane waves, both homogeneous and 
inhomogeneous, diffracted from the periodic 
surface. One is led to consider the, in gen- 
eral, nonorthogonal set of functions formed 
when the diffracted wave functions are 
evaluated at the surface. In order to mini- 
mize the error in the boundary condition it 
is sufficient to construct an orthogonal set of 
functions from this nonorthogonal set. The 
Fourier coefficients of the incident function 
with this set then ininimize the error. One 
can calculate the estimates to the reflection 
coefficients using these coefficients. 

The problem has been programmed for 
MIDAC (the University of Michigan digital 
computer) in the above form. Numerical 
results will be presented and compared with 
the results of experiment. 


8. Multiple Scattering by Randomly Dis- 
tributed Obstacles—Methods of Solution— 
Chiao-Min Chu, Detroit Institute of Tech- 
nology, and Stuart W. Churchill, University 
of Michigan. Methods of solution of prob- 
lems of multiple scattering of electromag- 
netic radiation by randomly distributed 
obstacles are evaluated with respect to gen- 
erality, accuracy, and suitability for numeri- 
cal calculations. Exact solutions are found 
to be limited to infinite regions and are 
generally practical only for isotropic scatter- 
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ing. Approximate solutions of the transport 
equation are limited to simple regions and 
are very complicated for anisotropic scatter- 
ing. Approximate representation of the 
scattering process with the classical diffusion 
equation permits solution for almost all con- 
ditions, but the solution is inaccurate near 
the boundaries of the region of scattering. 
Approximate representation of the intensity 
by a number of discrete components permits 
solution for many geometries. Several two- 
component representations have been de- 
veloped which yield more accurate results, 
particularly for anisotropic scattering, than 
diffusion theory. A six-component model 
appears to be considerably more accurate 
for most geometries but requires machine 
computations. 


9. Atmospheric Attenuation of Solar Milli- 
meter Wave Radiation! *—H. H. Theissing 


1J. H. Van Vleck and V. F. Weisskopf, Rev. Mod. Phys., 
vol. 17, p. 227; 1945. 

2 J. H. Van Vleck, Phys Rev., vol. 71, p. 425; 1947. 
37. F. Rogers, Cambridge Research Center Report 
E5078; October, 1951. 

4R.G. Newton and T. F. Rogers, Cambridge Research 
Center Report E5111; November, 1953 

5 Atmospheric absorption graphs presented by T. F. 
Rogers at the Navy Millimeter Wave Conference in 
Washington, 1953 (unpublished). 


A-3 ABSTRACTS OF CONTRIBUTED PAPERS—WAVEGUIDES, PROPAGATION, AND 
SLOW WAVES AND SURFACE WAVES 


1. Waveguide Impulse Response!—George 
I. Cohn, Illinois Institute of Technology. 
This paper develops the solution for the 
transient propagation of electromagnetic 
fields in a perfectly conducting cylindrical 
waveguide, of arbitrary cross section, filled 
with a lossy medium, when an impulse is 
applied at the input. The impulse response 
is of particular interest because its relative 
simplicity, compared to the response from 
any other type of input function, allows the 
build up and propagation phenomena to be 
readily pictured from the derived equations 
without the need of elaborate numerical 
computations. The basic results obtained 
are not restricted to the case for an impulse 
function input, since the response to any 
input may be obtained by superimposing 
the responses of impulse function inputs. 

The various electromagnetic field com- 
ponents propagate in different manners. 
Consequently, the conventional steady state 
mode structure does not exist during the 
transient. This paper will also illustrate how 
the steady state mode structure evolves out 
of the transient propagation. The propagat- 
ing signal leaves an electromagnetic wake 
which constitutes distortion. Examination 
of this wake provides information about the 
concept of group velocity. 


1 The principal references for this subject are two 
Ph.D. theses, M. Cerrillo, “Transient Phenomena in 
Waveguides,’’ M. I. T., 1948; and G. I. Cohn, ‘‘Elec- 
tromagnetic Transients in Waveguides,” I. I. T., 1951. 


2. On the Eigenvalue Problem of Slow- 
Wave Propagation in Cylindrical Structures 
—F. E. Borgnis, Harvard University. It can 
easily be shown that the problem of propa- 
gation of electromagnetic waves the phase 
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and P. J. Caplan, Evans Signal Laboratory. 
With a thermal detector in the focus of a 
60 inch searchlight parabola that tracked 
the sun two quantities were measured. 


1) The spectral intensity distribution of 
solar millimeter wave radiation for a well 
defined comparatively dry weather condi- 
tion was evaluated by a wire mesh filter 
method, showing a sharp cutoff near .9 mm, 
a peak near 1.1 mm and a slower decay to- 
ward increasing wavelengths. (Presented at 
the New York meeting of the Optical 
Society April 8, 1955). 


2) The total signal was measured under 
various weather conditions, making possible 
an experimental determination of the water 
vapor absorption for the above spectrum, 
taking into account balloon recorded data 
at various altitudes and the solar elevation 
angle. The attenuation coefficient obtained, 
when corrected to 1 per cent water vapor 
partial pressure at ground level, was 2.6 
db/km. 


If the solar signal were monochromatic, it 
would be easy to compare this value with 
the theoretical value for that wavelength in 
Van Vleck’s graph, or in the graph of T. F. 
Rogers, AFCRC, which was computed ac- 


velocity of which is less than the velocity of 
light, leads to scalar wave equations 
(v2? + Apu) du = O in two dimensions, 
where the eigenvalue A, is required to be 
negative. A proper boundary condition 
yielding negative eigenvalues is o¢, + 
0¢,/dn = 0, where is negative, if 7 denotes 
the outward normal of the boundary. This 
point of view permits a number of general 
statements on the properties of slow-wave 
propagation and on the physical conditions 
under which such waves occur. 


3. Propagation of Transient Fields from 
Dipoles near the Ground—H. Poritsky, 
General Electric Company. A study is made 
of the propagation in air and underground 
of the electromagnetic field orignated by a 
transient current z(t) in a short antenna 
(dipole) of moment F(t), located at the 
boundary z = 0 of a flat earth. 

The treatment is based on a resolution of 
a spherical wave into proper plane waves 
proceeding in various directions. This is 
applied to the incident spherical wave from 
the dipole placed at z = h>0; each plane 
wavelet is reflected and refracted at z = 0, 
and the resulting wavelets are superposed, 
then h is allowed to approach zero. There 
results a double integral representation for 
the field at a point P. Of the two integra- 
tions one turns out to be independent of F, 
and leads to the mean f of the reflection 
coefficient over a cone of directions of semi- 
vertical angle » with OP as axis; this integral 
is, in general, elliptic. The second integra- 
tion does involve F; for the case of a current 
pulse, this integral is evaluated explicitly 
both in air and over a certain solid cone 
underground in terms of f(cos p), cos p = 
ct/R. 


iW 
cording to the Van Vleck-Weisskopf theoryl 
However, since the whole spectral range)) 
was involved, a laborious computation was, 
required to make a comparison with theory/) 
The final results show that in order to obtain) 
agreement with the experimental findings 1 ii 
was necessary to raise the theoretical wate: 
vapor attenuation by a factor of 2.4 through! 
out the window region of the spectral range. i 
i 
i 
10. Approximate Calculations for Lighi 
Scattering when the Refractive Index ii 
near Unity—A. F. Stevenson, Wayne Uni 
versity. A variational principle is giver 
which determines the differential cross sec i 
tion for light scattering by an arbitrarilyc 
shaped body, and this is applied to the casi) 
m~1. The variational principle is equivalen:|) 
to one used by Cohen (with a differen, 
approach) except for a correction in thd) 
interpretation of the Green’s function. It iff 
shown that the total cross section is simply 
related to the differential cross section fo 
forward scattering. The connection with thy) 
methods of Rayleigh-Gans and Debye ij) 
pointed out. Detailed calculations are mad, 
for scattering by a sphere (as a check) anc 
by a circular cylinder of arbitrary dimenjp 
sions. 


The above highly abbreviated and some |i 
what inaccurate summary omits all mention): 
of the complex elements in the solution!) 
which occur both in the directions of the) 
normals of the plane waves and in thei ip 
amplitudes [even for real z(¢)] and permeate. 
the analysis throughout. | 
i | 
4. Theory of the Multipath Propagation o/ ' 
Frequency-Modulated Electromagneti\) 
Waves—John P. Vinti, Aberdeen Provingly 
Ground. A general treatment is given of thé! 
propagation and reception of multitone fre'l) 
quency-modulated waves received directly} 
by an antenna and indirectly by reflectiom} 
from an infinite plane reflector arbitrarily 
located and oriented. The transmitting ané) 
receiving antennas are both allowed to have} 
arbitrary orientations and to have as muck 


the following assumption: with reception ol 
the direct ray alone, the receiver outpug) 
faithfully reproduces the input signal that ij 
modulated on to the carrier. ; 

The multipath problem then become: 
essentially as easy as that for the multitonq) 
case of two parallel dipole antennas. Thy 
only difficulties of the problem as outlined) 
that do not occur with the dipole antennas) 
are confined to the calculations of the noise | 
signal ratio R. The latter is the ratio of thi 
received signal produced by the reflectec)) 
ray to that produced by the direct ray, anc 
it turns out to be a function of many) 
parameters. il 

The properties of the detected signals ars) 
examined in detail for R<1, R>1, anc 
R = 1 — 0, in which latter case the mule 
path phase errors can be expressed in closec ' 
form, in terms of solutions of a certair’ 
transcendental equation. I} 


Mode Conversions in Multimode Wave- 
ides—Wesley Ayres, Sylvania Electric 
oducts Inc.!, and E. T. Jaynes, Stanford 
iversity. Multimode operation of wave- 
tide transmission systems would yield 
wer transmission losses and larger band- 
4dths than dominant mode operation. The 
joblem of mode conversions in a multimode 
aveguide is investigated theoretically for 
bitrary distortions of a waveguide wall, for 
niformly tapered sections, and for a ran- 
pm distribution of wall distortions all in a 
erfectly conducting metallic waveguide. 
veral general results are obtained and a 
umber of specific problems solved. 


\Work performed at Stanford University. 


Propagation in Ferrite-Filled Trans- 
srsely Magnetized Waveguides—P. H. 
artanian, Sylvania Electric Products Inc.}, 
d E. T. Jaynes, Stanford Univeristy. A 
lution to-the problem of propagation of 
her modes in a transversely magnetized 
rite-filled rectangular waveguide has been 
und. The dependence of the fields in the 
rection of magnetization is the same as for 
lie classical modes. The dependence in the 
‘lher transverse direction is given by the 
lution of a simple constant-coefficient 
near differential equation. 


Work performed at Stanford University. 


| An Extension of Maxwell’s Solution of 
»e Wave Equation for Concentric Strata to 
oclude Tilted and Wavy Strata—Paul B. 
aylor, Wright Air Development Center. 
_ axwell’ s solution of the wave equation in 
herical coordinates with the index of re- 
action varying radially has been found 
Hacticable in explaining the anomalies of 
r-to-air radio propagation at microwave 
Pequencies. It is now found that the solu- 
pn can be extended to include cases in 
hich the gradient of the index is not 
trictly radial, and, in particular, the case of 
{tilted or wavy stratum of abnormal gradi- 
iit in an otherwise normal atmosphere. The 
ssults are successfully applied to treat the 
1xomalies of air-to-ground propagation. 
e irregularities in the dirtribution of sig- 
il intensity are due to the existence in the 
imosphere of narrow strata in which the 
firiation of index with height is nonlinear. 
Some Variational Principles for Resona- 
rs and Waveguides—A. D. Berk, Hughes 
farcraft Company. Variational expressions 
He derived for the propagation constant of 
aveguide and for the resonant frequency 
a cavity directly in terms of the field 
ctors for situations ordinarily not covered 
| the literature. These situations occur, in 


| Field Displacement Isolators at 55 KMC 
-E. H. Turner, Bell Telephone Labs. 
4esistance sheet field displacement isola- 
‘irs! have been investigated analytically 


. G. Fox, S. E. Miller, and M. T. Weiss, Bell Syst. 
“rch. Jour., vol. 34, p. 5; January, 1955. 
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general, when the problem is not susceptible 
of a scalar formulation and are characterized 
by the presence of an anisotropic and/or 
inhomogeneous material such as an oriented 
ferrite. 

Three types of variational principles are 
obtained: a) those expressed in terms of the 
electric field vector alone, b) those expressed 
in terms of the magnetic field vector alone, 
c) those expressed in terms of both field 
vectors. Admissibility conditions for trial 
functions depend on the type of the varia- 
tional principle used. All variational expres- 
sions for the resonant frequencies of a cavity 
are explicit. Of the expressions for the propa- 
gation constant, that of type c) is explicit, 
while types a) and b) are in the form of a 
quadratic equation. 

Problems where the above variational 
principles were applied, include: determina- 
tion of the cutoff frequencies of a rectangu- 
lar waveguide with dielectric slabs; deter- 
mination of the propagation constant in 
rectangular waveguides with ferrite or dielec- 
tric slabs and in circular waveguides with 
dielectric or ferrite rods; calculation of the 
shift in the resonant frequency of a cavity 
when the boundaries are perturbed. The re- 
sults compare favorably with existing exact 
solutions and are obtained with consider- 
ably less effort. In some cases they are sim- 
ple enough to be used directly as design 
equations. 


9. Contribution to a General Transmission 
and Matching Theory for Waveguides— 
F. J. Tischer. A general energy theory for 
waveguides and their interaction with con- 
nected elements is derived without use of 
the impedance concept of the low frequency 
transmission line theory. With the resulting 
relations, the behavior of waveguides, the 
interaction between waveguides of different 
properties and between waveguides and 
connected equivalents of two- and four- 
terminal networks are described. 

The relations derived between the electric 
and magnetic energies stored in the wave- 
guide per unit length, the power flow and 
the reflection coefficient permit not only the 
description of the phenomena in the wave- 
guide but also can be used to calculate a 
general relation for the interaction between 
waveguide and a connected cavity element. 
When applied to a cavity element terminat- 
ing a waveguide the reflection coefficient 


p is: 
ke Sama aleda anny) 
Pach Vata w NOLS 
AW mn’ 
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wherein N. is the power transported in the 
forward wave in the waveguide, N’, the 
dissipated power and AW’m the surplus of 


AND ANISOTROPIC MEDIA 


and experimentally. We have demonstrated 
that such isolators can be built at 55 kmc 
with reverse-to-forward loss ratios of greater 
than 100 to 1 in db over a range of greater 
than 2 kmc. The surprisingly good behavior 
of these isolators is due to the existence of 
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oscillating magnetic energy in the terminat- 
ing element. Corresponding relations can be 
written for elements connected to two or 
more waveguides. Discontinuities in wave- 
guides can be considered as such elements. 
The requirements for compensation of dis- 
continuities can be computed in this way. 
Of particular interest are fundamental rela- 
tions describing the frequency dependence 
of the complex reflection coefficient for a 
terminating element. The application of the 
energy concept permits the analytical solu- 
tion of the problem of matching waveguides 
of different cross sectional structures. If the 
cross sectional differences between the con- 
nected waveguides are small, the relations 
can be simplified. These simplified relations 
permit the interpretation of the physical 
situation in the interaction between the 
waveguides. The relations can be used fur- 
ther to derive formulas for the transmission 
in nonhomogenous waveguides. 


10. The Application of Higher Cavity Reso- 
nance Modes to the Measurement of Free 
Electron Densities and Diffusion Coeffici- 
ents—K. S. W. Champion, Tufts Univer- 
sity. The method of measuring free electron 
densities (such as in an ionized gas) by 
means of the shift in resonance frequency of 
a microwave cavity was first introduced by 
Brown and Biondi!. However, their work 
and subsequent investigations by others has 
always used the fundamental TM or TE 
mode of the cavity. For certain applications, 
such as measuring diffusion coefficients in a 
uniform magnetic field, this limitation to the 
fundamental cavity mode is not satisfactory. 
Thus the possibility of using higher reso- 
nance modes was investigated. For some 
measurements in progress, with along cylin- 
drical cavity, the TE,;, mode was chosen. 
This mode was chosen both because the 
electric field had a suitable configuration 
and because the resonant frequency lay in a 
range that could be readily measured. 

The change in resonant wavelength is 
related to the electron density by the ex- 
pression 


SO oe [ 2 ] Wise nk? dV 
he 82?m EoC? i bce E2 dV 


where 1 is the electron density per cm’ and 
the other symbols have their usual connota- 
tion. The solution of the integrals where the 
electric field E has the value appropriate to 
the TE;1.) mode will be outlined. Test values 
of diffusion coefficients (without a magnetic 
field) measured by this method agree with 
values obtained by other methods. 


1M. A. Biondi and S. C. Brown, Phys. Rev., vol. 75, 
p. 1700; 1949. 
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an electric field null at the position of the 
resistance sheet. The necessary conditions 
on the tensor permeability, and hence on the 
magnetic properties of the ferrite, for this 
null to exist, will be demonstrated. 

The electric field null condition has been 
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examined analytically and experimentally 
for various positions of the ferrite in the 
waveguide, for different ferrite dimensions 
and for various frequencies. The analysis of 
a more general situation where there is no 
electric field null at the ferrite has been 
carried through in particular cases. With the 
help of these solutions one can give a 
qualitative explanation of the behavior of 
the isolator in the high loss direction of 
propagation. 


2. Use of Perturbation Theory for Cavities 
and Waveguides Containing Ferrites—G. S. 
Heller and Benjamin Lax, Massachusetts 
Institute of Technology. Boundary value 
problems for electromagnetic propagation in 
ferrite media are exceedingly complicated 
and solutions from which useful information 
can be extracted exist for only a few isolated 
cases. 

One can obtain perturbation formulas 
using exact expressions which yield the 
difference in complex eigenvalues for two 
different field configurations in a cavity or 
waveguide. From these, one can compute 
changes in Q and resonant frequency for a 
cavity or changes in attenuation and phase 
for a waveguide due to the insertion of 
ferrites which perturb the fields only 
slightly. Cases in which two or more de- 
generate modes are coupled by the ferrite 
can be handled by introducing suitable 
linear combinations of these degenerate 
modes of the empty cavity or waveguide.!? 
Completely filled guides or resonators can 
be treated in frequency ranges for which the 
off-diagonal components are small compared 
to the diagonal components of the permea- 
bility tensor. Better convergence can be 
obtained if solutions for a medium with a 
diagonal permeability tensor are used as the 
unperturbed solutions. 

Applications to problems not yet treated 
theoretically in the literature will be dis- 
cussed and the results extended to magneto- 
ionic media in which the ionic density dis- 
tribution is nonuniform. 


1B. Lax and A. D. Berk, 1953 IRE Convention 
Record, Part 10, March 10, 1953. 

2A. D. Berk, Q. P. R., Res. Lab. Elec., M. I. T.; 
January, 1954. 


3. Propagation and Magnetoplasma Effects 
in Semiconductors—Benjamin Lax and 
Laura M. Roth!, Massachusetts Institute of 
Technology. The extension of the classical 
magneto-ionic theory to semiconductors has 
very interesting ramifications. The results 
differ from those for a simple plasma in that 
the magnetoplasma of a semiconductor 
usually possesses directional properties. 
These are a consequence of the band struc- 
ture of such crystals as germanium and 
silicon where the energy surfaces in the 
Brillouin zone can be approximated by 
ellipsoids or degenerate fluted surfaces pos- 
sessing cubic symmetry. The conductivity 
tensors, evaluated in a coordinate system in 
which the magnetic field is along one axis, 
involve certain parameters of the energy 
surfaces. The resulting conductivity tensor 
is substituted into Maxwell’s equations and 
the propagation constant is evaluated for 
the magnetic field along three principal 


1 Now at Harvard University, Cambridge, Mass 


crystal directions. Corresponding equations 
for the plasma oscillation frequencies are 
also derived. A simplified result for holes in 
germanium and silicon is considered when 
the directional effects are neglected. Finally 
a brief discussion will be made of depolariz- 
ing effects of the plasma encountered when 
finite geometries are involved. 


4. Interaction between Plasma Oscillations 
and Electromagnetic Waves. I. Coupling 
Conditions'—R. M. Gallet, National Bureau 
of Standards. An important part of cosmic 
radio emissions seems capable of explanation 
by plasma oscillations excited in shock-wave 
fronts. However, an understanding of the 
transfer mechanism of this energy into radi- 
ated electromagnetic waves must be sought, 
and the coupling conditions in the presence 
of a static magnetic field are examined. 
Coupling is found to be effective for the 
wave for the case of extraordinary trans- 
verse propagation, but only if the magnetic 
field is greater than a minimum value. This 
imposes the interesting condition that the 
magnetic energy density must be greater 
than the total kinetic energy density of the 
plasma charges. Various astrophysical situa- 
tions are examined in the light of this result. 
The precise frequency at which coupling 
takes place and a very simple expression for 
the bandwidth are also obtained. It is shown 
that the electromagnetic wave is enclosed 
inside the shock front by internal reflection, 
so that the coupling permits the build up of 
a great electromagnetic energy density. 
Very low partial transmission is expected at 
the border. 


1 Jt is intended that this work shall be continued and 
a second part is planned as follows: II. Study of the 
Transmission Factor. 


5. Influence of the Irregularities of Land on 
the Propagation of Radio Waves—Especi- 
ally at Great Distances Beyond the Horizon 
—J. Voge, Laboratoire National de Radio- 
electricite, Paris, France. The object of the 
author is to calculate the field strength re- 
ceived at a great distance beyond the hori- 
zon, in homogeneous or standard atmos- 
phere, above an irregular surface. The 
method, inspired by AMENT (San Diego 
Symposium, 1953), consists in making a 
conformal transformation which reduces the 
problem to the case of a propagation along a 
regular surface, but in a slightly hetero- 
geneous atmosphere, the characteristics of 
the ground being themselves slightly hetero- 
geneous. The case of irregularities extending 
along a given direction (one-dimensional 
irregularities) has been especially con- 
sidered, but the results have been general- 
ized for a fully random surface (two- 
dimensional irregularities). 

Calculation of the field at a great distance 
is thus made equivalent to the one of a field 
scattered by a portion of heterogeneous 
atmosphere, which is to be added to the 
field due to normal diffraction over an even 
surface. It is found that this ‘‘scattered”’ 
field varies, as a function of the wavelength 
A, as \°-5, The field diminution with the dis- 
tance D comprises a decrease proportional 
to D-45 and additional variations depending 
on the exact profile of the irregularites or 
undulations of the surface. Different special 


| 


cases have been examined (sinusoidal undu) 
lations, single hump, surface with irregu-l 
larities variable in time such as the surface’ 
of the sea). | 


6. Microwave Single-Sideband Modulator, 
using Ferrites—J. C. Cacheris and H. A. 
Dropkin, Diamond Ordnance Fuze Labora-/ 
tories. This paper describes a single-side- 
band modulator for shifting the frequency, 
of an X band signal by means of a rotating 
magnetic field transverse to a ferrite differ. 
ential half-wave section. The device is one) 
of the first practical applications of the 
double-refraction properties of ferrites. 

Improvements over an earlier model in,) 
clude reduction 


= 


in size and continuous) 
operation without drift. An efficient anqj 
compact magnetic structure has been de, | 
singed for producing the rotating magnetigy 
field. .Excessive heating of the ferrite an 4 
voltage breakdown of the coils is eliminatech 
by a forced-air cooling system. i 

The modulator shifts the microwave:§ 
carrier frequency of 9,375 mc by plus one 
minus 20 kc. With a rotating field of approxi )) 
mately 200 oersteds the microwave insertior } 
loss is 1.0 db. The undesired sideband sup,@ 
pression is above 40 db while the carriej)) 
suppression is 23 db. For a frequency band/s 
width of 500 mc, the insertion loss remain‘}) 
below 40 db. N | 


Ub 


Anisotropic Slab—Bernard Friedman, New | 
York University. This paper investigates thi? 


situated in air above an infinite horizontasi 
anisotropic uniaxial slab of thickness d. We 
assume that the two equal dielectric con 
stants of the slab are the same as that of air) 
It is found that, besides the usual space-typd) 
field decaying as the inverse power of the. 
horizontal distance, there exists a surface} 
wave which decays as the inverse squart( 
root of the horizontal distance except in aj) 
certain dihedral angle around the direction: 
of non-isotropy of the slab. In this dihedra 
angle the field is only a space wave and has) 
no surface wave component. The size of this) 
dihedral angle varies inversely with th 
thickness of the slab. 


8. Nonlinearity of Microwave Ferrite Medi#) 
—N. G. Sakiotis, H. N. Chait, and M. Li) 
Kales, Naval Research Laboratory. Existing 
theories of propagation in magnetized ferrité) 
media predict propagation constants which) 
are independent of the rf field strength only 
if a number of restrictive conditions ard | 
satished. In general, however, the propaga’? 
tion constants are functions of the rf fielc) 
strength and nonlinear propagation is to bé 
expected. One of the conditions for linearity! 
is that the rf magnetic field intensity beh 
small compared to the static magnetizing} 
field intensity. This condition can be viol, 
lated when the peak power level of the wave 
incident on the ferrite medium is sufficiently 
high and indeed, it has been observed by thi! 
authors that ferrite loaded waveguides ca 
become nonlinear at peak power levels ay 
low as 1 kw. 3) 

Results are presented of a study of thi) 
behavior of ferrite loaded waveguides als 
9,400 mc over input peak power levels fron 
.1 kw to 100 kw which includes power level? 


pmmonly encountered in radar applica- 
tons. The dependence upon input power 
vel of the ferrite losses, phase shift, and 


Phase Centers of Microwave Antennas— 
“avid Carter, Convair, General Dynamics 
jorporation. This paper is concerned with 
‘ne location of the phase centers of micro- 
gave antennas. The inadequacy of conven- 
onal aperture theory for the accurate 
escription of phase centers is discussed. 
ormulas are developed and, for numerical 
dications, calculations are made for para- 
yoloidal reflectors of different f/D ratios and 
class of primary patterns which provide an 
f proximate representation of a great many 


pmmon feeds. The results are presented in 
¢aphical form to provide useful design in- 
Hbrmation and show the dependence of prin- 
|pal E- and H- plane phase center location 
feed and dish parameters. Contrary to 
ge prediction of aperture theory, it is shown 
ir the phase centers of axially symmetric 


ntennas are not in the aperture plane, but 
ey are dispersed about it. 


| A Method of Analyszing Coupled An- 
mnnas of Unequal Sizes—C. A. Levis and 
||. T. Tai, Ohio State University. The 
/multaneous integral equations involved in 
¢e formulation of coupled antennas of 
/nequa!] sizes can be solved by a variational 
method. The unknown coefficients pertain- 
img to the trial functions for the current 
Kistributions on various elements are shown 
> satisfy a set of linear equations. The 
method is directly applicable to analyze 
Aagi-Uda Antennas, and similar types of 
jnear antenna systems. The same technique 
an be applied to coupled slots inside a 
faveguide or radiating slots excited by 
saveguides. 


. Diffraction of Surface Waves by a Semi- 
nfinite Dielectric Slab—Carlos M. Angulo, 
irown University. The discontinuity at the 
d of the slab is regarded as the junction 
* an open dielectric-filled waveguide and a 
ee-space waveguide. 

_A variational expression is set up for the 
‘erminal impedance representing the effect 
* the discontinuity on the surface wave. 
llose upper and lower bounds for the im- 
-pdance are obtained. 

|| The transfer impedance between the sur- 
ace wave and, either a) one of the modes of 
ne continuous mode spectrum associated 
jith the free-space wave-guide, or b) one of 
ne modes of the continuous mode spectrum 
rssociated with the dielectric guide, is ex- 
iressed in terms of the terminal impedance 
' the slab. The transfer impedances yield 
ne modal amplitudes of the fields in each 
aveguide. 

| The synthesis of all the modal components 
‘ives the electromagnetic field scattered for- 
sard and backward by the end of the slab. 
he synthesis is carried out for the far field 
y the method of steepest descents. 
Terminal impedance and radiation pat- 
rns are plotted, as functions of the thick- 


'bss, for a polystyrene slab (e = 2.49). 


rotation of the plane of polarization is 
described for a number of ferrite materials. 
The effect upon the degree of nonlinearity 


4. Radiation Conductance of Slots in Plane 
and Curved Conducting Surfaces—**James 
R. Wait, Defence Research Board, Canada 
and James Y. Wong, National Research 
Council, Canada. A comprehensive study is 
made of the radiative properties of narrow 
axial slots located on plane and curved 
metallic conducting surfaces. Expressions 
are developed for the far-zone fields of a 
narrow half-wave slot on a knife edge, right- 
angle wedge, thin ribbon, elliptic and circu- 
lar cylinder. The Poynting vector method is 
employed to determine the radiation con- 
ductance, and extensive numerical results of 
slot conductance are presented. 

It is shown that for the case of a plane 
surface, the conductance is an oscillating 
function of the distance of the slot from the 
edge and having a period of approximately 
one-half wavelength. For distances greater 
than 1.25), it is found that the conductance 
is within 3 per cent of the conductance of 
the same slot in an infinite flat ground 
plane. For the case of a circular cylinder, the 
conductance curve is a monotonically in- 
creasing function of radius. Numerical re- 
sults are included for the surface current 
distribution on a thin ribbon in an endeavor 
to explain the behavior of the conductance 
curves. Some experimental work is provided 
to corroborate the theoretical results. 


J. Y. Wong, ‘‘Radiation conductance of axial and 
transverse slots in cylinders of elliptical cross section,” 
vol. 41, p. 1172; September, 1953. 
2J. R. Wait and S. Kahana, Can. Jour. Phys., vol. 
32, p. 714; 1954. 
3J. R. Wait and R. Walpole, Can. Jour. Tech., vol. 
33, p. 97; 1955. 


5. Further Investigations of Aberrations in 
Microwave Lenses—M. P. Bachynski and 
G. Bekefi, McGill University, Canada. The 
ffect of the presence of a mixture of aberra- 
tions upon the electromagnetic field in- 
tensity distribution in the image plane of 
rotationally symmetrical solid dielectric 
microwave lenses has been investigated 
experimentally at a wavelength of 1.25 cm. 
The results obtained are in agreement with 
the diffraction theory of optical aberrations 
which has been extended to include a num- 
ber of aberrations present simultaneously. 
The field intensity distribution along the 
principal ray of the system is also described. 
Some measurements of relative phase in 
the image planes of the microwave lenses 
have been made. These, together with 
associated problems are discussed. 


6. Radiation by a Disk and Conical Struc- 
tures—A. Leitner and C. P. Wells, Michigan 
State University. The scalar problem of 
radiation by a vibrating rigid disk (Kolben- 
membran) has been solved by Bouwkamp! 
and Spence?, using the spheroidal coordi- 


1C, J. Bouwkamp, Diss. Groningen; 1941. 
2R. D. Spence, J. Acous. Soc. Am., vol. 20, p. 380; 
1948 
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of the intensity of the static magnetizing 
field is discussed as well! as the dependence 
upon the dimensions of the ferrite. 
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nates; by Sommerfeld? as a two-part bound- 
ary value problem, using cylindrical and 
spherical coordinates, in terms of an infinite 
system of linear equations. It is here solved, 
in spherical coordinates, by formulating it, 
with the help of the Lebedev‘ transform, as 
a set of dual integral equations on the com- 
plex order plane. 

The method of solving these integral 
equations is an extension of Karp’s solution 
of the electrostatic problems of disks and 
cones®. It involves the properties of Bessel 
functions as functions of order. In the pro- 
cedure we use the device of Oberhettinger® 
of converting to imaginary propagation 
constants. 

We are now investigating a certain class 
of two-part problems in antenna theory 
amenable to solution by this method; in 
particular, the radiation from finite hollow 
conducting cones and from un-capped bi- 
conical structures of arbitary apex angle. 


3A. Sommerfeld, Ann. Phys., vol. 42, p. 413; 1942- 
1943. 

4N.N,. Lebedev, Dokl. Akad. Nauk. SSSR, (N. S.) 
vol. 58, p. 1007; 1947. 

5S.N. Karp, N. Y. Univ. Math. Res. Group, Reports 
EM-25, vol. 35; 1950-1951. 

6 F. Oberhettinger, Comm. Pure & Appl. Math., vol. 
i Darooks 19545 


7. The Fresnel Field of a Finite Line Current 
Distribution—R. B. Barrar and C. H. Wil- 
cox, Hughes Aircraft Company. Increased 
resolution requirements on microwave an- 
tennas have led to the use of long linear 
arrays at very short wavelengths. The 
possibility exists that such antennas will be 
tested, and even used, in their Fresnel field 
regions. 

Using a method first mentioned by 
Sommerfeld! to expand the eletromagnetic 
fields in powers of 1/r, the fields and power 
patterns of any reasonable current distribu- 
tion can be calculated rather simply in 
regions of 7, the distance from the line 
source, well within the classical far field 
region. Numerical calculations of phase 
amplitude and power patterns have been 
made for the following sets of parameters: 


a) Current distribution: cosine-on-a- 
pedestal, with 10, 15, and 20 db power 
taper. 


b) «= ee cos 6 = 0(0.2)10, where @ is 
the azimuth angle from broadside, 
and L is the length of the line source. 

c) r = qL?/y, where gq = ©, 2.0, 1.0, 

0.5, and 0.25. 

It was found that the first five terms of 
the power series are sufficient to obtain 
accurate phase and amplitude results as far 
in as r = L?/2), as compared with the classi- 
cal far field transition region of 2L?\, but 


1A. Sommerfeld, ‘‘Partial Differential Equations in 
Physics,’’ Academic Press, New York, 1949, p. 19.2 
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that further terms become necessary as 7 
decreases. Empirical expressions are ob- 
tained for beam broadening, loss of gain, 
sidelobe level deterioration, and _ other 
Fresnel field effects. The Fresnel field is 
shown not to be independent of the far-field 
scaling parameter kL. This dependence, 
however, is negligible for kL >500, (the 
region of principal interest in the present 
calculations) which fact permitted several 
simplifying approximations to be used. 
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8. Variable-Index Lenses Producing Conical 
Wavefronts—K. S. Kelleher, Melpar, Inc. 
There exist three spherical, variable-index- 
of-refraction lenses of some interest in 
microwave optics. In order of their appear- 
ance in the field, they are: the Maxwell 
(Fish-Eye), the Luneberg, and the Eaton 
lenses. The first images a point source into 
another point source; 7.e., spherical wave; 
the second images the point source into a 
plane wave; the third images the source into 
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1 
a cylindrical wave. The present paper shows 
that all of these lenses are members of a’ 
family of spherical lenses which produce. 
conical wavefronts; these are wavefronts) 
which coincide with sections of conical sur-| 
faces. For the Eaton lens, the cone angle is) 
zero so that the cone becomes a cylinder; | 
for the Luneberg lens, the angle is 180) 
degrees so that the cone becomes a plane; 
for Maxwell lens, angle becomes 360 degrees) 
and the cone degenerates into a point. 
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the assistance given by the firms listed below, and invites application for 


Institutional Listing from other firms interested in the field of Antennas and 
Propagation. 


COLLINS RADIO COMPANY, Cedar Rapids, Iowa 
Antenna Design and Propagation. Research Related for Airborne and Ground Communication Systems. 


DEVELOPMENTAL ENGINEERING CORP., Washington, D. C. and Leesburg, Va. 
‘Antenna Systems Research, Design, and Evaluation | 


DORNE AND ‘MARGOLIN, INC., 30 Sylvester Street, Westbury, L. I., New York 


Antenna Research and Development—Radiation Pattern Measuring Services. 


. D. S. KENNEDY & CO., Cohasset, Mass. 
Microwave Antennas, Reflectors, Lenses, Radomes and Accessories. Design, Development and Production. 


THE GABRIEL LABORATORIES, Div. of the Gabriel Co., 135 Crescent Road, Needham Heights 94, Mas 


Research and Development of Antenna Equipment for Government and Industry. 
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HUGHES AIRCRAFT COMPANY, Culver City, California 
_ Research, Development, Mfr.: Radar, Missiles, Antennas, Radomes, Tubes, Solid State Physics, Computers. 


I-T-E CIRCUIT BREAKER CO., Special Products Div., 601 E. Erie Ave., Philadelphia 34, Pa. 
Design, Development and Manufacture of Antennas, and Related Equipment. 


JANSKY & BAILEY, INC., 1339 Wisconsin Ave. N.W., Washington 7, D.C. 
Radio & Electronic Engineering; Antenna Research & Propagation Measurements; Systems Design & Evaluatio 


MARYLAND ELECTRONIC MANUFACTURING CORPORATION, College Park, Md. 
Antenna and System Development and Production for Civil and Military Requirements. 


RADIO ENGINEERING LABS., INC., 36-40 37th St., Long Island City 1, N. Y. 
Equipment for Communication and Propagation Test Beyond the Horizon UHF Systems. 


WEINSCHEL ENGINEERING CO., INC., Kensington, Md. 
Attenuation Standards, Coaxial Attenuators and Insertion Loss Test Sets. 


WHEELER LABORATORIES, INC., 122 Cutter Mill Road, Great Neck, New York 


Consulting Services, Research and Development, Microwave Antennas and Waveguide Components. 


The charge for an Institutional Listing is $25.00 per issue or $75.00 for four 
consecutive issues. Application may be made to the Technical Secretary, 
The Institute of Radio Engineers, 1 East 79th Street, New York 21, N.Y. 


